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The evolution of fractional vortex pairs in free space and nonlocal nonlinear media is studied. In free space, the
off-axis fractional vortex pairs of the-same-sign topological charge (TC) will be merged to one integer vortex at the beam
center, which is drastically different from the dynamics of integer vortex pairs. In nonlocal nonlinear media, the conversion
between the fractional vortex pair and the conventional integer vortex can be readily achieved by only tuning the input
optical power. Therefore our approach provides a convenient way to control the number of vortices and thus the number of
optical tweezers by adjusting the input optical power. These results may find potential applications in optical manipulation
of particles.
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1. Introduction

The orbital angular momentum (OAM), as a funda-
mentally new optical degree of freedom for photons, fa-
cilitates applications in a variety of fields including opti-
cal communication,[1] particle manipulation,[2,3] optical imag-
ing and detection,[4–7] quantum information processing,[8–10]

astronomy,[11,12] medical diagnosis,[13] and many more.[14]

The simplest class of optical beam carrying the OAM is
an optical vortex pointed out by Allen in 1992,[15] which
can be quantitatively described by the helical phase structure
exp(ilθ), where θ is the azimuth angle and l represents the
topological charge (TC). Optical vortices with he helical phase
exp(ilθ) in the forms of Laguerre–Gaussian beams,[15] high-
order Bessel[16] and Mathieu[17] beams, are all the topological
solutions of the paraxial Helmholtz equation, and can stably
propagate in free space. As a result, multiple vortices of the
same topological charge embedded in host beams will retain
their relative positions in their linear propagation.[18,19] How-
ever, if vortices carry the opposite charges, they can attract
each other and lead to their annihilation.[18,19] For more de-
tails on the properties of vortex beams with integer TC, the
readers can refer to the classical review papers.[2,14,20]

In general, the value of TC, l, is commonly limited to in-
teger numbers where the helical phase has a step of 2lπ . How-
ever, the values of the TC can also be non-integral, resulting
in fractional vortex beams whose phase step is not an inte-
ger multiple of 2π .[21–23] Fractional vortex beams have spe-
cial optical properties that differ significantly from those of

integer vortex beams.[24] One of the key difference is that the
fractional vortex beam cannot propagate stably in free space,
instead exhibits a rich evolutionary process inducing com-
plex amplitude and phase structures.[25–29] As a result of these
unique properties not found in their integer counterparts, frac-
tional vortex beams thus possess various promising potential
applications. For instance, fractional vortex beams can ex-
pand the capacity in optical communication systems,[30] real-
ize high-resolution imaging in radar imaging systems,[31] and
achieve spatial entanglement in an infinite-dimensional sub-
space in quantum optics.[32]

In this work, we investigate the evolution of off-axis frac-
tional vortex pairs of the same sign but different charges in
both free space and nonlocal nonlinear media, and reveal the
counterintuitive dynamics for the fractional vortex pairs. Un-
like the conventional integer vortex pairs retaining their rel-
ative positions during propagation in free space, the off-axis
fractional vortex pairs attract each other, and eventually merge
to one integer vortex at the beam center. In nonlocally nonlin-
ear media, the fusion of fractional vortex pairs as well as the
transition between the fractional vortex pairs and unity integer
vortex can be readily realized by adjusting the input optical
power.

2. Fusion of fractional vortex pairs in free space
Consider a pair of fractional vortices of different charges

ϕ = A(x−q+ iy)a(x+q+ iy)b exp
(
−x2 + y2

2w2

)
, (1)
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which are symmetrically embedded in a Gaussian host beam
of width w. A is the pattern amplitude, a and b are the TCs
of the two fractional vortices located at (q,0) and (−q,0)
respectively. In the following discussions, we mainly focus
on the case of a + b = 1. In the paper, all the discussions
are in the dimensionless coordinate system, and the dimen-
sionless coordinates (x,y,z) are related to the physical coor-
dinates (X ,Y,Z) by the following coordinate transformation
x = X/w0, y = Y/w0, z = Z/ZR, where w0 is the beam width
(∼ µm) and ZR = (2π/λ )w2

0 is the Rayleigh distance of the
beam with wavelength λ .

In free space, the evolution of a paraxial optical beam is
modeled by the dimensionless paraxial wave equation[33]

i
∂ϕ

∂ z
+

1
2

(
∂ 2ϕ

∂x2 +
∂ 2ϕ

∂y2

)
= 0, (2)

where z is the longitudinal coordinate denoting the propaga-
tion direction of the beams, x and y are the transverse coor-
dinates normal to z. The solution to the paraxial wave equa-
tion (2) can be expressed by the Fresnel diffraction integral[33]

ϕ(x,y,z) = −i
exp(iz)

2πz

∫
∞

−∞

∫
∞

−∞

ϕ(x′,y′,0)

× exp
[

i
(x− x′)2 +(y− y′)2

2z

]
dx′dy′, (3)

where ϕ(x,y,0) is the input beam at z = 0, and takes the form
of Eq. (1) in this paper. In fact, the fractional vortex is not an
eigenmode to the paraxial wave equation, and can not main-
tain their amplitude distribution upon propagation. This is the
main reason behind the evolution dynamics of the fractional
vortex pairs.

Figure 1 shows the evolution of fractional vortex pairs
carrying the same TCs a = b = 0.5, where a very dynami-
cal behavior is observed. Firstly, two off-axis fractional vor-
tices merge into one vortex at the beam center as shown by
both the intensity and phase distributions. Secondly, the beam
loses its circular symmetry and evolves into an elliptic hol-
low beam during propagation, accompanied by beam rotation.
Thirdly, a new pair of vortices of opposite charges (vortex
dipole) emerges in the faint light intensity background. In or-
der to make the newborn vortex dipole visible, we have plot-
ted the intensity distribution using 4

√
|ϕ| instead of |ϕ|2 in

Figs. 1(a1)–1(c1). the newborn vortex dipole retains their rel-
ative positions and keeps rotating during propagation.
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Fig. 1. Evolution of fractional vortex pair of Eq. (1) with q = 1, a = b = 0.5, and w = 2. The top and bottom rows represent the light intensity
and phase distribution respectively. In order to clearly show the newborn vortex dipole (symmetrically located at positions marked by white
circles), 4

√
|ϕ| is plotted here instead of the actual intensity distribution.
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In order to investigate the TC value of the fused vor-
tex by two off-axis fractional vortices, we compare the phase
structure of the fused vortex with that of the traditional in-
teger vortex at the same propagation distance in Fig. 2. As
shown in Fig. 2(c1), the two off-axis phase singularities of
fractional vortex pair evolve (fused) into the helical phase
structure exp[i arctan(y/x)], which resembles that for a vortex
beam with unit TC [see Fig. 2(b1)]. The interference patterns
of the two phases with a plane wave are plotted in Figs. 2(b2)–
2(c2), where the same fork-like structure is observed. When
the phase of the fused vortex is combined with that of an in-
teger vortex of TC equal to −1, the expected plane phase is
indeed obtained, as shown in Fig. 3. Therefore, the off-axis
fractional vortex pair of TC 0.5 are fused into an integer vor-
tex of TC 1 at the center.
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Fig. 3. Phase of fractional vortex pair (a), integer vortex of TC equal to −1
(b) at z = 15, and their combined phase (c).

Figure 4 shows the evolution of fractional vortex pairs
with different off-axis distances q. The fusion of fractional
vortex pairs can always occur regardless of the value of q.
However, the intensity structure depends closely on q, the cir-
cularly symmetrical doughnut structure for small values of q
exhibited by the Laguerre–Gaussian mode turns into Hermite–
Gaussian-like modes for large q.
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It can be seen from the above results that the fusion of

fractional vortex pairs occur in fact in the far-field zone, where

we can take an approximation [(x− x′)2 + (y− y′)2]/2z ≈[
(x2 + y2)−2xx′−2yy′

]
/2z and ignore the term (x′2+y′2)/2z

as long as z� w2/2. Then equation (3) can be reduced to

ϕ(x,y,z) =−i
exp(iz)

2πz
exp
(

i
x2 + y2

2z

)
ϕ̃

(
x
z
,

y
z

)
, (4)

where ϕ̃ =
∫

∞

−∞

∫
∞

−∞
ϕ(x′,y′)exp [−i(xx′+ yy′)/z] dx′dy′ can

be regarded as the Fourier transform of the input beam ϕ(x,y),
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while (x/z,y/z) is the equivalent transverse spatial frequency
(kx,ky). In this sense, the far-field distribution of an input
beam can be expressed by its Fourier transform, which can be
confirmed by Fig. 5. The Fourier transform of a fractional vor-
tex pair is an integer vortex nested at the beam center, which
agrees with the aforementioned phenomenon that the off-axis
fractional vortex pair of TC 0.5 is fused into an integer vortex
of TC 1 at the beam center. For comparisons, we also give the
Fourier transform of an integer vortex pair in Fig. 5, and reveal
that two integer vortices indeed retain their relative positions.
No TC fusion can occur for integer vortex pairs. In fact, the
long work distance is not required in oder to observe the fu-
sion of a fractional vortex pair in experiments as a lens system
is ideal to perform a spatial Fourier transform on a given op-

tical amplitude distribution.[33] If the fractional vortex pair is
produced in the front focal plane of a lens, its Fourier trans-
form (the fused integer vortex) will appear in the rear focal
plane of the lens.

We also discuss the evolution of fractional vortex pairs
with different TCs as shown in Fig. 6. Because the TCs of the
fractional vortex pair a+ b = 1, they all can be fused into an
integer vortex of TC 1 at the beam center in the far-field zone.
Besides, the vortex dipoles can be created in the faint light in-
tensity background for all cases. As the ratio of TCs for the
two fractional vortex components, a/b, changes, both the in-
tensity pattern and its orientation behave differently while the
phase distribution stays the same as expected.
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Fig. 7. Intensity distribution of fractional vortex beams at z = 0 (the first row), and their intensity (the second row), and phase (the third row) distribution at
z = 20. The optical pattern is assumed to A(x−q+ iy)a(x+q+ iy)b(x+ iy)c exp

[
−(x2 + y2)/(2w2)

]
. The parameters of (a,b,c) are taken as (0,0,0.3) (the

first column), (0.5,0.5,0.2) (the second column), and (0.6,0.6,0) (the third column). The intensity is represented by 4
√
|ϕ|, and the off-axis distance q = 1.
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Now we extend our consideration to the case of a+b > 1.
Figure 7 shows the evolution of a fractional vortex pair of
Eq. (1) with a = b = 0.6. From an evolutionary perspective, it
is equivalent to the combination of one off-axis fractional vor-
tex pair with TC a = b = 0.5 and a third on-axis fractional vor-
tex with TC c = 0.2 as shown in Fig. 7. The off-axis fractional
vortex pair with TC a = b = 0.6 will merge into an integer
vortex of unity TC at the center, which is same as the case dis-
cussed above. However, there are four new vortices appearing
in the faint light intensity background. Among the newborn
vortices, three of them come from the fractional vortex with
TC c = 0.2 (that in fact amounts to 0.6 ·2−1).

3. Conversion between fractional vortex pair
and conventional integer vortex in nonlocal
nonlinear media
As discussed above, fractional vortex beams are not the

eigenmodes to the paraxial wave equation (2) thus cannot have
stable propagation in free space. However, the properties of
nonlocal nonlinear media have been proven to stabilize beams
carrying the fractional OAM such as the fractional Laguerre–
Gaussian patterns.[34] Furthermore, the beam diffraction can
be balanced by the self-focusing effect in nonlinear media,
and form solitons or breathers which can propagate over long
distances.[35] In the strongly nonlocal nonlinear media, where
the response length of media is much larger than the beam
width, the evolution of spatial optical beams can be described
by the Snyder–Mitchell model[35] i∂zϕ+(1/2)(∂ 2

x ϕ+∂ 2
y ϕ)−

(1/2)P0γ2(x2 + y2)ϕ = 0, where γ is a material constant, and
P0 =

∫∫
|ϕ(x,y)|2 dxdy is the input optical power. It should be

noted that for the Snyder–Mitchell model the optical power is
a conservative quantity. The Snyder–Mitchell model formally
resembles the Schrödinger equation with an external harmonic
potential,[36] where γ plays the role of the modulation depth of

the external potential. The evolution of beams in the Snyder–
Mitchell model is equivalent to their two-dimensional frac-
tional Fourier transform[37,38]

ϕ(x,y,z) = F̂α {ϕ(x,y,0)}exp(−iα) , (5)

with the fractional Fourier transform operator reading

F̂α { f (x,y,0)}

=
exp[i(α−π/2)]

2π sinα
exp
[

i(x2 + y2)

2tanα

]
×
∫∫

exp
[

i(x′2 + y′2)
2tanα

− i(x′x+ y′y)
sinα

]
f (x′,y′,0)dx′dy′,

where α =
√

P0γz is the order of the fractional Fourier trans-
form. In the special case that α = π/2, the fractional Fourier
transform (5) will be deduced to the standard Fourier trans-
form.

From Eq. (5), we can predict that an optical beam would
experience a periodic evolution with the period ∆z= 2π/

√
P0γ

(derived from the equation α = 2π). While, for an axis-
symmetric distribution, the optical field can restore to its initial
shape after the half period ∆z/2. Since the response length of
a nonlinear medium cannot be changed once the material is
manufactured, it will be impractical to tune the value of al-
pha by changing γ in experiments. Instead, we can choose to
control α by only adjusting the input optical power P0. Fig-
ure 8 displays an example of conversion between fractional
vortex pair and their fused vortex controlled by the input op-
tical power at the fixed propagation distance z = π . In the
field of optical manipulation, vortex beams can function like
optical tweezers to trap and manipulate particles.[2,3] There-
fore, we can provide a convenient way to control the number
of vortices and thus the number of optical tweezers by tuning
the input optical power.
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Fig. 8. Optical power controllable conversion between fractional vortex pair and their fused vortex. The first and second column represent the
amplitude |ϕ| and phase. The parameters are taken as q = 0.5, a = b = 0.5, w = 2, and z = π .
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4. Conclusion
The dynamics of off-axis fractional vortex pairs is dis-

cussed in both free space and nonlocal nonlinear media. In
free space, unlike the conventional integer vortex pairs which
can retain their relative positions during propagation, an off-
axis fractional vortex pair will merge into an integer vortex at
the beam center. During the fusion, new vortices can be cre-
ated in the faint light intensity background accompanied by
energy rotating. In nonlocal nonlinear media, at a given prop-
agation distance the transition between the fractional vortex
pair and the merged unity integer vortex can be readily real-
ized by only changing the input optical power. This type of
optical-power-controllable conversion can also be realized in
other physical configurations such as gradient refractive index
media and nonlinear media with an external potential.
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