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Microwave—optical entanglement is essential for efficient quantum communication, secure information transfer, and
integrating microwave and optical quantum systems to advance hybrid quantum technologies. In this work, we demonstrate
how the magnon Kerr effect can be harnessed to generate and control nonreciprocal entanglement in cavity optomagnome-
chanics (COMM). This effect induces magnon frequency shifts and introduces pair-magnon interactions, both of which
are tunable through the magnetic field direction, enabling nonreciprocal behavior. By adjusting system parameters such
as magnon frequency detuning, we show that magnon—phonon, microwave—optical photon—photon, and optical photon—
magnon entanglement can be nonreciprocally enhanced and rendered more robust against thermal noise. Additionally, the
nonreciprocity of entanglement can be selectively controlled, and ideal nonreciprocal entanglement is achievable. This
work paves the way for designing nonreciprocal quantum devices across the microwave and optical regimes, leveraging the

unique properties of the magnon Kerr effect in COMM.

Keywords: cavity optomechanics, cavity magnomechanics, continuous variable entanglement, magnon Kerr

effect
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1. Introduction

Magnons,!'™ the collective excitations of spins in mag-
netically ordered materials, are attracting increasing inter-
est in quantum information science. Among these materi-
als, yttrium-iron-garnet (YIG, Y3Fes01,)~7! is particularly
notable for its high spin density and low loss.8! In YIG,
magnons can strongly couple with microwave photons in
cavities,®!1 enabling the exploration of phenomena such as

[13-18] pe-

dark modes, !'?! non-Hermitian exceptional points,
way quantum steering,'”! dissipative coupling,?>?!1 spin—
photon interaction,!”?! and near-perfect absorption.[?’] Re-
cently, cavity magnonics has entered the true quantum regime
with the realization of single-magnon manipulation through
coupling YIG and a superconducting qubit to a three-
dimensional microwave cavity. 2423
Magnons can also couple with phonons via the
the basis

| This coupling mirrors the radiation pres-

magnetostrictive effect,
5126

forming of cavity

magnomechanic

sure mechanism in optomechanics,?’! allowing the direct

a [27-32]

transfer of optomechanical phenomen into the mag-

nomechanical domain. Magnomechanics further enables the

t [33

study of tripartite entanglement,*3 squeezing,!**! and non-
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Hermitian physics.[3-*% Extending this framework, the me-
chanical motion in magnomechanics can couple to an opti-
cal cavity via radiation pressure, giving rise to cavity opto-
magnomechanics (COMM).37-381 This hybrid platform pro-
vides a versatile foundation for exploring diverse quantum
phenomena. 29!

In addition, the
Kerr magnons),

Kerr effect of magnons (.e.,

stemming from the magnetocrystalline
anisotropy in YIG,!*! was experimentally observed, 04!
paving the way for investigating Kerr-modified quantum

g, [4243

phenomen ! This nonlinearity facilitates the study of

multistability, (4344 spin—spin interactions, *>~*"! and quantum

(48,491 These findings emphasize the potential

phase transitions.
of magnons in hybrid quantum systems, where multiple quan-
tum subsystems can be coupled for advanced quantum control
and information processing. Additionally, Kerr magnons may
be used to explore continuous variable entanglement,>%->!]
although such entanglement has been largely confined to the
microwave frequency domain. For broader quantum infor-
mation applications, optical photons (or flying qubits) are
preferred. Thus, achieving microwave—optical entanglement

becomes critical. Various proposals have been put forward
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[52-58] where

in the context of hybrid electro-optomechanics,
optical and microwave photons are coupled to a common
mechanical motion via radiation pressure and capacitance
change. Recently, microwave—optical entanglement has been
extended to cavity magnomechanics through magnetostrictive
forces.!3*%1l The directionality dependence of the magnon

[4041] suggests that different mag-

Kerr effect in experiments
netic field orientations can lead to opposite Kerr effects, which
may introduce nonreciprocal behaviors in magnon-related hy-
brid systems. %3921 Previous studies have demonstrated that
nonreciprocity can enhance and protect continuous variable
entanglement.[®3 This raises the possibility that nonrecipro-
cal magnon Kerr effects could enhance microwave—optical
entanglement, although this has not yet been explored.

In this work, we propose a scheme for utilizing the
magnon Kerr effect to generate and control nonreciprocal
microwave—optical entanglement in COMM. The proposed
system consists of a magnonic nanoresonator that is simultane-
ously coupled to both an optical cavity and a magnon mode via
the radiation pressure and magnetostrictive force, respectively.
The magnonic resonator is embedded within the microwave
cavity, facilitating photon—-magnon interactions. The optical
cavity is constructed using a fixed mirror and a highly reflec-
tive, small, and lightweight mirror attached to the magnonic
nanoresonator. Under strong driving fields, the magnon Kerr
effect induces a frequency shift in the magnons, which can be
either positive or negative, similar to the Sagnac effect.[64%]
This effect also gives rise to a pair-magnon interaction that reg-
ulates the values of all entanglement. Both the frequency shift
and the coefficients of the pair-magnon interaction are sensi-
tive to the direction of the external magnetic field, leading to
nonreciprocal behavior in the entanglement. By tuning system
parameters, such as magnon frequency detuning, we find that
nonreciprocal enhancement of magnon—phonon, microwave—
optical, and optical photon—magnon entanglements is possible
when the magnetic field is changed. Furthermore, we demon-
strate that ideal nonreciprocity of microwave—optical and opti-
cal photon—-magnon entanglements is achievable through the
defined bidirectional contrast ratio. This type of entangle-
ment, transitioning from the microwave to the optical band,
has broad applications in quantum information processing,

(66-69] and hybrid quantum

particularly in quantum networks
systems.!”%7!1 OQur work offers a promising avenue to em-
ploy the magnon Kerr effect for designing nonreciprocal quan-
tum devices that operate across both microwave and optical
bands in COMM. Note that our work differs from previous

studies.[’°~011 Compared to the works, [©0-61]

we employ an LC
resonator rather than a 3D cavity. Additionally, magnons with
the Kerr effect are introduced to investigate nonreciprocity,
which distinguishes our approach from the study in Ref. [59],

where the nonreciprocity arises from the Sagnac effect of pho-

tons.
In Section 2, the
model and the system Hamiltonian are described. Then the

This paper is organized as follows.

dynamics of the system and the quantity of the bipartite entan-
glement are given in Section 3. In Section 4, the generation
of nonreciprocal microwave—optical entanglement is studied.
Finally, a conclusion is given in Section 5.

2. Model and hamiltonian

We consider a Kerr-modified COMM system compris-
ing a microwave LC resonator (resonance frequency @,), a
magnonic nanoresonator, and an optical cavity (resonance fre-
quency ), as illustrated in Fig. 1(a). The magnonic nanores-
onator is modeled as a micro-scale bridge supporting both a
magnon mode m (resonance frequency ,,) with Kerr nonlin-
earity Ky and a mechanical mode (resonance frequency ).
Through the magnetostrictive effect,’? the magnon mode dis-
persively couples with the mechanical mode, forming a mag-
nomechanical interaction. Additionally, the magnon mode is
coupled to the microwave LC resonator, while the mechani-
cal mode interacts dispersively with the optical cavity through
radiation pressure.>”l The coupling mechanisms are schemat-
ically represented in Fig. 1(b). Note that the LC resonator
can be modeled by either a coplanar-waveguide resonator or a
transmission-line resonator. Experimentally, magnons in YIG
materials have been strongly coupled to photons in the planar
cavity structure. ! Under the application of two driving fields,
one to the optical cavity and the other to the magnon mode,
the total Hamiltonian of the hybrid system can be expressed as
(assuming /i = 1)
H = Hy + Hom + Him + Hym + Harives 1)
where
Hy = a)aaTa + a)cCTC + a),ﬂme + % (q2 +p2) )
Hom = _gcCTCCI» Hym = gmme‘Iv
Hy = gam(aTm + mTa) + Ko(me)z,
Hgrive = 1Eum’ e 4iE.cTe ™ L Hec.
The first term, Hp, represents the free energy of the sys-
tem. The second term, H,y,, denotes the optomechanical in-
teraction between the mechanical mode and the optical cav-
ity, characterized by the single-photon coupling strength g..
The third term, Hym, describes the magnomechanical inter-
action between the mechanical mode and the magnon mode,

The fourth
term, Hyp, accounts for the coupling between the microwave

with the single-magnon coupling strength g,,.

LC resonator and the Kerr magnon mode, with a coupling
strength g,,. Experimentally, g,, can reach the strong cou-
pling regime, while the Kerr nonlinearity Ky is tunable from
negative to positive by varying the direction of the magnetic
field.[*!] The final term, Hysive, represents the Hamiltonian of
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the two driving fields, where £, and &,, are the amplitudes and
w, and w,, are the frequencies. In Eq. (1), ¢ and p denote the
two quadratures of the mechanical resonator.

L
<]—|—Hﬁ:ff:| a
Highly reflective mirror i C  wa |_( )
— '
gce_iw”t We & (C/'"Le—lw,,,t
i #
S~ o ) Yy
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® @
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Fig. 1. (a) Schematic of the Kerr-modified COMM system consisting of an op-
tical cavity, a YIG nanoresonator (see the bridge structure in the dashed box)
and a microwave cavity (LC resonator), where the optical cavity is formed
by two mirrors, one is fixed, the other is a highly reflective mirror attached
to the YIG resonator. The YIG nanoresonator supports the Kerr magnons
and phonon mode due to the magnetostrictive effect. The magnon Kerr effect
stems from the magnetocrystallographic anisotropy, tuned by the magnetic
field. &) is the driving field with frequency w,(,). (b) The coupling config-
uration. The mechanical mode is simultaneously coupled to both the optical
photons and microwave magnons via the radiation pressure and magnetostric-
tive force, respectively. The coupling strengths are g. and g,,. The magnons
also interact with the microwave phonons with coupling strength g,.

3. Dynamics and entanglement metric

When dissipation is included, the dynamics of the system
can be governed by the quantum Langevin equations. In the
rotating frame with respect to two driving fields, we have

q = Wyp,
p=—0q—Yop+8c c—gum m+§,

i = — (K +14a) a— igamm+ \/2Kaain,

¢ = —(Ke+iAd)c+igecq+ Ec+ /2KeCin,

m = —(Kn+iAyn)m—igmmq+En+

ZKmmin

—igama — 2iKom' mm. 2)

Here, Ay = @) — wm represents the detuning of the LC
resonator (magnon mode) from the driving field with fre-
quency wy,, while A, = @, — w, is the detuning of the optical
cavity from the driving field with frequency w.. The decay
rates of the LC resonator, optical cavity, magnon mode, and
mechanical resonator are denoted by K, k., K, and ¥, re-

spectively. i, (0 = a,c,m) are the input noise operators sat-
isfying

<Gin t)> =0,
(1) = no(ws)8(t—1'), 3)
(Gn(t) o (1)) = [no(wo) +1]8(t—1"),

where ng(0s) = [exp (hwy /ksT) — 17" is the mean thermal
excitation number at frequency g, kg is the Boltzmann con-
stant, and 7 is the bath temperature.

The mechanical resonator is also subject to a Brown-
ian stochastic force & (¢), which is inherently non-Markovian.
However, for a high mechanical quality factor Qp = @,/ >
1, the force can be approximated as Markovian.!”>7# In this
regime, & (¢) obeys

(ENEW) +E()EW) =21 [2np(@p) +1]8(r — 1), (4)

where n,(®,) is the mean thermal excitation num-
ber of the mechanical resonator,
lexp (oy /ksT) — 1] .

For long-time evolution, the system reaches its steady

given by np(@y) =

state, which implies that all time derivatives in Eq. (2) van-
ish. By assuming that (-) denotes the steady-state value of the
operator, we then have (a) = —guu(m)/Aq, (¢) = —i&./A,,
(p) = 0. (q) = (8cl(c)|* — gm|(m)|*)/ @, and

1€,A,
<m> = 2 e k)
8am — (Am + Ak) Aq

&)

where A, = Ay + gm (q) and A=A, — 8c{q) are effective de-
tunings induced by the displacement of the mechanical res-
onator, Ay = 2Ko|(m)|* represents the frequency shift induced
by the magnon Kerr effect. In particular, Ay can be positive
or negative, depending on the sign of Ky, which can be eas-
ily tuned by changing the magnetic field. To obtain the above
results, we have assumed that the decay rate is much smaller
than its corresponding effective frequency detuning.

With steady-state values in hand, we expand each opera-
tor around its steady-state value, i.e.,

o= (0)+d0, g=(q)+8q, p=(p)+dp, (6)

where the symbol & denotes the meaning of fluctuation. Sub-
stituting these expressions back into Eq. (2) and neglecting
higher-order fluctuation terms ensured by the strong driving
fields (e.g., |(m)],|{c)| > 1),1”8] the linearized dynamics for
the fluctuations can be reduced to
8¢ = wpdp,
0p = —w,6q—Y,06p—iG. (SCT —8c) /V2
—iGyy (Sm" —8m) /V2+E,
6a = —(x,+1i4,)0a—iggndm+ \/27aain,
o = — [Km+i(A~m+2Ak)] om—igumda
+Gndq/V2+iASm' +

2 KM,
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8¢ = — (k. +iAc) Sc+Gedq/V2+ 2Kk, (7)

where G. = iv/2g.(c) is the enhanced optomechanical cou-
pling by the multi-photon effect, and G,, = —iv/2g,,(m) is the
enhanced magnomechanical coupling by multi-magnon effect.

By further introducing quadratures for the LC res-
onator, the optical cavity and the magnon mode, i.e., 6Xs =
(6+0")/v2and §Y5; = (6 —o") /(iv2), the dynamics in
Eq. (4) can be equivalently written as the matrix form

u(r) = Au(t) +n(1), (8)

a(1),8Ya(1), 86X (1), 8Yn(1), 84(t), 8p(1),
X.(t),8Y.(t)]T is the vector operator of the system, n(t) =
)

[\/2 d(0), V2K (1), V2R X (1), V26X (1), 0, (1),
V2K XM (1), v/2K.Y(1)]T is the vector operator of the input
noise, and

where u(t) = [0X,

—K; A 0 8am 0 0 0 0
_Aa — Ky —8am O 0 O O 0
0 8am —Km U G, O 0 0
| —sm 0 -V -x, 0 0 0 0
A= 0 0 0 0 0 w O 0 ©)
0 0 0 -Gy, —o —% 0 -G
0 0 0 0 G 0 -k A
0 0 0 0 0 0 —A —k
is the drift matrix, where U = A,, + 34, and V = (A,, + Ay).

According to the Routh—-Hurwitz criterion,!”>! when all eigen-
values of the matrix A have negative real parts, the system
is stable. In what follows, the stability condition is ensured
numerically.

When the system is stable, it reaches a unique steady
state, independently of the initial condition. Since quantum
noises & (r) and oy, (¢) are zero-mean quantum Gaussian noises
and the dynamics is linearized [see Eq. (4)], the quantum
steady state for fluctuations is a zero-mean continuous variable
Gaussian state, fully characterized by an 8 x § covariance ma-

trix Vi (o) = 3 (1 (00) g (00) + 1ty (o) s (0)) (1, k=1,2,...,8).
The matrix V can be obtained by directly solving the Lyapunov
equation %3]

AV+VAT+ D=0, (10)

where D = diag[k, 2n,+ 1),k (2ng+1), &, (20, +1),
K (20 +1), 0, % (2np + 1), k, 20+ 1), K, (2ne+1)] is de-
fined by (n;(t)ne(t') +np(t)n(2)) = 2Dy6(t —1').
the matrix ) is obtained by solving Eq. (7), arbitrary bi-

Once

partite entanglement can be quantified by the logarithmic

negativity 7678

Ex = max[0,—1In2n7] an
with

n~- =212z — (X% —4detVy)'/?])'/?, (12)

where X = detA + detBB — 2detC and V4 = is the

A C

ct B>
4 x 4 block form of the correlation matrix, associated with two
modes of interest.[””! A, B, and C are the 2 x 2 blocks of V. A
positive logarithmic negativity (Ex > 0) denotes the presence
of bipartite entanglement of the two modes of interest in the

considered system.

4. Nonreciprocal microwave—optical entangle-
ment

In our setup, there are two kinds of microwave—optical
entanglement, i.e., entanglement between photons in the opti-
cal cavity and photons in the microwave LC resonator (EY) or
magnons in the magnon mode (E]°).

4.1. Nonreciprocal magnon—-phonon entanglement

To study them, we operate the optical cavity at the red
sideband (A, = @) and the magnon mode at the blue sideband
(An = —mp). This is because, at the magnon blue sideband,
the Stokes scattering process is dominant, giving rise to en-
tanglement between magnons and phonons. But to observe it,
cooling the mechanical resonator to the ground state is crucial,
thus we need to operate the optical cavity at the red sideband
to activate the anti-Stokes scattering process, then the mechan-
ical resonator can be significantly cooled to its ground state by
transferring the thermal phonons to the optical cavity. These
two effects allow the optimal magnon—phonon entanglement
observed, as demonstrated by Fig. 2(a), in which the follow-
ing feasible parameters are chosen:[**3° @, /27 = 10 GHz,
wp/27 = 40 MHz, @./2n = 190 THz, x,/27 = /27 =
1 MHz, x,/2n =2 MHz, 7, /27 = 100 Hz, g4, /27 = 4 MHz,
Gpm/2m =2MHz, G./2n =8 MHz, T = 10 mK.

0.5 (b) Ar=0

1.2 0.4
° 0.3
< 10
AN 0.2
0.8 0.1 /
0.6 . 0 Ap<0 Ap>0
—2.0 —1.0 0 —1.4 —1.0 —0.6
Am/w;, m/wb

Fig. 2. (a) Density plot of the magnon—phonon entanglement E&”b Vs
the normalized parameters A,, /@, and A./®, without the magnon Kerr
effect Ay = 0, where A, = —®,. (b) The magnon—phonon entanglement
Eﬁb vs. the normalized parameter A,/ ®, with and without the magnon
Kerr effect, where 0, /27 = 10 GHz, @, /27 = 40 MHz, @./27 = 190
THz, Ay = — @y, Ac = 0y, Ko /27 = Ky /27 = | MHz, K. /27 = 2 MHz,
Y»/27% =100 Hz, g4 /2% =4 MHz, G, /27 =2MHz, G, /27 = 8 MHz,
=10 mK, |A¢| =0.1p.
In Fig. 2(a), the magnon Kerr effect is not taken into ac-
count (i.e., Ay = 0). In fact, the magnon Kerr effect can give
rise to nonreciprocal magnon—phonon entanglement, as illus-

trated by Fig. 2(b), where the optical cavity is fixed at the red
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sideband (A, = @p). Specifically, when the Kerr coefficient is
positive (Ko > 0), the caused shift A, > 0, leading to a left-shift
for the magnon—phonon entanglement (see the red line). But
when Ky < 0, we have Ay < 0, in this case we find the magnon—
phonon entanglement has a right-shift (see the blue line). In
addition, the value of the maximal magnon—phonon entan-
glement also exhibits different behaviors when A; is tuned
from the positive (A; > 0) to negative (A; < 0). These dif-
ferences come from the pair-magnon effect induced by lin-
earization of the magnon Kerr effect. When Ay = 0.1, > 0,
the maximal value of the magnon—phonon entanglement is lo-
cated at A,, ~ —1.2w,. But when Ay = —0.10, < 0, it is lo-
cated at A,, ~ —0.8@,. The precise evaluation is given by

Ay =~ —@, — 2A;. This is because in the presence of the
magnon Kerr effect, the effective frequency detuning indeed
becomes A,, + 24, [see the term related to Sm in Eq. (M)].

To explain why entanglement is enhanced (reduced) when
Ar > 0 (< 0), one can check that the mean magnon number
increases (decreases) when A, > 0 (< 0), which is directly
obtained from Eq. (5). Specifically, given that A, = — @) and
A, < 0 are chosen [see Fig. 2(b)], ArA, > 0 (ie., Ay < 0)
results in a decrease in the mean magnon number. Con-
versely, when ArA, <0 (ie., Ay > 0), the mean magnon num-
ber increases. A larger mean magnon number corresponds to
a stronger effective magnomechanical coupling strength [see
Eq. (7)], giving rise to strong entanglement. Therefore, the
sign of Ay directly influences the statistics of the mean magnon
number, thereby indirectly enhancing or weakening the effec-
tive magnomechanical coupling strength for quantum entan-

glement generation.

4.2. Nonreciprocal microwave-optical photon—-photon en-
tanglement

Due to beam splitter interactions including the opti-
cal photon—phonon coupling and the microwave photon—
magnon coupling, the established magnon—phonon entan-
glement in Fig. 2(a) is distributed to both the subsystems
of optomechanics and cavity magnonics, leading to indirect
microwave—optical photon—photon entanglement. When the
red-sideband optical photons are resonant with the phonons,
while the microwave photons are resonant with the magnons,
the microwave—optical photon—photon entanglement can be
optimal, as clearly demonstrated by Figs. 3(a) and 3(b). Fig-
ure 3(c) further illustrates the nonreciprocal behavior of the
microwave—optical photon—photon entanglement versus the
normalized magnon detuning A,, /@, induced by the magnon
Kerr effect, where A, = —j, and A, = @), are fixed. One can
obviously see that the microwave—optical photon—photon en-
tanglement has a similar behavior to the magnon—phonon en-
tanglement in Fig. 2(b) when the magnon Kerr coefficient is
tuned from negative to positive. We also examine the behavior

of the microwave—optical photon—photon entanglement with
the normalized parameters A,, /@, and Ay /@y, in Fig. 3(d). We
find that the optimal microwave—optical photon—photon entan-
glement is realized only when A,, ~ —0.4A2 /@, — 2.06A; —
), is satisfied (see the white dashed line). When this condi-
tion is satisfied, we show that the optimal microwave—optical
photon—photon entanglement can be enhanced in the region
of Ay > 0 compared to the case without the magnon Kerr
effect (A, = 0).
optimal microwave—optical photon—photon entanglement is

However, in the region of Ay < 0, the

significantly weakened. Moreover, the optimal microwave—
optical photon—photon entanglement decreases monotonically
with A in the region of Ay < 0, while it increases first and
then decreases with Ay in the region of A, > 0, as illustrated
in Fig. 3(e). In fact, the microwave—optical photon—photon
entanglement can also be tuned by varying the linearized
optomechanical coupling G., as demonstrated by Fig. 3(f).
By introducing the magnon Kerr effect, we show that the
optimal microwave—optical photon—photon entanglement can
be nonreciprocally enhanced. At the same time, we find
that the microwave—optical photon—photon entanglement can
be nonreciprocally robust against the bath temperature [see
Fig. 3(g)]. More importantly, the introduced magnon Kerr ef-
fect can significantly improve the survival temperature of the
microwave—optical photon—photon entanglement.

4.3. Nonreciprocal optical photon-magnon entanglement

When the magnon—phonon entanglement is generated,
the phonon mediated optical photon—-magnon entanglement
can also be produced because the beam splitter interaction be-
tween the optical photons and phonons allows the entangle-
ment to be redistributed to the subsystem of the optomechan-
ics. To produce nonreciprocal optical photon—-magnon entan-
glement, the magnon Kerr effect is introduced. Comparing
Fig. 4(a) with Fig. 3(b), the complementary entanglement dis-
tribution clearly shows that breaking the microwave photon—
magnon resonance (A, # A,,) is beneficial to generate the opti-
cal photon—magnon entanglement. Figure 4(b) shows that the
optical photon—-magnon entanglement has opposite behaviors
when the sign of the Kerr coefficient is opposite. To obtain the
optimal entanglement in the presence of the magnon Kerr ef-
fect, the condition A,, ~ —0.45A,3/a)b —2.1A; — 0.91 @, must
be approximately satisfied, which is given by the white dashed
curve in Fig. 4(c). When this optimal condition is kept, the
optimal optical photon—magnon entanglement has the similar
behavior with the optimal microwave—optical photon—photon
entanglement in Fig. 3(e) by tuning the Kerr coefficient from
negative (positive) to positive (negative), as demonstrated by
Fig. 4(d).
entanglement decreases with increasing Ay in the region of

Obviously, the optimal optical photon—magnon

Ar < 0. However, in the region of Ay > 0, the optimal op-
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tical photon—-magnon entanglement increases first and then
decreases with increasing Ag. This indicates that the opti-
cal photon—magnon entanglement can be nonreciprocally en-
hanced by the magnon Kerr effect. Figure 4(e) further shows
that the optical photon—-magnon entanglement can be tuned
by the linearized optomechanical coupling strength. Besides,
by introducing the magnon Kerr effect, not only the optical

photon—-magnon entanglement has nonreciprocal behaviors,
but also a stronger optomechanical coupling is required to ob-
tain the optimal optical photon—-magnon entanglement. Fig-
ure 4(f) indicates that nonreciprocity induced by the magnon
Kerr effect not only can lead to the optical photon—-magnon
entanglement being more robust against the bath temperature,
but also can improve the entanglement survival temperature.

_1.0
Am/wb
1 0.3
(e) (f) (g)
. 8
= I 0.2
3 | S
N | &3
A I 0.1
|
AR<0 1 Ap>0
- ! 0
10 0o 1.0 —1.0 0 1.0 12 3 40 0204 0.6
Ak/wb Ak/wb Gc/ga,m T (K)

Fig. 3. Density plot of the microwave—optical photon—photon entanglement EY® vs. the normalized parameters (a) An/@y and A,/ wy,
(b) Ap/ay and A,/m, without the magnon Kerr effect. (c) The microwave—optical photon—photon entanglement E{ vs. the normal-
ized parameter A,,/, with and without the magnon Kerr effect. (d) Density plot of the microwave—optical photon—photon entanglement
lgfff vs. the normalized parameters A,, /@y, and A/ . The microwave—optical photon—photon entanglement E{ vs. () Ay/wy, with
Ay = —O.4A,§/a)b —2.06A; — wp, (f) G¢/gam with Ay /w, = —1.11, and (g) the bath temperature 7 with A, /@ = —1.11. In (a)—(g),
|Ag| = 0.1y and A, = —A, = — @, are taken. Other parameters are the same as those in Fig. 2.
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Fig. 4. Density plot of the optical photon—magnon entanglement EY¢ vs. the normalized parameters (a) An/@y, and A./ @y, without the
magnon Kerr effect. (b) The optical photon—magnon entanglement EJ¢ vs. the normalized parameter A /@y with and without the magnon
Kerr effect. (c) Density plot of the optical photon-magnon entanglement EJ° vs. the normalized parameters A, /@, and Ay/®,. (d) The
optical photon-magnon entanglement EJ vs. A/, with Ap = —0.45A,3 Jwp —2.1A; — 0.91w,. The optical photon-magnon entanglement
E{° vs. (e) the normalized parameter G./gam with A/, = —1, and (f) the bath temperature T with A, /@, = —1.11. In (a)~(f), |A;| = 0.1y,
Ay =0,A. = @y. Other parameters are the same as those in Fig. 2.
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4.4. Bidirectional contrast ratio

To quantitatively describe nonreciprocal entanglement in-
duced by the magnon Kerr effect, we introduce the bidirec-
tional contrast ratio ) (satisfying 0 < y < 1) for bipartite en-
tanglement to show nonreciprocity, i.e.,

ij ij
Ey(>0)—Ey(<0)

X =" - : (13)
T EY(>0)+EY(<0)

The parameter x'EJ equals 1 for ideal nonreciprocity and 0
A higher
contrast ratio y indicates stronger nonreciprocity. To clarify

for no nonreciprocity in bipartite entanglement.

this, we numerically plot the bidirectional contrast ratio } as
a function of frequency detuning A,, in Fig. 5(a). The fig-
ure demonstrates that by tuning A,,, the nonreciprocity of the
microwave—optical photon—photon entanglement and the opti-
cal photon—-magnon entanglement can be switched on or off.
Moreover, the bidirectional contrast ratio for both types of en-
tanglement can be adjusted from 0 to 1 by varying A,,, in-
dicating that ideal nonreciprocity for the microwave—optical
photon—photon entanglement and the optical photon—-magnon
entanglement can be achieved by controlling the magnon fre-
quency detuning.

1.6

xll(f

r (b)

—0.6 0 0.2 0.4 0.6
T (K)

oL@
—1.4

—1.0
Avn/wb

Fig. 5. Bidirectional contrast ratio ¥ vs. the normalized parameters
(a) A/ and (b) the bath temperature T, where |A;| = 0.1@j. Other
parameters are the same as those in Fig. 2.

The effect of the bath temperature on the bidirectional
contrast is further examined in Fig. 5(b). The results show that
the nonreciprocity of the microwave—optical photon—photon
entanglement and the optical photon—-magnon entanglement
gradually increases with increasing the bath temperature. In-
terestingly, ideal nonreciprocity for both entanglements can be
realized at higher temperatures, indicating that elevated tem-
peratures are beneficial for achieving optimal nonreciprocal
entanglement.

5. Conclusion

In summary, we propose a novel scheme that lever-
ages the magnon Kerr effect to generate and control nonre-
ciprocal microwave—optical entanglement in cavity COMM.
By utilizing the strong coupling between a magnonic res-
onator, a microwave cavity, and an optical cavity, we demon-
strate how the direction of the external magnetic field can

be exploited to induce nonreciprocal behavior in entangle-

ment dynamics. We show that tuning parameters, such as

the magnon frequency detuning, allows for enhanced non-
reciprocal entanglement across multiple domains, including
magnon—phonon, microwave—optical, and photon—magnon
entanglements. Moreover, our findings highlight the poten-
tial for achieving ideal nonreciprocity in microwave—optical
and photon—magnon entanglements, which is crucial for quan-
tum information processing and quantum networks. This work
provides a promising path for designing nonreciprocal quan-
tum devices capable of operating across both microwave and
optical bands, contributing to the development of hybrid quan-
tum systems and advanced quantum technologies.
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