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When a pump laser beam strikes the surface of a nonlinear crystal with modulated second-order nonlinearity, various
nonlinear diffraction phenomena occur, with nonlinear Raman—Nath diffraction (NRND) being a prominent example. In
this study, we use an 800-nm Ti:sapphire femtosecond laser beam to pump the surface of a periodically poled lithium
niobate (PPLN) crystal thin-plate nonlinear grating. By rotating the crystal, we change the incidence angle and observe
and measure the exit angle, polarization, and power of NRND spots on the other side of the crystal. The experiment shows
that NRND characteristics are highly sensitive to the incidence angle of the pump laser beam, which are consistent with
the theoretical prediction. We expect that this research will advance the understanding of nonlinear diffraction and provide
valuable insights for nonlinear optical interaction in complicated geometric and physical configurations.

Keywords: nonlinear diffraction, second harmonic, quasi-phase matching, oblique incidence
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1. Introduction

In recent years, research on nonlinear Raman—Nath
diffraction (NRND) has been emerging continuously. Re-
cently a Maxwell-equation-based NRND model has been es-
tablished, providing solid theoretical and experimental guid-
ance to deeply understand the physics of NRND.!!l NRND is
basically a noncollinear second-harmonic generation (SHG)
process occurring when a fundamental-wave (FW) pump laser
beam is shining upon a nonlinear grating made from mi-
crostructured nonlinear crystal such as periodically poled
lithium niobate (PPLN). SHG signal originated from each LN
domain with a size and pitch far larger the pump laser wave-
length will be diffracted into various orientations and form a
series of SHG beam spots with different orders.

Previous studies have shown that the influencing factors
of NRND can be roughly classified into three categories: the
optical properties of FW pump laser, the material properties
of nonlinear crystal, and the geometric structure of nonlin-
ear grating structure. In terms of the optical properties of
FW pump laser beam, numerous studies have shown that fac-
tors such as beamwidth, wavelength, phase modulation, and
the use of femtosecond laser sources can significantly in-
fluence NRND. Research has found that an increase in the
beamwidth of FW pump beam significantly reduces the in-
tensity of NRND, > while the wavelength of FW pump beam
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fCorresponding author. E-mail: honglihong@siom.ac.cn

CSTR: 32038.14.CPB.adb67f

does not affect the diffraction angle of NRND but does impact
the diffraction intensity.[>™* Besides, it is found that pump-
ing nonlinear crystals with femtosecond laser sources leads to
a narrowing of SHG spectrum.>-%! Moreover, the femtosec-
ond laser sources can excite PPLN to produce a phenomenon
of ultra-broadband NRND.[”! It is also found that the phase
modulation of FW pump beam can be inherited by the phase
of SHG.®1 All these studies indicate the significant impact of
the characteristics of the FW pump laser on NRND.

On the other hand, theoretical research on nonlinear
diffraction, especially regarding the diffraction angles, has
been carried out extensively. However, there is still a need
for in-depth study on the control effect of FW pump beam
under the inclined incidence on NRND. Regarding the mod-
ulation of NRND by FW pump beam, the above studies>™!
did not address the angle of incidence and polarization of
FW pump beam, nor did the measurements of NRND phe-
nomenon address the polarization angle of each order. In terms
of the influence of nonlinear crystal structures on NRND, nu-
merous studies have shown that factors such as the modula-

1,110-121 domain structure,[!3-131

tion type of nonlinear crysta
doping,''®! and crystal type!!”) all have a certain impact on
NRND. What’s more, a study using femtosecond lasers to
pump PPLN forward and backward came into view, reveal-
ing the non-reciprocity of linear and nonlinear effects.!'®! Fi-

nally, both experimental and theoretical studies on the effect
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of duty cycle in nonlinear crystals with periodic polarization
on NRND are reported.?!

In this article, we will experimentally and theoretically
investigate NRND from a PPLN thin-plate nonlinear grat-
ing pumped by 800-nm Ti:sapphire femtosecond laser beam
at different inclined incidence angles. A simple theoretical
model has been built to help interpret the experimental data for
NRND. We focus on what happens to the NRND spot at differ-
ent incidence angles, in particular, the power values and polar-
ization angles of the diffractive spot in each order. This article
aims to establish a closer relationship between FW pump beam
and SHG diffraction beam and offer a promising route toward
tunable SHG. ")

2. Model and theory

In our theoretical model, which is in faithful consistence
with the experiment configuration, we use a z-cut PPLN thin-
plate crystal as the nonlinear medium, with the optical axis
oriented in the z-direction. The crystal has a periodic polar-
ization modulation that directly results in a positive and nega-
tive change of nonlinear polarizability tensor x? along the
x-direction. The FW pump laser beam impinges on PPLN
surface at a certain angle of incidence in the XOZ plane, as
shown in Fig. 1. The second-order nonlinearity modulation is
along the x axis direction, and the positive and negative LN
domains are homogeneous along the y axis direction. Through
the modulation of the Glan prism, as illustrated in Fig. 2, the
femtosecond laser beam incident on the surface of PPLN thin-
plate is horizontally polarized, and the angle of incidence is .
The FW laser beam refracted and transporting inside PPLN in-
teracts with LN domains, ignites SHG process, and produces
SHG beam with wave vector k,, which then exits through the
rear surface of PPLN thin-plate, with the exit angle being .

H, I
E, o |
Air ko
PPLN I
z < Ok |0
| £1
_—
v |
@ | —x@
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Fig. 1. The cross-sectional view of the light propagation and electro-
magnetic field analysis of incident wave, transmission wave and SHG
from air to PPLN crystal, and from crystal to air, and the phase match-
ing diagram associated reciprocal lattice vector in the cases of pump
laser beam oblique incidence.

The equation governing the electromagnetic field tempo-
ral-spatial evolution of FW pump beam and SHG beams in the
current nonmagnetic, free-charge-free homogeneous medium
can be derived from Maxwell’s system of equations:

’E(r,t) dP(r,t)
or? b=

we express the electric field intensity vectors and polarization

VZE(’I",I) = Ho&o (1)

intensity vectors as summation formulas upon the linear and
nonlinear components:

E(r,t)= ZnE(a),,,r)e_iw"t, )
P(r)=Y P(w,r)e ", 3)
P (0,,r) = P.(@,7r)+ P (a2,7), 4
Py (02,7) = g0x? (x) : EigEno, ()

where P (w;,r) is the linear polarization intensity vec-
tor, Py (@, r) is the nonlinear polarization intensity vector,
%?(x) is the second-order nonlinear susceptibility tensor, and
E\o is FW pump beam electric field vector.

Similarly, we express the second-order nonlinear polar-
ization tensor of PPLN as summation formula upon the recip-
rocal lattice vectors Gy,:

2P @)=Y, 1% (Gn) e, ©)

substituting Egs. (2)-(5) into Eq. (1), we can derive different
equations satisfied by the SHG beam electric field and its ex-
plicit scalar expression obtained through integration

dE> (@2,Gp,2)

dz
_ o [d (Gp) : ExoErg] ¢! )
k2z,mc2 " ’
Ex (02,Gp,2)
— (G| E P (eHerio1), @)
Akz,lez,mCZ eff m 10 )

where Eyg (@2,Gn,z) represents SHG beam electric field in-
side the crystal and d (G,,) is second-order nonlinear coef-
ficient tensor of LN crystal. der(G,,) represents the effec-
tive second-order nonlinear coefficient which equals half of
2® (G,,) for the specific reciprocal lattice vector. Gy, =
2mm/A for PPLN, and m is the diffraction order, A is the po-
larization period of PPLN. The power of NRND can be ob-
tained simply by taking the square modulus of Eq. (8). From
the above equation, we can see that, with the wavelength and
power of FW pump beam fixed, the power of NRND is deter-
mined by the diffraction order and the effective nonlinear co-
efficient degr(Gy,). Due to the relatively small variation of the
effective nonlinear coefficient deg(G,), the primary influenc-
ing factor is still the diffraction order. Clearly, as the diffrac-
tion order increases, the magnitude of the SHG wave vector
will increase, constrained by the transverse phase matching
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conditions of NRND, leading to a decrease in the diffraction
intensity of NRND.

According to the transverse phase matching condition for
NRND:

2k1x + Gm = k2x7 (9)

we can solve the expression for the angle 7, at which the
diffracted light deviates from the Oth order for NRND using
Eq. (9) and Fresnel formula

Gn
/= arcsin | si Zma). 1
¥ = arcsin (sma + e l) (10)

We find that the magnitude of ¥, is related to the incidence an-
gle a and diffraction order m, so we define two offset amounts.
One is the angular offset amount (A7y;) under different inci-
dence angles with the same diffraction order, and the other
is the angular offset amount (A}») of the positive and nega-
tive diffraction orders with the same incidence angle. The two

quantities are derived as
G

G
Ay = arcsin (sinoc—i— 4;:1) — arcsin (4;’1) , (11)

. . Gﬂ’l
Ay = o+—A
1" = arcsin (sm + i )

—arcsin | sino +
4r

G’"A) , (12)

where Ay{* represents the angular offset of each order diffrac-
tion angles between the case where the incidence angle is not
0° and the case where the incidence angle is 0°. Ay is the an-
gular offset of each incidence angle between negative orders
and positive orders.

From the above equations, we can clearly see that when
the order is 0, the diffraction angle of NRND equals the inci-
dence angle, in other words, the Oth order NRND is collinear
with the incident light. When the order is not 0, the diffrac-
tion angle of NRND is directly related with both the incidence
angle and the order.

We take the ordinary light vector and the extraordinary
light vector and perform a vector dot operation with the elec-
tric field strength vector we have obtained, and then calculate
the polarization components of NRND within the crystal:

aE;ée ((OZaGWHZ) aEZO (a)ZaGm;Z)
dz dz '
Due to the difference in the transmittance coefficient of
ordinary light (o-light) and extraordinary light (e-light) in the
stage of incidence and exiting, the polarization angle will be

— 0% (@, G)- (13)

changed at both incident and exit stages. Based on the differ-
ent transmittance through PPLN crystal for the electric field
strengths of different polarization directions, we calculate the
polarization angle 6 of NRND outside the crystal:

& = arctan ‘IOESO (@2, Gm,z)’ (14)
|teE§0 (ﬂ)z,Gm,Z)’ ,

where 1, is the transmittance of ordinary light field amplitude
at the interface between PPLN and air, and ¢, is the transmit-
tance of extraordinary light field amplitude.

Until this stage, we have built a theoretical method allow-
ing analysis and solution of the diffraction angle, power, and
polarization angle of NRND against a PPLN thin-plate nonlin-
ear crystal, and this method would help to provide a foundation
for our subsequent experimental design.

3. Experiment and discussions

Our experiment setup is shown in Fig. 2. In our experi-
ment, the nonlinear crystal we use is a z-cut PPLN thin-plate
crystal with A of 6.97 um, and its dimensions are 20 mm (x)
x S mm (y) X 1 mm (z). The PPLN sample can be prepared
via the standard electric poling technique.’>20-22] The opti-
cal axis of the crystal is oriented in the z-axis direction, and
the modulation direction is in the x-axis direction. We use a
Ti:sapphire femtosecond laser to serve as the pump light, with
a central wavelength of 800 nm, a pulse duration of 50 fs, a
spectral width of 24 nm (in 3 dB), and an average power of
3 W in maximum. To prevent excessive power from damag-
ing the device, we use a half-wave plate to attenuate the pump
light, ensuring that the power incident on the crystal surface is
maintained at 0.82 W. Before the lens, a Glan prism is placed
to fix the polarization state of the pump light to horizontal
polarization[>324! (i.e., parallel to the x-axis direction of PPLN
nonlinear grating), eliminating the influence of polarization on
the experiment. The PPLN sample together with its holder is
placed on a rotating stage that allows one to rotate PPLN to
precisely change the angle of oblique incidence with the XOZ
plane while maintaining the incident light to be perpendicu-
lar to the LN domain extension direction (y-axis). Behind the
crystal, we place a long-pass filter that only transmits wave-
lengths above 500 nm to filter out stray light and transmitted
light at 800 nm. Finally, the NRND SHG beam from the crys-
tal is projected onto an observation screen located 38 cm away,
and the pattern is recorded using a camera.

Fig. 2. Experiment setup to study NRND of PPLN nonlinear grating illumi-
nated by an obliquely incident 800-nm Ti:sapphire femtosecond laser beam.

We have observed a series of blue spots occurring in the
screen, as displayed in Fig. 3(a). They are recognized to be
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the NRND SHG beam spots. We measure the diffraction an-
gles for different orders of NRND as a function of the inci-
dence angles of pump beam, and the results are in Fig. 3(b).
Obviously, as the incidence angle increases, the spot of each
order spreads out to both positive and negative sides which
is in great agreement with theoretical prediction and physical
diagram of phenomenon. We can see that the angular posi-
tion of NRND spot of the Oth order remains strictly equal to
the incidence angle when the incidence angle changes. At the
incidence angle of 0°, the diffraction spots of positive and neg-
ative order NRND show a symmetric pattern. The diffraction
angles of +1st, +2nd, £3rd, +4th, and £5th orders are 3.3°,
6.6°, 10.0°, 13.6°, and 16.7°, respectively, which are in excel-
lent agreement with our theoretical predictions of 3.3°, 6.6°,
and 9.9°, 13.3°, and 16.7°.

(a)

(b) o Experiment
g0 [°— Prediction °

a7
LT

°
 +7

@ o o
—4-3-2-10 +1+42 +3+4+45
L

-+
[=>]

—16 -8 0 8 16 24 32
Ym (O)

Fig. 3. (a) Experiment images showing the observed NRND SHG spots
as a function of the incidence angle. From bottom to top, the phe-
nomenon is plotted for angles of incidence 0°, 30°, 45°, and 60° in
order. (b) Comparison of theoretical predicted angle and experimen-
tally measured angle of NRND at different incidence angles and for
various diffraction orders.

From the experimental phenomenon, it can be seen that
with the increase of the incidence angle, the diffraction an-
gle for positive and negative NRND orders becomes differ-
ent, and this asymmetry can be described by the quantity Ay{*.
Moreover, Ay{* gradually expands for each order of NRND
with respect to the increased value of oblique angle. For the
+1st order, the differences Ayf‘ between the diffraction angles
of NRND at incidence angles of 30°, 45°, and 60° and the
diffraction angle at incidence angles of 0° are 0.6°, 1.0°, and
2.8° respectively. These values show good numerical proxim-
ity and consistent trends with the theoretical values of 0.4°,

1.2°, and 2.7°. Similarly, for the +2nd order, Ay]“ between the
diffraction angles of NRND at incidence angles of 30°, 45°,
and 60° and the diffraction angle at incidence angles of 0° are
1.1°, 1.7°, and 4.9° respectively, which is consistent with the
theoretical values of 0.8°, 2.1°, and 4.7°. For the +3rd, +4th,
+5th orders, and higher orders, as well as the negative orders,
the diffraction spots of NRND at the same order all exhibit a
widening effect on both sides. At the same time, when the
angle of incidence is the same, Ay also shows a gradual in-
creasing trend with the increase of the order. At the incidence
angel of 30°, Ay{" for the —1st, —2nd, —3rd, and —4th orders
are 0.8°, 1.4°, 2.6°, and 4.1°. At the incidence angel of 45°,
Ayf‘ for the —1st, —2nd, and —3rd orders are 1.6°, 3.4°, and
6.3°. It can be seen that the amount of Ay{* increases with the
increase in the incidence angle for each order and with the in-
crease in the order for each incidence angle, and there is a good
agreement with the theoretical predictions in terms of both the
numerical values of the angular differences and the trend of
change.

A,\."r“‘%
/1
+1 +2 43 +4

Fig. 4. Angular offset between the incidence angle of 0° and 60°. Ayl"/ 3

represents the difference between the +1st order diffraction angle at 60°
incidence and the +1st order diffraction angle at 0° incidence, Ay{* rep-
resents the angular offset in any same order between the incidence angle
of a and 0°. The yellow line represents the magnitude of the +1st or-
der diffraction angle at 60° incidence, where A]/zl and Ay;" represent the
angular offset in the 1st and £m-th order at any same incidence angle.

On the other hand, it can be found from Fig. 3(a) that the
diffraction angle of the negative order is larger than that of
the positive order, and this asymmetry can be described by the
quantity Ayy". The phenomenon is most obvious when the in-
cidence angle is 60°, as illustrated in Fig. 4. At the incidence
angle of 30°, NRND is slightly offset to negative order side
with Ayy" of 0.1°, 0.4°, 1.4°, and 3.0° for orders +1st, £2nd,
+3rd, and +4th, respectively, which show consistent patterns
with our theoretical predictions of 0.1°, 0.6°, 1.4°, and 2.5°,
all of which exhibit that the higher the order, the larger the
offset angle. At the incidence angle of 45°, Ay of orders
+1st, +2nd, and £3rd is 0.5°, 1.6°, and 4.0°, respectively,
which show the same increasing pattern as our theoretical pre-
dictions of 0.4°, 1.6°, and 3.9°. Finally, Ayf‘ of +1st to +7th
order NRND at the incidence angle of 60° are 0.1°, 0.2°, 0.3°,
0.3°, 0.4°, 0.1°, 0.6°, respectively, with offset angle values of
more than 0.6°. In conclusion, compared to 0° incidence, the
NRND spots of each diffraction order exhibit varying degrees
of offset when the incidence angle is not 0°, and the degree of
offset increases as the incidence angle increases.

We have measured all the powers of NRND using a sen-
sitive power meter that can detect a weak power down to the
nW level. Besides, we have performed numerical calculation
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on these quantities. The comparison results of theory and ex-
periment are shown in Fig. 5.

4000 Experimental @= goo
—,—a=
3500} (a) o — 45°
3000}
= 2500f
=}
~ 2000+
g
= 1500f
o
A 1000}
500}
ok
—500 L L L L L
—6 —4 —2 0 2 4 6
m-th diffraction order
1.0} Theoretical — a=0°
(b) —— a =30°
0.8} =457
5 —— a =60°
% 0.6
a vl
g
= 0.4+
<
o)
M o0.2F
ol

—6 —4 -2 0 2 4 6
m-th diffraction order

Fig. 5. (a) Experimentally measured power of NRND SHG beam output sig-
nals corresponding to different diffraction orders at four incidence angles.
(b) Theoretically predicted relative power of NRND SHG output signals cor-
responding to different diffraction orders at four incidence angles.

We notice that in the experiment, nonlinear Cherenkov
radiation is generated and observed simultaneously together
with NRND. Under large incidence angles, the nonlinear
Cherenkov radiation pattern experiences significant lateral
shifts,[>>261 which in turn will mix the diffraction pattern of
NRND and thus affect the quantitative observation and evalu-
ation of NRND. As a result, when the incidence angle is 60°,
it is difficult to observe negative order NRND phenomena be-
cause the background blue signal from nonlinear Cherenkov
radiation is too large.

From Fig. 5, we find several interesting phenomena. First,
no matter what is the incidence angle for oblique incidence,
the diffraction power of NRND basically decreases with the
increase of the order. When NRND order is 0, the power value
of the diffraction spot is the largest. Second, the diffraction
power at 0°, 30°, 45°, 60° is 682 nW, 2054 nW, 3210 nW, and
3770 nW respectively for the Oth order, which increases with
the growth of the incidence angle. Similarly, this behavior is
also reflected in other orders. The diffraction power at the
four incidence angles is 101.2 nW, 317.6 nW, 495.0 nW, and
934.0 nW respectively for the +1st order, 27.3 nW, 95.8 nW,
123.4 nW, and 236.1 nW respectively for the 4+2nd order, and
5.8 nW, 28.2 nW, 63.4 nW, and 150.2 nW respectively for the
+3rd order, 28.09 nW, 24.7 nW, 53.3 nW, and 50.8 nW, re-
spectively for the +4th order, and 16.3 nW, 24.8 nW, 44.0 nW,

and 78.7 nW respectively for the +5th order. This variation
phenomenon can be described by degr (G,) in Eq. (8), which
increases with the increase of the incidence angle, then the
power of SHG which is proportional to the square of the mold
of Ex (@2, G, z) and degr (Gyy,), showing a upward trend with
the increase of the incidence angle.

Third, the theoretical result in Fig. 5(b) shows that the
power of the odd order is higher than the power of the even or-
der around it, and the phenomenon of negative orders is more
obvious than that of positive orders. The power of the Oth or-
der is greater than that of the +1st and —1st orders, the power
of the —3rd order is greater than that of the —2nd and —4th
orders, and the power of the +3rd order is greater than that
of the +2nd and +4th orders. Most obviously, when the inci-
dence angle is 60°, the power of the —3rd order is much higher
than that of the —2nd and —4th orders. We can also find it in
our experiment. When the incidence angle is 30°, the power
of the +5th order is 24.82 nW and it is a little bigger than
24.74 nW for the power of the +4th order. What is more, at
the incidence angle of 60°, the power of the +5th order and
+4th order is 78.7 nW and 50.8 nW respectively. At the inci-
dence angle of 30°, the power of the negative orders including
—2nd, —3rd, —4th are 142.5 nW, 117.8 nW, 118.8 nW, which
is much stronger than the positive orders, with the power of
the +2nd, +3rd, and +4th orders are 95.8 nW, 28.23 nW and
24.74 nW.

We observed that the NRND spot reaches a peak power
of 3770 nW, at an incidence angle of 60° and diffraction or-
der of Oth. The incident beam power on the PPLN surface
remains at 0.82 W, controlled by a half-wave plate positioned
after the Ti:sapphire femtosecond laser. This indicates that
the maximum efficiency of NRND can approach 4.6x107°.
As the incidence angle increases, the overall efficiency gradu-
ally increases from 1.26x 107 to 7.0x 10~°, which is consis-
tent with our predictions. Although this number is still not a
high value compared to usual collinear QPM-SHG processes
(~ 30%), it has already relatively objective conversion effi-
ciency value for partial phase matching process.

We use a bias detector to detect the polarization state of
each order of NRND diffraction spots. We find that each order
is linearly polarized, and the polarization angle is displayed
in Fig. 6. The polarization angle of diffraction spots in each
order basically decreases with the increase of incidence an-
gle. At the Oth order, the polarization angle of NRND changes
with the angle of incidence in the order of 52.2°, 34.9°, 27.5°,
and 25.0° respectively, which shows a decrease with the in-
crease of the incidence angle. The polarization angles are
19.0°, 19.2°, 14.3°, and 12.0°, respectively for the +1st or-
der, 49.6°, 37.9°, 45.1°, and 36.0° respectively for the +2nd
order, 57.9°, 52.2°,48.9°, and 25.3° respectively for the +3rd
order, 48.8°, 42.0°, 39.7°, and 41.4°, respectively for the +4th
order, 44.9°, 40.3°, 41.5°, and 43.0°, respectively for the +5th
order. From this, we can see that the experimental curves have
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a downward trend. And the polarization angles of each or-
der are relatively close, especially in the Oth, 2nd, 3rd, 4th
and 5th orders with each incidence angle, which can be de-
scribed by the d (Gy,) : E10E)o in Eq. (7). In more details, the
d(Gy) : EjgE is a dyadic tensor which can determine the
electric field vector direction of SHG beam. When the inci-
dence angle increases, this parameter has a greater component
of the e-light direction than o-light, then the polarization angle
decreases in Eq. (14).

601

501

401

301

20f

101

Polarization angle (°)

1 1

0 15 30 15 60

o (%)
Fig. 6. Experimentally measured polarization angle of NRND SHG beam out-
put signals with diffraction orders corresponding to different incidence angles.

4. Conclusions

In summary, we have used an 800-nm Ti:sapphire fem-
tosecond laser beam to obliquely pump a PPLN crystal nonlin-
ear grating with a polarization period of 6.97 pum, and inves-
tigated the variation and sensitivity of NRND to the oblique
angle of incidence. Starting from Maxwell’s equations, we
derive the expression for the electric field intensity of each
NRND diffraction order and obtained an analytical expres-
sion for the diffraction angle and polarization angle under the
transverse phase matching conditions involves in the NRND
process. In our experiments, we have successfully observed
clear NRND patterns as characterized by the diffraction an-
gles, power, and polarization information of different diffrac-
tion orders at different oblique incidence angles. The experi-
ment results show good agreement with theoretical predictions
in terms of the diffraction angles and power. In particular, the
diffraction angle shows an obvious asymmetry for positive and
negative orders, and this asymmetry is the most pronounced at
large oblique incidence angle. The diffraction power of vari-
ous NRND spots shows a fluctuation-decaying behavior when
the diffraction order increases from the Oth order to higher or-
ders. In short, the experiment shows that the NRND character-
istics are highly sensitive to the incidence angle of the pump
laser beam, which are consistent with the theoretical predic-
tion. We expect that this research of NRND from a PPLN
nonlinear grating as excited by a high-peak power femtosec-
ond laser beam under the oblique incidence pump configura-
tion will advance the understanding of nonlinear diffraction

and provide valuable insights for nonlinear optical interaction
in complicated geometric and physical configurations.
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