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Hypergraphs can accurately capture complex higher-order relationships, but it is challenging to identify their impor-
tant nodes. In this paper, an improved PageRank (ImPageRank) algorithm is designed to identify important nodes in a
directed hypergraph. The algorithm introduces the Jaccard similarity of directed hypergraphs. By comparing the numbers
of common neighbors between nodes with the total number of their neighbors, the Jaccard similarity measure takes into
account the similarity between nodes that are not directly connected, and can reflect the potential correlation between nodes.
An improved susceptible—infected (SI) model in directed hypergraph is proposed, which considers nonlinear propagation
mode and more realistic propagation mechanism. In addition, some important node evaluation methods are transferred
from undirected hypergraphs and applied to directed hypergraphs. Finally, the ImPageRank algorithm is used to evaluate
the performance of the SI model, network robustness and monotonicity. Simulations of real networks demonstrate the
excellent performance of the proposed algorithm and provide a powerful framework for identifying important nodes in

directed hypergraphs.
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1. Introduction

In a network, identifying important nodes is crucial.
This issue, also known as the centrality problem, involves
assigning scores to nodes that quantify their importance.
In the past few decades, research on identifying impor-
tant nodes has been widely used in various domains, such
as disease transmission,!!=3! political inﬂuence,[4] rumor
control,>¢! advertising,!”! and traffic management.!8! These
studies have focused on ordinary graphs that represent rela-

[-11] Many effective algorithms

tionships between individuals.
have been proposed to identify the important nodes in ordinary
graphs.!'>~17] However, interactions involving multiple indi-
viduals are more commonly observed in real-world systems,
such as chatting groups, protein complexes, and so on.[!3:19]
Although ordinary networks are simple, they fail to capture the
synergistic effects among multiple nodes. In contrast, a hyper-
graph that allows a hyperedge to connect multiple nodes can
effectively overcome the limitations of representing a com-
plex system with a conventional network. Currently, there
is limited research on the identification of important nodes in

20-23] The above research mainly focuses on en-

hypergraphs.|
hancing algorithms in ordinary graphs and applying them in
hypergraphs. The above improvements have yielded some re-

sults, but there are still many algorithms that are not applicable
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to hypergraphs, such as the PageRank algorithm.

Currently, research on the PageRank algorithm primarily
focuses on ordinary graphs. Kamvar et al.!**! have proposed
an adaptive PageRank algorithm to expedite the computation
of PageRank. In this algorithm, the PageRank of pages that
have already converged is not recalculated at each iteration af-
ter convergence. Zheng et al.!*>! have proposed an enhanced
PageRank algorithm. This algorithm clusters all web pages
by analyzing search rows and utilizes the information entropy
obtained from clustering to adjust the weight of the PageRank
algorithm. This adjustment resolves the issue of the PageR-
ank algorithm showing a strong correlation between continu-
ously visited web pages. Hasan et al.!*®! have proposed a hy-
brid PageRank algorithm based on an optimized normalization
technique and a content-based method. This algorithm reduces
the number of iterations needed to calculate page ranking, en-
hancing efficiency. Rani ef al.!*’] have proposed a weighted
PageRank algorithm (WPR), takes into account the impor-
tance of both inlinks and outlinks of the pages and distributes
rank scores based on the popularity of the pages. Haveliwala

(28] have proposed a topic-sensitive PageRank algorithm,

et al.
which utilizes precomputed biased PageRank vectors to gen-
erate query-specific importance scores for pages at query time.

Tran et al.”?) proposed the Pagerank algorithm in hypergraph
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for the first time, but it lacks comparison and improvement
with other methods.

However, there are still some shortcomings in the previ-
ous work. The PageRank algorithm in hypergraphs has been
proposed, but it only considers the relationships between di-
rectly linked nodes. It does not account for the relationships
between indirectly adjacent nodes, and as a result, it cannot
fully explore the structural features of a hypergraph. More-
over, due to the lack of evaluation indicators in directed hy-
pergraphs, the superiority of the algorithm has not been re-
flected. To solve this problem, in this paper, an ImPageRank
algorithm is proposed to evaluate the importance of nodes in
hypergraphs. By introducing the Jaccard similarity in the di-
rected hypergraph, the algorithm considers the similarity of
unconnected nodes. By transferring the centrality index from
the undirected hypergraph to the directed hypergraph, com-
pared with other centrality methods, the algorithm shows ad-
vantages in robustness, accuracy and monotonicity. The main
contributions of this paper are as follows.

1. An ImPageRank algorithm is proposed, incorporating
a weighted Jaccard similarity matrix to enhance node similar-
ity and propagation. The transition probability matrix inte-
grates the original transition matrix with the similarity matrix
to optimize node correlations.

2. An improved susceptible—infected (SI) dynamic model
is proposed, incorporating head—tail and intra-node propaga-
tion to simulate complex interactions. The model enhances the
influence of network topology, aligning propagation probabil-
ity with real-world infection mechanisms and group behavior.

3. Centrality measures for directed weighted hypergraphs
are proposed, including hypergraphs degree centrality, hyper-
graphs closeness centrality, hypergraphs betweenness central-
ity, and hypergraphs vector centrality, providing a theoreti-
cal framework for analyzing and evaluating the importance of
nodes in hypergraphs.

The structure of this paper is as follows. Section 2 pro-
vides the necessary background knowledge and introduces the
index of centrality in directed hypergraph. Section 3 focuses
on the implementation of the core algorithm, the ImPageRank
algorithm. Section 4 introduces the improved SI algorithm.
Section 5 covers data sources and experimental results. Fi-
nally, Section 6 concludes the paper.

2. Preliminaries

2.1. Definition of directed hypergraph!3!
We denote a hypergraph with N nodes and M directed hy-

(V,E), where V = {vj,v,...

nodes and E = {ej,ez,...,ep} is the set of hyperedges. For a
( eTail; eHead)’ eTail

peredges as H = , VN } is set of

hyperedge e =
Head

is called the set of hyperedge
tails and e is called the set of hyperedge heads. Please note
that el—lead cVv eTail cvV eTail 75 0 6‘Head 7& 0 eTail N el—lead =0.

Fig. 1. There are four hyperedges e¢; = (3,4,5;1,2), ex = (6,7;2),

=(8:3,4,5), es = (8:6,7).

It can be seen from Fig. 1 that node 8 has the highest im-
portance, because all nodes point to it (that is, the degree is the
largest). However, the importance ranking of nodes 3.4,5 and
6,7 is difficult to define, because it involves the weight of the
hyperedge and the allocation of node 2 to the hyperedges e
and e;. One possible importance ranking without considering
the weight of the hyperedge is that nodes 3,4,5 have a greater
importance ranking than nodes 6,7, because nodes 3,4,5,6,7
are contributed by node 2, but nodes 3,4,5 are also contributed
by node 1. However, real hypergraphs are much more com-
plex than this, so a better way to measure the importance of
nodes is needed.

2.2. Incidence matrices for directed hypergraph!?*!

The directed hypergraph H = (V,E) can be represented
by two incidence matrices H™! and H"¢d, These two inci-

dence matrices H™! and HHad can be defined as follows:

il GTaily — 1, if v € Tl
0, otherwise;

hHead( Head) 1, ifve eHead
& 0, otherwise.

Let w(e) be the weight of the hyperedge e. Let W be the diago-
nal matrix containing the weights of hyperedges in its diagonal
entries. From the above definitions, we can define the tail and
head degrees of the nodes v and the tail and head degrees of
the hyperedge e as follows:

dell Z wle thll lel)
ecE
dHead Z wle hHead Head)7
ecE
dTall( ) Z hTall( Tall)’
veV
dHead Z hHead Head
veV

Let plail pHead pTail " apng pHead be four diagonal matrices

containing the tail and head degrees of nodes and the tail and
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head degrees of hyperedges in their diagonal entries, respec-
tively. Please note that DHead, pTail ¢ RIVIXIVI matrices and
piiead pTail ¢ RIEIXIEl matrices.

2.3. Pearson correlation coefficient3!]

The Pearson correlation coefficient is a statistical mea-
sure employed to assess the strength and direction of the lin-
ear relationship between two variables. It quantifies the extent
of linear association between two variables, yielding a value
ranging from —1 to 1. A coefficient of —1 indicates a perfect
negative correlation, 1 denotes a perfect positive correlation,
and O signifies a lack of a linear relationship. The following
presents the definition of the Pearson correlation coefficient:

e YXi—X)(Yi—Y)
VEIX-X)2 L (¥—1)7

where X; and Y; represent the observed values of the two vari-

ey

ables respectively, and X and Y denote the mean values of
these variables. The Pearson correlation coefficient can be ob-
tained by calculating the covariance and standard deviation of
the sample. This process yields the standardized form of the
relationship between the two variables.

2.4. Evaluation index in hypergraphs

Note that here our definitions are all for directed weighted
hypergraphs.

Hypergraphs degree centrality (HDC) The formula for
hypergraphs degree centrality can be expressed in terms of the
out-degree of a node within the hypergraph and the weights of
the associated hyperedges. For a given node, its hyperdegree
centrality is calculated as the sum of the weights of all hyper-
edges for which it serves as a tail node. The definition is as
follows:

HDC(v) = Z w(e), (2)
ecE,
where E, denotes the set of hyperedges containing nodes v as
the tail nodes and w(e) is the hyperedge weight of e.
Hypergraph closeness centrality (HCC) The closeness
centrality measures the reciprocal of the shortest path distance
from a node to all other nodes and is often used to reflect the
or of a node in a network. We first define the distance on a
weighted directed graph as being measured by the inverse of
the weights on the edges. The definition is as follows:

1

d(x’y) = w(x y)a

3)

where d(x,y) is the distance from node x to y, and w(x,y) is
the weight from node x to y, and the distance is defined as the
reciprocal of the weight. The distance is defined as the in-
verse of the weight because in many network propagation or
transmission problems, the distance is often used to represent

the ‘time’ or ‘cost’ of information. Therefore, if the weight
w(x,y) is higher, then the time/cost required is lower, i.e., the
distance d(x,y) should be smaller. Then we give the definition
of hypergraphs closeness centrality:

n—1

HCC(V) N Zu#vd(vau),

“
where 7 is the number of nodes in the hypergraph, and d(v,u)
is the shortest path distance from node v to node u. The Dijk-
stra algorithm is generally used to find the shortest path.

Hypergraph betweenness centrality (HBC) Hyper-
graphs betweenness centrality can be defined as the degree to
which a node v contributes to the shortest path between all
pairs of nodes in the hypergraph. Specifically, the interme-
diary centrality of node v can be calculated by the following
formula:

oy (v)

sEVF#L Ost

HBC(v) = )

where oy denotes the number of hyperedges connecting node
s and node ¢, and o (v) represents the number of hyperedges
passing through node v in the shortest path connecting node s
and node 7.

Hypergraph vector centrality (HVC) Hypergraph vec-
tor centrality can be measured by the neighborhood matrix of
anode. Specifically, hypergraph vector centrality can be com-
puted from the relative importance of nodes in the hypergraph.
For a given hypergraph vector v, its hypergraph vector central-
ity is defined in the following form:

(A-x),

HVC(v) = 1A]; ©6)

where the adjacency matrix A of the hypergraph can be com-
puted by the formula in Subsection 2.2:

A= HHead . (HTail)T. (7)

To solve for the eigenvector x in Eq. (6). the iterative update is
performed using the power iteration method

®)

A~xk
X, =
k+1 ||A '.xk||2’

where x; is the feature vector of the k-th iteration. The ||A - x;||2
is the L, paradigm of the A - x; vector. The iterative process
continues until convergence, which is usually determined by
examining the L, parameters of the feature vector changes

X1 —xkll2 < &, )]

where € is a small tolerance threshold (taken as 1079 in this
paper).

048902-3



Chin. Phys. B 34, 048902 (2025)

3. ImPageRank algorithm

We know that the transition probability of the random
walk on directed hypergraph can be defined as follows: 34!

hTall ( Ta11 ) hHead (

Z wie dTall )

ecE

v eHead)
b

dHead ( 6)

(10)

We know that the transition probability matrix P of the random
walk on the directed hypergraph can be defined as follows:[*’]

pP= (Dg‘ail)*lHTaﬂW(DEead)*l (HHead)T. (1 1)

However, the above methods do not take into account the sim-
ilarity relationships between nodes that are not directly con-
nected when constructing the transition probability matrix. In
this paper, we enhance the similarity and propagation relation-
ships between nodes in the network by introducing a weighted
Jaccard similarity matrix in the hypergraph. The improved
transition probability of the random walk p; is defined as fol-
lows:

pi=a-p+(l—a) s (12)

The improved transition probability matrix P; is defined as fol-
lows:

Pi=oa-P+(1—a)-s™m, (13)

where P is the original transition probability matrix and S"°™
is the normalized weighted Jaccard similarity matrix, which
represents the similarity between nodes based on the hyper-
graph structure. Here « is a tuning parameter, notably o €
[0,1]. The weighted Jaccard similarity matrix S is defined as
follows:

ZeeE,-mEj min(we (i), we (/)

ZeEEiUEj maX(We (l)v We (]

S,J) =

(14)

In order to make the similarity distribution of each node con-
form to the probability distribution, the similarity matrix is
normalized to ensure that the sum of each row is 1,

S(i, j)
S(i, )™ = — 2. (15)
We have that[*]
hTaﬂ( Ta11) hHead( Head)
Vg/p(”"’) = lg/e;zw ATl (1) dHead ()

hTm] ( Ta11 ) 1 Head Head
= Z wie dTall ) dHead(e) Z h (V’e )

ecE veV
_ Z e hTall ( lel)
= dTall( )
1 . .
—— Z w(e)h™ (u, ™) = 1. (16)

= AT () =

Next, we need to prove that the row sum of P, is 1,

Y piluv) =) (o p(u,v) + (1—a) - s(u,v)™™)

veV veVv
=aq Z pluv)+(1—a) Z s(u,v)"om
veV veV
o1+ (l—a) 1=1. (17

Finally the power iteration method is used to compute the
Pagerank vector and the iteration process is as follows:

) =p. g0, (18)

where (") is the number of PageRank vector for the z-th itera-
tion until convergence when the iteration is stopped. Further-
more, we know that the above equation is easily solved by the
Power method.

Since in the traditional PageRank algorithm for hyper-
graphs, only directly connected nodes contribute, the introduc-
tion of a normalized weighted Jaccard similarity matrix can
be seen as a way to capture the extended proximity between
nodes. Even if they are not directly connected, they can still
influence each other as long as they are indirectly connected
through common neighbors. This effect is particularly notice-
able when some highly important nodes are neighbors. This
can be seen as a form of soft connectivity, where the algorithm
is able to sense relationships beyond the direct connections in
the hypergraph. By introducing such a matrix, the algorithm is
better able to explore the internal structure of the hypergraph,
thus improving accuracy and discrimination.

4. SI extension dynamics in improved directed
hypergraphs

In the real world, infections through pairwise interactions
such as disease and information transmission are common and
are referred to as simple infections. However, complex infec-
tions involve more intricate mechanisms of influence, where
individual decisions may be shaped by group dynamics, lead-
ing to group effects. Understanding these dynamics is crucial,
as individual behavior is largely influenced by group behav-
ior. For instance, in the process of information dissemina-
tion, communication often starts with a specific information
disseminator and a relevant social group, becoming more ef-
fective as group awareness increases. Specifically, the dissem-
ination process can be divided into two parts.

(i) Head node infects tail node

For the tail node in each hyperedge, if there is an unin-
fected node in the tail node and an infected node in the head
node, the propagation probability is calculated based on the
structure of the hyperedge (number of nodes, weights) with

Wi * Nih

the following infection rates:

By = Bu-exp (—
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where f3,, is the adjusted contagion probability of the m-th hy-
peredge, B, is the initial m-th hyperedge contagion probabil-
ity, Ny is the number of tail nodes of the m-th hyperedge,
Ny is the number of head nodes of the m-th hyperedge, and
wy, is the weight of the m-th hyperedge. This means that as
the number of tail nodes increases, the probability of propaga-
tion decreases because propagation becomes more challeng-
ing. Conversely, a larger hyperedge weight results in a smaller
decrease in the probability of contagion; that is, the stronger
the influence of the hyperedge, the easier the propagation. In
contrast, an increase in the number of head nodes enhances the
probability of contagion, as more head nodes signify a stronger
source of propagation. This adjustment enables the contagion
probability to more accurately reflect the characteristics of the
network topology and the hyperedge structure.

(ii) Head nodes infect head nodes, tail nodes infect tail
nodes

The propagation probability among tail nodes is influ-
enced by the number of infected tail nodes within the current
hyperedge and the total number of tail nodes. The specific
transmission probabilities are outlined as follows:

tail It
=B (20)
where B! is the propagation probability between the tail
nodes of the m-th hyperedge, 3, is the base propagation prob-
ability of the m-th hyperedge, I, is the number of tail nodes
currently infected in the m-th hyperedge, and N, is the total
number of all tail nodes of the m-th hyperedge. In other words,
the propagation probability among tail nodes is proportional to
the ratio of infected tail nodes. Consequently, as the number
of tail nodes increases, the propagation probability decreases,
which aligns with the actual dynamics of the infection mecha-
nism.

The probability of transmission between head nodes is
influenced by the number of infected head nodes within the

current hyperedge and the total number of head nodes. The
specific transmission probabilities are outlined as follows:

e =ﬁm-%, 1)
where 8% is the propagation probability between the head
nodes of the m-th hyperedge, 3, is the base propagation prob-
ability of the m-th hyperedge, I,,,;, is the number of head nodes
currently infected in the m-th hyperedge, and N, is the total
number of all head nodes of the m-th hyperedge.

5. Method evaluation
5.1. Dataset

In this section, we present the datasets used in the sub-
sequent experiments. Note that these datasets are empirical
data from multiple domains, and due to the lack of directed
hypergraph datasets, in this paper, we use the method*?! to
transform directed ordinary graphs into directed hypergraphs
(Specifically, the edge of all tail nodes with the same head
node is fused into a hyperedge first, and there is only one head
node in this hyperedge, while multiple tail nodes are allowed.
Finally, the head node with the same tail node is fused into the
hyperedge, that is, the construction of the hyper edge is com-
pleted), in this method, although the form of the edge changes
from a binary relationship to a hyperedge, the connectivity of
each node does not change. The relationship between the head
node and the tail node is preserved in the hyperedge. How-
ever, since the abstraction of hyperedges may obscure some
specific binary relationships (for example, the direct effect of
a specific head node on a specific tail node), this may affect
the interpretation of some microscopic analyses. However, for
studies that focus on global topological properties and over-
all relationships (such as importance), this effect is acceptable
and, to some extent, improves the efficiency of analysis and
clarity of results. Each of the constructed datasets has differ-
ent topological properties, as shown in Table 1.

Table 1. Topological characterization of network data.

Dataset V(B) E(B) V(L) E(L) D Ar;j E c
email-Eu-core 1005 866 854 865 29.94 334 0.3219 0.3905
email-Eu-core-temporal 986 816 803 814 337.05 333 0.32076 0.3396
bn-fly-drosophila_medulla_1 1781 1340 845 1311 18.88 127 0.32197 0.2796
CollegeMsg 1899 1318 1313 1314 31.51 237 0.22689 0.0711
bio-celegans-dir 453 349 309 349 10.14 146 0.0853 0.4104
BA-1_10_60-L5 804 477 490 477 57.7 673 0.09891 0.0102

The email-Eu-core dataset was generated using email
data from a large European study, where members represent
nodes and the relationships formed by sending messages rep-
resent edges. The email-Eu-core-temporal dataset was also

derived from the same study but is structured as a temporal

network. The bn-fly-drosophila_medulla_1 dataset contains
data from the Drosophila brain network, where nodes repre-
sent neural elements and edges represent fiber bundles. The
CollegeMsg dataset consists of private messages exchanged on

the UC Irvine online social network, with nodes denoting users
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and edges representing private messages. The bio-celegans-  peredges, E represents the efficiency of the hypergraph, and C
dir dataset is derived from a biological network, where nodes  represents the global clustering coefficient of the hypergraph.
represent substrates and edges represent metabolic reactions.
Finally, the BA-1_10_60-15 dataset originates from a labeling ~ >-2- Node diffusion influence quantization
network, where nodes represent product numbers and edges (i) Improved SI model evaluation To quantify the im-
represent labeling paths. pact of node diffusion, at early times, decision makers typ-
In order to avoid the zero degree of the tail node or the  ically prioritize the highest ranked nodes. To meet this re-
degree of the head node which leads to the invertibility of  quirement, we measured the diffusion effect of the top 0.01
the matrix of Eq. (11), these nodes as well as the hyperedges  ranked nodes using each centroid metric and plotted the aver-
are eliminated. Here V(B) and E(B) represent the number of ~ age diffusion curves of different hypergraphs and algorithms
nodes and hyperedges of the directed hypergraph before elim-  for 7 = 5 steps. The choice of 7 = 5 aims to strike a balance
ination, and V(L) and E (L) represent the number of nodes and ~ between computational efficiency and algorithmic feasibility.
hyperedges of the directed hypergraph after elimination. D  Using smaller time steps gives faster results while still provid-

represents the average hyperdegree of each node in the hyper-  ing insight into the overall behavior and performance of the
graph, Ar; represents the maximum number of bases of hy-  algorithm.
0.05{ (a) Email-Eu-core - (b) Email-Eu-core-temporal / (c) Bn-fly-drosophila medulla_1 Ve
2 0.06 /
s 0.08 4 /
0.04 e / 0.05
TaZ03 - 0.06 TaZos / TaZos 4 2
a=0. . a=0u. a=0. .
0.03 ~a=05 e ~a=05 s 0.04 ~a=05 el _Z
: ~a=07 P A ~a=07 e ~a=07 _ Z .
~a=0.9 S T - 0.04 ~a=0.9 e _—| o0.03 ~a=09 7 _¥ _
0.02 R ~ e = T
— _ = _— e == | 0.02 — == —
= 0.02 === _, - ===
=== =S===—— = =
0.01{ == — == 0.01] ==
1.0 1.5 2.0 25 3.0 35 4.0 45 50 1.0 1.5 20 25 3.0 3.5 4.0 45 50 10 1.5 20 25 30 35 40 45 5.0
(d) CollegeMsg e 0.045 (e) Bio-celegans-dir /| 0.0307 (f) BA-1_10_60-L5 -
0.020 e 0.040 / -
0.018 ~a=0.1 s 0.035 p 7/ 0.025
=03 - :
0.016 “aZok v | 0030 A 0.020
~a=0.7 A 7 0.025 P
0.014 ~a=09 . — | 0020 : i 0.015
/ __ - P P _»
0.012 = — =" — 1| o015 -
/ﬁﬁ//' _ ° T ——— =" _ | 0010
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Fig. 2. On six real datasets, we choose the parameter & in Egs. (12) and (13) to be set to 0.1,0.3,0.5,0.7,0.9, respectively. The initial contagion
rate f3; (B; represents the infection rate of the hyperedge i where the initially infected node resides) is set to 1 x 1073, because in many practical
situations, the initial infection rate tends to be low. This low infection rate reflects the fact that only a few nodes in the network are initially
infected, and the propagation gradually spreads to see what value of the parameter is set to give the best performance of the model. The final
result is the average of 100 simulations.
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Fig. 3. On six real datasets, we choose the parameter o = 0.1. The initial contagion rate f3; (3 represents the infection rate of the hyperedge i
where the initially infected node resides) is set to 1 x 1073, Comparison of the performance of the algorithms HDC, HCC, HBC, HVC, Pagerank
and ImPageRank. The final result is the average of 100 simulations.
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Observation of the baseline shows that in most hy-
pergraphs, for example, email-Eu-core, CollegeMsg, bio-
celegans-dir, it performs well at moments when « is 0.1,
and even keeps the infected node leading for the first five
time steps, for the other hypergraphs BA-1_10_60-L5, bn-fly-
drosophila_medulla_1, although the infected node is not al-
ways leading in the first five time steps when « is 0.1, it is
also better compared to the other methods. This may be due
to the fact that smaller o values make the propagation pro-
cess smoother. By incorporating node similarity, the prop-
agation process not only relies on direct neighborhoods, but
also takes into account potential connections between nodes,
enhancing the flexibility and robustness of information flow.
This smoother propagation effect may be superior in real net-
works.

We then measured the diffusion effect of the top 0.01
nodes using different centroid metrics and plotted the average
diffusion curves for different hypergraphs and algorithms for
T =5 steps.

The observation of the baseline across multiple hyper-
graphs provides valuable insights into the performance of the
ImPageRank algorithm compared to other algorithms. In net-
works such as email-Eu-core, bn-fly-drosophila_medulla_I,
and CollegeMsg, the ImPageRank algorithm demonstrates su-
perior performance, particularly in the early stages of the
infection process. It rapidly propagates the infection to a
large number of nodes, indicating that the incorporation of the
weighted Jaccard similarity matrix effectively accelerates the
information spread and enhances the model’s ability to iden-
tify and infect connected nodes more quickly. However, in

the case of the hypergraph BA-1_10_60-L5, the infection dy-
namics are somewhat different. While the ImPageRank algo-
rithm shows slower initial infection during the first two time
steps, it significantly outperforms the other algorithms in the
later stages. This delayed initial infection followed by a rapid
infection phase can be attributed to the model’s ability to uti-
lize the structural relationships and similarity between nodes,
which accelerates the infection as the process progresses. This
suggests that the ImPageRank algorithm may be better suited
for capturing long-range dependencies and latent connections
that are not immediately apparent, leading to faster and more
widespread infection as time progresses. In summary, the Im-
PageRank algorithm shows excellent performance on various
hypergraph datasets.

(ii) Monotonicity evaluation

An effective method for identifying important nodes
should not only ensure the accuracy of the identification re-
sults, but also emphasize the distinguishability of the results.
Therefore, we introduce the monotonicity index, 132] which is
defined as follows:

NN, — 1)

M(R) = m )

=)

rer

(22)

where R denotes the node importance ranking table obtained
by the node identification method, N is the total number of
nodes, and N, is the number of nodes with the same impor-
tance level r. M(R) € [0, 1], the closer the value is to 1, the
higher the discriminability of the node importance, and vice
versa.

Table 2. Monotonicity values of identification results for different importance ranking methods.

Dataset HDC HCC HBC HVC PageRank ImPageRank
email-Eu-core 0.1240247047 0.9858977264 0.6452976316 0.9936830764 0.9936830764 0.9989972981
email-Eu-core-temporal 0.1978081648 0.9969102811 0.7113344797 0.9997383771 0.9997383771 0.9999881073
bn-fly-drosophila_medulla_1 0.6684082938 0.9170543267 0.9968669891 0.9990652559 0.9991131808 1.00000000
CollegeMsg 0.3100725129 0.989087885 0.91264049 0.997168383 0.9973244826 0.9999833708
bio-celegans-dir 0.3947154657 0.7258043793 0.9509052012 0.9623760541 0.9658708609 0.9992999446
BA-1.10_60-L5 0.5092995135 0.9883472389 0.805600687 0.855400632 0.8265366892 1.00000000

For the ImPageRank algorithm, o¢ = 0.1 is chosen here.
The ImPageRank method consistently outperforms all other
evaluation algorithms on multiple hypergraph datasets. It
achieves near-perfect results, with values close to 1 in most
cases, demonstrating its superior ability to efficiently rank
node importance. Specifically, ImPageRank shows excellent
performance on datasets such as bn-fly-drosophila_medulla_1I,
CollegeMsg, and BA-1_10_60-L5, achieving a perfect score
of 1, demonstrating its high discriminative power and accu-
racy in capturing node importance. Compared to traditional
PageRank, ImPageRank incorporates additional structural in-
formation through a weighted Jaccard similarity matrix, which

enhances the ranking. Overall, the performance of ImPageR-
ank is significantly improved, making it a more reliable and
efficient method for node identification and ranking based on
hypergraph models.

(iii) Correlation

The Pearson correlation coefficient was introduced to fur-
ther investigate the correlation between the identification re-
sults of different methods. In the natural sciences, the Pear-
son correlation coefficient is commonly used to measure the
correlation between two variables, which ranges between —1
and 1. Figure 4 shows the Pearson correlation results of six
different significant node identification methods on six real
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hypergraphs. After sorting the important nodes of the net-
work by using six algorithms, such as PageRank, ImPageR-
ank, HDC, HBC, HCC and HVC, Pearson correlation anal-
ysis is carried out on the six data groups obtained, so as to
analyze the strength of the relationship between different al-
gorithms. Because the correlation of the ranking results of
important nodes can reveal the consistency and difference of
algorithms in the evaluation of node importance, it is helpful
to understand the internal relationship between different algo-
rithms.

As can be seen in Fig. 4, for the hypergraphs of the six real
networks, the ImPageRank and PageRank algorithms have a
high similarity compared to several other methods, which indi-

(a) Email-Eu-core (b) Email-Eu-core-temporal

PageRank
ImPageRank
HDC

HCC

HBC

HVC

P, 4 4, H A H
a«é’eQaerpageRggr Co "B Tvo

(d) CollegeMsg (e) Bio-celegans-dir
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Il,O
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ageqal’zrpagelgnc; Co "B Mo

Pageli;g;pagg?oo Hog Hpe Hve
anj
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geRa,i c “Bc Yo

cates that the ImPageRank algorithm, as an improved version
of PageRank, retains the original features in its mechanism.
In the cases of email-Eu-core, bn-fly-drosophila_medulla_1,
CollegeMsg datasets, ImPageRank has higher similarity to al-
gorithms HBC and HCC compared to PageRank algorithm,
because ImPageRank optimizes the propagation path between
nodes by introducing the weights of hyper edges and similarity
information, which increases the propagation speed and im-
proves the coverage. This design allows ImPageRank to better
consider indirect connections and similarities between nodes,
thus presenting a propagation pattern in network propagation
more similar to the HBC and HCC algorithms than the PageR-
ank algorithm.

(c) Bn-fly-drosophila medulla_1

0.8

Pag, . Hpe Hop Hpg 1
ageQa:«I’rP&geRSqi Co 8o Ve

(f) BA-1_10_60-L5
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Fig. 4. Correlation matrix identification method for important nodes in hypergraphs. The colors of the matrix elements correspond to Pearson
phase relationship values between different methods, ranging from bright red to dark blue.

(iv) Robustness
Network robustness is a fundamental measure of the ef-

132] 1¢ refers

fectiveness of critical node identification methods.
to the ability of a network to maintain its functional and struc-
tural integrity when perturbed or attacked. Specifically, net-
work robustness measures the degree to which a network can
still function and transmit information effectively when nodes,
edges or other critical elements of the network are removed or
damaged, here the maximum component is utilized to measure
network robustness, i.e., as the more important the node is re-
moved, the smaller the number of the maximum component
will be.

As can be seen from the data in Table 3, the ImPageRank
algorithm exhibits significant differences in network robust-
ness after node deletion, especially in the case of a high per-
centage of node deletions. Specifically, on multiple datasets,

the ImPageRank screened significant nodes show greater im-
pact when the network is disrupted. For example, on the email-
Eu-core dataset, after removing 50% of the nodes, ImPageR-
ank has 550 remaining nodes compared to 556 for PageRank,
and although the difference is not significant, ImPageRank
removes more significant nodes, resulting in a more fragile
structure of the network. On the bn-fly-drosophila_medulla_1
and CollegeMsg datasets, ImPageRank also shows higher ro-
bustness after node deletion, especially when 50% of the nodes
are deleted, the number of remaining nodes in ImPageRank is
lower than that of PageRank, suggesting that the deleted nodes
are more important in maintaining the network’s functionality
and more critical to its structural integrity, which further sug-
gests that the ImPageRank algorithm, by identifying and re-
taining critical nodes in the network, makes the network better
to withstand damage in the event of an attack.
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Table 3. The maximum components after removing the top 10%, 30%, and 50% nodes in a hypergraph using different methods.

email-Eu-core

email-Eu-core-temporal

Algorithms Remove 10% Remove 30% Remove 50% Algorithms Remove 10% Remove 30% Remove 50%
PageRank 902 725 556 PageRank 909 750 589
ImPageRank 901 726 550 ImPageRank 906 747 587
HDC 901 723 552 HDC 906 748 590
HBC 901 730 552 HBC 906 748 590
HCC 901 724 551 HCC 908 749 589
HVC 901 726 555 HVC 906 747 589

bn-fly-drosophila_medulla_1 BA-1_10_60-L5

Algorithms Remove 10% Remove 30% Remove 50% Algorithms Remove 10% Remove 30% Remove 50%
PageRank 1680 1492 1310 PageRank 756 658 560
ImPageRank 1672 1486 1303 ImPageRank 755 657 559
HDC 1679 1486 1305 HDC 756 658 560
HBC 1679 1495 1308 HBC 756 658 560
HCC 1678 1489 1307 HCC 756 658 560
HVC 1675 1491 1310 HVC 756 658 560

CollegeMsg bio-celegans-dir

Algorithms Remove 10% Remove 30% Remove 50% Algorithms Remove 10% Remove 30% Remove 50%
PageRank 1764 1497 1231 PageRank 424 362 297
ImPageRank 1763 1498 1228 ImPageRank 423 361 296
HDC 1762 1497 1233 HDC 421 361 299
HBC 1763 1500 1232 HBC 423 361 297
HCC 1762 1498 1230 HCC 424 358 294
HVC 1762 1497 1230 HVC 423 360 295

6. Conclusion

In this study, we propose an ImPageRank algorithm for
directed hypergraphs, which incorporates a weighted Jaccard
similarity matrix that takes into account the relationship be-
tween the similarities of disconnected nodes and enhances the
ability to identify important nodes. And the SI model of di-
rected hypergraph is proposed, which not only proposes the
nonlinear propagation relationship of head nodes infecting tail
nodes, but also proposes the contagion relationship of head
nodes infecting head nodes and tail nodes infecting tail nodes,
which is more in line with real-world contagion situations.
And some evaluation metrics in directed hypergraphs are pro-
posed: HDC, HBC, HCC, HVC. Experimental results on mul-
tiple real-world datasets show that ImPageRank significantly
improves node identification by considering direct and indi-
rect node relationships. Our approach outperforms traditional
algorithms such as PageRank, HDC, HBC , HCC and HVC,
especially in distinguishing node importance.

Our results have important practical implications, in so-
cial networks, ImPageRank can help identify influential indi-
viduals or communities; in biological networks, it can reveal
key genes or proteins in disease transmission; in recommender
systems, ImPageRank can help improve the accuracy of per-
sonalized recommendations by considering direct and indirect
node relationships. Future research can explore the optimiza-
tion of the computational process through parallel comput-
ing or approximation algorithms to improve its application on
large-scale datasets.

7. Research outlook

While the ImPageRank algorithm has demonstrated
promising results in enhancing node importance identification
and network robustness in hypergraphs, several avenues for fu-
ture research remain. First, extending the method to handle dy-
namic hypergraphs, where the structure of the network evolves
over time, could further improve its applicability to real-world
systems, such as social media platforms and biological net-
works, where node relationships frequently change. Secondly,
ImPageRank still needs to invert the matrix, for which some
nodes and hyperedges need to be deleted to satisfy the condi-
tion of matrix invertibility, which will destroy the topological
features of the hypergraph. One feasible idea is to use pseudo-
inversions to handle matrix inversions by performing a singu-
lar value decomposition (SVD) of the original matrix, which
makes it possible to ensure the stability of the solution process
even when dealing with matrices that are not full rank.

Program availability

The source code is openly available in the Science Data
Bank at https://doi.org/10.57760/sciencedb.j00113.00151.
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