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Hybrid entangled states (HESs), which involve different particles with various degrees of freedom, have garnered
significant attention and been applied in a wide range of quantum technologies. However, similar to other categories of
entanglement, maximally HESs inevitably degrade to mixed states due to the environmental noise and operational imper-
fections. To address the degradation problem, measurement-based entanglement purification offers a feasible and robust
solution alternative to conventional gate-based purification methods. In this paper, we propose a measurement-based hybrid
entanglement purification protocol (MB-HEPP) for a certain kind of HES which consists of polarization photons and co-
herent states. We extend our methodology to several conditions, such as the multi-copy and multi-party scenarios, and the
photon-loss condition. Compared with previous HEPPs, this protocol has several advantages. First, it does not depend on
post-selection and the purified HESs can be retained for further application. Second, it does not require the Bell state mea-
surement, but only uses the parity check with conventional linear optical elements, which makes it have the higher success
probability and more feasible. Our MB-HEPP has potential applications in future heterogeneous quantum networks.
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1. Introduction
As an essential property that distinguishes quantum

physics from classical physics, quantum entanglement is
central to various quantum communication and computa-
tion domains, including quantum teleportation,[1] quantum
key distribution,[2] quantum secure direct communication,[3–6]

quantum secret sharing,[7,8] quantum repeater,[9–11] dis-
tributed quantum computing[12] and other important branches
of quantum technology.[13–19]

Hybrid entangled state (HES) represents a distinctive
form of quantum entanglement involving various degrees of
freedom (DOFs) across different particles. HES has gar-
nered considerable interest due to its significant potential in
various quantum domains.[11,20–26] Remarkably, the distinct
structure of HES enables it to combine the strengths of dif-
ferent DOFs and mitigate the weaknesses inherent to each
specific type of state.[27] Furthermore, HES serves as a cru-
cial bridge to link practical physical systems with diverse na-
tures, thereby facilitating the construction of heterogeneous
quantum networks.[23,25] Among various types of HESs, the
HES between discrete-variable (DV) and continuous-variable
(CV) states has become particularly prominent, as it com-

bines both the advantages of DV and CV encoding.[27] Such
HES has been widely discussed in the generation,[20,28,29]

quantum teleportation,[30] quantum repeaters,[11,31] quantum
communication,[32–34] quantum computation[26,35] and some
other important quantum tasks.[25,36,37]

Maximally entangled states are crucial resources for re-
alizing the above quantum tasks. Unfortunately, maximally
entangled states are susceptible to degradation due to the en-
vironmental noise and operational errors, which cause them
to become mixed states. The degradation not only reduces
the efficiency of protocols but also threatens their security.
Entanglement purification is an effective method to distill
some high-quality entanglement copies from a large number
of low-quality entanglement copies through local operations
and classical communications (LOCC).[38] In 1996, Bennett
et al.[39] proposed the first entanglement purification protocol
(EPP). Since then, numerous EPPs in both DV[39–44] and CV
entanglement[45–49] have been proposed. The experiments of
entanglement purification were realized in linear optics,[50,51]

atoms,[52] electron-spin,[53] and superconductor systems.[54]

In 2021, the first high-efficiency and long-distance entangle-
ment purification experiment was realized and was first used
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in the entanglement-based QKD to increase the key genera-
tion rate.[41] For HESs, the first hybrid entanglement purifica-
tion protocol (HEPP) was proposed in 2013,[55] which specif-
ically focused on the state |φ+〉 = 1√

2
(|H〉|α〉+ |V 〉| −α〉).

Here, the single photon in |H〉 (horizontal polarization) or |V 〉
(vertical polarization) belongs to the DV part, while the co-
herent states | ± α〉 with amplitudes ±α belong to the CV
part. Subsequently, the purification protocol for the HES
with the photon-number state and the coherent state was
proposed.[56] Recently, the hybrid logical qubit entanglement
purification protocol was also proposed,[57] and some other re-
cent HEPPs[58–60] in diverse systems.

The measurement-based entanglement purification proto-
col (MB-EPP)[49,61–65] is an important branch of EPP, serving
as a key element in the measurement-based quantum repeater.
Unlike conventional gate-based EPPs,[38] MB-EPP eliminates
the need for complex quantum gates and instead harnesses the
power of Bell state measurements (BSM) to drive the purifi-
cation process. Therefore, MB-EPP reduces the technological
requirement and makes MB-EPP more accessible for current
experimental setups. Besides, MB-EPP provides a more ro-
bust solution against local noise and imperfections.[62]

In this work, we introduce an MB-HEPP for the hy-
brid entanglement involving polarization photons and coher-
ent states. Unlike the previous MB-EPPs, we utilize the parity
check instead of BSM to simplify the MB-HEPP and improve
the success probability of the purification. We demonstrate
that a single bit-flip error in either a CV qubit or a DV qubit
can be purified. Furthermore, we extend our MB-HEPP to
the multi-copy, multi-party cases, and consider the photon loss
condition. Compared with previous HEPPs, this protocol has
several advantages. First, it does not depend on post-selection
and the purified HESs can be retained for further application.
Second, it does not require the BSM, but only requires the par-
ity check with conventional polarization beam splitter (PBS)
and beam splitter (BS). In this way, our protocol has higher
success probability and is more feasible.

The structure of this paper is as follows. In Section 2, we
describe the principle of our MB-HEPP for the two-copy hy-
brid Bell states. In Section 3, we demonstrate the MB-HEPP
for the multi-copy case. In Section 4, we extend this MB-
HEPP for the multi-party HES. In Section 5, we address the
error of photon loss with this MB-HEPP. Finally, the discus-
sion and conclusion are presented in Section 6.

2. MB-HEPP for the two-copy hybrid Bell states

We begin by considering a simple example of a two-party
HES, say, the hybrid Bell state. Assume the initial maximally
entangled hybrid Bell state |φ+〉 generated from the source be-

longs to four Bell states of the form

|φ±〉 = 1√
2
(|H〉|α〉± |V 〉|−α〉),

|ψ±〉 = 1√
2
(|H〉|−α〉± |V 〉|α〉). (1)

It is noteworthy that |〈−α|α〉|2 = e−4α2 → 0 for large α .
Therefore, the coherent states can be regarded as approxi-
mately orthogonal.

Assume that the hybrid Bell state |φ+〉 is transmitted to
Alice (a) and Bob (b) through quantum noisy channels, with
the DV part sending to Alice and the CV part sending to Bob.
Due to the environmental noise, the system may encounter er-
rors. Here, we first consider a bit-flip error occurring in either
the DV part or the CV part with the probability of 1−F , which
transforms the ideal state |φ+〉ab into |ψ+〉ab. Therefore, the
entire system degrades to a mixed state as

ρab = F |φ+〉ab〈φ+|+(1−F)|ψ+〉ab〈ψ+|. (2)

To perform this MB-HEPP, two identical copies of ρab

are required, denoted as ρa1b1 and ρa2b2. Thus, the entire
initial system can be expressed as ρa1b1 ⊗ ρa2b2, represent-
ing a probabilistic mixture of four hybrid pure states. In de-
tail, with a probability of F2, the system is in the state of
|φ+〉a1b1⊗|φ+〉a2b2. With a probability of (1−F)2, the system
is in the state of |ψ+〉a1b1⊗|ψ+〉a2b2. With equal probability
of F(1−F), the system is in the state of |φ+〉a1b1⊗|ψ+〉a2b2

or |ψ+〉a1b1⊗|φ+〉a2b2.

Md Mc

Md Mc

a1

a2

b1

b2

d1

d2

d3

c1

c2

c3

PBS1

PBS2

BS1

BS2

D1 D2 D3 D4

D8D7D6D5

Alice Bob

Fig. 1. Schematic diagram of the measurement-based purification protocol
for the two-copy hybrid Bell states. Two identical pairs of mixed hybrid Bell
states in a1b1 and a2b2 modes are shared by Alice and Bob. Alice receives
the DV part, and Bob receives the CV part. The setups labeled as Md and
Mc are used to perform the parity checks on the DV and CV parts, respec-
tively. Two pairs of resource states entangled in modes d1d2d3 and c1c2c3
are required.

Figure 1 illustrates the schematic principle of our MB-
HEPP. Alice and Bob should prepare two pairs of resource
states in d1d2d3 and c1c2c3 modes, respectively. In this two-
copy protocol, the resource states at Alice’s and Bob’s sides
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are the DV and CV Greenberger–Horne–Zeilinger (GHZ)
states, respectively, which have the forms of

|GHZD〉d1d2d3 =
1√
2
(|HHH〉+ |VVV 〉)d1d2d3,

|GHZC〉c1c2c3 =
1

N3
(|α,α,α〉+ |−α,−α,−α〉)c1c2c3. (3)

Here N3 =
√

2+2e−6α2 is the normalization parameter.
Consequently, the two hybrid mixed states combined with
two resource states are represented as ρa1b1 ⊗ ρa2b2 ⊗
|GHZD〉d1d2d3⊗|GHZC〉c1c2c3.

Alice and Bob perform the parity checks on the pho-
tons in aidi and bici (i = 1,2), respectively. In detail, for
the DV part at Alice’s side, the parity check setup denoted
as Md consists of a BS and two photon detectors. For the
CV part at Bob’s side, the parity check setup labeled as Mc
includes a PBS and two photon detectors. BS can transform
|α〉a1|β 〉d1→ |α+β√

2
〉a1|α−β√

2
〉d1,[55] while PBS can completely

transmit the photon in |H〉 and entirely reflect the photon in
|V 〉. The photon detectors can merely distinguish the presence
or absence of photons, but cannot distinguish the photon num-
ber. Specifically, in the Md, after passing through the PBS, the
four polarization states evolve to

|H〉|H〉a1d1 Md−→ |H〉a1|H〉d1→ |0d〉,

|V 〉|V 〉a1d1 Md−→ |V 〉d1|V 〉a1→ |0d〉,

|H〉|V 〉a1d1 Md−→ |H〉a1|V 〉a1→ |1d〉,

|V 〉|H〉a1d1 Md−→ |V 〉d1|H〉d1→ |1d〉. (4)

It is clear that the polarization even-parity states |H〉|H〉 and
|V 〉|V 〉 will lead both detectors D1 and D2 to click, while the
odd-parity states |H〉|V 〉 and |V 〉|H〉 will only lead a click on
D1 or D2. The even and odd of DV parity check results are
denoted as |0d〉 and |1d〉. Therefore, by counting the clicks of
the photon detectors, one can distinguish the polarization par-
ity of the input state. On the other hand, in Mc at Bob’s side,
after passing through BS, the four coherent states evolve to[55]

|α〉|α〉b1c1 Mc−→ |
√

2α〉b1|0〉c1→ |0c〉,

|−α〉|−α〉b1c1 Mc−→ |−
√

2α〉b1|0〉c1→ |0c〉,

|α〉|−α〉b1c1 Mc−→ |0〉b1|
√

2α〉c1→ |1c〉,

|−α〉|α〉b1c1 Mc−→ |0〉b1|−
√

2α〉c1→ |1c〉. (5)

Similarly, the CV even-parity states |α〉|α〉 and | −α〉| −α〉
will cause a click of the detector D4, while the odd-parity
states |α〉|−α〉 and |−α〉|α〉will cause a click of the detector
D3. The even and odd of CV parity check results are denoted
as |0c〉 and |1c〉, respectively. Thus, one can distinguish the
CV parity of the input state by observing which photon detec-
tor registers a click.

Successful purification occurs when Alice and Bob ob-
tain eight kinds of “proper cases”. For example, with the
probability of F2, the state ρa1b1 ⊗ ρa2b2 ⊗ |GHZD〉d1d2d3 ⊗
|GHZC〉c1c2c3 can be written as

|φ+〉a1b1|φ+〉a2b2|GHZD〉d1d2d3|GHZC〉c1c2c3

=
1√
2
(|H〉|α〉+ |V 〉|−α〉)a1b1

⊗ 1√
2
(|H〉|α〉+ |V 〉|−α〉)a2b2

⊗ 1√
2
(|HHH〉+ |VVV 〉)d1d2d3

⊗ 1
N3

(|α,α,α〉+ |−α,−α,−α〉)c1c2c3. (6)

Then, by selecting the cases where the Md result of
each hybrid pair has the same parity as the Mc result, say,
|0d0d0c0c〉, |0d1d0c1c〉, |1d0d1c0c〉 or |1d1d1c1c〉 (the details
are shown in Appendix A), the quantum state of the photons
in d3c3 modes transforms to

|φ+〉d3c3 =
1√
2
(|H〉|α〉+ |V 〉|−α〉)d3c3. (7)

Alternatively, by selecting the cases where the Md re-
sult and Mc result for each hybrid pair are different, say,
|0d0d1c1c〉, |0d1d1c0c〉, |1d0d0c1c〉 and |1d1d0c0c〉, the quan-
tum state of the photons in mode d3c3 is |ψ+〉d3c3 =

1√
2
(|H〉|−α〉+ |V 〉|α〉)d3c3. In this scenario, the parties can

perform a bit-flip operation on the single photon or the coher-
ent state to obtain the desired state |φ+〉d3c3. Therefore, the
above eight parity measurement results are the “proper cases”,
which lead to the success of the hybrid entanglement purifica-
tion.

Similarly, the whole quantum system is in the state
|ψ+〉a1b1|ψ+〉a2b2 |GHZD〉d1d2d3|GHZC〉c1c2c3 with the prob-
ability of (1−F)2. After Alice and Bob performing the DV
and CV parity checks and selecting the four “proper cases”
|0d0d0c0c〉, |0d1d0c1c〉, |1d0d1c0c〉 and |1d1d1c1c〉, the whole
system evolves to

|ψ+〉d3c3 =
1√
2
(|H〉|−α〉+ |V 〉|α〉)d3c3. (8)

Additionally, the whole system collapses to |φ+〉d3c3 =
1√
2
(|H〉|α〉+ |V 〉| −α〉)d3c3 if the parity check result is one

of the other four “proper cases” |0d0d1c1c〉, |0d1d1c0c〉,
|1d0d0c1c〉 and |1d1d0c0c〉. It can be transformed to |ψ+〉d3c3

through a bit-flip operation performed by Alice or Bob.
On the other hand, the crossed combinations

|φ+〉a1b1|ψ+〉a2b2 and |ψ+〉a1b1|φ+〉a2b2 of ρa1b1⊗ρa2b2 com-
bined with |GHZD〉d1d2d3 |GHZC〉c1c2c3 can be automatically
eliminated, for they could only lead to eight different parity
check results |0d0d0c1c〉, |0d1d0c0c〉, |1d0d1c1c〉, |1d1d1c0c〉,
|0d0d1c0c〉, |0d1d1c1c〉, |1d0d0c0c〉 and |1d1d0c1c〉, which have
odd number of 0 and 1. These eight parity check results lead
to a failure of this MB-HEPP. Thus, by selecting the eight
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kinds of “proper cases”, the whole system in d3c3 transforms
to a new hybrid mixed state as

ρd3c3 = F1|φ+〉d3c3〈φ+|+(1−F1)|ψ+〉d3c3〈ψ+|, (9)

where the fidelity F1 of the target state |φ+〉d3c3 can be ex-
pressed as

F1 =
F2

F2 +(1−F)2 . (10)

The success probability is P1 = F2 +(1−F)2. If the initial fi-
delity F > 1/2, the purification process will yield F1 > F . Fur-
thermore, if a phase-flip error occurs instead of a bit-flip error
in |φ+〉ab, the phase-flip error can be converted into a bit-flip
error through the Hadamard operations[55] and then purified
using the above purification protocol in the next round.

3. MB-HEPP for the multi-copy hybrid Bell
states
In this section, we discuss our MB-HEPP employing

multi-copy hybrid Bell states. As illustrated in Fig. 2, N copies
of identical hybrid mixed states ρa1b1, ρa2b2, . . ., ρaNbN , with
the form of Eq. (2) are needed in each iteration. The resource
states for the DV and CV parts can be given by

|GHZDn〉 =
1√
2
(|HH · · ·H〉+ |VV · · ·V 〉)d1d2···dn, (11)

|GHZCn〉 =
1

Nn
(|α,α, . . . ,α〉+ |−α,−α, . . . ,−α〉)c1c2···cn.

(12)

Here n = N +1, Nn =
√

2±2e−2(N+1)α2 is the normalization
parameter.

a1

a2

b1

b2

d1

d2

dN+1

c1

c2

cN+1

a3 b3d3 c3

aN bNdN cN

Md Mc
Alice Bob

Fig. 2. A schematic diagram of the MB-HEPP for multi-copy hybrid Bell
states. Multiple identical pairs of mixed hybrid Bell states are shared by Alice
and Bob. Alice receives the DV parts, and Bob receives the CV parts. Al-
ice and Bob are required to prepare the DV GHZ state and CV GHZ state,
respectively.

For simplicity, we illustrate the purification principle in
the case of N = 3. In this case, three copies of identical hybrid

states |φ+〉a1b1, |φ+〉a2b2 and |φ+〉a3b3 are distributed to Alice
and Bob. The resource states are written as

|GHZD4〉 =
1√
2
(|HHHH〉+ |VVVV 〉)d1d2d3d4,

|GHZC4〉 =
1

N4
(|α,α,α,α〉

+ |−α,−α,−α,−α〉)c1c2c3c4, (13)

where N4 =
√

2±2e−8α2 . If a bit-flip error occurs with the
probability of 1− F , the entire three-copy hybrid system is
represented by ρa1b1⊗ρa2b2⊗ρa3b3, comprising of eight pure
states. In detail, with a probability of F3, the system is in
the state of |φ+〉a1b1 ⊗ |φ+〉a2b2 ⊗ |φ+〉a3b3. With a proba-
bility of (1− F)3, the system is in the state of |ψ+〉a1b1 ⊗
|ψ+〉a2b2⊗|ψ+〉a3b3. With an equal probability of F2(1−F),
the system may be |φ+〉a1b1⊗|φ+〉a2b2⊗|ψ+〉a3b3, |φ+〉a1b1⊗
|ψ+〉a2b2⊗|φ+〉a3b3, or |ψ+〉a1b1⊗|φ+〉a2b2⊗|φ+〉a3b3. With
an equal probability of F(1− F)2, the system may be in
|ψ+〉a1b1⊗|ψ+〉a2b2⊗|φ+〉a3b3, |φ+〉a1b1⊗|ψ+〉a2b2|ψ+〉a3b3,
or |ψ+〉a1b1⊗|φ+〉a2b2⊗|ψ+〉a3b3.

Hence, these three copies of hybrid mixed states com-
bined with two resource states can be written as ρa1b1⊗ρa2b2⊗
ρa3b3⊗ |GHZD4〉d1d2d3d4⊗ |GHZC4〉c1c2c3c4. The purification
principle follows the similar procedure to that of the two-
copy case. After Alice and Bob each performing three parity
checks, they select the “proper cases”. For example, with the
probability of F3, the whole quantum state is

|φ+〉a1b1|φ+〉a2b2|φ+〉a3b3|GHZD4〉d1d2d3d4|GHZC4〉c1c2c3c4

=
1√
2
(|H〉|α〉+ |V 〉|−α〉)a1b1

⊗ 1√
2
(|H〉|α〉+ |V 〉|−α〉)a2b2

⊗ 1√
2
(|H〉|α〉+ |V 〉|−α〉)a3b3

⊗ 1√
2
(|HHHH〉+ |VVVV 〉)d1d2d3d4

⊗ 1
N4

(|α,α,α,α〉+ |−α,−α,−α,−α〉)c1c2c3c4. (14)

Therefore, by selecting the eight “proper cases” as

|0d0d0d0c0c0c〉, |0d0d1d0c0c1c〉,
|0d1d0d0c1c0c〉, |1d0d0d1c0c0c〉,
|0d1d1d0c1c1c〉, |1d0d1d1c0c1c〉,
|1d1d0d1c1c0c〉, |1d1d1d1c1c1c〉,

from the items in

|φ+〉a1b1|φ+〉a2b2|φ+〉a3b3(|HHHH〉|α,α,α,α〉
+|VVVV 〉|−α,−α,−α,−α〉)d1d2d3d4c1c2c3c4,

the parties can obtain the state

|φ+〉d4c4 =
1√
2
(|H〉|α〉+ |V 〉|−α〉)d4c4. (15)
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Alternatively, the parties can select the other eight “proper
cases” as

|0d0d0d1c1c1c〉, |0d0d1d1c1c0c〉,
|0d1d0d1c0c1c〉, |1d0d0d0c1c1c〉,
|1d1d0d0c0c1c〉, |1d0d1d0c1c0c〉,
|0d1d1d1c0c0c〉, |1d1d1d0c0c0c〉,

from the items in

|φ+〉a1b1|φ+〉a2b2|φ+〉a3b3(|HHHH〉|−α,−α,−α,−α〉
+|VVVV 〉|α,α,α,α〉)d1d2d3d4c1c2c3c4.

Then, they can obtain the state |ψ+〉d4c4 = 1√
2
(|H〉| −α〉+

|V 〉|α〉)d4c4, which can be transformed to |φ+〉d4c4 with the
bit-flip operation performed by Alice or Bob.

Conversely, by selecting the above sixteen “proper cases”
and performing an appropriate operation, the state |ψ+〉a1b1

|ψ+〉a2b2|ψ+〉a3b3|GHZD4〉d1d2d3d4|GHZC4〉c1c2c3c4 collapses
to

|ψ+〉d4c4 =
1√
2
(|H〉|−α〉+ |V 〉|α〉)d4c4. (16)

On the other hand, the other six cross items of the whole
hybrid system ρa1b1⊗ ρa2b2⊗ ρa3b3 will never lead to any of
the above sixteen “proper cases”. Therefore, they can be elim-
inated automatically according to the selection principle. Fi-
nally, Alice and Bob can obtain a new hybrid mixed state as

ρd4c4 = F2|φ+〉d4c4〈φ+|+(1−F2)|ψ+〉d4c4〈ψ+|, (17)

with the success probability P2 = F3 + (1− F)3. Here, the
fidelity F2 can be calculated as

F2 =
F3

F3 +(1−F)3 . (18)

Moreover, we can extend this MB-HEPP to the N-copy
case. After performing this MB-HEPP on an N-copy system,
one obtains the new hybrid mixed state as

ρdN+1,cN+1 = FN |φ+〉dN+1,cN+1〈φ+|
+(1−FN)|ψ+〉dN+1,cN+1〈ψ+|, (19)

where the fidelity FN can be calculated as

FN =
FN

FN +(1−F)N . (20)

The success probability can be calculated as P2N = FN +(1−
F)N . If the initial fidelity F > 1/2, they can achieve the resul-
tant fidelity FN > F . Moreover, FN increases with the growth
of N. It indicates that by consuming more low-quality HESs,
the parties can obtain a higher fidelity.

4. MB-HEPP for the multi-party hybrid entan-
glement
In the section, we can extend this MB-HEPP to the purifi-

cation of the multi-party HES. In this section, we consider that
the target hybrid state |φ±M,N〉 is distributed to M+N parties in
the form of

|φ±M,N〉 =
1√
2
(|HH · · ·H〉M|α,α, . . . ,α〉N

±|VV · · ·V 〉M|−α,−α, . . . ,−α〉N), (21)

where the DV part is sent to M parties and the CV part is sent to
N parties, respectively. After the photons transmitting through
noisy quantum channels, the bit-flip error may occur. If a bit-
flip error occurs in the CV part, the initial state becomes

|ψc±
M,N〉 =

1√
2
(|HH · · ·H〉M|α,α, . . . ,−α〉N

±|VV · · ·V 〉M|−α,−α, . . . ,α〉N). (22)

On the other hand, if a bit-flip error occurs in the DV part, the
initial state becomes

|ψd±
M,N〉 =

1√
2
(|HH · · ·V 〉M|α,α, . . . ,α〉N

±|VV · · ·H〉M|−α,−α, . . . ,−α〉N). (23)

Now we explain the purification process for the multi-
party HES. The schematic principle of the multi-party MB-
HEPP is shown in Fig. 3. For simplicity, we take the case of
M = N = 2 for example to demonstrate the purification princi-
ple. Suppose that the DV part is distributed to Alice and Bob,
while the CV part is distributed to Charlie and David. In this
case, the initial hybrid state can be written as

|φ+
2,2〉abcd =

1√
2
(|H,H,α,α〉abcd + |V,V,−α,−α〉abcd). (24)

We first consider a bit-flip error occurring in the CV part
with the probability of 1−Fc, which transforms |φ+

2,2〉abcd to
|ψc+

2,2〉abcd as

|ψc+
2,2〉abcd =

1√
2
(|H,H,α,−α〉abcd + |V,V,−α,α〉abcd). (25)

Therefore, the hybrid system degrades to a mixed state with
the form of

ρ
c
abcd = Fc|φ+

2,2〉abcd〈φ+
2,2|+(1−Fc)|ψc+

2,2〉abcd〈ψc+
2,2 |. (26)

a1

a2

b1

b2

c1

c2

d1

d2

a4

a3

a5

b4

b3

b5

c4

c3

c5

d4

d3

d5

Alice Bob Charlie David

Fig. 3. Schematic diagram of the MB-HEPP for the multi-party HES. Two
identical copies of mixed hybrid states are shared by multiple parties.
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In order to perform this MB-HEPP, we still require two
identical copies of hybrid entanglement, denoted as ρc

a1b1c1d1
and ρc

a2b2c2d2. Hence, the initial system ρc
a1b1c1d1⊗ ρc

a2b2c2d2
represents a probabilistic mixture of four hybrid pure states.
In detail, with a probability of F2

c , the system is in the state of
|φ+

2,2〉a1b1c1d1⊗|φ+
2,2〉a2b2c2d2. With a probability of (1−Fc)

2,
the system is in the state of |ψc+

2,2〉a1b1c1d1⊗|ψc+
2,2〉a2b2c2d2. With

equal probability of Fc(1−Fc), the system is in the state of
|φ+

2,2〉a1b1c1d1⊗|ψc+
2,2〉a2b2c2d2 or |ψc+

2,2〉a1b1c1d1⊗|φ+
2,2〉a2b2c2d2.

For example, we first consider |φ+
2,2〉a1b1c1d1 ⊗

|φ+
2,2〉a2b2c2d2 with the probability of F2

c . Combined with four
resource states, the system is in |φ+

2,2〉a1b1c1d1|φ+
2,2〉a2b2c2d2 ⊗

|GHZD〉a3a4a5|GHZD〉b3b4b5|GHZC〉c3c4c5|GHZC〉d3d4d5. We
list all items in a3b3c3d3 modes and their corresponding par-
ity check results in Table 1. For the item 1√

2
(|H,H,α,α〉+

|V,V,−α,−α〉)a3b3c3d3, the corresponding state can be written
as

1√
2
(|H,H,α,α〉a3b3c3d3(|HH〉a4a1|HH〉b4b1|α,α〉c4c1|α,α〉d4d1|HH〉a5a2|HH〉b5b2|α,α〉c5c2

|α,α〉d5d2|HH〉a4a1|HH〉b4b1|α,α〉c4c1|α,α〉d4d1|HV 〉a5a2|HV 〉b5b2|α,−α〉c5c2|α,−α〉d5d2

|HV 〉a4a1|HV 〉b4b1|α,−α〉c4c1|α,−α〉d4d1|HH〉a5a2|HH〉b5b2|α,α〉c5c2|α,α〉d5d2

|HV 〉a4a1|HV 〉b4b1|α,−α〉c4c1|α,−α〉d4d1|HV 〉a5a2|HV 〉b5b2|α,−α〉c5c2|α,−α〉d5d2) (27)

+|V,V,−α,−α〉a3b3c3d3(|V H〉a4a1|V H〉b4b1|−α,α〉c4c1|−α,α〉d4d1|V H〉a5a2|V H〉b5b2

|−α,α〉c5c2|−α,α〉d5d2|V H〉a4a1|V H〉b4b1|−α,α〉c4c1|−α,α〉d4d1|VV 〉a5a2|VV 〉b5b2

|−α,−α〉c5c2|−α,−α〉d5d2|VV 〉a4a1|VV 〉b4b1|−α,−α〉c4c1|−α,−α〉d4d1|V H〉a5a2

|V H〉b5b2|−α,α〉c5c2|−α,α〉d5d2|VV 〉a4a1|VV 〉b4b1|−α,−α〉c4c1|−α,−α〉d4d1|VV 〉a5a2

|VV 〉b5b2|−α,−α〉c5c2|−α,−α〉d5d2)

measurement−−−−−−−→ 1√
2
(|H,H,α,α〉+ |V,V,−α,−α〉)a3b3c3d3(|0d0d0c0c0d0d0c0c〉+ |1d1d1c1c1d1d1c1c〉

+|0d0d0c0c1d1d1c1c〉+ |1d1d1c1c0d0d0c0c〉).

Table 1. The items in a3b3c3d3 modes of the state |φ+
2,2〉a1b1c1d1|φ+

2,2〉a2b2c2d2|GHZD〉a3a4a5|GHZD〉b3b4b5 |GHZC〉c3c4c5|GHZC〉d3d4d5 and their
corresponding measurement results and operations.

Parity check results Items in a3b3c3d3 modes Operations
|0d0d0c0c0d0d0c0c〉, |1d1d1c1c1d1d1c1c〉, 1√

2
(|H,H,α,α〉+ |V,V,−α,−α〉)a3b3c3d3 IIII

|0d0d0c0c1d1d1c1c〉, |1d1d1c1c0d0d0c0c〉
|0d0d0c1c0d0d0c1c〉, |1d1d1c0c1d1d1c0c〉, 1√

2
(|H,H,α,−α〉+ |V,V,−α,α〉)a3b3c3d3 IIIX

|0d0d0c1c1d1d1c0c〉, |1d1d1c0c0d0d0c1c〉
|0d0d1c0c0d0d1c0c〉, |1d1d0c1c1d1d0c1c〉, 1√

2
(|H,H,−α,α〉+ |V,V,α,−α〉)a3b3c3d3 IIXI

|0d0d1c0c1d1d0c1c〉, |1d1d0c1c0d0d1c0c〉
|0d1d0c0c0d1d0c0c〉, |1d0d1c1c1d0d1c1c〉, 1√

2
(|H,V,α,α〉+ |V,H,−α,−α〉)a3b3c3d3 IXII

|0d1d0c0c1d0d1c1c〉, |1d0d1c1c0d1d0c0c〉
|1d0d0c0c1d0d0c0c〉, |0d1d1c1c0d1d1c1c〉, 1√

2
(|V,H,α,α〉+ |H,V,−α,−α〉)a3b3c3d3 XIII

|1d0d0c0c0d1d1c1c〉, |0d1d1c1c1d0d0c0c〉
|0d0d1c1c0d0d1c1c〉, |1d1d0c0c1d1d0c0c〉, 1√

2
(|H,H,−α,−α〉+ |V,V,α,α〉)a3b3c3d3 IIXX

|0d0d1c1c1d1d0c0c〉, |1d1d0c0c0d0d1c1c〉
|0d1d0c1c0d0d0c1c〉, |1d0d1c0c1d0d1c0c〉, 1√

2
(|H,V,α,−α〉+ |V,H,−α,α〉)a3b3c3d3 IXIX

|0d1d0c1c1d0d1c0c〉, |1d0d1c0c0d1d0c1c〉
|1d0d0c1c1d0d0c1c〉, |0d1d1c0c0d1d1c0c〉, 1√

2
(|V,H,α,−α〉+ |H,V,−α,α〉)a3b3c3d3 XIIX

|1d0d0c1c0d1d1c0c〉, |0d1d1c0c1d0d0c1c〉

Therefore, by selecting four “proper cases” as
|0d0d0c0c0d0d0c0c〉, |1d1d1c1c1d1d1c1c〉, |0d0d0c0c1d1d1c1c〉
and |1d1d1c1c0d0d0c0c〉, the parties can obtain the desired
state |φ+

2,2〉abcd. The other seven items in Table 1 have
the similar structure, which can be obtained by select-
ing the corresponding “proper cases” and transformed to
|φ+

2,2〉abcd by performing appropriate operations. Hence,
these thirty-two types of “proper cases” in Table 1 can
lead to the desired |φ+

2,2〉abcd. Similarly, the parties can ob-
tain |ψc+

2,2〉abcd from |ψc+
2,2〉a1b1c1d1 ⊗ |ψc+

2,2〉a2b2c2d2 with this
selection principle. However, the crossed combinations

|φ+
2,2〉a1b1c1d1⊗|ψc+

2,2〉a2b2c2d2 and |ψc+
2,2〉a1b1c1d1⊗|φ+

2,2〉a2b2c2d2

combined with the resource states can be automatically elim-
inated, for they never lead to the thirty-two “proper cases”.
Therefore, by selecting the “proper cases”, the whole system
evolves to

ρ
c′
abcd = F ′c |φ+

2,2〉abcd〈φ+
2,2|+(1−F ′c)|ψc+

2,2〉abcd〈ψc+
2,2 |, (28)

with the success probability of Pc = F2
c +(1−Fc)

2. Here, the
new fidelity F ′c can be calculated as

F ′c =
F2

c

F2
c +(1−Fc)2 . (29)
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On the other hand, assume that a bit-flip error occurs in
the DV part with the probability of 1−Fd, the state |φ+

2,2〉abcd

becomes |ψd+
2,2 〉abcd as

|ψd+
2,2 〉abcd =

1√
2
(|V,H,α,α〉abcd±|H,V,−α,−α〉abcd). (30)

In this case, the hybrid state |φ+
2,2〉abcd degrades to a mixed state

with the form of

ρ
d
abcd = Fd|φ+

2,2〉abcd〈φ+
2,2|+(1−Fd)|ψd+

2,2 〉abcd〈ψd+
2,2 |. (31)

Two identical copies of such hybrid mixed states ρd
a1b1c1d1

and ρd
a2b2c2d2 are required to perform this MB-HEPP. Hence,

the initial system ρd
a1b1c1d1 ⊗ ρd

a2b2c2d2 represents a proba-
bilistic mixture of four hybrid pure states |φ+

2,2〉a1b1c1d1 ⊗
|φ+

2,2〉a2b2c2d2, |ψd+
2,2 〉a1b1c1d1 ⊗ |ψd+

2,2 〉a2b2c2d2, |φ+
2,2〉a1b1c1d1 ⊗

|ψd+
2,2 〉a2b2c2d2 and |ψc+

2,2〉a1b1c1d1 ⊗ |φ+
2,2〉a2b2c2d2. By utiliz-

ing the apparatus in Fig. 3 and selecting the “proper cases”,
the state |φ+

2,2〉a1b1c1d1 ⊗ |φ+
2,2〉a2b2c2d2 and |ψd+

2,2 〉a1b1c1d1 ⊗
|ψd+

2,2 〉a2b2c2d2 collapse to |φ+
2,2〉abcd and |ψd+

2,2 〉abcd, respec-
tively. The two cross-combination states |φ+

2,2〉a1b1c1d1 ⊗
|ψd+

2,2 〉a2b2c2d2 and |ψc+
2,2〉a1b1c1d1 ⊗ |φ+

2,2〉a2b2c2d2 can be auto-
matically eliminated. Hence, they can achieve a new hybrid
mixed state as

ρ
d′
abcd = F ′d|φ+

2,2〉abcd〈φ+
2,2|+(1−F ′d)|ψd+

2,2 〉abcd〈ψd+
2,2 |, (32)

with the success probability Pd = F2
d + (1−Fd)

2. Here, the
fidelity F ′d can be calculated as

F ′d =
F2

d

F2
d +(1−Fd)2 . (33)

So far, we have discussed the case of M = N = 2. By
following the same steps, we can extend the MB-HEPP to the
arbitrary case. In this scenario, we assume that a bit-flip error
occurs in either the CV part or the DV part with a probabil-
ity of 1−Fc,M,N or 1−Fd,M,N , and the entire hybrid system
evolves to

ρ
c
M,N = Fc,M,N |φ+

M,N〉M,N〈φ+
M,N |

+(1−Fc,M,N)|ψc+
M,N〉M,N〈ψc+

M,N |, (34)

or

ρ
d
M,N = Fd,M,N |φ+

M,N〉M,N〈φ+
M,N |

+(1−Fd,M,N)|ψd+
M,N〉M,N〈ψd+

M,N |. (35)

Here, |φ+
M,N〉, |ψ

c+
M,N〉 and |ψd+

M,N〉 are defined in Eqs. (21)–(23),
respectively. The mixed states ρc

M,N and ρd
M,N can be purified

by performing the MB-HEPP. Two identical mixed copies are
required and the parties utilize 2M Md units and 2N Mc units
to perform the parity checks. By selecting the “proper cases”,
the parties can finally obtain new mixed states as

ρ
c′
M,N = F ′c,M,N |φ+

M,N〉M,N〈φ+
M,N |

+(1−F ′c,M,N)|ψc+
M,N〉M,N〈ψc+

M,N |,
ρ

d′
M,N = F ′d,M,N |φ+

M,N〉M,N〈φ+
M,N |

+(1−F ′d,M,N)|ψd+
M,N〉M,N〈ψd+

M,N |, (36)

with the new fidelity

F ′c,M,N =
F2

c,M,N

F2
c,M,N +(1−Fc,M,N)2 ,

F ′d,M,N =
F2

d,M,N

F2
d,M,N +(1−Fd,M,N)2 ,

respectively. The success probabilities of this MB-HEPP are
Pc,M,N = F2

c,M,N + (1− Fc,M,N)
2 and Pd,M,N = F2

d,M,N + (1−
Fd,M,N)

2. If the initial fidelity satisfies Fc,M,N > 1/2 (Fd,M,N >

1/2), the parties can finally obtain a higher-quality hybrid en-
tanglement with fidelity F ′c,M,N > Fc,M,N (F ′d,M,N > Fd,M,N).

5. MB-HEPP under photon loss condition
In practical experimental conditions, besides decoher-

ence, the coherent states inevitably suffer from photon loss
during the transmission and operations, which will degrade
the fidelity of entanglement and threaten the security of quan-
tum protocols. To address this issue, it is crucial to cor-
rect the error of photon loss in coherent states before utiliz-
ing the entanglements. We take the hybrid Bell state |φ+〉 =

1√
2
(|H〉|α〉+ |V 〉|−α〉) as an example. Here, we employ a BS

with the transmission coefficient of η to describe the photon
loss model. Let’s denote |β 〉 = |√ηα〉 and |γ〉 = |

√
1−ηα〉.

Consequently, the photon loss in the CV part transforms the
initial state |φ+〉 to

|φ+
l 〉 =

1√
2
(|H〉|β 〉|γ〉+ |V 〉|−β 〉|− γ〉)abE. (37)

The other three Bell states in Eq. (1) degrade to

|φ−l 〉 =
1√
2
(|H〉|β 〉|γ〉− |V 〉|−β 〉|− γ〉)abE,

|ψ±l 〉 =
1√
2
(|H〉|−β 〉|− γ〉± |V 〉|β 〉|γ〉)abE. (38)

The subscript Edenotes the photon loss in environment mode,
while l represents the entangled state undergoing the photon
loss. Similar to the above sections, we require two identi-
cal copies of mixed states to perform the MB-HEPP. In ad-
dition, the resource states for DV and CV parts are |GHZD〉
and |GHZC〉 in Eq. (3), respectively. Thus, the whole system
is in the state of

|φ+
l 〉a1b1|φ+

l 〉a2b2|GHZD〉d1d2d3|GHZC〉c1c2c3

=
1

2
√

2N3
(|H〉|β 〉|γ〉+ |V 〉|−β 〉|− γ〉)a1b1E1

⊗(|H〉|β 〉|γ〉+ |V 〉|−β 〉|− γ〉)a2b2E2

⊗(|HHH〉+ |VVV 〉)d1d2d3

⊗(|α,α,α〉+ |−α,−α,−α〉)c1c2c3. (39)
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In this condition, for the CV part at Bob’s side, after pass-
ing through the BS, the four combinations of coherent states
evolve as

|α〉b1|β 〉c1Mc−→

∣∣∣∣1+√η√
2

α

〉
D4

∣∣∣∣1−√η√
2

α

〉
D3
→ |0c〉,

|−α〉b1|−β 〉c1Mc−→

∣∣∣∣−1−√η√
2

α

〉
D4

∣∣∣∣−1+
√

η√
2

α

〉
D3
→ |0c〉,

|α〉b1|−β 〉c1Mc−→

∣∣∣∣1−√η√
2

α

〉
D4

∣∣∣∣1+√η√
2

α

〉
D3
→ |1c〉,

|−α〉b1|β 〉c1Mc−→

∣∣∣∣−1+
√

η√
2

α

〉
D4

∣∣∣∣−1−√η√
2

α

〉
D3
→ |1c〉. (40)

We can observe that |α〉b1|β 〉c1 and | − α〉b1| − β 〉c1 leave
most photons to the detector D4, while |α〉b1| − β 〉c1 and
| −α〉b1|β 〉c1 leave most photons to the detector D3. In this
way, these two parties can also be distinguished by detectors
with the intensity measurement when α is sufficiently large.
Therefore, for convenience, we also denote |α〉b1|β 〉c1 and
| −α〉b1| − β 〉c1 as even-parity states, and |α〉b1| − β 〉c1 and
|−α〉b1|β 〉c1 as odd-parity states. We present all parity check
results of the noisy system in Table 2.

Now, with the method described in Ref. [66], we rewrite
the environmental part of the above state in an orthogonal two-
dimension basis {|u〉, |v〉} as

|γ〉E = µE|u〉E + vE|v〉E, |− γ〉E = µE|u〉E− vE|v〉E, (41)

where

µE =

√
1+ e−2γ2

2
, vE =

√
1− e−2γ2

2
. (42)

After we tracing over the loss modes E1E2 and perform-
ing appropriate operations in Table 2, the density matrix of the
system can be expressed as

(µ4
E + v4

E)|φ+〉d3c3〈φ+|+2µ
2
Ev2

E|φ−〉d3c3〈φ−|. (43)

From Eq. (43), the photon loss error in |φ+
l 〉ab is equal to the

phase-flip error, which can be transformed to the bit-flip error
state |ψ+〉d3c3 by applying Hadamard operations. Therefore,
we can further purify this kind of error with our MB-HEPP in
subsequent iterations.

Hence, after the MB-HEPP, the whole noisy hybrid state
|φ+

l 〉a1b1|φ+
l 〉a2b2 evolves to

ρ
l
d3c3 = Fl|φ+〉d3c3〈φ+|+(1−Fl)|ψ+〉d3c3〈ψ+|, (44)

where Fl = µ4
E + v4

E.
Additionally, the bit-flip error under the photon loss con-

dition can be described as

ρ
lb
ab = Flb|φ+

l 〉ab〈φ+
l |+(1−Flb)|ψ+

l 〉ab〈ψ+
l |. (45)

By applying the same procedure described above and tracing
over the loss modes in the basis {|u〉, |v〉}, the whole hybrid
system becomes

ρ
lb
d3c3 = Nlb{F2

lb[Fl|φ+〉d3c3〈φ+|+(1−Fl)|φ−〉d3c3〈φ−|]
+(1−Flb)

2[Fl|ψ+〉d3c3〈ψ+|
+(1−Fl)|ψ−〉d3c3〈ψ−|]}, (46)

which incorporates both the bit-flip error and phase-flip error.
Here, Nlb = 1

F2
lb+(1−Flb)2 is the normalization factor. By im-

plementing this MB-HEPP, the bit-flip error can be purified
directly. However, the MB-HEPP cannot directly purify the
phase-flip error. The parties can choose two copies of the dis-
tilled mixed states and convert the phase-flip error into the bit-
flip error using Hadamard operations, and then purify it using
this MB-HEPP. Consequently, the bit-flip error under the pho-
ton loss condition can also be addressed.

Table 2. The parity check results of the corresponding items in d3c3 modes of |φ+
l 〉a1b1|φ+

l 〉a2b2|GHZD〉d1d2d3|GHZC〉c1c2c3. The third column
shows the states in d3c3 modes after tracing over the loss mode E1E2. The fourth column shows the corresponding operations.

parity |ψ+
l2 〉d3c3 TrE1E2(|ψ+

l2 〉d3c3〈ψ+
l2 |) Operations

|0d0d0c0c〉 1√
2
(|H〉|α〉|γ〉|γ〉+ |V 〉|−α〉|− γ〉|− γ〉)d3c3E1E2

(µ4
E + v4

E)|φ+〉d3c3〈φ+|
+2µ2

Ev2
E|φ−〉d3c3〈φ−|

II
|0d1d0c1c〉 1√

2
(|H〉|α〉|γ〉|− γ〉+ |V 〉|−α〉|− γ〉|γ〉)d3c3E1E2

|1d0d1c0c〉 1√
2
(|H〉|α〉|− γ〉|γ〉+ |V 〉|−α〉|γ〉|− γ〉)d3c3E1E2

|1d1d1c1c〉 1√
2
(|H〉|α〉|− γ〉|− γ〉+ |V 〉|−α〉|γ〉|γ〉)d3c3E1E2

|0d0d1c1c〉 1√
2
(|H〉|−α〉|γ〉|γ〉+ |V 〉|α〉|− γ〉|− γ〉)d3c3E1E2

(µ4
E + v4

E)|ψ+〉d3c3〈ψ+|
+2µ2

Ev2
E|ψ−〉d3c3〈ψ−|

IX or XI
|0d1d1c0c〉 1√

2
(|H〉|−α〉|γ〉|− γ〉+ |V 〉|α〉|− γ〉|γ〉)d3c3E1E2

|1d0d0c1c〉 1√
2
(|H〉|−α〉|− γ〉|γ〉+ |V 〉|α〉|γ〉|− γ〉)d3c3E1E2

|1d1d0c0c〉 1√
2
(|H〉|−α〉|− γ〉|− γ〉+ |V 〉|α〉|γ〉|γ〉)d3c3E1E2

6. Discussion and conclusion
In the paper, we first discuss an MB-HEPP for a single

bit-flip error whether in the CV part or the DV part. Further-
more, we extend our MB-HEPP to the multi-copy and multi-
party scenarios, and further consider the photon-loss condi-
tion. In addition to the bit-flip error, the phase-flip error may

also occur. The MB-HEPP cannot directly purify the phase-
flip error. However, the parties can first convert the phase-flip
error into the bit-flip error, and then purify the bit-flip error in
the next purification round.[55]

To implement our MB-HEPP, it is essential to simultane-
ously prepare at least two pairs of HESs and two types of re-
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source GHZ states. As demonstrated in Ref. [28], such HESs
can be generated by interfering a polarization entangled pho-
ton pair and coherent states using a series BSs and a PBS.
Hence, the experimental generation of multiple pairs of HESs
can be designed by cascading multiple setups in Ref. [28], or
by time multiplexing a single setup. For the generation of po-
larization GHZ state, one can employ the traditional linear op-
tical method[67] or use the QND method[68] to achieve a higher
success probability. On the other hand, one can generate the
coherent GHZ state in a probabilistic way similar to DV, or
accomplish it without photon counting.[69]

In this MB-HEPP, we replace the BSM in common MB-
EPPs[63,64] with the parity check. As the linear optical BSM
can only distinguish two of the four Bell states, its success
probability is only 50%. However, the success probability of
the parity check is 100%. As a result, the adoption of the parity
check can effectively increase the total success probability of
the MB-HEPP. In detail, in the MB-HEPP for the two-copy hy-
brid Bell states, the adoption of the parity check can increase
the success probability to 8 times that in the MB-HEPP with
BSM. In the ME-HEPPs for N-copy hybrid Bell states and
multi-partite hybrid entangled state |φ±M,N〉, the adoption of the

parity check can increase the success probabilities to 2N+1 and
2N+M+1 times those with BSM, respectively.

In conclusion, we propose an optical MB-HEPP for the
two-party and multi-party HESs which consist of polariza-
tion photons and coherent states. In this protocol, we first
address the purification of the bit-flip error and phase-flip er-
ror in the basic two-party HES. Subsequently, we extend this
MB-HEPP to the multi-copy scenario, which utilizes multiple
low-quality HES copies to distill a higher-quality HES in one
iteration. Furthermore, the MB-HEPP protocol for the multi-
party HES has been proposed. For the photon-loss error in co-
herent states, we can transform it to the phase-flip error by us-
ing another set of orthogonal basis {|u〉, |v〉} and purify it with
this MB-HEPP protocol. Compared with previous HEPPs, our
MB-HEPP protocol has several advantages. First, it does not
depend on the post-selection and the purified HESs can be re-
tained for further application. Second, this protocol does not
require the BSM, but only requires the parity check, which
makes this protocol have higher success probability and more
feasible. This MB-HEPP has the potential to contribute to fu-
ture HES-based technologies and realization of heterogeneous
quantum networks.

Appendix A: The detailed analysis of the MB-HEPP for two-copy hybrid Bell states
In this appendix, we provide the detailed analysis of our MB-HEPP for two-copy hybrid Bell states ρa1b1 and ρa2b2. With a

probability of F2, the system is in the state of |φ+〉a1b1⊗|φ+〉a2b2. With a probability of (1−F)2, the system is in the state of
|ψ+〉a1b1⊗|ψ+〉a2b2. With equal probability of F(1−F), the system is in the state of |φ+〉a1b1⊗|ψ+〉a2b2 or |ψ+〉a1b1⊗|φ+〉a2b2.

We first analyze the case of |φ+〉a1b1⊗|φ+〉a2b2. Therefore, with the probability of F2, the state ρa1b1⊗ρa2b2⊗|GHZD〉d1d2d3⊗
|GHZC〉c1c2c3 can be simplified as

|φ+〉a1b1|φ+〉a2b2|GHZD〉d1d2d3|GHZC〉c1c2c3

=
1

2
√

2N3
|H,α〉d3c3(|HH〉d1a1|HH〉d2a2|α,α〉c1b1|α,α〉c2b2 + |HH〉d1a1|HV 〉d2a2|α,α〉c1b1|α,−α〉c2b2

+ |HV 〉d1a1|HH〉d2a2|α,−α〉c1b1|α,α〉c2b2 + |HV 〉d1a1|HV 〉d2a2|α,−α〉c1b1|α,−α〉c2b2)

+
1

2
√

2N3
|H,−α〉d3c3(|HH〉d1a1|HH〉d2a2|−α,α〉c1b1|−α,α〉c2b2 + |HH〉d1a1|HV 〉d2a2|−α,α〉c1b1|−α,−α〉c2b2

+ |HV 〉d1a1|HH〉d2a2|−α,−α〉c1b1|−α,α〉c2b2 + |HV 〉d1a1|HV 〉d2a2|−α,−α〉c1b1|−α,−α〉c2b2)

+
1

2
√

2N3
|V,α〉d3c3(|V H〉d1a1|V H〉d2a2|α,α〉c1b1|α,α〉c2b2 + |V H〉d1a1|VV 〉d2a2|α,α〉c1b1|α,−α〉c2b2

+ |VV 〉d1a1|V H〉d2a2|α,−α〉c1b1|α,α〉c2b2 + |VV 〉d1a1|VV 〉d2a2|α,−α〉c1b1|α,−α〉c2b2)

+
1

2
√

2N3
|V,−α〉d3c3(|V H〉d1a1|V H〉d2a2|−α,α〉c1b1|−α,α〉c2b2 + |V H〉d1a1|VV 〉d2a2|−α,α〉c1b1|−α,−α〉c2b2

+ |VV 〉d1a1|V H〉d2a2|−α,−α〉c1b1|−α,α〉c2b2 + |VV 〉d1a1|VV 〉d2a2|−α,−α〉c1b1|−α,−α〉c2b2)

measure−−−−→ 1
2
√

2N3
(|H,α〉d3c3 + |V,−α〉d3c3)(|0d0d0c0c〉+ |0d1d0c1c〉+ |1d0d1c0c〉+ |1d1d1c1c〉)

+
1

2
√

2N3
(|H,−α〉d3c3 + |V,α〉d3c3)(|0d0d1c1c〉+ |0d1d1c0c〉+ |1d0d0c1c〉+ |1d1d0c0c〉). (A1)

Hence, after Alice and Bob performing the parity check and selecting the result |0d0d0c0c〉, |0d1d0c1c〉, |1d0d1c0c〉 or
|1d1d1c1c〉, they can obtain the desired state in modes d3c3 as

|φ+〉d3c3 =
1√
2
(|H〉|α〉+ |V 〉|−α〉)d3c3. (A2)
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If their measurement result is |0d0d1c1c〉, |0d1d1c0c〉, |1d0d0c1c〉 or |1d1d0c0c〉, the state of the remaining photons in modes d3c3
becomes

|ψ+〉d3c3 =
1√
2
(|H〉|−α〉+ |V 〉|α〉)d3c3, (A3)

which can be transformed to the desired state |φ+〉d3c3 by performing a bit-flip operation on a random qubit.
Similarly, with the probability (1−F)2, the system can be simplified as

|ψ+〉a1b1|ψ+〉a2b2|GHZD〉d1d2d3|GHZC〉c1c2c3

=
1

2
√

2N3
|H,α〉d3c3(|HH〉d1a1|HH〉d2a2|α,−α〉c1b1|α,−α〉c2b2 + |HH〉d1a1|HV 〉d2a2|α,−α〉c1b1|α,α〉c2b2

+ |HV 〉d1a1|HH〉d2a2|α,α〉c1b1|α,−α〉c2b2 + |HV 〉d1a1|HV 〉d2a2|α,α〉c1b1|α,α〉c2b2)

+
1

2
√

2N3
|H,−α〉d3c3(|HH〉d1a1|HH〉d2a2|−α,−α〉c1b1|−α,−α〉c2b2 + |HH〉d1a1|HV 〉d2a2|−α,−α〉c1b1|−α,α〉c2b2

+ |HV 〉d1a1|HH〉d2a2|−α,α〉c1b1|−α,−α〉c2b2 + |HV 〉d1a1|HV 〉d2a2|−α,α〉c1b1|−α,α〉c2b2)

+
1

2
√

2N3
|V,α〉d3c3(|V H〉d1a1|V H〉d2a2|α,−α〉c1b1|α,−α〉c2b2 + |V H〉d1a1|VV 〉d2a2|α,−α〉c1b1|α,α〉c2b2

+ |VV 〉d1a1|V H〉d2a2|α,α〉c1b1|α,−α〉c2b2 + |VV 〉d1a1|VV 〉d2a2|α,α〉c1b1|α,α〉c2b2)

+
1

2
√

2N3
|V,−α〉d3c3(|V H〉d1a1|V H〉d2a2|−α,−α〉c1b1|−α,−α〉c2b2 + |V H〉d1a1|VV 〉d2a2|−α,−α〉c1b1|−α,α〉c2b2

+ |VV 〉d1a1|V H〉d2a2|−α,α〉c1b1|−α,−α〉c2b2 + |VV 〉d1a1|VV 〉d2a2|−α,α〉c1b1|−α,α〉c2b2)

measure−−−−→ 1
2
√

2N3
(|H,−α〉d3c3 + |V,α〉d3c3)(|0d0d0c0c〉+ |0d1d0c1c〉+ |1d0d1c0c〉+ |1d1d1c1c〉)

+
1

2
√

2N3
(|H,α〉d3c3 + |V,−α〉d3c3)(|0d0d1c1c〉+ |0d1d1c0c〉+ |1d0d0c1c〉+ |1d1d0c0c〉). (A4)

Therefore, by selecting |0d0d0c0c〉, |0d1d0c1c〉, |0d1d0c1c〉 or |1d1d1c1c〉, Alice and Bob can obtain

|ψ+〉d3c3 =
1√
2
(|H〉|−α〉+ |V 〉|α〉)d3c3. (A5)

Otherwise, if they select |0d0d1c1c〉, |0d1d1c0c〉, |1d0d0c1c〉 or |1d1d0c0c〉, the system becomes

|φ+〉d3c3 =
1√
2
(|H〉|α〉+ |V 〉|−α〉)d3c3, (A6)

which will be transformed into |ψ+〉d3c3 through a bit-flip operation.
The crossed combinations |φ+〉a1b1|ψ+〉a2b2 and |ψ+〉a1b1|φ+〉a2b2 of ρa1b1⊗ρa2b2 combined with |GHZD〉d1d2d3 |GHZC〉c1c2c3

can be automatically eliminated. For example, the state |φ+〉a1b1|ψ+〉a2b2 combined with |GHZD〉d1d2d3|GHZC〉c1c2c3 can be writ-
ten as

|φ+〉a1b1|ψ+〉a2b2|GHZD〉d1d2d3|GHZC〉c1c2c3

=
1

2
√

2N3
|H,α〉d3c3(|HH〉d1a1|HH〉d2a2|α,α〉c1b1|α,−α〉c2b2 + |HH〉d1a1|HV 〉d2a2|α,α〉c1b1|α,α〉c2b2

+ |HV 〉d1a1|HH〉d2a2|α,−α〉c1b1|α,−α〉c2b2 + |HV 〉d1a1|HV 〉d2a2|α,−α〉c1b1|α,α〉c2b2)

+
1

2
√

2N3
|H,−α〉d3c3(|HH〉d1a1|HH〉d2a2|−α,α〉c1b1|−α,−α〉c2b2 + |HH〉d1a1|HV 〉d2a2|−α,α〉c1b1|−α,α〉c2b2

+ |HV 〉d1a1|HH〉d2a2|−α,−α〉c1b1|−α,−α〉c2b2 + |HV 〉d1a1|HV 〉d2a2|−α,−α〉c1b1|−α,α〉c2b2)

+
1

2
√

2N3
|V,α〉d3c3(|V H〉d1a1|V H〉d2a2|α,α〉c1b1|α,−α〉c2b2 + |V H〉d1a1|VV 〉d2a2|α,α〉c1b1|α,α〉c2b2

+ |VV 〉d1a1|V H〉d2a2|α,−α〉c1b1|α,−α〉c2b2 + |VV 〉d1a1|VV 〉d2a2|α,−α〉c1b1|α,α〉c2b2)

+
1

2
√

2N3
|V,−α〉d3c3(|V H〉d1a1|V H〉d2a2|−α,α〉c1b1|−α,−α〉c2b2 + |V H〉d1a1|VV 〉d2a2|−α,α〉c1b1|−α,α〉c2b2

+ |VV 〉d1a1|V H〉d2a2|−α,−α〉c1b1|−α,−α〉c2b2 + |VV 〉d1a1|VV 〉d2a2|−α,−α〉c1b1|−α,α〉c2b2)
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measure−−−−→ 1
2
√

2N3
(|H,α〉d3c3 + |V,−α〉d3c3)(|0d0d0c1c〉+ |0d1d0c0c〉+ |1d0d1c1c〉+ |1d1d1c0c〉)

+
1

2
√

2N3
(|H,−α〉d3c3 + |V,α〉d3c3)(|0d0d1c0c〉+ |0d1d1c1c〉+ |1d0d0c0c〉+ |1d1d0c1c〉), (A7)

which could only lead to 8 different parity check results |0d0d0c1c〉, |0d1d0c0c〉, |1d0d1c1c〉, |1d1d1c0c〉, |0d0d1c0c〉, |0d1d1c1c〉,
|1d0d0c0c〉 and |1d1d0c1c〉.
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[44] Riera-Sàbat F, Sekatski P, Pirker A and Dür W 2021 Phys. Rev. Lett.
127 040502

[45] Parker S, Bose S and Plenio M B 2000 Phys. Rev. A 61 032305
[46] Rebic S, Mancini S, Morigi G and Vitali D 2010 J. Opt. Soc. Am. B 27

A198
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