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From the perspective of state-channel interaction, standard quantum teleportation can be viewed as a communication
process characterized by both input and output, functioning as a quantum depolarizing channel. To achieve a precise
quantification of the quantumness introduced by this channel, we examine its uncertainties, which encompass both state-
dependent and state-independent uncertainties. Specifically, for qudit systems, we provide general formulas for these
uncertainties. We analyze the uncertainties associated with standard quantum teleportation when induced by isotropic
states, Werner states, and X-states, and we elucidate the correlation between these uncertainties and the parameters of the
specific mixed states. Our findings demonstrate the validity of quantifying these uncertainties.
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1. Introduction

Quantum teleportation, proposed over 30 years ago by
Bennett et al.,[1] is one of the most important and classic appli-
cations of entanglement. It encapsulates the unique allure of
quantum mechanics, and has been investigated both theoreti-
cally and experimentally.[2–9] It serves as the main information
transmission method in quantum internet.[10] Thus, it is impor-
tant to explore quantum teleportation from different angles. In
the context of communication, quantum teleportation can be
viewed as a communication process with three steps: input,
channel encoding and decoding, and output. As such, it can
be investigated from the perspective of state-channel interac-
tion. Notably, standard quantum teleportation (SQT for short),
which solely involves Bell diagonal measurements and Pauli
rotations, functions as a depolarizing quantum channel.[11]

The characteristics of quantum channels have been
extensively studied, including both classical and quan-
tum capability,[12–14] the resource content of quantum
channel,[15–18] cohering and decohering power of quantum
channels.[19–25] Recent research has delved into the capacity
of quantum channels to generate uncertainty, particularly in
terms of variance. Given a quantum state ρ and an observable
H, the variance of H in ρ quantifies the total uncertainty of H
in ρ . It is defined as[26]

V (ρ,H) := TrρH2 − (TrρH)2 = TrρH2
0 (1)

with H0 = H −Tr(ρH). The well-known Heisenberg uncer-
tainty relation as follows describes a counterintuitive fact: the
total uncertainty of two observables cannot precisely measured

simultaneously[26,27]

V (ρ,X)V (ρ,Y )>
∣∣∣∣12 Trρ[X ,Y ]

∣∣∣∣2 , (2)

where [X ,Y ] = XY −Y X is the commutator of observables X
and Y . An improved version of Heisenberg uncertainty re-
lation is by introducing the anti-commutator. It is known as
Schrödinger uncertainty relation[28]

V (ρ,X)V (ρ,Y )

>

∣∣∣∣12 Trρ[X ,Y ]
∣∣∣∣2 + ∣∣∣∣12 Trρ{X ,Y}− (TrρX)(TrρY )

∣∣∣∣2
=

∣∣∣∣12 Trρ[X ,Y ]
∣∣∣∣2 + ∣∣∣∣12 Trρ {X0,Y0}

∣∣∣∣2 , (3)

where {X ,Y}= XY +Y X is the anti-commutator of X and Y .
To achieve a more precise quantification of uncertainty

and establish tighter uncertainty relation inequalities, re-
searchers have endeavored to identify a quantity less than the
variance. Wigner–Yanase skew information is a good option.
It is defined as the noncommutative part of an observable and
a state, and is also perceived as the information content of
the state extracted by the observable.[29] The mathematical ex-
pression is as follows:

Q(ρ,H) : =−1
2

Tr[
√

ρ,H]2 =−1
2

Tr[
√

ρ,H0]
2. (4)

Note that

Q(ρ,H) =V (ρ,H)−C(ρ,H) (5)

with

C(ρ,H) : = Tr
√

ρH0
√

ρH0
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= Tr(ρ1/4H0ρ
1/4)(ρ1/4H0ρ

1/4)† > 0.

Therefore, Wigner–Yanase skew information is smaller than
the variance. However, it does not satisfy the uncertainty rela-
tion as follows:

Q(ρ,X)Q(ρ,Y )≥
∣∣∣∣12 Trρ[X ,Y ]

∣∣∣∣2 . (6)

Based on these observations and some nice properties of
C(ρ,H) (such as concavity in states), Luo proposed to define
Q(ρ,H) as quantum uncertainty of H in ρ , and C(ρ,H) as
classical uncertainty of H in ρ .[30] As a result, the variance
acting as total uncertainty is divided into classical uncertainty
and quantum uncertainty.[30] Moreover, note that V (ρ,H) is
the arithmetic mean of Q(ρ,H) and J(ρ,H), where J(ρ,H) is
defined as

J(ρ,H) : =V (ρ,H)+C(ρ,H) =
1
2

Tr{
√

ρ,H0}2 . (7)

Considering the geometric mean is smaller, which is denoted
as

U(ρ,H) : =
√

V 2(ρ,H)− [V (ρ,H)−Q(ρ,H)]2

=
√

Q(ρ,H)J(ρ,H),

Luo presented an improved uncertainty relation using geomet-
ric mean as follows:[30]

U(ρ,X)U(ρ,Y )>
1
4

∣∣Trρ[X ,Y ]
∣∣2. (8)

There are extensive researches on other uncertainty rela-
tions based on Wigner–Yanase skew information and its
generalizations.[31–35]

However, when the system state is one of the eigenstates
of one observable, the lower bound of inequalities (2) and (3)
will vanish. In this case, measuring uncertainty with the stan-
dard deviation becomes meaningless. Therefore, Deutsch[36]

first proposed to use the Shannon entropy of the measurement
results of the observable, and constructed an entropic uncer-
tainty relation. Subsequently, Maassen and Uffink improved
Deutsch’s results.[37] Their results were generalized to multi-
partite system with multi-observable.[38–42]

But the above researches only focused on the uncertainty
of observables in states and their relations, in which both
observables and states are Hermitian. By extending the ob-
servables to non-Hermitian operators, researchers generalized
the uncertainty relations to non-Hermitian operators.[43,44] Re-
cently, the uncertainty of a quantum channel was defined and
studied from two aspects: one is to follow the generalization to
non-Hermitian operators and define the channel uncertainty as
the sum of variances of each Kraus operator in the state,[45–49]

the second is to define the channel uncertainty as the sum
of noncommutativity between Kraus operators and operator
basis.[50]

To explore the details of correlation conversion in quan-
tum tasks, Fu et al. studied the DQC1[51] model from the
perspective of state-channel interaction.[52] The DQC1 model
was decomposed into three phases as coherence generating,
information writing and information reading. The process was
simplified as a quantum channel. The uncertainties and co-
herence in the DQC1 model were investigated.[52] Motivated
by the ideas in Ref. [52], we try to characterize the state-
dependent[46] and independent uncertainties[50] for the stan-
dard quantum teleportation[11] in this paper. We obtain con-
crete quantification and clear delineation of uncertainties in
the standard quantum teleportation.

The rest of the paper is arranged as follows. In Section 2,
we review the operator-sum expression of the standard quan-
tum teleportation channel. In Section 3, we present the def-
initions of state dependent and independent uncertainties of
channel. In Section 4, we give general formulas for the SQT
channel uncertainties and present some specific examples. In
Section 5, we conclude our paper.

2. Standard quantum teleportation as a channel
The standard quantum teleportation is a teleportation pro-

tocol that only involves operations of Bell diagonal measure-
ments and Pauli rotations. Suppose the sender Alice and the
receiver Bob share an entangled bipartite state χ , where parti-
cle 2 is distributed to Alice and 3 to Bob. Alice possesses an-
other particle 1 in a unknown state ρ . She wants to help Bob
obtain the target state ρ without sending any physical parti-
cles, only using local operation and classical communication
(LOCC). To complete the task, Alice performs Bell diagonal
measurements on particles 1 and 2, and sends her measure-
ment results to Bob by classical channel, Bob preforms a re-
covery operation on his particle 3. The schematic diagram of
standard quantum teleportation for qubit systems and its sim-
plified version is shown in Fig. 1. In Fig. 1, BSM is simplified
for Bell state measurement and P for Pauli operations.

BSM

P

Input

Output

1

2

3
χ

ρ

Fig. 1. Standard quantum teleportation.

From the perspective of state-channel interaction, the
preparation of shared resources and LOCC operations by Al-
ice and Bob can be viewed as channel manipulation. Con-
sequently, the standard quantum teleportation process can be
decomposed into a three-step communication framework: in-
formation input, interaction with the environment, and infor-
mation output. The processes enclosed within the red dashed
line in Fig. 1 can be regarded as a channel.
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The mathematical description of the standard quantum
teleportation is as follows. Assume that the system state of
each particle is a d-dimensional Hilbert space ℋd . The state
of ρ is a d × d positive matrix operated on ℋd with Trρ = 1,
i.e. a d-dimensional density matrix called qudit. The shared
entangled state χ is a bipartite d2 × d2 density matrix oper-
ated on ℋd ⊗ℋd . Alice’s measurement on qudits 1 and 2 is
a generalized Bell measurement with measurement operators
{En,m = (Un,m ⊗ I)|Ψ⟩⟨Ψ |(Un,m ⊗ I)†}, which are defined as

|Ψ⟩= 1√
d

d−1

∑
i=0

|ii⟩, (9)

Un,m =
d−1

∑
j=0

exp
(

2πi
d

n j
)
| j⟩⟨( j+m) mod d|. (10)

Here {|i⟩, i = 0,1, . . . ,d − 1} is the orthonormal basis of ℋd

and |i⟩ with one entry 1 on the i-th position and other entries
0. The Kraus operator-sum form of the standard quantum tele-
portation channel is

ℰ(ρ) = ∑
n,m

pnmUn,−m
ρUn,−m†

, (11)

where pnm = Tr(χEn,m) is the probability of obtaining re-
sult n,m. It is a generalized depolarization channel. Espe-
cially, it is a noiseless channel when the shared resource is
a Bell state.[11] Based on the operator-sum form in Eq. (11),
it is obvious that the Kraus operators of the standard quan-
tum teleportation channel is Knm =

√
pnmUn,−m, satisfying

∑mn K†
mnKmn = I. When the shared state χ (not necessarily

the maximally entangled state) and the input state (or target
state) ρ are known, the theoretical output state can be obtained
according to Eq. (11). This is useful when evaluating the ca-
pacity of teleportation in practice.

3. Uncertainties of quantum channel
In this section, we will present the state dependent

uncertainty[46] and the state independent uncertainty.[50]

3.1. State-dependent uncertainties of quantum channel

In this subsection, we will discuss the uncertainties of
SQT in terms of variance proposed by Sun and Li in 2021.[46]

For a quantum state ρ and a quantum channel ℰ with the
Kraus operators {Ki} satisfying the completeness condition
∑i K†

i Ki = I, the total uncertainty of ℰ in ρ is defined as

V (ρ,ℰ) : = ∑
i

V (ρ,Ki) , (12)

where the effect of the channel on quantum state is ℰ(ρ) =
∑i KiρK†

i and the generalized variance of the Kraus operator
Ki in state ρ is

V (ρ,Ki) : = Trρ
Ki0K†

i0 +K†
i0Ki0

2
(13)

with Ki0 = Ki −Tr(ρKi). By direct calculation, the total state-
dependent uncertainty can be expressed as

V (ρ,ℰ) = Tr(ρℰ(I))+1
2

−∑
i
|Tr(ρKi)|2 (14)

with ℰ(I) = ∑i KiK
†
i .

The quantum uncertainty of ℰ in ρ (Ref. [46]) is de-
fined in terms of the sum of the Wigner–Yanase skew
information[29]

Q(ρ,ℰ) : = ∑
i

Q(ρ,Ki) (15)

with

Q(ρ,Ki) : =
1
2

Tr [
√

ρ,Ki0] [
√

ρ,Ki0]
†

=
1
2

Tr[
√

ρ,Ki][
√

ρ,Ki]
†. (16)

The classical uncertainty of ℰ in ρ is defined as the difference
between the total and quantum uncertainty as

C(ρ,ℰ) : =V (ρ,ℰ)−Q(ρ,ℰ), (17)

or in terms of the sum of the classical uncertainty of Ki in ρ as
follows:

C(ρ,ℰ) : = ∑
i

C(ρ,Ki) = ∑
i

Tr(
√

ρKi0
√

ρKi0
†). (18)

To eliminate the dependence on the input states, the average
uncertainty of ℰ is defined by taking the average over the pure
state space as follows:

V (ℰ) : =
∫

V (|φ⟩⟨φ |,ℰ)dφ =
d

d +1
− ∑i |TrKi|2

d(d +1)
, (19)

where |φ⟩ is the input pure state, dφ is the normalized Haar
measure over all pure states.

3.2. State–independent uncertainties of quantum channel

Recently, Luo et al. examined the total, classical, and
quantum uncertainties generated by channels, focusing on
eliminating the dependence on individual quantum states.[50]

They exploited the action of a channel on an orthonormal ba-
sis of the space of observables. The total uncertainty quantifier
is defined as the sum of noncommutativity between the Kraus
operators of the channel and an orthonormal basis as follows:

T (ℰ) : =
1
d2 ∑

i,α
Tr [Xi,Kα ]

† [Xi,Kα ]

=
1
d2 ∑

i,α
‖[Xi,Kα ]‖2 , (20)

where Xi, i= 0, . . . ,d2−1 are Hermitian and form an orthonor-
mal basis of the space of observables, the operator-sum form
of the channel is ℰ(ρ) = ∑α Kα ρKα

†. By the properties that
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∑i X2
i = dI and ∑i XiAXi = (TrA)I for any operator A (see

Ref. [50] for proof), the total uncertainty can be reformed as

T (ℰ) = 2− 2
d2 ∑

i
TrXiℰ (Xi) = 2− 2

d2 ∑
α

|TrKα |2 , (21)

where ℰ(X) = ∑α Kα XK†
α has the meaning that the channel

operates on any input X (rather than a state ρ).
The state-independent classical uncertainty of a chan-

nel is defined as the linear entropy (Tsallis 2-entropy) of its
Jamiołkowski–Choi state as follows:

C(ℰ) : = S2 (Jℰ) = 1−TrJ2
ℰ , (22)

where Jℰ = ℐ⊗ℰ (|Ψ⟩⟨Ψ |) is the Jamiołkowski–Choi state of
ℰ . By direct calculation the classical uncertainty can be ex-
pressed as

C(ℰ) = 1− 1
d2 ∑

α,β

∣∣TrK†
α Kβ

∣∣2 = 1− 1
d2 ∑

i
‖ℰ (Xi)‖2 . (23)

The state-independent quantum uncertainty is quantified
by the deviation from the identity channel as

Q(ℰ) = 1
d2 ∑

i
‖ℰ (Xi)−Xi‖2 . (24)

This quantifier can also be represented only by Kraus opera-
tors as follows:

Q(ℰ) = 1+
1
d2 ∑

α,β

∣∣TrK†
α Kβ

∣∣2 − 2
d2 ∑

α

|TrKα |2 . (25)

It is obvious that the total uncertainty can be decomposed into
the sum of classical and quantum uncertainty as follows:

T (ℰ) =C(ℰ)+Q(ℰ). (26)

From the expressions in Eqs. (21), (23), and (25), it is apparent
that the state-independent uncertainties are independent of the
choice of the orthonormal basis of the observable space.

We must mention that all of the uncertainties of the chan-
nel are independent of the selection of Kraus operator sets.
Take the state-dependent total uncertainty V (ρ,ℰ) as an ex-
ample. Assume that

{
Fj
}

is another Kraus operator set of
ℰ . Then there exists a unitary matrix U = (ui j) such that
Ki = ∑ j ui jFj. As a result, the following equations hold

∑
i
|Tr(ρKi)|2 = ∑

i

∣∣∣∣Tr
(
ρ ∑

j
ui jFj

)∣∣∣∣2
= ∑

i
∑

j
ui jui j Tr(ρFj)Tr(ρFj)

= ∑
j

(
∑

i
ui jui j

)∣∣Tr(ρFj)
∣∣2 = ∑

j

∣∣Tr(ρFj)
∣∣2 ,

where a means the conjugate of complex number a and the last
equation holds because U is unitary satisfying ∑i ui juik = δ jk.
And there also exists

ℰ(I) = ∑
i

KiK
†
i = ∑

i
∑

j
ui jui jFjF

†
j

= ∑
j

(
∑

i
ui jui j

)
FjF

†
j = ∑

j
FjF

†
j .

From the above equations and Eq. (14), we have

V (ρ,ℰ) = ∑
i

V (ρ,Ki) = ∑
j

V (ρ,Fj) .

Similarly, other uncertainties are also independent of the
choice of Kraus operator sets.

Note that the state-dependent uncertainties of a quantum
channel quantify the uncertainty of a channel in a state. It is
determined by both the quantum channel and the state, which
focuses on the interaction of state and channel. The state-
independent uncertainties focus on eliminating the influence
of individual quantum states. However, they also have the fol-
lowing relations:

(i) The state independent total uncertainty can be inter-
preted as the average uncertainty of all pure states in the chan-
nel ℰ as follows:[50]

T (ℰ) = 2(d +1)
d

V (ℰ) (27)

with V (ℰ) defined in Eq. (19).
(ii) For the maximally mixed state ρ = I/d, from Eq. (14)

and (21), there exists

V (I/d,ℰ) = 1− 1
d2 ∑

α

|TrKα |2 = T (ℰ)−1. (28)

Especially, the state-dependent quantum uncertainty for the
maximally mixed state vanishes, i.e., Q(I/d,ℰ) = 0, but the
state-independent quantum uncertainty in Eq. (25) remains un-
changed.

4. Uncertainties of SQT channel

In this section, we first give the general formulas of the
uncertainties of the SQT channel. Then we choose some spe-
cial mixed states as the shared channel, and investigate the
corresponding induced standard quantum teleportation chan-
nel and its uncertainties.

4.1. General formulae of uncertainties of SQT channel

Property 1 Assume that the shared state is χ in SQT and
the induced channel is ℰ , the state to be teleportated expressed
in the computational basis is ρ = ∑

d−1
i, j=0 ρi j|i⟩⟨ j|, then the state

dependent total uncertainty is

V (ρ,ℰ) = 1−∑
n,m

pnm

∣∣∣∣∑d−1
k=0

× exp
(

2πi
d

kn
)

ρk,(m+k) mod d

∣∣∣∣2, (29)
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where pnm = Tr(χEn,m). If the spectral decomposition is
ρ = ∑i λi|ψi⟩⟨ψi|, then the state-dependent quantum uncer-
tainty is

Q(ρ,ℰ) = 1− ∑
n,m,i,i′

pnm
√

λiλi′
∣∣⟨ψi|Un,−m|ψi′⟩

∣∣2. (30)

The average uncertainty is

V (ℰ) = d
d +1

(1− p00). (31)

Proof According to the definition of state-dependent to-
tal uncertainty in Eqs. (12)–(14), we have

V (ρ,ℰ) =
1
2

[
1+Tr(ρ ∑n,m KnmK†

nm)
]

−∑n,m |Tr(ρKnm)|2, (32)

where Knm =
√

pnmUn,−m. Note that the SQT channel is unital
because of the following equations:

∑
n,m

KnmK†
nm = ∑

n,m
pnmUn,−mUn,−m†

= ∑
n,m

pnm ∑
k

exp
(

2πi
d

kn
)
|k⟩⟨(k−m) mod d|

×∑
k̃

exp
(

2πi
d

(−k̃)n
)
|(k̃−m) mod d⟩⟨k̃|

= ∑
n,m

pnm ∑
k,k̃

exp
(

2πi
d

(k− k̃)n
)
|k⟩⟨(k−m) mod d|

×|(k̃−m) mod d⟩⟨k̃|
= ∑

n,m
pnm ∑

k
|k⟩⟨k|= I. (33)

Therefore, the total uncertainty is

V (ρ,ℰ) = 1−∑
n,m

|Tr(ρKnm)|2. (34)

When we consider the expression of the state ρ , we get∣∣Tr(ρUn,−m)
∣∣2

=

∣∣∣∣∣Tr
(

∑
i, j

ρi j|i⟩⟨ j|∑
k

exp
(

2πi
d

kn
)
|k⟩⟨(k−m) mod d|

)∣∣∣∣∣
2

=

∣∣∣∣∣∑k
exp
(

2πi
d

kn
)

ρk,(m+k) mod d

∣∣∣∣∣
2

. (35)

As a result, the formula of the total uncertainty in Eq. (29) is
obtained.

If the spectral decomposition of the input state is ρ =

∑i λi|ψi⟩⟨ψi|, then the state-dependent quantum uncertainty is

Q(ρ,ℰ) = 1−∑
n,m

pnm Tr
[
Un,−m√

ρUn,−m†√
ρ

]

= 1− ∑
n,m,i,i′

pnm
√

λiλi′

∣∣∣∣⟨ψi|Un,−m|ψi′⟩
∣∣∣∣2.

The traces of the Kraus operators of the SQT channel are

|TrKnm| =
∣∣Tr(

√
pnmUn,−m)

∣∣
=

√
pnm

∣∣∣∣∣d−1

∑
k=0

exp
(

2π i
d

kn
)
⟨(k−m) mod d|k⟩

∣∣∣∣∣
=

{√
pnmd, n = 0,m = 0,

0, otherwise.
(36)

As a result, the total average uncertainty is

V (ℰ) = d
d +1

− ∑i |TrKi|2

d(d +1)
=

d
d +1

(1− p00).

Property 2 Assuming that the shared state in the stan-
dard quantum teleportation is χ and the induced channel is ℰ ,
then the state-independent total uncertainty is

T (ℰ) = 2(1− p00), (37)

where pnm = Tr(χEn,m). And the state-independent classical
uncertainty is

C(ℰ) = 1−
d−1

∑
n,m=0

p2
nm. (38)

Proof According to the operator-sum expression of the
induced channel in Eqs. (11) and (36), we obtain the total un-
certainty

T (ℰ) = 2− 2
d2 ∑

n,m
|TrKnm|2 = 2−2p00.

Remember that Tr(Un,−m†U ñ,−m̃) = dδnñ,mm̃, therefore by di-
rect calculations, we obtain

Tr
(
K†

nmKñm̃
)
=

√
pnm

√
pñm̃ Tr

(
Un,−m†U ñ,−m̃

)
=

{
d pnm, n = ñ,m = m̃,

0, otherwise.
(39)

By Eq. (23), the classical uncertainty of the standard quantum
teleportation channel is

C(ℰ) = 1− 1
d2 ∑

n,m

∣∣TrK†
nmKnm

∣∣2 = 1−∑
n,m

p2
nm.

Note If the density matrix of the shared state expressed in
the computational basis is χ = ∑

i j,st
χi j,st |i j⟩⟨st|, then the prob-

ability is

pnm = Tr(χEn,m) =
1
d ∑

k,k̃

exp
(

2π i
d

n(k̃− k)
)

×χ(k,(k+m) mod d),(k̃,(k̃+m) mod d). (40)

Combine Eqs. (37), (38), and (40) together, one can get the
total and classical uncertainty directly.
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4.2. Uncertainties of the SQT channel induced by specific
states

In this subsection, we consider the uncertainties of SQT
channels induced by specific states, such as the isotropic
states, Werner states, and X-states.

4.2.1. Isotropic state

The isotropic two-qudit state is a convex combination of
the maximally entangled state and the maximally mixed state
defined as follows:[53–56]

χα = α|Ψ⟩⟨Ψ |+ 1−α

d2 I ⊗ I,

α ∈ R, − 1
d2 −1

6 α 6 1, (41)

we have p00 =α+(1−α)/d2 and pnm =(1−α)/d2,(n,m) ̸=
(0,0). Therefore, the corresponding Kraus operator-sum form
of the induced SQT channel is

ℰχα
(ρ) =

(
α +

1−α

d2

)
ρ +

1−α

d2

× ∑
(n,m)̸=(0,0)

Un,−m
ρUn,−m†. (42)

Based on the above definitions, we obtain the uncertain-
ties of the standard quantum channel as follows: the state-
dependent total uncertainty is

V (ρ,ℰχα
) = (1−α)

[
1− Tr(ρ2)

d

]
, (43)

the state-dependent quantum uncertainty is

Q(ρ,ℰχα
) = (1−α)

(
1−

(Tr(
√

ρ))2

d

)
, (44)

and the classical uncertainty is

C(ρ,ℰχα
) = (1−α)

(
(Tr(

√
ρ))2

d
− Tr(ρ2)

d

)
. (45)

We can see that the total uncertainty attains its minimum when
the input state is a pure state. At the same time, the classi-
cal uncertainty vanishes. Because there is no classical mixing
process but only quantum uncertainties. Therefore the quan-
tum uncertainty attains its maximum. All the uncertainties are
decreasing with α , which is an indicator of the degree of su-
perposition of the maximum entangled state and the maximum
mixed state.

From Eq. (43), it is easy to find that the state-dependent
total uncertainty vanishes if and only if the induced isotropic
state is a pure state, i.e., α = 1. The state-dependent quantum
uncertainty vanishes when α = 1, or when the input state ρ is
the maximally mixed state I/d for any α .

It is noteworthy that the state-dependent uncertainties are
solely related to the teleportated state itself and the parameter

α , which indicates the degree of mixing between the maxi-
mally entangled state and the mixed state. In Ref. [57], for
arbitrary d-dimensional quantum state ρ , the normalized lin-
ear entropy mixedness Ml(ρ) and geometric mixedness Mg(ρ)

are defined as follows:

Ml(ρ) =
d

d −1
(1−Trρ

2),

Mg(ρ) =
1
d
(Tr

√
ρ)2.

Thus, the state-dependent total and quantum uncertainty can
be also expressed in terms of mixedness as follows:

V (ρ,ℰχα
) = (1−α)

d −1
d

[
1+

Ml(ρ)

d

]
,

Q(ρ,ℰχα
) = (1−α)

[
1−Mg(ρ)

]
.

The maximum coherence of the l2 norm and the Wigner–
Yanase skew information are respectively defined as[58,59]

Cmax
l2 (ρ) =

(
Trρ

2 − 1
d

)1/2

,

Cmax
sk (ρ) = 1− 1

d

(
Tr

√
ρ
)2
.

As a result, the state-dependent total and quantum uncertain-
ties in terms of maximum coherence are as follows:

V (ρ,ℰχα
) = (1−α)

[
1− 1

d2 −
(Cmax

l2
(ρ))2

d

]
,

Q(ρ,ℰχα
) = (1−α)Cmax

sk (ρ).

Similarly, the state-dependent uncertainties can also be repre-
sented in terms of the average coherence based on the l2 norm
or the Wigner–Yanase skew information, see the trade-off re-
lations in Ref. [60].

The state-independent total uncertainty is

T (ℰχα
) = 2(1− p00) = 2(1−α)

(
1− 1

d2

)
, (46)

the state-independent classical uncertainty is

C(ℰχα
) = 1−∑

n,m
p2

nm = (1−α
2)

(
1− 1

d2

)
(47)

and the quantum uncertainty is

Q(ℰχα
) = T (ℰχα

)−C(ℰχα
) = 1−2p00 +∑

n,m
p2

nm

= (1−α)2
(

1− 1
d2

)
. (48)

Note that for a fixed dimension, the state-independent total
uncertainty and classical uncertainty are decreasing with the
parameter α , indicating that the shared channel is closer to
the maximum entangled state and has less mixedness. How-
ever, the state-independent quantum uncertainty is increasing
with α . The state-independent total uncertainty vanishes if and
only if the state-independent quantum uncertainty vanishes,
i.e., T (ℰχα

) = 0 iff Q(ℰχα
) = 0.
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Fig. 2. Uncertainties of the SQT channel induced by isotropic state with
2×2 dimension.

The relation between the uncertainties and mixedness pa-
rameter α is shown in Fig. 2 when d = 2. The detailed calcu-
lations of Eqs. (42)–(48) are presented in Appendix A.

4.2.2. Werner state

The Werner state with d×d dimension can be represented
as[61]

ρw =
1

d3 −d
[(d −φ)I ⊗ I +(dφ −1)V ] , (49)

where V = ∑i, j |i j⟩⟨ ji| is the swap operator, i.e., V |ϕψ⟩ =
|ψϕ⟩ and −1 ≤ φ ≤ 1. The corresponding probabilities in-
duced by the Werner state in the SQT channel are

pnm=


d −φ

d3 −d
, 2m ̸≡ 0 (mod d),

(d −φ)+(−1)2mn/d(dφ −1)
d3 −d

, 2m ≡ 0 (mod d).
(50)

The state-dependent total uncertainty of the SQT channel is

V (ρ,ℰρw) =


1− (d −φ)Trρ2

d2 −1
−

(dφ −1)∑ j⟨ j|ρ| j⟩2

d2 −1
, d is odd,

1− (d −φ)Trρ2

d2 −1
−

(dφ −1)∑ j[⟨ j|ρ| j⟩2 + ⟨( j+d/2) mod d|ρ| j⟩2]

d2 −1
, d is even.

(51)

The state-dependent quantum uncertainty of the SQT channel is

Q(ρ,ℰρw) =


1−

(d −φ)(Tr
√

ρ)2

d2 −1
−

(dφ −1)∑ j⟨ j|√ρ| j⟩2

d2 −1
, d is odd,

1−
(d −φ)(Tr

√
ρ)2

d2 −1
−

(dφ −1)∑ j[⟨ j|√ρ| j⟩2 + ⟨( j+d/2) mod d|√ρ| j⟩2]

d2 −1
, d is even.

(52)

The state-independent total uncertainty of the SQT channel is

T (ℰρw) = 2−2
φ +1
d2 +d

. (53)

The state-independent classical uncertainty of the SQT channel is

C(ℰρw) =


1− (d −φ)2

d(d −1)(d +1)2 − (φ +1)2

d(d +1)2 , d is odd,

1− (d −φ)2

d(d −1)(d +1)2 − (φ +1)2

d(d +1)2 − (dφ −1)2

d(d −1)2(d +1)2 , d is even.
(54)

It is obvious that for fixed dimension, the state-independent

total uncertainty decreases with φ , and it is greater than 4/3

for any dimension. But the state-independent classical uncer-

tainty increases when φ < 1/d and decreases when φ > 1/d.

When φ = 1/d, the classical uncertainty attains its maximum

1 − 1/d2, which corresponds to the channel induced by the

maximally mixed state.

The relations between φ and uncertainties for (2×2)- and

(3×3)-dimensional Werner states are displayed in Figs. 3 and

4 respectively. The detailed calculations of Eqs. (50)–(52) are

presented in Appendix B.
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Fig. 3. Uncertainties of the SQT channel induced by Werner state with
2×2 dimension.
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Fig. 4. Uncertainties of the SQT channel induced by Werner state with
3×3 dimension.

4.2.3. X-state

The X-state is a kind of mixed state with a density ma-
trix in X shape. We consider the bipartite X-state with d2 ×d2

dimension. When d is even, the shared X-state is

ρX =
d−1

∑
i, j=0

Xi j,i j|i j⟩⟨i j|

+
d−1

∑
i, j=0

Xi j,(d−1−i,d−1− j)|i j⟩⟨d −1− i,d −1− j|. (55)

When d is odd, the shared X-state is

ρX =
d−1

∑
i, j=0

Xi j,i j|i j⟩⟨i j|

+
d−1

∑
i, j=0

(i, j)̸=( d−1
2 , d−1

2 )

Xi j,(d−1−i,d−1− j)|i j⟩⟨d −1− i,d −1− j|. (56)

Therefore, when d is even, the corresponding probabili-

ties induced by the X-state in the standard quantum teleporta-
tion channel are as follows:

(i) when 2m ̸≡ 0 (mod d) holds,

d pnm = ∑
k

X(k,(k+m) mod d),(k,(k+m) mod d); (57)

(ii) when 2m ≡ 0 (mod d) holds,

d pnm = ∑
k

X(k,(k+m) mod d),(k,(k+m) mod d)

+∑
k

exp
(
−2πi

d
(1+2k)n

)
×X(k,(k+m) mod d),(k,(k+m) mod d), (58)

where we introduce the notation that k = d −1− k.
When d is odd, we have

d pn0 = ∑
k

Xkk,kk

+ ∑
k ̸= d−1

2

exp
(
−2πi

d
(1+2k)n

)
Xkk,(d−1−k,d−1−k), (59)

and for m ̸= 0

d pnm = ∑
k

X(k,(k+m) mod d),(k,(k+m) mod d). (60)

It is easy to note that the probability distribution has the prop-
erty that

d−1

∑
n=0

pnk =
d−1

∑
n=0

X(n,n⊕k)(n,n⊕k). (61)

The state-independent total uncertainty is

T (ℰρX ) =


2
[

1− 1
d

(
∑
k

Xkk,kk + ∑
k ̸= d−1

2

Xkk,(d−1−k,d−1−k)

)]
, d is odd,

2
[

1− 1
d

(
∑
k

Xkk,kk +∑
k

Xkk,(d−1−k,d−1−k)

)]
, d is even.

(62)

By the fact that ∑
d−1
n=0 exp

[( 2πi
d

)
kn
]
= 0 for k ̸= 0, we get the state-independent classical uncertainty as follows:

(i) when d is even,

C(ℰρX ) = 1− 1
d ∑

m

(
∑
k

X(k,(k+m) mod d),(k,(k+m) mod d)

)2

− 1
d ∑

m=0,d/2

(
∑

k+k̃= d
2 −1

k+k̃=d−1
k+k̃= 3d

2 −1

X(k,(k+m) mod d),(k,(k+m) mod d)X(k̃,(k̃+m) mod d),(k̃,(k̃+m) mod d)

)
, (63)

(ii) when d is odd,

C(ℰρX ) = 1− 1
d ∑

m

(
∑
k

X(k,(k+m) mod d),(k,(k+m) mod d)

)2

− 1
d ∑

k+k̃=d−1
k ̸=k̃

X(k,k),(k,k)X(k̃,k̃),(k̃,k̃)
. (64)
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Assuming that the input state is ρ = ∑i j ρi j|i⟩⟨ j|, we ex-
hibit two simplest cases for the state-dependent total uncer-
tainty. Specifically, for the d = 2 case, the probabilities are

p00 =
1
2
(X00,00 +X00,11 +X11,00 +X11,11),

p01 =
1
2
(X10,10 +X10,01 +X01,10 +X01,01),

p10 =
1
2
(X00,00 −X00,11 −X11,00 +X11,11),

p11 =
1
2
(X10,10 −X10,01 −X01,10 +X01,01). (65)

The state-dependent total uncertainty is

V (ρ,ℰρX ) = 1−
[
(X00,00 +X11,11)(|ρ00|2 + |ρ11|2)

+(X01,01 +X10,10)(|ρ01|2 + |ρ10|2)
+(X01,10 +X10,01)(ρ01ρ

*
10 +ρ10ρ

*
01)

+2(X00,11 +X11,00)ρ00ρ11
]
. (66)

When d = 3, the probabilities are

p00 =
1
3
(X00,00 +X00,22 +X11,11 +X22,00 +X22,22),

p01 = p11 = p21 =
1
3
(X01,01 +X12,12 +X20,20),

p02 = p12 = p22 =
1
3
(X02,02 +X10,10 +X21,21),

p10 =
1
3
(X00,00 + exp

(
4πi
3

)
X00,22 +X11,11

+ exp
(

2πi
3

)
X22,00 +X22,22),

p20 =
1
3
(X00,00 + exp

(
2πi
3

)
X00,22 +X11,11

+ exp
(

4πi
3

)
X22,00 +X22,22). (67)

And the state-dependent total uncertainty is as follows:

V (ρ,ℰρX )

= 1−
[
(X00,00 +X11,11 +X22,22)(|ρ00|2 + |ρ11|2 + |ρ22|2)

+(X01,01 +X12,12 +X20,20)(|ρ01|2 + |ρ12|2 + |ρ20|2)
+(X02,02 +X10,10 +X21,21)(|ρ02|2 + |ρ10|2 + |ρ21|2)
+(X00,22 +X22,00)(ρ00ρ11 +ρ11ρ22 +ρ22ρ00)

]
. (68)

5. Discussion and conclusion
Considering the importance of the standard quantum tele-

portation channel, we investigate it from the perspective of
state-channel interaction. The main contributions of this pa-
per are as follows:

(i) The uncertainty formulae of standard quantum tele-
portation channel in an arbitrary finite-dimensional system are
given, including state-dependent and state-independent total
uncertainties and quantum uncertainties.

(ii) The uncertainties of some special but important stan-
dard quantum teleportation channels induced by two-body
mixed states are studied, including isotropic state, Werner
state, and X-state. Furthermore, the relationship between the
state-dependent uncertainties and quantum coherence is dis-
cussed.

The work in this paper provides a more detailed and com-
prehensive study of standard quantum teleportation channels.
It provides a way to interpret the uncertainty in quantum tele-
portation process from the perspective of information theory,
and helps to further understand the resource dynamics in quan-
tum communication process.

Appendix A. Uncertainties of the isotropic state
induced SQT channel

Lemma 1 Prove that for any basis {Xi} of B(ℋd)

(not necessarily Hermitian) satisfying normalization condition
Tr(X†

i X j) = dδi j and any operator A ∈ B(ℋd), there exists

∑
i

X†
i AXi = ∑

i
XiAX†

i = d Tr(A)I. (A1)

Proof Firstly, we need to prove that for any two bases
{Xi} and {Yj}, there holds

∑
i

XiAX†
i = ∑

j
YjAY †

j . (A2)

Because {Xi} and {Yj} are two bases of B(ℋd), there ex-
ists a unitary matrix U = (ui j)d2×d2 with ∑k uiku jk = δi j and
∑k ukiuk j = δi j such that Xi = ∑ j ui jYj. As a result, we have
the following equations

∑
i

XiAX†
i = ∑

i

(
∑

j
ui jYj

)
A
(

∑
k

uikYk
†
)

= ∑
j,k

(
∑

i
ui juik

)
YjAYk

† = ∑
j,k

δ jkYjAYk
† = ∑

j
YjAYj

†.

Now, for any matrix A, assume that its expression in the stan-
dard computational basis is A = ∑

d−1
r,s=0 ars|r⟩⟨s|, where ars are

complex numbers. The trace of A is TrA = ∑
d−1
r=0 arr. Con-

sidering the property in Eq. (A2), we can choose the basis
{Un,m}d−1

n,m=0 in the calculation as follows:

d−1

∑
n,m=0

Un,mAUn,m† =
d−1

∑
n,m=0

d−1

∑
r,s=0

arsUn,m|r⟩⟨s|Un,m†

=
d−1

∑
n,m=0

d−1

∑
r,s=0

ars

d−1

∑
k,k̃=0

exp
(

2πi
d

n(k− k̃)
)
|k⟩⟨(k+m) mod d|r⟩⟨s|(k̃+m) mod d⟩⟨k̃|
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=
d−1

∑
n,m=0

d−1

∑
r,s=0

arsexp
(

2πi
d

n(r− s)
)
|(r−m) mod d⟩⟨(s−m) mod d|

=
d−1

∑
r=s=0

arr

d−1

∑
n=0

exp
(

2πi
d

0
) d−1

∑
m=0

|(r−m) mod d⟩⟨(r−m) mod d|

+∑
r ̸=s

ars

d−1

∑
n=0

exp
(

2πi
d

n(r− s)
) d−1

∑
m=0

|(r−m) mod d⟩⟨(s−m) mod d|= d Tr(A)I. (A3)

Note that here we use the fact that ⟨(k + m) mod
d|r⟩⟨s|(k̃ + m) mod d⟩ is nonzero if and only if k = (r −
m) mod d and k̃ = (s−m) mod d hold. In the last equation
of Eq. (A3), we use the property that

d−1

∑
k=0

exp
(

2π i
d

nk
)
=

{d, n = 0,

0, n ̸= 0,
n ∈ Z.

Similar tricks can be used to prove that ∑i X†
i AXi = d Tr(A)I,

therefore the proof is completed.
Property A1 The probabilities corresponding to the

isotropic state-induced channel are as follows:

p00 = Tr(χα E0,0) = α +
1−α

d2 ,

pnm = Tr(χα En,m) =
1−α

d2 ,(n,m) ̸= (0,0).

Proof According to the definition of probability, we have

Tr(En,m
χα) = ⟨Ψ |(Un,m† ⊗ I)(α|Ψ⟩⟨Ψ |

+
1−α

d2 I ⊗ I)(Un,m ⊗ I)|Ψ⟩

= α⟨Ψ |(Un,m† ⊗ I)(|Ψ⟩⟨Ψ |)(Un,m ⊗ I)|Ψ⟩

+
1−α

d2 ⟨Ψ |Ψ⟩.

For the first term, we have

⟨Ψ |(Un,m ⊗ I)|Ψ⟩= 1
d

(d−1

∑
j=0

⟨ j|⟨ j|
)(d−1

∑
k=0

exp
(

2π i
d

nk
)
|k⟩⟨(k+m) mod d|⊗ I)

(d−1

∑
l=0

|l⟩|l⟩
)

=
1
d

d−1

∑
j,k,l=0

exp
(

2π i
d

nk
)
⟨ j|k⟩⟨ j|l⟩⟨(k+m) mod d|l⟩

j=k=l
=====

1
d

d−1

∑
k=0

exp
(

2π i
d

nk
)
⟨(k+m) mod d|k⟩ m=0

===
1
d

d−1

∑
k=0

exp
(

2π i
d

nk
)
=

{
1, n = 0,

0, n ̸= 0.
(A4)

Property A2 The state-dependent total uncertainty of the
isotropic state-induced SQT channel is

V (ρ,ℰχα
) = (1−α)

[
1− Tr(ρ2)

d

]
.

Proof According to Eq. (34), we have

V (ρ,ℰχα
) = 1−∑

n,m
pnm|Tr(ρUn,−m)|2. (A5)

It is easy to prove that {Un,−m} forms an orthonormal
basis of the Hilbert–Schmidt inner product space with
TrUn,−m†U l,− j = dδnlδm j. Assume that the representation of
ρ in the basis {Un,−m} is ρ = ∑

d−1
r,s=0 crsU r,−s. Because of

the relation Trρ = ∑
d−1
r,s=0 crs TrU r,−s = dc00 = 1, there holds

c00 = 1/d. On the other hand, the following equations exist

Tr(ρUn,−m) = Tr(ρ†Un,−m)

= Tr
[ d−1

∑
r,s=0

crsU r,−s†Un,−m
]

=
d−1

∑
r,s=0

crs Tr[U r,−s†Un,−m]

= d
d−1

∑
r,s=0

crsδrnδsm = dcnm. (A6)

Therefore, the total uncertainty changes to

V (ρ,ℰχα
) = 1−d2

∑
n,m

pnm|cnm|2

= 1−
[(

α +
1−α

d2

)
+(1−α) ∑

(n,m)̸=(0,0)
|cnm|2

]

= 1−
[

α +(1−α)
d−1

∑
n,m=0

|cnm|2
]

= (1−α)

[
1− 1

d
Tr(ρ2)

]
. (A7)

Property A3 The state-dependent quantum uncertainty
of the isotropic SQT channel is

Q(ρ,ℰχα
) = (1−α)

(
1−

(Tr(
√

ρ))2

d

)
.

Proof According to the definition of state-dependent
quantum uncertainty, the quantum uncertainty of the SQT
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channel is

Q(ρ,ℰχα
) = 1−∑

n,m
Tr(

√
ρKnm

√
ρKnm

†),

where Knm =
√

pnmUn,−m are Kraus operators of the SQT
channel with p00 = α + (1−α)/d2 and pnm = (1−α)/d2,
(n,m) ̸= (0,0). Subsequently, using Lemma 1, we get

∑
n,m

Tr(
√

ρKnm
√

ρKnm
†)

= α Tr(
√

ρU0,0√
ρU0,0†

)

+
1−α

d2 Tr

[
√

ρ

d−1

∑
n,m=0

Un,−m√
ρUn,−m†

]

= α +
1−α

d2 Tr [
√

ρ Tr(
√

ρ)dI]

= α +
1−α

d
(Tr(

√
ρ))2.

Therefore, the state-dependent quantum uncertainty of the
isotropic SQT channel is

Q(ρ,ℰχα
) = (1−α)

(
1−

(Tr(
√

ρ))2

d

)
.

Appendix B. Uncertainties of the Werner state-induced SQT channel
Property B1 Prove that for the SQT channel induced by Werner state, the corresponding probabilities are

pnm =


d −φ

d3 −d
, 2m ̸≡ 0 (mod d),

(d −φ)+(−1)2mn/d(dφ −1)
d3 −d

, 2m ≡ 0 (mod d).

Proof

pnm = Tr(En,m
ρw)

=
1

d3 −d
⟨Ψ |(Un,m† ⊗ I)[(d −φ)I ⊗ I +(dφ −1)V ](Un,m ⊗ I)|Ψ⟩

=
1

d3 −d

[
(d −φ)+(dφ −1)⟨Ψ |(Un,m† ⊗ I)V (Un,m ⊗ I)|Ψ⟩

]
=

1
d3 −d

[
(d −φ)+(dφ −1)⟨Ψ |(Un,m† ⊗ I)∑

i, j
|i⟩⟨ j|⊗ | j⟩⟨i|(Un,m ⊗ I)|Ψ⟩

]
=

1
d3 −d

[
(d −φ)+(dφ −1)⟨Ψ |∑

i, j
Un,m†|i⟩⟨ j|Un,m ⊗| j⟩⟨i|Ψ⟩

]
=

1
d3 −d

[
(d −φ)+(dφ −1)⟨Ψ |∑

k, j
exp
(

2πin( j− k)
d

)
|(k+m) mod d⟩⟨( j+m) mod d|⊗ | j⟩⟨k| · |Ψ⟩

]
=

1
d3 −d

[
(d −φ)+

dφ −1
d ∑

k, j
exp
(

2πin( j− k)
d

)
⟨ j|(k+m) mod d⟩ · ⟨( j+m) mod d|k⟩

]


j ̸=(k+m) mod d or k ̸=( j+m) mod d
=======================

d −φ

d3 −d
, 2m ̸≡ 0 (mod d),

j=(k+m) mod d, k=( j+m) mod d
=====================

(d −φ)+(−1)2mn/d(dφ −1)
d3 −d

, 2m ≡ 0 (mod d).
(B1)

Property B2 Prove that for the SQT channel induced by Werner state, the state-dependent total uncertainty is

V (ρ,ℰρw) =


1− (d −φ)Trρ2

d2 −1
−

(dφ −1)∑ j⟨ j|ρ| j⟩2

d2 −1
, d is odd,

1− (d −φ)Trρ2

d2 −1
−

(dφ −1)∑ j[⟨ j|ρ| j⟩2 + ⟨( j+d/2) mod d|ρ| j⟩2]

d2 −1
, d is even.

Proof According to Property B1, we have

V (ρ,ℰρw) = 1−∑
n,m

pnm|Tr(ρUn,−m)|2

= 1− d −φ

d3 −d ∑
n,m

|Tr(ρUn,−m)|2 − (dφ −1)
d3 −d ∑

n,2m≡0( mod d)
(−1)2mn/d |Tr(ρUn,−m)|2. (B2)
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Because {Un,−m : n,m = 0,1, . . . ,d−1} is an orthogonal basis satisfying Tr(U r,−s†Un,−m) = dδrnδsm, we can let ρ = ∑
r,s

crsU r,−s.

As a result, we have

∑
n,m

|Tr(ρUn,−m)|2 = ∑
n,m

|Tr(ρ†Un,−m)|2 = ∑
n,m

∣∣∣∣Tr
(

∑
rs

crsU r,−s†Un,−m
)∣∣∣∣2 = d2

∑
n,m

|cnm|2 = d Trρ
2. (B3)

Therefore, we get

V (ρ,ℰρw) = 1− d −φ

d2 −1
Trρ

2 − (dφ −1)
d3 −d ∑

2m≡0( mod d)
(−1)2mn/d |Tr(ρUn,−m)|2. (B4)

When the dimension d is odd, we have

V (ρ,ℰρw) = 1− d −φ

d2 −1
Trρ

2 − (dφ −1)
d3 −d ∑

n
|Tr(ρUn,0)|2 = 1− d −φ

d2 −1
Trρ

2 − (dφ −1)
d2 −1 ∑

j
⟨ j|ρ| j⟩2, (B5)

where the last equation can be obtained by the following equations:

∑
n
|Tr(ρUn,0)|2 = ∑

n
Tr(ρUn,0)Tr(ρUn,0†

) = ∑
n

Tr[(ρ ⊗ρ)(Un,0 ⊗Un,0†
)]

= Tr(ρ ⊗ρ)

[
∑
n

(
∑

j
exp
(

2πin j
d

)
| j⟩⟨ j|

)
⊗
(

∑
k

exp
(
−2πink

d

)
|k⟩⟨k|

)]
= Tr(ρ ⊗ρ)

[
∑
j,k

(
∑
n

exp
(

2πin( j− k)
d

))
| j⟩⟨ j|⊗ |k⟩⟨k|

]
= Tr(ρ ⊗ρ)

[
∑

j
d| j⟩⟨ j|⊗ | j⟩⟨ j|

]
= d ∑

j
Tr
[

ρ| j⟩⟨ j|⊗ρ| j⟩⟨ j|
]
= d ∑

j
(Trρ| j⟩⟨ j|)2 = d ∑

j
⟨ j|ρ| j⟩2. (B6)

When the dimension d is even, we have

V (ρ,ℰρw) = 1− d −φ

d2 −1
Trρ

2 − (dφ −1)
d3 −d ∑

n

[
|Tr(ρUn,0)|2 +(−1)n|Tr(ρUn,−d/2)|2

]
= 1− d −φ

d2 −1
Trρ

2 − (dφ −1)
d2 −1 ∑

j

[
⟨ j|ρ| j⟩2 + ⟨( j+

d
2
) mod d|ρ| j⟩2

]
. (B7)

The last equation can be obtained by similar method in Eq. (B6).
Property B3 Prove that for the SQT channel induced by Werner state, the state-dependent quantum uncertainty is

Q(ρ,ℰρw) =


1−

(d −φ)(Tr
√

ρ)2

d2 −1
−

(dφ −1)∑ j⟨ j|√ρ| j⟩2

d2 −1
, d is odd,

1−
(d −φ)(Tr

√
ρ)2

d2 −1
−

(dφ −1)∑ j[⟨ j|√ρ| j⟩2 + ⟨( j+d/2) mod d|√ρ| j⟩2]

d2 −1
, d is even.

(B8)

Proof As the SQT channel is unital, the expression of the state-dependent quantum uncertainty is

Q(ρ,ℰρw) = 1−∑
n,m

pnm Tr(
√

ρUn,−m√
ρUn,−m†

). (B9)

Using the fact that Tr(U r,−s†Un,−m) = dδrnδsm and ∑n,m Un,−m√ρUn,−m†
= d(Tr

√
ρ)I, we get

Q(ρ,ℰρw) = 1− d −φ

d3 −d ∑
n,m

Tr
[
√

ρUn,−m√
ρUn,−m†

]
− dφ −1

d3 −d ∑
2m≡0( mod d)

(−1)2mn/d Tr
[
√

ρUn,−m√
ρUn,−m†

]
= 1− d −φ

d2 −1
(Tr

√
ρ)2 − dφ −1

d3 −d ∑
2m≡0( mod d)

(−1)2mn/d Tr
[
√

ρUn,−m√
ρUn,−m†

]
. (B10)

Note that when m = 0, there exists

∑
n

Un,0√
ρUn,0†

= ∑
n

(
∑
j,k

exp
(

2πin( j− k)
d

)
| j⟩⟨ j|

√
ρ|k⟩⟨k|

)
= d ∑

j
| j⟩⟨ j|

√
ρ| j⟩⟨ j|. (B11)
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Similarly, when 2m = d, we have

∑
n
(−1)nUn,−d/2√

ρ(Un,−d/2)† = ∑
n
(−1)n

(
∑
j,k

exp
(

2πin( j− k)
d

)
| j⟩
〈(

j− d
2

)
mod d

∣∣∣∣√ρ

∣∣∣∣(k− d
2

)
mod d

〉
⟨k|
)

= ∑
j,k

(
∑
n

exp
(

2πin( j+d/2− k)
d

))
| j⟩
〈(

j− d
2

)
mod d

∣∣∣∣√ρ

∣∣∣∣(k− d
2

)
mod d

〉
⟨k|

= d ∑
j
| j⟩
〈(

j+
d
2

)
mod d

∣∣∣∣√ρ| j⟩
〈(

j+
d
2

)
mod d

∣∣∣∣. (B12)

As a result, when d is odd, we get

Q(ρ,ℰρw) = 1− d −φ

d2 −1
(Tr

√
ρ)2 − dφ −1

d3 −d
Tr
[
√

ρ(∑
n

Un,0√
ρUn,0†

)

]
= 1− d −φ

d2 −1
(Tr

√
ρ)2 − dφ −1

d2 −1 ∑
j
⟨ j|

√
ρ| j⟩2, (B13)

when d is even, we have

Q(ρ,ℰρw) = 1− d −φ

d2 −1
(Tr

√
ρ)2 − dφ −1

d3 −d
Tr
[
√

ρ ∑
n

(
Un,0√

ρ Un,0†
+(−1)nUn,−d/2√

ρ(Un,−d/2)†
)]

= 1− d −φ

d2 −1
(Tr

√
ρ)2 − dφ −1

d2 −1 ∑
j

[
⟨ j|

√
ρ| j⟩2 +

〈(
j+

d
2

)
mod d

∣∣∣∣√ρ| j⟩2
]
. (B14)
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