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Quantitative determination of modal photon number density
spectrum in arbitrary dielectric structures with a quantum emitter
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Understanding the photon number statistics of a quantum emitter (QE) interacting with complex photonic environ-
ments is fundamental to advances in quantum optics and nanophotonics. We introduce a general theoretical framework
for calculating the modal photon number density spectrum (MPNDS) in arbitrary dielectric structures with an embedded
two-level QE. We validate our approach by investigating a system composed of a two-level QE and a photonic crystal
(PhC) slab with an L3 cavity and a waveguide, finding that the MPNDS exhibits significant changes in both waveguide and
background radiative channels as the interaction between the QE and modal field transitions from weak coupling to strong
coupling. We observe that the number of photons guided along the waveguide shows a strong dependence on the QE’s
transition frequency and transition dipole moment, but demonstrates robustness to the transition dipole moment when the
transition frequency approaches the waveguide cutoff frequency. Our work allows for the determination and tailoring of
light emission characteristics across diverse radiative channels in complex photonic environments.

Keywords: beta factor, light extraction efficiency, photoluminescence spectrum, photonic crystals, power
spectrum, spontaneous emission, strong coupling interaction
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1. Introduction

Light-matter interaction at the quantum level is a fun-
damental aspect of quantum physics, playing a crucial role
in the development of novel quantum technologies. Among
these interactions, the coupling of the quantum emitters (QEs)
with their photonic environment has garnered significant at-
tention due to its potential applications in quantum optics and
nanophotonics.!' A diverse range of QEs is being actively

2,4-17]

investigated, spanning from quantum dots,| nitrogen-

vacancy centers, 8291 monolayer tungsten diselenide,*!! car-
bon nanotubes,*?! graphene,”¥ black phosphorus?*! and
DNA origami.[>! These advancements are paving the way for

applications such as single-photon sources,*10-14.26]

6,15,27,28

strong
coupling>#1L121 and radiative coupling, ! ! which are
essential for enabling quantum communication and quantum
information processing.!'%!71

Probing and analyzing the photons emitted from
quantum systems reveal

insights into their underly-

ing physics and dynamics. The widely used met-
ric is the power spectrum, defined as S(rp, @) =
e diy [ diy e i@ (EC) (ry. 1) - E®) (1,1)),129-31

providing a spatially resolved picture of the emitted light in-
tensity, which is proportional to the spectrum measured by a
photodetector at a specific point 7, and closely relates to pho-
toluminescence spectra measured in experiments. However,
its inherent spatial dependence limits its ability to quantify

the photon number in a specific mode set. Another widely

Corresponding author. E-mail: chlheng@qq.com
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used metric is the beta factor, defined as Ir,/I",!”!3! where
I+, represents the decay rate of the QE into a specific mode
and I is its total decay rate. Thus, the beta factor represents
the probability of a single QE emitting a single photon into a
specific mode. However, its applicability is restricted to the
weak coupling regime and is not suitable for strong coupling
or more generalized interactions. Thus, accurately quantify-
ing the number of photons emitted by a QE through a specific
mode set in a complex photonic environment remains chal-
lenging.

The limitations outlined above motivated us to introduce
the modal photon number density spectrum (MPNDS) in this
paper, which directly connects to the spectrum measured by a
spectrometer positioned in the corresponding radiative chan-
nel. We present a comprehensive theoretical framework for
quantitatively calculating the MPNDS of a system composed
of a single two-level QE and an arbitrary dielectric structure.
Our findings reveal that the MPNDS strongly depends on both
the QE’s evolution spectrum and the modal projected local
density of states (PLDOS), reflecting the combined influence
of the QE and the photonic environment. Moreover, the MP-
NDS determines the photon number in a specific mode set,
enabling investigations into photon extraction efficiency and
related phenomena in various nanophotonic systems. We vali-
date our approach by investigating a system composed of a QE
and a photonic crystal (PhC) slab*?! with an L3 cavity33-3]
and a waveguide,!”?13] demonstrating that the calculated MP-
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NDS accurately reflects the photon emission behavior of the
coupled system. Notably, we observe a substantial impact on
the MPNDS of the waveguide and background radiative chan-
nels as the interaction between the QE and the photonic en-
vironment changes from weak to strong coupling. Further-
more, we investigate the functional dependence of the photon
number propagating along the waveguide on the QE’s transi-
tion frequency and transition dipole moment. We find that the
monotonic relationship between photon number and transition
dipole moment reverses as the transition frequency crosses the
waveguide cutoff frequency. Near this crossover, the photon
number demonstrates robustness against variations in the tran-
sition dipole moment. Our work allows for the determination
and tailoring of the light emission properties in different ra-
diative channels, providing a powerful tool for understanding
and optimizing light-matter interactions in complex photonic
environments.

2. Method

The interaction between a two-level QE and the electro-
magnetic field modulated by a dielectric structure can be de-
scribed using the electric dipole approximation and rotating

wave approximation, with the Hamiltonian given by 337!
H = Y hwyaja, +haoyo, o
A
+1Y [g10sa +gialo- |, M
A

where @y is the transition frequency between the excited state
le) and the ground state |g) of the QE. The lowering and
raising operators of the QE are given by o_ = |g) (e| and
o, = |e) (g], respectively. The modal field is labeled as A.
W, a; and a, are the eigenfrequency, creation operator and
annihilation operator of the modal field E; (r) of the dielec-
tric structure, respectively. The E; (r) satisfies the Helmholtz
equation, V x V x E; (r) — (wy /c)*e(r) E) (r) = 0, and
the orthonormal relation, [y, € () E; () - Ey (r) dr = &y,
where € (r) is the relative permittivity of the dielectric. The
coupling coefficient between the QE and mode A is given by
g = —iwy (2e0hiwy )~/ E; (ro) - do, where dy is the transi-
tion dipole moment of the QE located at ry. Furthermore, g,
exhibits a dependence on the modal volume V, of mode A,
with a scaling of g; ~ V[l/z, see Appendix Al. The Hamilto-
nian presented in Eq. (1) is compatible with that derived from
coupled-mode theory (CMT), see Appendix A2. The state
vector at time ¢ can be expressed as

¥ (1)) = Ce (t)\e,{0}>+;ch (0)1g:{12}), 2

where |e,{0}) is the direct product of the QE excited state and
the photon vacuum state, while |g,{1, }) is the direct product

of the QE ground state and the single-photon state of mode A.
We assume that the QE is initially prepared in excited state,
with C, (0) = 1, and the rest of the system is in vacuum, with
C,). (0) =0 for any mode A. Substituting Eqgs. (1) and (2) into

8
the Schrodinger equation yields the evolution dynamics as
. 1 o
Cor (1) = 719 (—igh) /0 C.(f)eln'dl. (3

As the system evolves over time, specifically when ¢t — oo,
the integral [jC, (') e'®2! "dt’ approaches the forward Laplace
transform of C, (t), denoted as C, (@, ). Thus,

Cor (1)],_,.. = e 1" (—ig3) Ce(n). 4)

To investigate the photon number of specific mode set, we de-
fine the modal photon number as

Ns= (¥ (1) Y ajar ¥ (1))
AE€S

=Y catf| . ®
(oo AES fe
where S represents the set of specific modes under investiga-
tion. Ny is the value measured by a photon counter positioned
in the radiative channel corresponding to the mode set S. To
facilitate numerical calculations, we introduce the modal PL-
DOS, ps(w), and the modal local coupling strength of the
mode set S, I (w), defined as

~ |2
ps(@) = ¥ |Ex(ro)-do| S(0-@1),  ©)
AE€S
I (0) =27 [e1* 8 (0 —ay), 7
rES

where dy = d /|do] is the directional vector of dy. These defi-

381 but restrict summation to

nitions align with previous works
the mode set S, instead of the universal set S,;; which contains
all modes. The relationship between pg (@) and I (@) can be

established as (see Appendix A3)

®
I =Iy—M 8
5 (o) 0 s(0), (8)

where I = wjd3 /(3mheyc?) is the spontaneous emission rate
of the QE in vacuum,®®! and Ms(w) = ps(®)/po(®) is
the multiplication factor (M factor) of the mode set S, with
po (@) = ®*/(37*c?) representing the PLDOS in vacuum. "]
M;s (®) can be calculated by normalizing the power radiated
by a dipole to the mode set S against its radiated power in
vacuum, see Appendix A4. Considering Eq. (5) and utilizing
Egs. (4) and (7), we find that Ny can be expressed as

M= [T % lea !

% €S

S(w—w)do
t—so0

oo

/; ICo(@)* Y [s2*8 (0 3)do

AE€S

| [ _
:7/ () |C. (0)] do. )

27 -
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Using Eq. (8), Ns can also be written as

! +°°FoﬂMs(w) C. ()’ da. (10)

Ng = —
§ 27 - (0%

Note that Ng,, = 1 since the two-level QE emits one photon
when the system reaches a steady state. Therefore, Ny can also
be interpreted as the photon extraction efficiency of the mode
set S. Additionally, according to the integrand in Eq. (10), we
define

Ts (@) :F()%Ms(a)) (AR (1)

as the MPNDS of the mode set S. From Egs. (10) and (11),
we obtain Ns = - [ Ts (@) dw, therefore, T (@) can be in-
terpreted as the photon number density of the mode set S at
frequency .

The power spectrum can be expressed as S (rp, @) =

2 _
3?7 |G (rp,m0,0) -d||C. ()
ing this with Eq. (11), it is evident that the power spectrum
and the MPNDS share the common factor |C, (@) |2. More-

over, the Green’s function, G (7,79, ®), and the M factor for

2, see Appendix AS. Compar-

mode set S, Mg (®), are determined solely by the dielectric’s
properties. Therefore, both the power spectrum and the MP-
NDS reflect the overall properties of the dielectric system and
the QE. However, a key distinction arises in their dependence.
The power spectrum, S (rp, a)), is rp-dependent, and generally
varies spatially. For an atom with an infinite number of energy
levels located at ,, where the modal field is linearly polar-
ized, S (rp, ®) is proportional to the probability of the atom
transitioning from its ground state to an excited state with an
energy difference of w.*°! This clearly demonstrates that the
power spectrum does not represent a photon number density
spectrum. Indeed, defining the photon number at a specific
point 7}, is physically problematic. In contrast, the MPNDS,
Ts (), depends on the mode set S. Since the modal fields in-
herently possess a spatial distribution, the MPNDS cannot be
solely dependent on a single point. Ts (@) represents the spec-
trum measured by a spectrometer positioned in the radiative
channel corresponding to the mode set S. A similar discussion
can be applied to the modal photon number Ng according to
Eq. (10).

Considering disjoint sets S;NS; = 0 for any i and j, with
Sa1 = US;, it is straightforward to verify that

Ms,, (©) =} Ms, (), (12)
Ns,, =} Ns;, (13)
Ts, (@) = } Ty, (). (14)

In summary, we have derived the expressions for the MPNDS
valid for any system composed of a two-level QE and an arbi-
trary dielectric structure. To facilitate numerical calculations,

we outline the following steps: first, numerically calculate the
M factor My, (@) or Green’s function G (r,70, ®) for a dipole
at position r( oriented in the direction of dy; second, use local
coupling theory to obtain the QE’s evolution spectrum C, (®)
from the calculated M factor or Green’s function;8! third,
specify the mode set S under investigation and numerically
calculate the power radiated into this mode set to obtain the
modal M factor My (®); finally, use Eqgs. (11) and (10) to ob-
tain the MPNDS, Ts(®), and the modal photon number Ng.
These steps are straightforward and suitable for practical nu-
merical calculations. Our numerical method will serve as a
powerful tool for investigating a wide range of light-matter
interactions.

3. Result and discussion

As an application of our method, we focus on a system
composed of a QE and a PhC slab with an L3 cavity and a
waveguide. Our model structure, shown in Fig. 1(a), consists
of a line defect along the x direction in a two-dimensional tri-
angular air-hole dielectric PhC slab with a lattice constant of
a =400 nm. The distance between the centers of the nearest-
neighbor holes on either side of the waveguide is v/3a. The
background is a vacuum, while the slab material is silicon with
a refractive index of n = 3.46. The slab thickness is set to
d = 0.55a, while the air-hole radius is r = 0.25a. A finely op-
timized L3 cavity is placed at a distance of 6a from the central
axis of the waveguide. From inside to outside, the air holes
marked with arrows are shifted outwards by 0.337a, 0.270a,
0.088a, 0.323a and 0.173a, respectively, to improve the qual-
ity factor of the bare cavity to 4.2 x 10%.13*] The radii of the
air holes adjacent to the waveguide (enclosed in red rectan-
gles) are increased by 5.84 nm to increase the cutoff frequency
feut- A two-level QE, polarized along the y direction, is lo-
cated at the central point 7 of the cavity, as indicated by do
and an upward arrow at the center of the L3 cavity. We as-
sume that the QE is initially prepared in the excited state, with
C. (0) = 1, and the rest of the system is in the vacuum state,
with C,, (0) = 0 for any mode 4. The photon emitted from the
QE can propagate through two radiative channels: the waveg-
uide and the background above and below the PhC slab. The
waveguide supports a set of Bloch modes, denoted by Swg,
while the background supports a set of leakage modes, de-
noted by Spg.

391 for

We use the finite-difference time-domain method
simulations, with a dipole excitation source matching the QE’s
position and polarization. Our goal is to calculate the MP-
NDS for both the waveguide channel Swg and background
channel Sgg, represented by T, (@) and Ty, (@), respec-
tively, using Eq. (11). This requires the determination of the

QE’s evolution spectrum |C, (®) ?, as well as the M factors

044204-3
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Msy (©) and Mgy, (o).
C. (a))|2 can be obtained from Mg, (@), which is cal-
culated from the radiated power of the dipole numerically. To

According to local coupling the-

ory,

calculate Mg, (@), two cross sections are placed on either
side of the waveguide to record the radiated power passing
through them. These cross sections are located far away from
T in the x direction (up to 30a) to minimize near-field influ-
ence. Because S = Swg USpg and Swg N Seg = 0, equa-
tion (12) demonstrates that Mg, (@) can be determined from
the known Mg, (@) and Mgy, (@). Finally, using Eq. (11), we
can determine 7T, (@) from the obtained Mg, (®).

The electromagnetic field propagating along the waveg-
uide exhibits strong dispersion characteristics near its cutoff
frequency f.u, which can lead to significant reflections within

(a) E,(r)

OlC @ @IoE T @os O 906
DOO O @O @o@ oW O 00 O«
OO0 00O OB OO0 00O
RN 1] JeccRcicieke
OO OO0 O ROROOLOPO O © O O O
DXPOOOO0BO®O®OO00OO0O0C(
olo, 8o ®Oo® oo oW Ofe O O
] © o] Kol il [o] [o] o) Is
@ 3¢ o¥c oNc e Ne oWe o¥e @

OO0 000000000000 O
2181 Of®) O w) O 1@ O @) O 1) O 188 O 1®) (

(b)

M factor

the perfectly matched layer (PML). To minimize these reflec-
tions, we implemented 2100 layers of PML from x = 30a
to x = 135a, with small parameters related to the absorption
strength to ensure a smooth decay of the electromagnetic field
within the PML. We also adjusted the air holes on both sides
of the waveguide in the third row. Specifically, from x = 30a
to x = 135a, each subsequent air-hole radius is reduced by
0.1143 nm. This gradual reduction ensures that the cutoff
frequencies f!, of the waveguide within the PML decrease
gradually with x, thereby moving f7, further away from the
frequency of the electromagnetic field and, thus, weakening
both the dispersion effect and reflection. These adjustments

were symmetrically applied to the air holes from x = —30a to
x = —135a.
107 1.0
1064 0.9
- 0.8
100_
0.7
4
10_ 0.6
103+ 0.5 o
0.3
10"
0.2
0|
10 ‘f(‘,uf -0-1
10—t o
193.56 193.58 193.60 193.62 193.64

Frequency (THz)

Fig. 1. Hybrid system composed of a QE and a PhC slab with an L3 cavity and a waveguide. (a) Ey (r) component of the electric modal field.
Black circles denote air holes. The air holes marked with arrows on both sides of the L3 cavity are shifted outward. The radii of the nearest-
neighbor holes within the red rectangles on either side of the waveguide are increased. A QE polarized along dp indicated by an upward arrow is
positioned at the center of the L3 cavity. (b) M factor of the mode sets Spg (black line), Swg (red line) and beta factor f3; (blue line), respectively.
The purple dashed lines represent the QE’s transition frequency fp and waveguide cutoff frequency feu(, respectively. The peaks of the M factor
spectra are labeled as P; and P, respectively. The electric modal field in (a) corresponds to the peak P;.

We define the beta factor 8. (@) as Mgy, (@)/Ms,, (o),
which serves as a metric for the classical light extraction effi-
ciency into the waveguide. Figure 1(b) illustrates the M-factor
and beta-factor spectra. At lower frequencies, the beta factor
approaches zero, indicating that the electromagnetic field in
this frequency range cannot propagate along the waveguide,
thus suppressing Mgy, (®). Due to the resonant frequency
of the cavity-waveguide coupled mode shown in Fig. 1(a) ly-
ing within this frequency range, the modal field is long con-
fined in the high-quality-factor L3 cavity and leaks slowly into
the background. This results in a prominent, sharp peak P
in Mg, (@), with a frequency of 193.5984 THz and a qual-
ity factor of 4.89 x 10°. As the frequency increases, the beta
factor rapidly approaches one, implying that the electromag-
netic field in this frequency range can efficiently couple into
the waveguide and propagate with minimal leakage into the
background, leading to a shallow, broad peak P> in Ms,,, (®)
and suppression of Mg, (®). As mentioned, we have adjusted
the air holes around the waveguide, thereby breaking its trans-

lational symmetry along the x direction. Consequently, the
cutoff frequency f.y loses its strict meaning. For convenience
in subsequent discussions, we define f.,; as the frequency at
which the beta factor is 0.5, i.e., feur = 193.6076 THz, indi-
cated by the purple dashed line in Fig. 1(b).

From these numerical results, the relative magnitudes of
Mgy, (@) and Mg, (@) dramatically invert across the cut-
off frequency. Based on Egs. (10) and (11), the distribu-
tion of |C_‘e (w)|2 relative to fo, dictates the photon’s propa-
gation path. If |C, ()|” lies primarily below fuy, the pho-
ton predominantly occupies the Sgg mode set, propagating
mainly within the background due to significant overlap with
Mg, (o) and minimal overlap with Mg, (®). Conversely,
if |C’e (oo)’2 extends across fcu, the photon distributes com-
parably between the Swg and the Sgg mode sets, resulting in
propagation through both the waveguide and the background,
as the overlap with both My, (@) and Mg, (@) is similar.
To achieve these two distinct evolution spectra, we adjust the
QE’s transition dipole moment dy, which is equivalent to ad-
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justing its lifetime 7y in vacuum since 7y = 37nhgyc’ /(w3d3)
holds. ! This controls the coupling strength between the QE
and the photonic environment, thereby realizing weak and
strong coupling interactions. In the weak coupling regime, the
QE spontaneously decays from its excited state to the ground
state, emitting a photon. The population of the excited state
C, (t)|* decays monotonically over time, exhibiting a single-
peak structure in the QE’s evolution spectrum ’C_'e () |2. In the
strong coupling regime, the QE repeatedly emits and absorbs
photons, leading to an oscillatory process in |C, (¢)|*, known
as vacuum Rabi oscillation. This manifests as a double-peak
structure in ’C_'e (a))|2, known as vacuum Rabi splitting. By
carefully selecting the appropriate transition frequency of the
QE, we can tailor |C_'e () |2 to primarily distribute below fcy¢
under weak coupling and simultaneously extend across fout
under strong coupling. This enables control over the MPNDS
and photon numbers in both the waveguide and background
radiative channels.

Initially, we set the transition frequency of the QE to that

(a) 1012
" Lo \VaVAVAVAVAVS
101 7 Néo,s 1
1010 o 069
& = 0.4
72} ©
& 1094 © 0.21
l T T T
=~ 108 05T o 200 300 400
3 | | Time (ps)
‘Q‘; 107— /U‘ |
6_|
10 L
i P,
10° S
I
104 +——————
193.56 193.58 193.60 193.62 193.64
Frequency (THz)
c) 108
©) —
107_ o 0.8
50.6-
—~ 10°+ §0'4'W/\/W\A/V\W
92}
a, - 0.2 4
~— 10\)_ O
< ol “1bo 200 300 400
\3/ 10% | | Time (ps)
ISy fol |
[ |
102 \ \
|
10! +————T———
193.56 193.58 193.60 193.62 193.64

Frequency (THz)

of the peak P; in Fig. 1(b), i.e., fo = 193.5984 THz, indicated
by the purple dashed line. The QE’s lifetime in vacuum is set
to 79 = 150 ns. Here, 7y can be interpreted as an effective life-
time, which can be adjusted by varying the angle between the
QE’s transition dipole moment and E (1), see Appendix A6.
As shown in Fig. 2(a), although a double-peak structure is pre-
sented in |C, ()
shows that |C, (r)|* decreases monotonically over time, indi-

2, the peak P is clearly dominant. The inset

cating that the QE mainly evolves under weak coupling. Com-
paring Figs. 1(b) and 2(a) reveals that |C_‘e () |2
imally with Mg, (@) but significantly with M, (@). This
leads to a small MPNDS of the waveguide, Ty, (®), and

a large MPNDS of the background, Ty, (®), as shown in

overlaps min-

Fig. 2(b). According to Eq. (11), the number of photons prop-
agating along the waveguide and the background, N, and
Ny are calculated to be 5.59 x 1073 and 0.994, respectively.
These results demonstrate that photons can hardly propagate
along the waveguide but rather through the background.

6
(b) 10 -

MPNDS (ps)
i

100_

0t r——y———— 7
193.56 193.58 193.60 193.62 193.64

Frequency (THz)

(d) 10°
10+ P,
10°% -
10%

10"
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100_
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[
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10~ \

102 r——4——"1———r 7T
193.56 193.58 193.60 193.62 193.64
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Fig. 2. Evolution spectra and dynamics of the coupled system. [(a), (c)] Evolution spectra [C, (@) }2 and the population of excited state |C, ()|
(insets) of the QE in the weak (a) and strong (c) coupling regimes, respectively. [(b), (d)] The MPNDS of the mode sets Spg (black line) and
Swa (red line) in the weak (b) and strong (d) coupling regimes, respectively. The purple dashed lines represent the QE’s transition frequency fy
and waveguide cutoff frequency foy, respectively. The peaks are labeled as Py, P> and P3, respectively.

Next, we reduce the lifetime of the QE in vacuum to
7o = 3 ns while keeping the transition frequency fy fixed. In
the frequency range shown in Fig. 2(c), a triple-peak struc-
2, denoted as P;, P, and P; from low

ture appears in |C, (®)
to high frequency, respectively. Notably, the P; peak lies be-

low fou, enabling its corresponding photons to be long con-
fined within the high-quality-factor L3 cavity. Consequently,
the P; peak exhibits a prominent, narrow line shape. Con-
versely, the P, and P; peaks exceed f.y, allowing their cor-
responding photons to efficiently couple into and propagate
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along the waveguide, resulting in a shallow, broad line shape.
The inset shows that |C, (¢)|* undergoes an oscillatory process,
indicating that the QE mainly evolves under strong coupling.
Comparing Figs. 1(b) and 2(c) reveals that below the cutoff
frequency, {C_‘e(a))‘2 overlaps less with Mg, (@) and more
with Mg, (@), leading to smaller T, (@) than Ts,, (@).
Above the cutoff frequency, |C, (®) |2 overlaps more with
Mgy, () and less with Ms, . (@), leading to larger T, (®)
than T, (@), as shown in Fig. 2(d). From Eq. (10), we obtain
Ny = 0.543 and Ng,; = 0.457, respectively. These findings
suggest that photons can propagate both along the waveguide

and through the background, with comparable probabilities.
To further investigate how the QE’s dynamics influence
photon propagation along the waveguide, we varied the QE’s
transition frequency, fy, from 193.578 THz to 193.618 THz,
and its vacuum lifetime, 7y, from 3 ns to 150 ns. We calculated
Ny, as a function of fy and 7y, denoted by Ng, (fo,70), us-
ing Eq. (10). The numerical values and contour lines of Ng,,
are shown in Fig. 3. For any given 7y, N, increases mono-
tonically with fy. Especially, as fy approaches f.y, the con-
tour lines become denser, signifying a sharp increase in Ng;.
This is attributed to the substantial increase in overlap between
|c‘e(co)}2 and M, (®). Additionally, for a given fy, if fo
is around or below feu, Nsy,; decreases monotonically with
Ty, consistent with our discussion in Fig. 2. However, if fj is
around or above foy., the situation is reversed, and N, in-
creases monotonically with 7y, except for small 7y. This is
because as 7y decreases, the increased coupling strength leads
to a larger Rabi splitting. The peak in |C_'e () |2 with frequency
lower than fj is redshifted, bringing its frequency closer to or
even below f.,.. Consequently, the overlap between |C_'e () |2
and My, (®) decreases, resulting in a lower Ng,,;. The op-
posing monotonicity of N, with respect to Ty on either side
of feur leads to an invariant behavior for Nsy,; near feur. As
shown by the contour lines, when fy ~ 193.611 THz, N, is
nearly stable at 0.8, except for small 7y, demonstrating robust-
ness against variations in the QE’s transition dipole moment.

NSWG (fO?TO)

150

100

7o (ns)

o
193.60
fo (THz)

193.58  193.59

Fig. 3. Photon number of the mode set Swg, Ny, as a function of the
QE’s transition frequency fp and lifetime in vacuum 7y. Black curves are
contour lines of Ny -

4. Conclusion

This work presents a comprehensive theoretical frame-
work for quantitatively calculating the MPNDS of a system
composed of a single two-level QE and an arbitrary dielectric
structure. We find that the MPNDS is determined by the modal
PLDOS and the QE’s evolution spectrum, both of which can
be calculated using established methods. The versatility of this
framework is demonstrated through its successful application
to a PhC slab system featuring an L3 cavity and waveguide
coupled to a QE. Our results reveal that the MPNDS strongly
depends on the QE’s transition frequency and transition dipole
moment. By adjusting the QE’s transition dipole moment,
we demonstrated control over the photon propagation: when
the QE’s transition frequency lies below the cutoff frequency,
weak coupling favors background propagation, while strong
coupling enables bidirectional propagation along both waveg-
uide and background channels. We find that the monotonic
relationship between photon number and transition dipole mo-
ment is reversed as the transition frequency crosses the waveg-
uide cutoff frequency. Near this crossover, the photon number
exhibits robustness against variations in the transition dipole
moment. Future work will address the robustness of the inte-
grated power spectrum, defined as ﬁ =8 ('rp, a)) dw, incor-
porate material dispersion, and extend the framework to multi-
ple emitters, thereby deepening our understanding of quantum
optical phenomena in realistic nanophotonic devices.

Appendix A

Al. Relationship between coupling coefficient and modal
volume

The modal volume V), for mode A is defined as*"!
e @) B ()P d*

7 [er) 1 (r)P]

If the modal field E; (r) is normalized and the QE is po-
2, then we have

sitioned at the maximum of € (r)|E; (r)

V, = ——L— . Consequently, the coupling coefficient g
&(r0)| By, (ro)|

can be expressed as

gy = —ia)g(zgoﬁa)l)il/zdo |El (7‘0)‘0089

= —imyRepliwy e (ro) Vo] 2 docosd,  (Al)

where 6 is the angle between dy and E; ().

A2. Connecting the CMT Hamiltonian to Eq. (1)

CMT describes a dielectric system’s properties based
on individual subsystems and their interactions. For a two-
subsystem example, each with a single resonant mode, the

Hamiltonian is!*!]

Hem = hob| by + hobiby + fisbby + his*bib),  (A2)
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where by (bi) and b, (b;) represent the photon annihilation
(creation) operators for each subsystem’s mode, @ is the res-
onant frequency and s is the coupling coefficient. Using the
transformation

(A3)

and commutation relations [b;,b;] = 0, [b,»,bq = §;j, we get

[ai ) aj]
nian into independent dressed states

0 and {a,, } = 6;; . This diagonalizes the Hamilto-

Hgy = hoy aJerll + ﬁaha;ab (A4)

with @ = @ — |s| and @, = @+ |s|. Extending Eq. (A4) to

multiple non-resonant subsystems and adding a two-level QE,
we arrive at the Hamiltonian in Eq. (1).

A3. Linking ps (0) to I3 (®)
To verify Eq. (8), substitute

gy = —iay (2e0fiwy) "2 By, (ro) - do

into Eq. (7), yielding

nd?o?
L(w) =" )

~ 12
A (ro)-do| 8(@—ay).  (AS)

Combining with Eq. (6), we obtain

nd}w}
gho

Iy (w) = ps (@). (A6)

In vacuum, the spontaneous emission rate of a QE is/>]

w3d3
~ 3nheycd (A7)
The PLDOS in vacuum is!?*!
2
®
po (o) = 323 (AB)

Combining Egs. (A6)—(A8), along with Ms(w) =

ps (®)/po (w), equation (8) can be verified.

Ad. Linking Ms () to radiated power

Previous work shows that for a dipole at position 9 with

dipole moment d (1) = wexp(—iwr)dy, its radiated power

is [42]

1 .2
P(0) = 7020 L | By (ro)-do| 8 (@—@1),  (A9)
A

which indicates that each mode A contributes independently to
the total radiated power. Thus, restricting the summation over

A to the mode set S yields the dipole’s radiated power of this
mode set, i.e.,

1
PS((D) = 17[[.12(1)2 Z ‘EA ’I'() do‘ 5((1)—0)1). (AIO)
A€S

Combining with Eq. (6), we get

1
Ps(w) = 171’0’ ps (0). (A1)

Applying this equation to the case of vacuum and taking S as
the universal set Sy, we get

1
R (0) = ;mp’e’p (o), (A12)

where Py () is the dipole’s radiated power in vacuum. From
Egs. (A11) and (A12), along with Ms (@) = ps(®)/po (@),
we obtain

Ps(w)
Py (@)’

which reduces the calculation of modal M factor to that of clas-

MS ((})) =

(A13)

sical radiated power.

AS. Power spectrum: A green’s function representation

The power spectrum can be equivalently expressed
2530311

2

S (rp,0) = s |G (v, 70, 0) - do) <cﬂ (o) o (a))>, (A14)

where G (rp,ro, a)) represents the dyadic Green’s function,
o_(w) =
Joo o—(t) e'®dt is the local dipole or polarization spectrum
in the Heisenberg picture. To transform Eq. (A14) into the

connecting a source at 7 to a field point at 7.

Schrodinger picture, we write
o (1) [®(0)) = eio_e i W (0))
= il | (1))
= Co(t) ei™ |g, {0})
= C.(1)[g.{0}).

Consequently, we can express <0'i (w)o_ (w)> as

(A15)

<crT (@)o- <w>>
=)

\/ il

= |Ce (o

Substituting Eq. (A16) back into Eq. (A14), we arrive at the
power spectrum expressed in the Schrodinger picture

)e*iw&dtz/ o (1) |¥(0)) ¢ @ di,
0

m)tdt

| (A16)

? ; )
S(rp, ) = ad |G (rp,70,0) -d| |Cc (@)|".  (A17)
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A6. Tuning effective lifetime via dipole orientation

The coupling strength g; shown in Eq. (Al) is pro-

portional to dpcos8. Thus, we can define an effective

dipole moment dj, with magnitude dj, = docos 0 aligned with
E) (ry). This leads to an effective vacuum lifetime 7, =
3mhigge? /(W3 dE) = Tyac/cos* 6. Obviously, a QE with dipole
moment dy or lifetime Ty, at angle 0 to E; (1) interacts iden-

tically to a QE with dipole moment d;, or lifetime 7,

aligned
with E; (7). The vacuum lifetime discussed in this paper can

thus be interpreted as the effective lifetime 7,,.. By varying 6,

we can tune T/

vac 1TOM Ty, to infinity, effectively controlling

the coupling strength, as demonstrated in previous studies. +!
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