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We study the influence of disorder on the Moore–Read state by principal component analysis (PCA), which is one of
the ground state candidates for the 5/2 fractional Hall state. By using PCA, the topological features of the ground state wave
functions with different disorder strengths can be distilled. As the disorder strength increases, the Moore–Read state will be
destroyed. We explore the phase transition by analyzing the overlaps between the random sample wave functions and the
topologically distilled state. The cross-point between the amplitudes of the principal component and its counterpart is the
phase transition point. Additionally, the origin of the second component comes from the excited states, which is different
from the Laughlin state.
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1. Introduction

The fractional quantum Hall effect remains one of the
most interesting strongly correlated systems for electrons
moving in an effective two-dimensional manifold.[1] Gener-
ally speaking, the ground states of the fractional quantum Hall
(FQH) liquid are incompressible and exhibit topological or-
der, a form of order that does not rely on any symmetry of
the system.[2] The most powerful numerical tool for studying
the FQH states is exact diagonalizing a microscopic Hamil-
tonian for a small number of electrons or other advanced
numerical methods, such as the density-matrix renormaliza-
tion group (DMRG) invented by White[3–8] or the matrix-
product state (MPS).[9] Theoretically, the numerical calcula-
tion can be applied to different geometries for different pur-
poses. For a sphere or a torus, we typically investigate the
bulk topological properties, unaffected by edge effects, in-
cluding the ground state topological degeneracy and magneto-
roton excitations.[10–12] For disk or cylinder geometries, we
can study edge physics,[13] such as edge reconstruction,[14–18]

quasi-particle interference[19–29] and edge tunneling.[30–36]

However, for disk geometry, it can also be utilized to inves-
tigate bulk properties in recent research, such as the bulk gap
and collective magneto-roton excitations.[37,38] The bulk en-
ergy gap can be obtained between the lowest two states within
the center of mass system.

Different FQH states can be represented by model
wave functions, which are typically derived by diagonalizing
the pseudopotential Hamiltonians introduced by Haldane[39]

and Jack polynomials, which are homogeneous symmetric
polynomials specified by a rational parameter and a root
configuration.[40] For example, for the unambiguous Laugh-
lin state, which can be obtained from the model Hamiltonian
with V1 interaction, its spectrum of magneto-roton excitations
exactly match those from the sphere geometry. For a non-
Abelian FQH state, such as a Moore–Read state at ν = 5/2, it
can be derived by diagonalizing the model Hamiltonian with
V3 interaction, whose nature has been debated since its dis-
covery three decades ago,[41] a Majorana neutral mode exists
which is the heart of its non-Abelian topology. It is differ-
ent from a Laughlin state, whose topological properties are
reflected through the edge mode counting[42] and the struc-
ture of the entanglement spectrum.[43] However, the electrons
interact via the Coulomb potential supplemented with modifi-
cations such as finite sample width and Landau level mixing
in experiments. Furthermore, disorders are essential for the
quantum Hall plateau and they give rise to a corresponding ef-
fective potential. Due to these reasons, there are some ground
state candidates for ν = 5/2, such as the Moore–Read Pfaffian
state, the anti-Pfaffian state and the particle–hole Pfaffian state.
The interaction is always anisotropic in realistic systems. The
interaction anisotropy can also be an in-plane magnetic field,
thereby disrupting the symmetry of the system and introducing
an additional degree of freedom.[44] For a Laughlin state, the
model wave function corresponding to the anisotropy can be
obtained by unimodular transformation of the isotropic ground
state.[45] The anisotropy factor can also be obtained by prin-
cipal component analysis (PCA).[46] When the anisotropy is
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large enough, the system transitions to another phase and the
spectral gap is closed. For a disorder effect, the strength is
weak and the topological properties of the ground state are
robust. When the disorder strength is comparable to the elec-
trons’ interaction, the ground states will be destroyed and the
phase transition occurs. Meanwhile, when the mobility gap
closes, the topological Chern number calculation[47] shows
that the phase transition occurred. Also, a collapse of degener-
acy and a crossing of energy levels can characterize the phase
transition point.[48] For a Laughlin state, many methods can
detect this phase transition, such as disordered-averaged en-
tanglement entropy and level statistics.[49–52] Can we explore
the phase transition for a non-Abelian 5/2 state, such as the
Moore–Read state? In fact, all the information is involved in
the ground state. For example, we can calculate fidelity[51]

and tunneling matrix element[53] of a Laughlin state from its
ground state. So, we can explore the phase transition of a
Moore–Read state with a disorder effect in its ground state
momentum subspace.

At the same time, the development of machine learning
(ML)[54] has brought new research methods to various fields.
It can be used to identify phases and phase transitions.[55,56]

For large amounts of data from complex systems, ML can
effectively identify the relationships between them. More-
over, unsupervised ML can reveal hidden features without
labelling.[57] PCA, which is a type of unsupervised ML, has
been shown to effectively discriminate different phases.[58]

Now, it has been used to identify the phase transition of a
ν = 1/3 quantum Hall state.[59] In this paper, we will explore
the phase transition of a Moore–Read state with rotational dis-
order on the disk geometry by using PCA. We can study the
bulk phase transition on the disk because the spectrum of the
magneto-roton excitation exactly matches that of the sphere
geometry. The energy gap can be obtained by the energy dif-
ference between the first excited state and the ground state
in the ground state angular momentum sector. We feed the
ground state wave functions into the PCA, which are obtained
by diagonalizing the model Hamiltonian with different disor-
der strengths. Then we show a way to extract the phase transi-
tion point from the Moore–Read FQH state to the insulator. At
the same time, the ground state wave functions with disorder
have more complex impact factors. We can identify the lower
and higher energy excitations in the clean energy spectrum by
PCA, with results that are different from the Laughlin state.

The rest of this paper is arranged as follows. The model
and methods are introduced in Section 2. In Section 3, the
topological state can be distilled by wave function overlaps. In
Section 4, the critical point is explored from overlaps by PCA,
and the results are consistent with the critical disorder strength
obtained by using a closed energy gap. In addition, the origins

of some principal components are presented. Conclusions and
discussions are arranged in Section 5.

2. Model and method
Our model focuses on the Moore–Read state, which was

proposed by Moore and Read[60] for a half-filled lowest Lan-
dau level or its particle–hole conjugate[61–63] on the disk ge-
ometry. The many-body model wave function can be obtained
by exactly diagonalizing a model Hamiltonian for a three-body
interaction. The wave function for the Moore–Read state is ex-
pressed as

ΨMR(z1,z2,z3, . . . ,zN)

= Pf
( 1

zi− z j

)
∏
i< j

(zi− z j)
2e
−∑

i

|zi|2
4
. (1)

The specific form of the three-body Hamiltonian is[64]

H3B =− ∑
i< j<k

Si jk[∇
2
i ∇

4
jδ (𝑟i−𝑟 j)δ (𝑟i−𝑟k)], (2)

where Si jk is a symmetric operator defined as S123[ f123] =

f123 + f231 + f321. In the actual system, the three-body in-
teraction comes from Landau level mixing. In addition, the
three-body Hamiltonian can also be represented by the projec-
tion operator

H3B = ∑
M

∑
i< j<k

|ψM(i, j,k)〉〈ψM(i, j,k)|, (3)

ψM(i, j,k) is three-body wave function

ψM(z1,z2,z3) = BM(z1 + z2 + z3)
M−3J(z1,z2,z3), (4)

where J(z1,z2,z3) = (z1− z2)(z1− z3)(z2− z3) is the Jastrow
factor and the normalization factor BM is

BM =
1

(2π)3/2

√
3M−4

2M+2(M−3)!
, (5)

the M is total angular momentum. After the second quantiza-
tion, the three-body Hamiltonian can be expressed in the oc-
cupation number space as

H3B = ∑
m1<m2<m3

∑
m4<m5<m6

U({mi})

× c†
m1

c†
m2

c†
m3

cm4cm5cm6 , (6)

where U({mi}) is the coefficient. The total angular momen-
tum M = m1 +m2 +m3. For an N-electron system, the to-
tal angular momentum of the Moore–Read state is MMR =

N(2N−3)/2.
In general, the translational symmetry of the system is

broken after introducing the disorder. We always need to
do sample averaging and the translational symmetry recovers
when the disorder is randomly distributed and the number of
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the disorder is large enough. Here, for simplicity, we consider
an uncorrelated random potential

HD = ∑
m

Umc†
mcm, (7)

where Um is a random number by uniform distribution in the
range [−W,W ]. This potential maintains rotational symme-
try because we assume that the disorder effects are averaged
firstly in each Landau orbit. It ensures that the total angular
momentum remains a good quantum number. We will focus
on the ground state angular momentum sector of the Moore–
Read state to explore its disorder effect.

PCA can reduce the dimension of data and extract the
principal information. In this work, we feed the ground state
wave functions with different disorders to PCA as input data.
The disordered wave functions can be expressed as

|Ψsample〉= |ψW n
m〉=

D

∑
i=1

cW n
m

i |i〉. (8)

Here, m is the index number of disorder strength and n is the
sample index, and D is the dimension of Hilbert space. We
can construct a matrix of (M×N)×D, where M is the number
of disorder strengths, and N is the number of samples for each
disorder strength. The input matrix can be obtained as

𝑋 =



cW 1
1

1 cW 1
1

2 . . . cW 1
1

D
...

... . . .
...

c
W N

1
1 c

W N
1

2 . . . c
W N

1
D

cW 1
2

1 cW 1
2

1 . . . cW 1
2

D
...

... . . .
...

c
W N

2
1 c

W N
2

1 . . . c
W N

2
D

...
... . . .

...

cW N
M

1 cW N
M

2 . . . cW N
M

D


. (9)

PCA is similar to singular value decomposition (SVD). Using
SVD to decompose the 𝑋 matrix,

𝑋 =𝑈𝛴𝑉 T, (10)

where 𝑉 is a D×D matrix which contains the eigenvectors
of matrix 𝑋𝑋T. 𝛴 is a diagonal matrix whose diagonal ele-
ments squared are the eigenvalues of 𝑋𝑋T. The eigenvalues
are called the explained variance ratios (EVRs).

To study the disorder effect of the Moore–Read state, we
will focus on two situations. The first one is that we feed
ground state wave functions with a fixed disorder strength to
PCA and the second situation is that we feed the ground state
wave functions with mixed disorder strengths

𝑋 =


W0.1
W0.2

...
Ws



to PCA. The former can extract topological information with
different disorder strengths. Meanwhile, the latter can iden-
tify the critical phase transition point of the Moore–Read state
with a disorder effect.

3. Topological state distillation

To explore the disorder effect of the Moore–Read state,
we plot the histograms of the overlaps between disordered
ground state wave functions and the Moore–Read state wave
function. For a 10-electron system, we have studied more than
1000 sample overlaps. As shown in Fig. 1(a), the frequencies
are predominantly distributed within the range [0.99, 1.0] for
W = 0.20 strength, with a peak at 0.997 and a slight leftward
tail. This indicates that the Moore–Read state is robust with
small disorder strength. In contrast, Fig. 1(b) shows the his-
togram for W = 2.90, where the frequencies are concentrated
in the range [0.0, 0.2], with a peak at 0.0 and a long right-
ward tail. This distribution demonstrates that the Moore–Read
state is destroyed with a larger disorder strength and transi-
tions to a new phase. The significant difference between these
two histograms indicates a phase transition occurring between
disorder strength W = 0.20 and W = 2.90.
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Fig. 1. For a 10-electron system, the histograms of the overlaps between
the Moore–Read state and the ground states with disorder strengths
W = 0.20 (a) and 2.90 (b). More than 1000 samples are studied.
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Take a 10-electron system as an example, as shown in
Fig. 2. The first ten (EVRs) λi are plotted. Figure 2(a) is plot-
ted with disorder strength W = 0.20, the first EVRs λ1 = 0.77
are much larger than the second EVRs λ2 = 0.071 and the
others are nearly zero. The inset plot shows the first five log-
arithmic EVRs for straightforward comparison. Figure 2(b)
is plotted with disorder strength W = 2.90, the first EVRs λ1

are still larger than the other values; however, all values are
smaller than the results in Fig. 2(a). The wave function Ψλi is
the ith component, which is the ith column of 𝑉 T for SVD. For
the most important component, which is the first component
in two cases, is it a topological state analogous to a Laughlin
state? So, we study the overlaps between the first component
wave function and the Moore–Read state wave function. The
two results are close to 1 for disorder strength W = 0.20 and
W = 2.90. It gives us a hint that we can extract the topological
Moore–Read state from disordered states, even if the disorder
states have negligible overlaps with the Moore–Read state.
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N=10, W=0.20
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Fig. 2. For a 10-electron system, the EVRs are plotted for fixed disor-
der strengths. The first ten EVRs are plotted for W = 0.20 in (a) and
W = 2.90 in (b). The inset plot shows the first five logarithmic EVRs,
respectively.

To verify that the topological Moore–Read state can
be extracted, we have studied the overlaps between the
Moore–Read state and the first component obtained from
different disordered systems, such as an (N = 6,8,10,12)
electrons system with different disorder strengths (W =

0.20,0.50,0.80, . . . ,2.60). These results are shown in Fig. 3.
For the different system sizes with smaller disorder strength,
the overlap values |〈ΨMR|Ψλ1〉|

2 are 0.99 or even close to 1.
Interestingly, the overlap values are still larger than 0.95 for
stronger disorders, which have almost 0 overlaps between the
Moore–Read state and disordered states. In these finite sys-
tems, we could conclude that the Moore–Read state can be dis-
tilled in disordered states by PCA. The PCA can facilitate the
uncovering of latent topological information in a non-Abelian
quantum Hall state.

1.00
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0.94
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6 8 10 12 14

N
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Y

M
R
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l
  >
|2

1
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W=1.10
W=1.40
W=1.70
W=2.00
W=2.30
W=2.60

Fig. 3. The overlaps between the Moore–Read state ΨMR and the
first component Ψλ1 are analyzed for different disorder strengths (W =
0.20,0.50,0.80, . . . ,2.60) and different system sizes (N = 6,8,10,12).
The y-axis presents the overlap values |〈ΨMR|Ψλ1 〉|

2, ranging from 0.92
to 1. Different disorder strengths are plotted with different colors.

4. Quantum phase transition of the Moore–
Read state
In the previous section, we have discussed that PCA can

extract the topological state (Moore–Read state) in disordered
states. However, the histogram in Fig. 1 shows that the ground
state has changed with a larger disorder strength. Meanwhile,
the critical disorder strength falls within the range of [0.20,
2.90] and the ground states have a corresponding phase tran-
sition. For exploring ground state phase transitions, we feed
the mixed disordered ground states into PCA. The disorder
strengths vary from 0.1 to 2.9 with an interval of 0.1. For each
disorder strength, there are more than 1000 samples, which are
calculated by diagonalizing the model Hamiltonian in ground
state space. As shown in Fig. 4(a), the first EVRs for each dis-
order strength are plotted. The values decrease smoothly as the
disorder strengths increase. It shows that the ground state will
be destroyed from a topological state to another state. It seems
that all the components cannot be negligible with a strong
enough disorder strength. We can find the results in Fig. 4(b),
where EVRs for mixed disorder strength until Ws = 2.90 are
plotted. At the same time, we know that the first leading com-
ponent Ψλ1 contains the dominating features in the mixed dis-
ordered dataset and the dominating feature is the topological
Moore–Read state.
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Fig. 4. For a 10-electron system, more than 1000 samples for each dis-
order strength have been fed to the PCA to extract the components. The
input dataset is mixed disorder strengths. (a) The first EVRs λ1 as a
function of mixed disorder strength. (b) The EVRs for a mixed disor-
der strength until W = 2.90. The inset plot provides logarithmic-scale
EVRs for the first five principal components.
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Fig. 5. Averaged sample projection square to the leading compo-
nents. The black stars represent the averaged amplitudes of the sam-
ple wave functions on the first principal component wave function
|〈Ψsample|Ψλ1 〉|2. The green squares represent the sum of the averaged
amplitudes of the sample wave functions on the other principal com-
ponent wave functions 1− |〈Ψsample|Ψλ1 〉|2. The blue-green gradient
squares are the sum of averaged amplitudes from the second principal
component to jth principal component ∑

i= j
i=2 |〈Ψsample|Ψλi 〉|2.

Physically, PCA redistributes the data into a new set of
complete basis |Ψλi〉. The quantity |〈Ψsample|Ψλi〉|

2 can be
named as the amplitudes of the principal components. Due
to a large amount of samples, the amplitudes need to be av-
eraged over all samples as |〈Ψsample|Ψλi〉|2. We investigate
the amplitudes in each disorder sector separately. The value
of amplitude drop to 50% means that the ground state has

been destroyed by the disorder from the first leading com-
ponent to some other components. In this section, we turn
to the amplitudes of the principal components |〈Ψsample|Ψλi〉|2

to study the phase transition. For a 10-electron system, the
ground state wave functions of twenty disorder strengths vary
within the range from 0.1 to 2.0, with an interval of 0.1. The
mixed disorder wave function dataset is fed to the PCA sep-
arately and twenty averaged amplitudes can be obtained. In
Fig. 5, we plot the curve of the amplitudes. As an example, the
black stars are the averaged amplitudes of the first component
|〈Ψsample|Ψλ1〉|2. As disorder strength increases, the averaged
amplitudes decrease. It means that the importance of other
components increases. Then we plot the sum of averaged am-
plitudes from the second to ith components in green squares.
Because the new basis |Ψλi〉 is complete, the sum of averaged
amplitudes is exactly 1− |〈Ψsample|Ψλ1〉|2 as i is the dimen-
sion of the ground state space. We can see that the values of
the sum averaged amplitudes increase with increasing disor-
der strength. In addition, the sum of the averaged amplitudes
of the first ten components |〈Ψsample|Ψλi〉|2 are shown from
dark-blue to green squares. The curves of |〈Ψsample|Ψλ1〉|2

and 1− |〈Ψsample|Ψλ1〉|2 have a crossing point. The disorder
strength of the crossing point is Ws(PCA) = 1.436. It indi-
cates that the state has an equal probability entering the Ψλ1 or
other components Ψλi .

Utilizing the same analytical method for other electronic
systems (N = 6, 8, 12), the critical disorder strengths Ws(PCA)

have been obtained. For these finite size system results, we can
explore a scaling relation between critical disorder strength
Ws(PCA) and system size N = 6, 8, 10, 12. In the thermo-
dynamic limit as N −→ ∞, the critical disorder strength can be
fitted as shown Fig. 6(a). We try to adopt the polynomial to fit
the critical disorder strength for simplification

C
( 1

N

)
= 110

( 1
N

)2
−27.11

( 1
N

)
+3.0. (11)

The y-intercept Ws(PCA) = 3.045± 0.046 is the critical
disorder in the thermodynamic limit. This critical value indi-
cates the collapse of the Moore–Read state. These Moore–
Read states are obtained by diagonalizing the V3 interac-
tion. However, the critical disorder strengths of Laughlin
Ws(PCA) ≈ 0.4 are obtained by diagonalizing the V1 interac-
tion. If we explore the Coulomb interaction in the two cases,
we can get the result that it is more difficult to maintain the
Moore–Read state.

For comparison, we explore the critical disorder strength
with some other methods, such as the energy gap between the
first excited state and the ground state. It can be defined as
∆E = E1−E0. We have examined energy gaps with differ-
ent disorder strengths and different system sizes. For the fixed
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disorder strength, more than 1000 ∆E can be averaged in a spe-
cific system. For different systems (N = 6, 8, 10, 12), we can
plot the averaged energy gap ∆EW with system sizes (1/N).
The energy gap of the thermodynamic limit can be extracted
as ∆E lim

W . As shown in Fig. 6(b), thermodynamic limit energy
gaps ∆E lim

W of different disorder strengths from 0 to 2.9 have
been obtained. After scaling between ∆E lim

W and the disorder
strength, we can extract the critical disorder in the thermody-
namic limit, where the energy gap is closed.

∆E lim
W =−0.041W 1.38 +0.2. (12)

From Eq. (12), we can get the energy gap closing by solv-
ing the x-intercept. The disorder strength can be obtained as
W = 3.132±0.030 when the energy gap is closed. The results
agree with the PCA result Ws(PCA) = 3.045±0.046. The re-
sults of critical disorder strength in the thermodynamic limit
prove that PCA can be used to explore the phase transition for
a Moore–Read state.
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Fig. 6. The critical disorder strengths Ws(PCA) by PCA and energy
gaps between the first excited state and the ground state are extracted,
respectively. (a) The scaling of Ws(PCA) as a function of 1/N with
N = 6, 8, 10, 12. The critical disorder is Ws(PCA) ≈ 3.045 in the
thermodynamic limit. (b) The energy gaps in the thermodynamic limit
∆E lim

W . They are obtained from the scaling of different system sizes for
each disorder. Then the critical disorder strength is W = 3.13, which
means zero energy gap in the thermodynamic limit.

After analyzing the phase transition from overlaps be-
tween components and wave functions of samples, we are cu-
rious about the origin of these components. In previous sec-
tions, we have learned that the first component state Ψλ1 is the
topological Moore–Read state. It can be proven by calculating
overlap between Ψλ1 and the ground state ΨE1 , for which ΨEi

are states of the free disorder system in the same momentum
sector M = N(2N− 3)/2. However, what is the origin of the

components apart from the topological one? We should notice
that we have performed extract diagonalization in individual
momentum sectors of the Moore–Read state. So, these com-
ponents should all come from the same momentum sector. In
Fig. 7 we have calculated the overlaps between the first ten
components and the states of the free disorder spectrum. The
values of the overlaps are labeled using colors. At the same
time, the states of the free disorder energy spectrum are labeled
using a black bar for comparison. The first components are la-
beled 1 in x-axis by a red bar. Where are the other components
(components = 2, . . . ,10) that contain the remaining informa-
tion about the dataset? We can find that they come from the
low energy excited states, apart from the second component
Ψλ2 in (a). The second component comes from the higher ex-
cited state in (b).
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Fig. 7. The origin of the principal components extracted from PCA re-
sults in a 10-electron system. The colored bars are the states that have
nonzero overlaps |〈Ψλi |ΨEi 〉|2. The states ΨEi are the energy spectrum
of the free disorder system, which are labeled with a black bar. The
colored bars range from 0 to 1. (a) The first ten principal components
Ψλi except the second Ψλ2 are extracted from the lower excitation states.
(b) The second principal component Ψλ2 is extracted from higher exci-
tation states.

5. Conclusion
In conclusion, we have studied the impact of disorder in

a Moore–Read state, which is a candidate ground state for an
ν = 5/2 fractional quantum Hall system. In previous studies,
the critical disorder of a fractional quantum Hall to insulator
transition was obtained from the mobility gap. By using the
degrees of freedom in the center of mass system, the bulk en-
ergy gap can be obtained in disk geometry for the thermody-
namic limit. In this study, we have explored the related physics
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in a disordered system in disk geometry, such as phase transi-
tion and topological state extraction. The main point in this
work is the use of an unsupervised machine learning method,
i.e., PCA. We can extract physics without labeling input data.

PCA is a useful method to reduce the dimensions of in-
put data. It can be used to extract the dominant characteris-
tic. Firstly, we have studied how topological state can be ex-
tracted in disordered systems, regardless of whether the dis-
order strength is weak or strong. By calculating the over-
laps between the first component and the Moore–Read state,
it is proven that the first component is the topological Moore–
Read state. As we project the input data onto the princi-
pal component wave functions, the phase transition can be
obtained from the crossing of projections. After doing the
same analysis in some even-finite systems, such as N = 6,
8, 10, 12 electron systems, the critical disorder approximates
as Ws(PCA) = 3.045 in thermodynamic limit, which is con-
sistent with the results obtained from the ground state energy
gap results W = 3.132. Interestingly, we have found that the
other components come from lower excited states, except the
second component. This is different from the Laughlin state,
where all components come from lower excited states. After
analysis of the overlaps between components and the states
of a free disorder system, the second component is found to
come from a higher excited state. The critical disorder of the
Laughlin state approximates to around W = 0.4 by analyzing
the model Hamiltonian with V1 interaction. If we study the
model of Coulomb interaction with more realistic impurities,
the Moore–Read state is typically more difficult to maintain.
We will do more related work in the future. We also need to
do more work to explore the relationship between components
and non-Abelian properties in the future.
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