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Physics informed neural networks (PINNs) are a deep learning approach designed to solve partial differential equa-
tions (PDEs). Accurately learning the initial conditions is crucial when employing PINNs to solve PDEs. However, simply
adjusting weights and imposing hard constraints may not always lead to better learning of the initial conditions; sometimes
it even makes it difficult for the neural networks to converge. To enhance the accuracy of PINNs in learning the initial
conditions, this paper proposes a novel strategy named causally enhanced initial conditions (CEICs). This strategy works
by embedding a new loss in the loss function: the loss is constructed by the derivative of the initial condition and the
derivative of the neural network at the initial condition. Furthermore, to respect the causality in learning the derivative, a
novel causality coefficient is introduced for the training when selecting multiple derivatives. Additionally, because CEICs
can provide more accurate pseudo-labels in the first subdomain, they are compatible with the temporal-marching strategy.
Experimental results demonstrate that CEICs outperform hard constraints and improve the overall accuracy of pre-training
PINNS. For the 1D-Korteweg—de Vries, reaction and convection equations, the CEIC method proposed in this paper reduces
the relative error by at least 60% compared to the previous methods.

Keywords: initial condition, physics informed neural networks, temporal march, causality coefficient
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1. Introduction

Partial differential equations (PDEs) are ubiquitous in
natural sciences, as they describe various phenomena that de-
pend on rates of change in space and time. For example,
convection equations, heat conduction equations and diffu-
sion equations are PDE models for communication systems,
acoustic behavior, fluid dynamics, heat dissipation, weather
patterns, disease progression, and cellular dynamics. The time
evolution of a typical PDE can be viewed as a sequence of pro-
cesses that act on linear and nonlinear combinations of spatial
differential operators. The numerical solution of PDEs is a
challenging and active area of research in applied mathemat-
ics and computational science. PDEs also play a crucial role
in modeling complex phenomena.

Neural networks constitute a highly popular field at
present, demonstrating exceptional performance across vari-
ous domains, such as computer vision, natural language pro-
cessing, and the petroleum industry. For example, Zha!?7-?8]
applied neural networks to the petroleum sector and achieved
remarkable results. Further, neural networks have been in-
creasingly employed in recent years for the numerical solu-
tion of PDEs, owing to their robust function approximation
capabilities. Various methodologies have been proposed to uti-
lize neural networks for approximating PDE solutions or infer-
ring parameters within PDE models. For instance, Lagaris!!]

TCorresponding author. E-mail: 2022111481 @mail.hfut.edu.cn
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introduced artificial neural networks (ANNs) to approximate
the solutions of PDEs by using spatial coordinates as in-
puts. Dong!?! applied convolutional neural networks (CNNs)
to learn the differential operators associated with PDEs and
facilitate parameter inversion. Liul*! developed a comprehen-
sive framework for addressing initial value and boundary value
problems in differential equations through automatic differen-
tiation techniques. Sirignano!*! presented the deep Galerkin
method, demonstrating that neural networks can achieve high-
accuracy solutions for a specific class of quasi-linear parabolic
PDEs. DeepOnet®! and FNO!°! learned a family of PDEs us-
ing neural networks through operator learning.

The emergence of deep learning frameworks, such as Py-
Torch and TensorFlow, has facilitated the utilization of auto-
matic differentiation tools that can efficiently and accurately
compute the partial derivatives of variables at any given point.
Raissi!”! leveraged this capability to incorporate the partial dif-
ferential loss of an equation into the loss function of a neural
network, coining the term physics informed neural networks
(PINNG).

PINNs can be generalized to handle various types of
differential equations. Pang®! extended PINNs to frac-
tional PINN (fPINNs) for solving fractional differential equa-
tions (FDEs). Shen! successfully used PINNs to solve the

single-phase seepage equation. Mao!!'"! used PINNs with
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residual/gradient-based adaptive sampling methods to solve
PDEs with sharp solutions. In addition, Wang,[*0! Liu,[]

301 and PengP!! have all enhanced the performance

Tian!
of PINNs through diverse methodologies, thereby rendering
PINNs more versatile and broadly applicable.

In PINNS, the residual of PDEs typically receives most at-
tention. Numerous experts have sought to enhance the perfor-
mance of PINNs by improving the distribution of PDE resid-

11 and

[13]

uals, as seen in approaches such as causally-PINNs
failure-informed PINNs.['?! Residual adaptive refinement
and residual adaptive distribution!'*! guide the distribution
of PINN collection points by equation residuals. Addition-
ally, some researchers have imposed stronger regularity con-
ditions on PDE residuals, exemplified by gradient-enhanced
PINNs. [

However, there is a notable scarcity of research focused
on enhancing the learning process for the initial conditions.
This can be attributed to two primary reasons: first, utiliz-
ing surrogate neural networks to impose strict constraints on
the initial conditions is often regarded as a generally feasible
method; second, an overemphasis on learning initial condi-
tions may inadvertently lead to insufficient learning regarding
other loss terms.

However, through experiments in this paper, some pos-
sible failure scenarios are found when using surrogate models
for hard constraints on initial conditions. In addition, Wang!!%!
analyzed the convergence rate of PINNs using the neural tan-
gent kernel (NTK).[!”) Because the eigenvalue of the initial
condition loss is lower, the importance of initial condition
learning is emphasized.

Furthermore, with time, temporal marching strategies
have been increasingly proposed, such as BC-PINNs,['#] time-
march, ') seq2seq,?! PT-PINNs[?!) and X-PINN.[??l A com-
mon feature of such temporal marching strategies is to start
training in a subdomain near the initial conditions, generate
pseudo-labels at the end of training, and then proceed with
training over the entire domain of definition. This feature
makes the learning of the initial conditions more important due
to error accumulation.

In this context, to enhance the accuracy of PINNs in learn-
ing the initial conditions, this paper introduces a novel strat-
egy named causally enhanced initial conditions (CEICs). This
strategy imposes an additional loss on PINNs, which is con-
structed based on the derivative of the initial condition and
the derivative of the neural network output at the initial con-
dition. Experiments demonstrate that this approach exhibits
superior ability in learning initial conditions compared to ad-
justing weights and applying hard constraints.

In particular, the incorporation of higher-order derivatives
allows for stronger constraints to be imposed on the initial

conditions. To address the training challenges associated with
multiple derivative constraints, we introduce a causality co-
efficient as a hyperparameter when using multiple derivative
terms for training. Furthermore, experiments show that CEICs
can be effectively combined with the temporal marching strat-
egy. In this paper, pre-training (PT)-PINNs combined with
CEICs are used as an illustrative example.

This paper is organized as follows. Section 2 introduces
PINNSs and the temporal marching strategy, analyzes the im-
portance of the initial conditions using NTK theory, and ex-
perimentally verifies challenges with hard constraints on the
initial conditions using the convection equation. Section 3
demonstrates the use of CEICs to regularize the initial con-
ditions in PINNSs, discussing the use of causal coefficients in
multi-derivative regularizations. Section 4 compares CEICs
and their combination with PT-PINNS in terms of convection,
reaction, and Korteweg—de Vries equation (KdV) equations,
showing that CEICs have stronger universality and effective
integration with the temporal marching strategy.

2. Preliminary
2.1. PINNs

Let us briefly review PINNs. The time evolution of PDEs
can be uniformly expressed in the following form:

Tlx,t;u(x,7)] =0, t =0, ¢))

where u(x) is the unknown PDE solution, A is operator in
domain of function u(x), B and Z are boundary and initial
operator, respectively.

The PINN is a neural network framework proposed by
Raissi.!”) It leverages the automatic differentiation function of
high-performance deep learning frameworks such as Tensor-
Flow and PyTorch. The fundamental concept involves em-
ploying a fully connected neural network to compute the par-
tial derivative of the neural network N(x, ) with respect to
x through automatic differentiation. This partial derivative is
then substituted into the PDE to evaluate the loss, which sub-
sequently updates the network parameter 6.

There are three loss terms in the training PINNs: equa-
tion loss, initial loss and boundary condition loss, sampling
{citiz12.m. in 2, {bi}iz12..m, in 0Q, {x;}i=12..m, at 1 =0,
the losses can be written as follows:

Lom N Mesute)P £o— 3 (BibcaIP
C_Mc l:1 cl7u cl ) b_Mb 1:1 lau 1 b
c-—i%mx»- WP L= OLi+ @Let Ly (2)

1—MXi:1 is U\ X P = WL le ~¢ Wy Lop.
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Here M., M}, and M, represent the sampling numbers of collec-
tion point, @ represents the weight corresponding to each loss
term, finally, N(x, 0) will be updated by the backpropagation
of L.

2.2. The importance of the initial conditions

The loss function for training PINNSs typically combines
three components: the initial condition loss, the equation loss,
and the boundary loss. However, the relative influence of
these components on the performance of PINNs during train-
ing across the entire domain is not fully understood.

Wang!!! analyzed the training process of PINNs using
the NTK and found that the eigenvalues of the PDE residuals
tend to be significantly larger than the eigenvalues of the ini-
tial conditions. This results in a faster convergence rate for the
PDE residuals compared to the rate of fitting the initial condi-
tions. In some cases, the eigenvalues of the initial conditions
can even dominate the eigenvalues of the PDE residuals.

Based on this analysis, it is suggested that the weights
; assigned to the higher loss components should be dynam-
ically adjusted to ensure that the initial conditions converge
faster. This could potentially improve the overall performance
of PINNSs by ensuring that all components of the loss function
are adequately addressed during training.

Through the analysis of NTK theory, it is evident that en-
hancing the learning of initial conditions can significantly im-
prove a neural network’s ability to converge towards the cor-
rect solution.

On another note, in recent years, temporal decomposi-
tion strategies have gained widespread adoption for improving
the performance of PINNs. Penwarden!>* has generalized this
temporal decomposition strategy. The approach of progressive
learning within the temporal domain is collectively referred to
as a “temporal march strategy”, which includes methods such
as BC-PINN!'”1 and seq2seq-PINNs. 2]

Due to the temporal causality inherent in PDE:s, the initial
conditions exert a considerable influence on subsequent func-
tion values. By focusing on a narrower domain in time ¢, the
temporal march strategy underscores the significance of accu-
rately capturing the initial conditions.

In the temporal march strategy, training consistently be-
gins in a subdomain close to the initial condition, as illustrated
by network 1 in Fig. 1. The inherent temporal causality present
in PDEs means that the initial conditions have a significant in-
fluence on subsequent function values. Within this subdomain,
the impact of the initial conditions on the performance of net-
work 1 is particularly critical. If network 1 is not trained ef-
fectively, its inaccuracies will propagate backward due to the
causal relationship inherent in the PDEs, adversely affecting
the performance of subsequent networks, such as network 2.

Therefore, accurate learning of the initial conditions in the
subdomain is essential to ensure the overall performance of
the PINN in solving PDEs.

Networkl Network2 Network3

I+I+I |
At At At

Fig. 1. Seq2seq?2 learning strategy.

©0000000O0GO OO
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In summary, whether using the standard PINNs to ap-
proximate PDEs or using temporal march strategy to enhance
the performance of PINNS, the initial condition learning is al-
ways very important.

2.3. The challenges with surrogate network

Based on the introduction in the previous section, it is
clearly established that the accurate learning of the initial con-
dition is of utmost importance. As such, it is crucial to develop
a strategy to enhance the learning of this initial condition. One
commonly adopted method to achieve this goal is the utiliza-
tion of a surrogate network architecture within PINNs, which
effectively enforces the initial condition. Specifically, the sur-
rogate network outlined in Eq. (3) is widely employed, en-
suring that the neural network unequivocally fulfills the initial
condition at the initial time.

output = N(x,t,0) x (1 —€') + h(x,0). 3)

However, when employing PINNs to approximate PDEs
that undergo significant changes near the initial condition, a
challenge arises concerning the surrogate networks’ need to
exhibit even more drastic changes compared to the original
network. To illustrate this point, consider a 1D ordinary dif-
ferential equation described by

1
u(0)=0, u'(x) = ——. 4)
© ® 10 Va0
Obviously, u(x) = x, if used by the surrogate networks to
approximate 1(0.01) ~ 0.63, needs the network output value

60%1631 —u(0) = 66.3; in this case, the surrogate networks need

to adopt more drastic changes, which makes it harder for the
neural network to learn.

However, the challenges brought by surrogate networks
are not limited to this. This can be observed when (1 —¢') ap-
proaches 1, at which point this network output can be equiva-
lent to the formula

output = N(x,t,0) + h(x,0). ®)

040701-3
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The function values that original network need to fit

(a)

0.751
0.501
0.251

3 (Vg
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X
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The function values that surrogate network need to fit

(b) 1.00F
0.75
0.50 1
0.25¢

3 0r
—0.25¢
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—0.75}

—1.00L
—1.00

—0.50 0 0.50 1.00
Fig. 2. Different functions need to be fitted when using different networks.

Assume that the PINNs want to approximate f(x,#). This
can be found from formula (5); the neural networks need to
output f(x,t) — h(x,0). This is a duality: on the one hand, it
may make the learning of PINNs simpler; on the other hand,
if the function values at subsequent time steps differ signifi-
cantly from the initial conditions, this may make the learning
of PINNs more challenging, as shown in Fig. 2. Figure 2(a)
shows the function values in the Burgers equation at t = 0.8,
and it is obvious that learning Fig. 2(b) is harder than Fig. 2(a).

In the above, a potentially difficult learning scenario is
presented when using a surrogate network. A specific ex-
ample in PINNs is considered where the convection equation
is learned using the surrogate; the convection equation is de-
scribed as

u u
EJrﬁa—O, xeQ, r€][0,0.1],

u(x,0) =h(x), xe Q,
u(2m,t) = u(0,1). (6)

The h(x) is sin(x) and B is 40 for this experiment, and Fig. 3
shows the solution in the corresponding time domain.

In this experiment, it was observed that utilizing the sur-
rogate network to learn the convection equation led to infe-
rior performance compared to only using the original network.
This can be clearly seen in Fig. 4(a), where despite the surro-
gate network forcing the neural network to satisfy A(x) during
training, this method made it significantly more challenging to
reduce the other two losses. Conversely, Fig. 4(b) depicts the
loss reduction process during standard PINN training for the
convection equation, where all losses were successfully min-
imized. The final loss values for both training methods are
presented in Table 1.

Convection equation

Fig. 3. The solution of convection equation at r = [0,0.1].

Loss decline process

(a) 10°F
1021
o 10!
'c% J Initial loss
S 10— —— Boundary loss
) — PDE loss
8 10~7[ — Derivative loss
— 1010}
1013}
0 5000 10000 15000 20000
Iteration
Loss decline process
(b) —
104t —— Initial loss
—— Boundary loss
102} — PDE loss
% — Derivative loss
= 0
g 10
g 102
—
104
10-6
0 5000 10000 15000 20000
Iteration

Fig. 4. Comparison of the loss decline process.

Table 1. Different loss terms in different cases.

PINNs Surrogate Enhanced initial PINNs PINNs PINNs Adding collection
(w;=1) network condition (w; = 10) (@; = 100) (w; = 1000) point
PDE loss 357x107°  7.27x1073 1.29 x 1073 6.41 x 1073 1.99x107%  2.52x107* 4.08 x 1073
Boundary loss 1.18x 107  2.25x1073 2.95x 1076 3.12x 107 532x 1070 2.04x107* 3.57x 1073
Initial loss 1.97 x 1073 0 6.43x 1078 1.98x 1078 234x107%  856x1078 1.06 x 1073
Derivative loss 3.62%x 1074 0 220%107° 438x 1075 577x1073 1.18x107° 1.32x 1074
Relative loss 725%1073  2.41x1072 6.77x 1074 346x1073  678x1073  9.52x1073 574 %1073
Time/1000 epoches 425s 559s 4.65s 4.26s 426 444 s 5.11s
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In summary, the utilization of a surrogate network can al-
ter the output of the neural network, rendering it non-universal
for certain PDEs. In some instances, this approach can even
exacerbate the difficulty of approximating the PDEs. Conse-
quently, there is a pressing need for a more generalized strat-
egy to enhance the learning of the initial condition.

3. Causally enhanced initial conditions
3.1. Enhanced initial condition

This is inspired by G-PINN,! which indicates the
derivatives of PDE residual also be zero. Afterwards, the gra-
dient of PDE residuals is added to the loss function to enhance
the learning of PDE residual.

Similarly, to enable PINNS to learn better in initial condi-
tions, PINNs should not only satisfy the initial function A(x)
when ¢ = 0, but also ensure that the derivative of the neural
network at the initial time should be equal to /'(x).

Overall, this paper introduces a novel loss function that
incorporates the derivative of the initial condition and the
derivative of the neural network output at the initial condition.
By incorporating this additional loss term in the loss function,
enhanced learning of the initial condition can be achieved.

This may lead to confusion, because the initial condition
h(x) is accurately fitted in standard PINNS, and consequently
its corresponding /' (x) should also be precisely approximated.
However, since the learning of A(x) in PINNs is discretized,
the precision of /'(x) in the discrete setting may, as in Fig. 5,
not be satisfactory. In this case, regardless of how dynamically
the weights are adjusted, overcoming this dilemma in learning
initial conditions remains challenging.

h(x) Initial condition in NN

After the neural
network learns
—_—

Fig. 5. The possible error when PINNSs are learning the initial condition.

Our aim is to enhance the accuracy of learning by apply-
ing the high precision #'(x) to influence the learning of A (x),
compared to the weight adjustment; this is another perspective
of reinforcement learning for initial conditions.

The new loss in PINNS is described as

L= axLls+ oLy + . Li + 0Ly, (7
L4=|N'(x,0) = H(x)]*. (8)
In this paper, the proposed method is applied to convection

equations and used to compare standard PINNs and PINNs
with a surrogate network. In the experiment, all weights are

set to 1 unless specified otherwise, and the network architec-
ture consists of four hidden layers, each with 20 neurons. The
optimizer is trained 20000 times using Adam and then fine-
tuned with the L-BFGS (limited-memory Broyden—Fletcher—
Goldfarb—Shanno optimizer). Table 1 presents a comparison
of different loss terms and relative errors for seven different
training strategies.

The enhanced initial condition (EIC) method achieves
significantly lower initial and derivative losses, indicating a
more precise and efficient performance. Figure 6 illustrates
the loss reduction process when the PINNs employ the EIC
method, and it can be observed that compared to Fig. 4, the
loss is reduced more effectively.

Loss decline process

104+ — Initial loss
Boundary loss
N — PDE loss
o 10% — Derivative loss
=
0L
c; 10
2102
—
104
10-6
0 5000 10000 15000 20000
Iteration

Fig. 6. Loss decline process when enhancing the initial condition.

It is also observed that when PINNs simply increase the
weight of the initial condition, the relative loss and the ini-
tial condition loss are not as low as those achieved with the
EIC method. This suggests that EIC reinforces the learning of
the initial conditions in a different manner. Furthermore, by
increasing the number of collection points at the initial time
(from 256 to 1024), the initial condition loss (1.06 x 10_5) is
also not as good. Figure 7 compares the relative errors be-
tween the standard PINN and the PINN with an added collec-
tion initial enhancement (CIE).

This is also can found that when PINNSs just increases the
weight of the initial condition, the relative loss and the loss of
initial condition are not better than those of the EIC, this in-
dicates that the EIC reinforces learning of initial conditions in
another way.

In addition, by adding the collection points at the ini-
tial time (from 256 to 1024), the initial condition loss (1.06 x
1073 ) is not as low as that obtained by the EIC, and the relative
error (5.74 x 10’3) is not as good. The relative error compar-
ison between a PINN and a PINN with added CIE is shown in
Fig. 7.

The results of this experiment indicate that the EIC is a
viable alternative to the surrogate model. This strategy pro-
vides stronger regularization of the training of PINNs on initial
conditions compared to adjusting weights or adding collection
points.

040701-5
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Absolute error when enhance initial condition

0.010

(a) 6

5

0.008

0.006

0.004

0.002

0.000
0 0.2 0.4 0.6 0.8 1.0

t

Absolute error in standard PINNs

0.010

0.008

0.006

0.004

0.002

= 0.000
0.2 0.4 ‘ 0.6 0.8 1.0

Fig. 7. The comparison of training result.

It is worth noting that since the calculation of the deriva-

tive is consistent with the calculation process of the PDE resid-
ual, the computational cost of adding derivative calculations
for the sampling points in the initial condition is relatively low.

3.2. Enhancement of causality

The initial enhancements presented above demonstrate
significant improvements in the performance of PINNs. Based
on this strategy, a natural recursive idea emerges. If enhanc-
ing the initial condition by learning derivatives is effective, is
it possible to further improve the initial condition by incor-
porating higher-order derivatives as loss terms? Specifically,
one could consider adding the derivative of the derivative (or
even higher-order derivatives) as additional loss terms to fur-
ther regularize the training of PINNs.

As shown in Fig. 8, in contrast to indirect feedback regu-
lation, we can directly exert stronger feedback on the initial
conditions and their derivatives by incorporating additional
derivative loss terms. This approach allows for more precise
control over the initial conditions and their derivatives, poten-
tially leading to improved performance of PINNs.

Feedbac Feedback
h(z) —> h'(m) — h'(z) Feedback
h'(z) ~?1:'
l Feedback

Boundary

Fig. 8. Enhanced initial condition PINNs.

Table 2. Different loss terms when adds the second derivative.

Initial loss Boundary loss

PDE loss

Derivative loss Second derivative loss

Multiple enhances 2.18x 1078 1.76 x 10~°

1.85x 107

6.65 x 1077 9.95x 1072

Loss decline process

—— Initial loss
1031 —— Boundary loss
— PDE loss
10t —— Derivative loss

—— Second derivative loss

Loss value

10000 15000 20000

Iteration

0 5000

Fig. 9. Loss decline process when adding the second derivative.

This idea can be utilized to enhance the loss term men-
tioned above by incorporating a second derivative into the loss
function. The experiments are presented in Fig. 9 and Ta-
ble 2, demonstrating a relative error of 5.44 x 104, However,
it is important to note that the time cost increases from 4.65

seconds per 1000 epochs to 5.42 seconds per 1000 epochs.
This increase is attributed to the fact that, in the original loss
function, there was no necessity for automatic differentia-
tion to compute the second derivative, which is quite time-
consuming.

Adding more derivative terms to the loss function does
not necessarily yield better results. Firstly, it can increase com-
putational costs. Secondly, it may lead to suboptimal conver-
gence due to the presence of multiple loss terms. Address-
ing the descent difficulties encountered by the loss function
composed of multiple loss terms during the gradient descent
process is a challenging problem. For example, when us-
ing enhanced initial conditions to train the one-dimensional
Korteweg—de Vries (KdV) equation, as described by Eq. (9)
and illustrated in Fig. 10, we observed that several loss terms
were difficult to further reduce during the training process, as
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shown in Fig. 11.

u; + uuy +0.0025u,,, =0, x € (—1,1), ¢ €10,0.3],
u(x,0) = h(x) = cos(mx), x€ (—1,1),
u(l,t) =u(—-1,t), t€]0,0.3]. )

It can be observed from Fig. 11 that the PDE residual
is notably challenging to reduce during the training process.
An intriguing observation from the experiment is as follows:
the loss associated with the second derivative (2.40 x 10~7)
is lower than that of the first derivative (2.91 x 10~7), which
clearly undermines the objective of learning the second deriva-

tive.
KdV equation
0.75 1.0
0.50
0.25 0.5
8 0
0
—0.25
—0.50 —0.5
—0.75
—1.00 —1.0
0.00 0.05 0.10 0.15 0.20 0.25 0.30
t
Fig. 10. The solution of KdV equation.
Loss decline process
1010F —— Initial loss
—— Boundary loss
108 —— PDE loss
o 106} — Derivative loss
= —— Second derivative loss
Tg 104k —— Third derivative loss
@ 10%F
S 100
1021
10=4F
1 1 1 1 1
0 10000 20000 30000
Iteration

Fig. 11. Loss decline process when all hypermeters equal 1.

The training results’ loss terms are presented in Table 3,
revealing that, in this case, the inclusion of new losses does

not yield as favorable learning outcomes as when no additional
losses are introduced.

The objective of augmenting the regularization of PINNs
by incorporating second-order derivatives is to improve the
learning of initial conditions. However, neural networks tend
to overly prioritize minimizing the loss associated with the
second-order derivatives. As evidenced in Table 3, compared
to standard PINNSs, although the derivative values decrease,
the loss of the initial conditions does not receive a more strin-
gent constraint.

Perhaps choosing a suitable hyperparameter for each loss
term would solve this training problem, but assigning a suit-
able hyperparameter to each of the six loss terms is obviously
very difficult and time-consuming. The best idea is to let
the neural networks learn the second derivative when the first
derivative is learned sufficiently. On the other hand, if using
the adaptive weight to learn multiple loss terms, it cannot re-
spect the causal relationship between the initial condition and
derivative term.

To respect this causality in the initial condition and
derivative term, a causal coefficient is introduced to constrain
the derivative term. This coefficient is shown in formula (11),
and it can effectively ensure that only the first derivative is
learned before learning the second derivative.

k
L=aoLle+ a)b£b+wi£i+2wdi£§, (10)
i=1
eieifi—l
O =——, (11
£ = N9 (x,0) —hD (x)[2. (12)

Since the training process is different for different PDEs, the €
as a hyperparameter needs to be set before training and can be
adapted to different PDEs. For the KdV equation, the € is set
at 10 in this paper.

Table 3. Comparison of different losses of non-causality and causality coefficient.

Initial loss Boundary loss PDE loss K (x) loss h"(x) loss h" (x) loss Relative error
Non-causality 7.58 %1078 2.01 x 1073 930x107*  291x1077  240x1077  1.34x107° 1.10x 1072
Causality 2.23x 10710 9.66 x 1078 1.53x107%  1.20x107%  3.05x1077  6.10x 107>  439x 1074
Standard PINNs ~ 1.90 x 1078 1.51x 1077 2.18x107%  9.60x107%  825x107  9.21x1072  3.62x107°

Figure 12 shows the loss-decline process when the causal-
ity enhances the initial condition to train PINNs for KdV equa-
tions in ¢ € [0,0.3]. From the descent process and Table 3, it
can be seen that no loss value of any high-order derivative is
higher than that of the low-order derivative; the PDE resid-
ual, boundary loss, and the initial loss can also drop to a lower

order of magnitude.

Additionally, the @g, will converge to £~ as the loss de-
creases, it is worth discussing how it differs from the causality
coefficient if setting @, = £~ at the beginning. For this rea-
son, we perform an experiment on the causality coefficient and
the fixed coefficient 50 times to train a neural network for the
KdV equation. The error bar is shown in Fig. 13. It is obvi-

ous from this experiment that using the causality coefficient is
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more stable and achieves a lower mean error.

Loss decline process

10%7¢ —— Initial loss
. —— Boundary loss
10131 — PDE loss
—— Derivative loss
g 109 —— Second derivative loss
= —— Third derivative loss
> 105
@
o 101 L
—
103
107
0 10000 20000 30000
Iteration

Fig. 12. Loss decline process when using causality coefficients.

Error bar

0.0012 1

0.0010 1

0.0008 1

Relative error

0.0006

0.0004 £
Coefficient of
causality

Fixed
coefficient

Fig. 13. Error bar for causality and the fixed coefficient.

4. Experiment

In the experiment, we used a fully connected neural net-
work with four hidden layers and 20 neurons in each hidden
layer. When choosing the optimizer, we first use the Adam
optimizer with a learning rate of 0.01 to train 20000 epochs
and then use the LBFGS optimizer with a learning rate of 10
to optimize again. The training set is composed of 2000 resid-
ual collection points using Latin hypercube sampling and 256
uniformly spaced boundary points for any PDE.

The total loss for any given model can be written as

L= oLs+ Lo+ O Li + g, L+ 04, L5+ 04, L5 (13)

The w; is set to 100 in this paper, @ and @, are set to 1.

Moreover, for the KdV and convection equations in the
following experiment, we find that it is difficult to solve them
when ¢ = [0, 1] using PINNs directly, even with CEICs. In
view of this, the temporal march strategy can be used to ex-
tend the good results in the previous experiment to the larger
time domain. The temporal march strategy uses PT-PINNs,
but only the pseudo-label generation strategy in PT-PINNs is
used.

In the case of increasing the supervised data, our loss term
will increase the supervised data, and the coefficients corre-

sponding to the supervised data are set to 100. For more con-
venient reference, we refer to the causality enhancing initial
as CEIC and the one using surrogate networks as hard control
(HO).

When selecting a baseline to demonstrate the effective-
ness of CEICs in enhancing the accuracy of temporal march
strategy, we consider using standard PINNs, PT-PINNs, and
enforcing hard constraints on both. In addition to that, we
have set seq2seq-PINNG, causal-PINNs and ACSM-PINNs !
as baselines.

4.1. KdV equation

In previous experiments, the KdV equation was success-
fully solved using CEICs. However, directly applying PINNs
with CEICs to learn the KdV equation when 7 € [0, 1] remained
a challenge (Fig. 14). To overcome this issue, we employed
a temporal marching strategy to extend the well-learned re-
sults from the earlier time domain to the later time domain. In
this experiment, we utilized PT-PINNs to generalize the per-
formance of PINNs across the entire time domain. For com-
parative purposes, we evaluated the error performance of three
scenarios: adding HC, without any additional enhancements,
and adding CEICs.

KdV equation

075 2.0
0.50 1.5
0.25 1.0

®0 0.5

—0.25

0.0

—0.50

—0.75 -05

1. -1.0
1.00 0.2 0.4 0.6 0.8 1.0

Fig. 14. The solution of the KdV equation at r = [0, 1].

Table 4. Error comparison in the KdV equation.

Strategy Relative loss
Standard PINNs 6.21 x 107!
PINNs with CEICs 5.62x 107!
PINNs with HC 5.89x 107!
PT-PINNs with CEICs 5.70x 1073
PT-PINNs with HC 5.20x 1072
PT-PINNs 7.73x 1072
Seq2seq-PINNs 1.57x 1072
ACSM-PINNs 1.62x 1072
Causal-PINNs 4.68x 107!

When using PT-PINNs, we first trained the model in
the # = [0,0.3] interval and generated pseudo-labels. Subse-
quently, we trained the entire model in the [0,1] interval. Ta-
ble 4 presents the different relative errors obtained using vari-
ous strategies, and it can be observed that PT-PINNs with CE-
ICs achieve higher accuracy compared to PINNs with the HC.
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Figure 15 shows the different errors in different strategies.
Panel (a) is PINNs with CEICs, while panel (b) is PINNs with
the HC, both of which use a pre-training strategy.

For a more intuitive comparison, we have also provided
three error accumulation results over time for the three dif-
ferent training strategies. As evident in Fig. 16, compared to
PT-PINNs without the use of CEICs, the other two strategies
incorporating initial conditions have achieved better learning
performance. Furthermore, the CEIC strategy proposed in this
paper exhibits superior performance in terms of error accumu-
lation compared to the HC.

KdV equation

0.10
0.08
0.06
0.04
0.02

—0.02
—0.04

0.10
0.08
0.06
0.04
0.02

—0.02
—0.04

" 0.0 0.2 0.4 0.6 0.8 1.0
{

Fig. 15. Error comparison in different strategies.

The relative error in time domain

100
—— PT-PINNs with CEIC
—— PT-PINNs with HC
— PT-PINNs
1L
5 10
-
-
9]
2
3 1072
=
Q
~
10—3.
0.2 0.4 0.6 0.8 1.0
Time

Fig. 16. The relative error in time domain.

Upon further analysis, while the performance near the ini-
tial condition is very similar for CEICs and the HC, differences
emerge in the later time domain. As previously mentioned in
Subsection 2.2, we speculate that this may be because, at a
later time, the surrogate network needs to fit more complex
values.

For an intuitive comparison, Fig. 17 shows the compari-
son between the function values that the neural network needs
to fit, and the network output values in the two strategies. It

can be observed that the function requiring fitting by the sur-
rogate networks is more complex compared to the function re-
quiring fitting by the original networks. This complexity may
contribute to the lower accuracy of the HC compared to CE-
ICs.

The function values that original networks need to fit in t =1

(a) 3.0

—— True solution
2.5+ —— Neural network output

2.0F
1.5¢
1.0+
0.5F
0.0+

Function values

—0.5+

1
—0.50 0 0.50 1.00
T

1
—1.00

The function values that surrogate networks need to fit in t =1

— True solution
3tk —— Neural network output
:
s 2
>
= L
S 1
g
g 0f
—1F
_2 1 1 1 1 1 1 1 1 1
—1.00 —0.50 0 0.50 1.00
T

Fig. 17. Different functions needed to be fitted.

4.2. Reaction equation

The reaction equation has the following form:

%—pu(l —u)=0, xeQ, t€[0,T],
u(x,0) =h(x), x € Q. (14)

Here p is the reaction coefficient, and is set to 10, 20, 40 in this
paper, and h(x) is the function expression of the initial time.
Krishnapriyan'®! proposed that when p > 5, the reaction will
be very difficult to learn using standard PINNS.

In this paper, we assume that /(x) is a Gaussian distribu-

tion function exp[—%z], and the corresponding boundary
7

conditions as u(0,t) = u(2x,1).

The different solution images corresponding to different
p are shown in Fig. 18. Figures 18(a)-18(c) correspond to
p = 10,20,40. With the increase of p, the changing trend of
the function near the initial time domain becomes more dras-
tic. This drastic trend may cause difficulties when training the
neural network after adding hard constraints.

Table 5 presents the relative error of different strategies
for various values of p. In addition to the relative error of
PINNs with added causality enhancing the initial cases, it can
be observed it is very challenging to directly solve the reaction
equation using hard constraints.
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Table 5. Error comparison in reaction equation.

Standard PINNs ~ PINNs with CEIC ~ PINNs with HC ~ PT-PINNs with CEIC ~ PT-PINNs with HC PT-PINNs Seq2seq PINNs
p=10 5.57x 1072 3.11x 1072 5.17x 107! 1.51x 1072 1.63 x 1072 2.12x1072 7.47 %1072
p =20 9.77 x 1071 221 x 1072 5.61x 107! 3.13x 1073 472 x 107! 1.20 x 1072 5.28 x 1072
p =40 8.68x 107! 2.25x 1072 7.71x 107! 2,18 x 1073 453 x 107! 6.32x 1073 3.64x 1072
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0.2

1.0

0.8

0.6

0.4

0.2
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0.8

0.6

0.4

0.2

Fig. 18. The different solutions of different p.

Although directly using PINNs with CEICs roughly
solves the reaction equation with a relative error of 2%, we
find that the accuracy can be further improved by employing a
pre-training strategy. Through experiments, we discover that
in the case of low p values, the use of hard constraints com-
bined with the pre-training strategy can address the issue of
hard constraints not being applicable. However, overall, the
CEIC strategy remains more versatile, even when p is higher.

For PT-PINN training on the reaction equation, we first
train the neural network on ¢ = [0,0.1] and obtain 256 pseudo-
labels as supervision data, then train the entire time domain.
Figure 19 shows the relative error of PT-PINNs in the time
domain when using three different constraint methods. The
hard constraint performs poorly compared to the other strate-
gies during the pre-training phase and fails completely in the
entire time domain. This aligns with the phenomenon that the
surrogate network finds it more challenging to adapt to regions
of dramatic change.

Furthermore, the CEIC strategy can obtain more accurate

pseudo-labels by enhancing the learning of the initial condi-
tions in the pre-training stage, thereby reducing the final rela-
tive error to 0.2%.

The relative error in time domain

103
— PT-PINNs with CEIC
102 —— PT-PINNs with HC
" — PT-PINNs
S 10f
-
(]
q>-’ 100k
=
[}
T 101
o
10—2F /\
e e—
10 0.2 0.4 0.6 0.8 1.0

T

Fig. 19. The relative error in time domain.

4.3. Convection equations

The convection equation is a high frequency equation,
and it has the characteristics of strong transformation in the
time domain. In our previous experiments, we successfully
enhanced the performance of PINNs in learning the convec-
tion equation by using CEICs. However, just like solving the
KdV equation, we just solved it in a small-time domain. Based
on this, we still use PT-PINNs with CEICs to solve the convec-
tion equation when ¢ € [0, 1]. The prediction results and error
plots are presented in Fig. 20.

Convection equation

6 1.00

0.75
5

0.50
4 0.25

8 3 0

—0.25
2

—0.50
1 —0.75
0 ~1.00
0 0.2 0.4 0.6 0.8 1.0

Fig. 20. The solution of the convection equation at r = [0, 1].

We use two-interval PT-PINNs with intervals of [0,0.2],
[0,0.6] and the final training in [0,1]. The prediction results
and error plots are presented in Fig. 21.

It can be found from Table 6 that the CEICs significantly
improve the performance of PT-PINNS for solving the convec-
tion equation, because in the progressive learning process in
the time domain, CEICs can help PT-PINNs to obtain more
accurate pseudo-labels.
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Absolute error
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t
PT-PINNs with CEIC
(b) 6 1.00
0.75
& 0.50
4 0.25
8 3 0
—0.25
2
—0.50
1 —0.75
0 ~1.00
0 0.2 0.4 0.6 0.8 1.0

Fig. 21. The error (a) and the prediction result (b).

Table 6. Error comparison in convection equation.

Strategy Relative loss
Standard PINNs 8.63x 107!
PINNSs with CEIC 421%x1071
PINNs with HC 5.17%x 107!
PT-PINNs with CEIC 3.43%x1073
PT-PINNs with HC 7.63 x 107!
PT-PINNs 6.89 x 1073
Seq2seq-PINNs 533 x 1072
Causal-PINNS 7.69 x 1073

5. Conclusion

In this paper, we discuss the significance of initial con-
dition learning in PINNs and identify several challenges as-
sociated with employing surrogate neural networks to impose
hard constraints on initial conditions. Furthermore, we pro-
pose a soft constraint strategy aimed at enhancing the learn-
ing of initial conditions within PINNs by introducing an ad-
ditional loss term. This loss is composed of the derivative of
the initial condition and the derivative of the neural network
evaluated at the initial time. To strengthen these constraints,
higher-order derivatives are incorporated into the loss func-
tion, along with a causal hyperparameter designed to maintain
causal relationships during training. We refer to this approach
as causally enhanced initial conditions (CEICs) in this paper.
Experimental results demonstrate that CEICs can effectively

improve PINNSs’ ability to learn initial conditions and can be
seamlessly integrated with temporal marching strategies such
as PT-PINNSs to enhance overall learning performance.
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