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Universality, encompassing critical exponents, scaling functions, and dimensionless quantities, is fundamental to
phase transition theory. In finite systems, universal behaviors are also expected to emerge at the pseudocritical point.
Focusing on two-dimensional percolation, we show that the size distribution of the largest cluster asymptotically approaches
to a Gumbel form in the subcritical phase, a Gaussian form in the supercritical phase, and transitions within the critical
finite-size scaling window. Numerical results indicate that, at consistently defined pseudocritical points, this distribution
exhibits a universal form across various lattices and percolation models (bond or site), within error bars, yet differs from
the distribution at the critical point. The critical polynomial, universally zero for two-dimensional percolation at the critical
point, becomes nonzero at pseudocritical points. Nevertheless, numerical evidence suggests that the critical polynomial,
along with other dimensionless quantities such as wrapping probabilities and Binder cumulants, assumes fixed values at
the pseudocritical point that are independent of the percolation type (bond or site) but vary with lattice structures. These
findings imply that while strict universality breaks down at the pseudocritical point, certain extreme-value statistics and
dimensionless quantities exhibit quasi-universality, revealing a subtle connection between scaling behaviors at critical and

pseudocritical points.
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1. Introduction

Percolation theory!!! offers a fundamental framework for
studying diverse systems, including materials science,?! com-
plex networks, ! and epidemiology,'¥ where geometric phase
transitions occur. The percolation model operates on a sim-
ple rule: each site or bond is occupied with a given probabil-
ity p. As p increases and exceeds the percolation threshold
Dc¢, the system transitions from being dominated by small, dis-
connected clusters to one where a giant component emerges,
connecting large portions of the system.

As a system approaches the percolation threshold p., a se-
ries of critical behaviors emerge, with certain physical quan-
tities either diverging or reaching finite values, often charac-
terized by critical exponents. Importantly, these exponents do
not depend on the details of the system, such as the lattice
type, site or bond percolation, instead, they are determined by
the spatial dimension, the range of interaction, and symme-
try. Models that share the same set of critical exponents are
said to belong to the same universality class. In two dimen-
sions (2D), exact results can be derived using methods such as
lattice duality/matching,! Yang-Baxter integrability,[®”) and
local conformal invariance.!®°] Critical exponents, such as the
correlation-length exponent v = 4/3 and the magnetic expo-
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nent y, = 98/41 (also known as fractal dimension df), have
been predicted by Coulomb gas theory,!'”! conformal field

(111 and stochastic Loewner evolutions,!?! and strictly

theory,
proven on the triangular lattice.!!’]

For a finite system of side length L, the finite-size scaling
theory hypothesizes that there exists a critical finite-size scal-
ing window O(L_l/ V), and, within the window, the finite-size

behavior of physical quantities Q would behave as
(L) =2 Q(L'Y), )

where 1 = p — p. is the distance to the criticality, yp is
the critical exponent of Q, and Q(x) is a universal function.
For finite systems, the L-independent pseudocritical point py,

1V where a is

has the asymptotic behavior p; = p. +alL™
an L-independent parameter, yielding (p — p¢)L'Y = (p —
p)L'/Y 4+ O(1). This means that defining r = p — p;, only
introduces an L-independent shift for the argument in the scal-
ing function Q(zL'/V), which has no influence on the finite-
size scaling. Thus, it is generally assumed that the finite-size
scaling ansatz Eq. (1) is applicable both around p. and p;.

It is noted that the definition of p; is not unique. At
various pseudocritical points py and critical point p., repre-

senting different ensembles, it is generally believed that the

© 2025 Chinese Physical Society and IOP Publishing Ltd. All rights, including for text and data mining, Al training, and similar technologies, are reserved.

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

040501-1


https://doi.org/10.1088/1674-1056/adaccf
https://cstr.cn/32038.14.CPB.adaccf
mailto:yjdeng@ustc.edu.cn
mailto:lim@hfut.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B 34, 040501 (2025)

same finite-size scaling behavior can be observed. How-
ever, different finite-size behaviors have also been reported for
pe and pp of different definitions. For example, the finite-
size scaling of explosive percolation at p. is shown to be
abnormal,'*151 which was initially misidentified as a discon-

[16-19] Recently, it is found that explo-

tinuous phase transition.
sive percolation obeys the standard finite-size scaling theory
around the dynamic pseudocritical point,?>?!1 indicating the
non-equivalence of ensembles. Another example is the high-
dimensional percolation model, where the finite-size scaling is

22.23] For free bound-

dependent on the boundary conditions,
ary conditions in d dimensions, the fractal dimension at pp
is df = 2d/3, in agreement with that under periodic boundary
conditions,?*21 while df = 4 at p.,[?”?8! Besides, a study
also suggests that by defining a dynamic pseudocritical point,
the observables, such as the size of the largest cluster, fol-
low the extreme-value Gumbel distribution across different
models.?"!

In this work, we demonstrate that, even in 2D, where
finite-size scaling behaviors at pseudocritical and critical
points are generally considered identical, there may still be dif-
ferences in their universality. Through extensive simulations,
we observe that the probability distribution of the largest-
cluster size asymptotically approaches a Gumbel distribution
in the subcritical phase, a Gaussian distribution in the super-
critical phase, and varies based on the sample position within
the critical finite-size scaling window. At a pseudocritical
point, this distribution retains a universal form across different
lattices but differs from the critical point. Moreover, the crit-
ical values of certain dimensionless quantities, such as wrap-
ping probabilities, 33?1 and Binder cumulants,33-3*! still take
finite constant values at pseudocritical points. However, their
magnitudes are significantly different from those at the critical
point. Our data suggest that these dimensionless quantities are
identical for bond and site percolation, but different for various
lattices. All these suggest that although universality at critical-
ity may break at the pseudocritical point, some extreme-value
statistics and dimensionless quantities can exhibit a form of
quasi-universality, indicating a nuanced relationship between
scaling behaviors at critical and pseudocritical points.

The remainder of this paper is organized as follows. In
Section 2, the simulation details and sampled quantities are
described. Section 3 presents our numerical results. Finally, a
brief summary and discussion are given in Section 4.

2. Simulation
2.1. Models
We study percolation on 2D lattices with the periodic

boundary conditions, including (a) bond percolation (BP) on
square and triangular lattices; (b) site percolation (SP) on

square and triangular lattices; (c) equivalent-neighbor bond
percolation (EBP)*! on square lattices.

For BP, each bond is occupied with a probability p, and
the percolation threshold is p. = 0.5 and p. = 2sin(7/18) for
square and triangular lattices, respectively. ! For SP, the occu-
pied probability p refers to site, and p. = 0.59274621(13)[36]
for square lattices, p. = 0.5137! for triangular lattices. EBP
takes the same rule as BP, but bonds can be inserted between
sites within a distance of 2r x 2r, where r is an adjustable
parameter. Specifically, a site i with coordinates (x;,y;) on
square lattice has a probability p to couple to each site j sat-
isfying |x; —x;| < rand |y; —y;| < r, as shown in Fig. 1. For
finite r, EBP increases coordination number without changing
the spatial dimension, thus it also belongs to 2D percolation
universality.[>338] Without loss of generality, we set r = 5 so
that a site has 120 neighbors.

IOL S . S S

Fig. 1. Illustration of the EBP on the square lattice with different inter-
action range r. (a) For r = 1, each site i (e.g., the red site) connects to all
its neighbors j within the range [x; —x;| < rand |y; —y;| < r (indicated
by blue), where (x,y) is the site coordinates. Gray sites are outside the
interaction range r = 1 and cannot form bonds with the red site. (b) For
r =2, in addition to the blue sites, more bonds (indicated by green) are
formed with the red site. Under periodic boundary conditions, each site
has z = (2r 4 1)? — 1 neighbors, and the total number of bonds in the
system is zL? /2. Each bond is occupied with an equal probability p,
and unoccupied with probability 1 — p.

2.2. Ensembles

A conventional method for studying the finite-size scaling
of percolation operates as follows: all occupied bonds or sites
are introduced into the system simultaneously, with the occu-
pation probability p serving as the control parameter. This
generates a configuration of occupied bonds or sites. By set-
ting p = p., critical observables can be sampled and averaged
over different realizations. This approach is referred to as the
conventional ensemble.

In contrast, the event-based ensemble represents the
percolation process as a dynamic bond or site insertion
process.2%-21:29] Initially, all bonds or sites are in an unoc-
cupied state. Then, at each time step 7', a bond or site is
randomly selected and changed to the occupied state. By
dynamically recording the size of the largest cluster, C;(T),
a special time step Thax can be identified, where the gap
A =C(T)—Cy(T — 1) reaches its maximum value. Let E de-
note the total number of bonds and V denote the total number
of sites. The time step Tax corresponds to a pseudocritical
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point, pr, = Tmax/E or pr, = Tmax/V, which fluctuates from
realizations to realizations. Using the recorded sequence of
occupied bonds or sites, the configuration at p; can be recon-
structed, allowing any quantities of interest to be sampled. The
ensemble average is then obtained as the mean of the observ-
ables measured at this dynamic pseudocritical point py.

2.3. Sample quantities

For each realization of a percolation model, the following
observables are sampled at both p. and py: (a) the size of the i-
th largest cluster C;; (b) the second moment of cluster-size dis-
tribution S, = ¥;C? and the fourth moment Sy = ¥;C}}, where
the sum Y, runs over all clusters; and (c) the indicators R, and
Ro for the existing of wrapping clusters. R2 = 1 when having
a cluster wrapping along both directions, otherwise Ry = 0.
Similarly, Ro = 1 when having no wrapping cluster, otherwise
Ro=0.

From these observables, we can calculate the follow-
ing quantities: (a) the mean size of the i-th largest cluster
C; = (C;); (b) the probability distribution f¢,(x) for the size
of the i-th largest cluster with i = 1,2,3; (c) the second order
Binder cumulant B, = (C;)?/(C?); (d) the fourth order Binder
cumulant By = (S3)/(3(S3)% —2(S4)); (e) the wrapping prob-
abilities Ry = (R2) and Ry = (Ry); and (f) the critical polyno-
mial Pp = (R2 — Ryo). Here, () denotes the ensemble average.

3. Results
3.1. The size distribution of the largest cluster

The percolation transition is often characterized by the
size of the largest cluster Ci, which scales as C; ~ InV be-
low p., C; ~V above p., and C; ~ L9 at criticality. For an
occupied probability p, the largest-cluster size varies across
different realizations. To investigate the universal behavior of
Ci, we first examine the size distribution fc, (x) of the largest
cluster.

Extreme-value theory predicts that the maximum of a
large number of independent and identically distributed ran-
dom variables follow the Gumbel distribution. To test whether
fc, (x) conforms to the Gumbel distribution, we define x as
(see Appendix A)

G

Veo(C)

where C; refers to the largest-cluster size in a single realiza-
tion, C; = (C;) is its mean, ¢(C;) is its standard deviation,
and y =~ 0.5772 is the Euler constant. With this rescaling, if C;
follows the Gumbel distribution, the probability distribution
fc, (x) should match the standard Gumbel distribution. To val-
idate this, we simulate BP on square lattices with side length

(©))

L under the conventional ensemble and plot f¢, (x) for various
L and p in Fig. 2.

10 \
|
— -3
O ot
U LA
0 2 4 6 8 P
X
107 @) p=0.4 © 1024 L (b)p=p.=0.5
1 1 1 1 1 1 1 1 1
-5 0 5 10 15 -4 -2 0 2
xr X x

Fig. 2. The probability distribution f¢, (x) of the largest-cluster size C; for various side length L and probability p. Here, the data are collected
from BP on square lattice. In (a) and (b), x is defined by Eq. (2), and x = (C; — C1)/0(Cy) in (c). With this rescaling, if C; follows a
Gumbel/Gaussian distribution, fcl (x) matches the standard Gumbel/Gaussian distribution, indicated by the red/blue line. For the same reason,
the arguments x for the size distributions of the second and third largest clusters, fc,(x) and fc, (x), in the insets of (a) and (c) are also
defined as Eq. (2). (a) In the subcritical phase, both fc, (x) and fc, (x) (see inset) asymptotically approach a Gumbel distribution. (b) At the
percolation threshold pc, fc, (x) and fc, (x) (see inset) are different, and clearly not a Gumbel distribution. (c) In the supercritical phase, fc, (x)
asymptotically approaches a Gaussian distribution. The inset shows that fc, (x) and fc, (x) asymptotically approach the Gumbel distribution.

In the subcritical phase (p < p.), Fig. 2(a) illustrates that
fc, (x) asymptotically converges to the Gumbel distribution as
L increases. This observation indicates that C; asymptotically
follows extreme-value statistics in the subcritical phase. Such
behavior is reasonable, as for p < p., the system only forms
small clusters of similar sizes. The finite correlation length
ensures that these clusters are effectively uncorrelated in suf-
ficiently large systems and can be treated as independent ran-
dom variables. Consequently, fc, (x) adheres to the Gumbel
distribution for large systems. A similar trend is observed for
the second-largest cluster, as shown in the inset of Fig. 2(a),

which presents the probability distribution fc, (x).

As p approaches p., the correlation length diverges, intro-
ducing correlations between clusters. Consequently, the distri-
bution f¢, (x) deviates significantly from the Gumbel distribu-
tion at p = p., as shown in Fig. 2(b). Similarly, the size distri-
bution f¢, (x) for the second-largest cluster also deviates from
the Gumbel distribution (see inset). Additionally, the distribu-
tions fc, (x) and fc, (x) differ markedly in this regime.

In the supercritical phase (p > p.), the largest cluster cor-
responds to the unique percolating cluster (~ V), while the
other clusters are significantly smaller (< V). Consequently,
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C1 is no longer the maximum value selected from a set of ran-
dom variables, leading to a clear deviation from the Gumbel
distribution. Instead, as shown in Fig. 2(c), fc, (x) asymptot-
ically converges to a Gaussian distribution, indicating that C;
obeys the central limit theorem for sufficiently large systems.
Furthermore, the remaining clusters behave similarly to those
in the subcritical phase. As a result, fc,(x) and fc, (x) again
asymptotically follow the Gumbel distribution, as shown in the
inset of Fig. 2(c).

The critical region can also be identified by a dynamic
pseudocritical point py, i.e., in the event-based ensemble. In
Fig. 3(b), we present the probability density function fc, (x)
sampled at py. Notably, this distribution does not follow the
Gumbel distribution, similar to the behavior observed at p.
Moreover, the form of f¢, (x) differs between p; and pc. In
fact, within the critical finite-size scaling window O(L_l/ ),
the shape of fc, (x) depends on the sample position p. In
Figs. 2(a) and 2(c), we illustrate fc,(x) sampled at differ-
ent positions in the critical finite-size scaling window, i.e.,
P =rL +aL~'/V with @ = 1. The results show that all the
distributions deviate from the Gumbel form and vary with the

sample position p. The simulation results for some other mod-
els also suggest the deviation of f¢, (x) from the Gumbel dis-
tribution at pseudocritical points. 3]

Furthermore, the definition of py is not unique. In addi-
tion to the maximum gap used in this paper, one could define
pr based on the maximum point of the second moment of the
cluster-size distribution, or the size of the second largest clus-
ter. These pseudocritical points, defined in various ways, are
all distributed around p. within the critical finite-size scaling
window O(L~'/V). Consequently, as indicated by Fig. 3, the
distribution f, (x) at p; should vary with the definition of p;.
This lack of universality contrasts with the critical point p,
where the distribution f¢, (x) is independent of lattice types
and whether site or bond percolation is considered.

However, for a given definition of p;, as illustrated in
Fig. 4, the size distribution of the largest cluster fc, (x) at py
for different 2D lattices, such as BP and SP on square and tri-
angular lattices, and EBP on square lattices, collapses onto a
single curve. This observation suggests a quasi-universality in
the event-based ensemble for a specific definition of py.

2 4 6 -15 -10 =5 0 5

Fig. 3. The probability distribution fc, (x) of the largest-cluster size C; in the event-based ensemble for various side lengths L. Here, the data are
collected from BP on square lattices, and C; are rescaled as x defined in Eq. (2). The sample positions are (a) p = pr. —aL™ 'V, (b) p = pr, and

(©) p=pr+al™ 'V

T T T
1071 - -
& A
\5 103+ BP, square lattice —
I 2 SP, square lattice
v BP, triangular lattice
© SP, triangular lattice
1075+ EBP, square lattice —
] ] ]
-3 0 3 6
T

Fig. 4. The probability distribution f¢, (x) in the event-based ensemble
for different percolation models at pseudocritical point p;. All cases
have a side length of L = 1024. The red line represents the standard
Gumbel distribution.

3.2. Dimensionless quantities

At criticality, in addition to the universal distribution of
observables, several dimensionless quantities take universal
values across different lattices and for both site and bond per-
colation. For example, the wrapping probabilities at p. ex-

, with a = 1 for simplicity. All these distributions are deviated from the standard Gumbel distribution, indicated by the red lines.

hibit the universal relation Ry = Ry for planar lattices. Conse-
quently, the critical polynomial has the universal value Pp =
Ry — Ry = 0 at p., with Ry = Ry = 0.30952628[32361 for
square lattices under periodic boundary conditions. More-
over, for BP on square lattices with periodic boundary con-
ditions, the Binder cumulants are B, = 0.96017(1)1 and
By = 0.87048(5).141:42]

As shown in Fig. 5, at the pseudocritical point p;, the crit-
ical polynomial Pg also asymptotically approaches a constant
for large systems. However, unlike at p., it does not exhibit
a universal value across different lattices. To determine these
values, we perform least-squares fits of the P data using the
finite-size scaling ansatz

O(L) = Ow+a\ L™ +a,L 72, 3)

where O.. is the asymptotic value for infinite lattices, y; and y;
are the correction exponents, and a; and a, are nonuniversal
amplitudes. We set a lower cutoff of the side length L, on

040501-4



Chin. Phys. B 34, 040501 (2025)

the data and monitor the residual )(2 as Ly, increases. When
subsequent increases in Ly, no longer reduce x> by more than
one unit per degree of freedom (DF), the fits are deemed sta-
ble. The fit results are summarized in Table 1, showing that
Pp takes negative values because p; < p¢ in 2D, leading to
Ry > R».

T T T T T T T T T
-0.72 |F - BP, square lattice 1
—4— SP, square lattice

F—>— BP, triangular lattice

-0.73
—e— SP, triangular lattice

EBP, square lattice

Qo
a 0.74
-0.75

-0.76

128 256 512 1024 2048 4096
L

Fig. 5. Asymptotic behaviors of Pg in the event-based ensemble for different
percolation models at p;. The curves are obtained by fitting results in Ta-
ble 1. Unlike the case at p., where Pg = 0 universally holds, at py, the value
of Pp is nonzero and no longer universal across different lattices.

Table 1. Fitting results for the critical polynomial Pg using the ansatz Eq. (3)
with a; = 0 and y, = 0. Data without errors mean that they are fixed in the
fit.

Linin 0., i a x?/DF
16 —07395(1) 0.842) -0.1519) 3.98/6
32 -073932) 0.80(5) -0.132)  3.55/5
s‘zﬂ;’r% 64 —07390(4)  07(1)  -0.08(3)  2.47/4
lattice 16 —073927(7) 08  -0.136(1)  5.83/7
32 —073934(7) 08  -0.1332)  3.55/6
64 —0.7394(1) 08  —0.1305) 331/
16 073943(8) 141(1) —1.65(7)  3.75/6
32 —07393(1)  1354)  -132) 231/
;‘;grg 64 -07394709) 1.539)  -3(1) 1.04/4
lattice 16 —073940(6) 14  -1617(6) 39177
32 _073944(6) 1.4 ~1.602)  331/6
64 -073936(6) 14 ~1.684)  1.59/5
32 —075272) 0713) —0.1040) 1.02/5
trggg‘:ffar 64 -07526(3) 0.68%8) -0.092)  0.95/4
latfice 32 -0752636) 07  -0.100(1)  1.06/6
64 -075267(8) 07  -0.0982)  0.97/5
32 —075262) 15(1)  -18(6)  6.68/5
trizgg?;‘ar 64  —0.7525(4)  1.4(4) “12) 6.61/4
lattice 32 —0.7526(1) 15 ~1.804)  6.68/6
64 -0.7526(2) 15 _18(1)  6.67/5
128 —073704)  1.134) 5(1) 0.4173
EBPon 256 07371 112 54) 0.40/2
quare
lattice 128 —0.7372(1) 1.1 4643)  0.48/4
256 -0.7371(2) 1.1 45(1) 0403

From Table 1, we conclude that P = —0.7390(6) and
Pp = —0.7394(2) for BP and SP on square lattices, respec-
tively. These two values are consistent within their error
bars, indicating that Pp is independent of bond or site perco-
lation for a given lattice. The data obtained from the trian-
gular lattice also support this conclusion; however, the value,
Pg = —0.7527(5) is different from that on square lattices. For
EBP, it also exhibits a differentiated value, Pg = —0.7371(7).

The differences between these values are significantly larger
than their error bars, confirming that Pz at py, is not univer-
sal across different lattices. In summary, at the pseudocritical
point py, the critical polynomial Pp exhibits quasi-universal
behavior: it depends on the lattice type but is independent of
whether bond or site percolation is considered.

Moreover, by fitting the values of Ry at p; to the finite-
size scaling ansatz in Eq. (3), we also determine Ry for various
percolation systems, as listed in Table 2. These results indicate
that although the value of Ry differs at p. and p;, the universal
behavior remains consistent, as Ry does not depend on whether
bond or site percolation is used, but does vary with the lattice
type (boundary).

Table 2. Fitting results for the wrapping probability R using the ansatz

Eq. (3) with @ = 0 and y, = 0. Data without errors mean that they are
fixed in the fit.

Linin O. Vi a %*/DF
16 07750(1) 0.823) 0.099@8) 5356
32 077492)  081(7)  0.09Q2) 5275
S’Zﬂ;ﬁr‘; 64 07746(4)  07(2)  0053)  4.13/4
lattice 16 0.77487(6) 0.8  0.093(1)  5.86/7
32 0.77490(7) 08 0.0922)  528/6
64 0.7749(1) 08  0.089(5)  4.98/5
16 0774926) 142(1) 1325  2.85/6
32 0.77484(6) 136(3)  1.1(1) 1525
Ssqlfl;’rfg 64 0.77492(7) 1.4909)  18(7)  0.94/4
lattice 16 0.77485(5) 1.4 1.233(5) 42977
32 0.77490(4) 1.4 121(1)  1.99/6
64 0.77486(4) 1.4 125(3)  1.19/5
32 07921(3) 0.696) 007(1)  3.18/5
BP on 64 079205  0.6(2) 006(3)  3.07/4
triangular 32 (.79217(8) 0.7 0.070(1)  3.20/6
lattice 64 0.7922(1) 0.7 0.070(3)  3.20/5
32 07921(1) 14509) 1.1(3) 4485
SP on 64 07921Q2)  1.403) 1(1) 4.40/4
triangular 32 (.79222(8) 15 1.333)  4.82/6
lattice 64 0.7922(1) 15 1.3709) 46175
128 077333) 1.155) -3909) 0393
EBPon 956 0773360 1120 -4@4) 0392
quare
lattice 128 0.7735(1) 1.1 3.143)  051/4
256 0.7734(2) 1.1 3.00) 04173

In addition to the wrapping probabilities, we analyze the
Binder cumulants at the pseudocritical point p; for several
percolation models. The fitting results for B, and By are pre-
sented in Tables 3 and 4, respectively. By comparing the fit-
ting results for different Ly, we estimate the final values as
B, = 0.88617(5) and B4 = 0.5148(3) for BP on square lat-
tices, B, = 0.8860(2) and Bs = 0.51495(4) for SP on square
lattices, and B, = 0.8850(8) and B4 = 0.5150(8) for EBP.
When compared to the values at p. (B, = 0.96017(1) and
B4 = 0.87048(5)), the values of By and By at py, are signif-
icantly smaller. Nevertheless, within the error bars, these fit
results further support the quasi-universality at py, consistent
with the findings for wrapping probabilities.
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Table 3. Fitting results for the second order Binder cumulant B; using the ansatz Eq. (3). Data without errors mean that they are fixed in the fit.

Linin O M aj 2 a %% /DF

16 0.88617(4) 0.699(7) 0.061(1) - - 1.70/6

32 0.88624(7) 0.71(2) 0.064(4) - - 2.98/5

BP 16 0.88619(2) 0.7 0.0612(2) - - 3.33/7
32 0.88617(2) 0.7 0.0614(3) - - 1.68/6

64 0.88617(3) 0.7 0.0615(7) - - 1.67/5

128 0.88617(5) 0.7 0.061(2) - - 1.67/4

16 0.88623(0) 0.8(3) 0.03(5) 1.5(3) -0.6(1) 0.98/4

SP 32 0.88613(9) 0.5(1) 0.006(2) 2 -1.61(0) 0.54/4
32 0.88626(5) 0.9(1) 0.05(4) 1.5 -0.6(1) 0.96/4

128 0.8855(3) 0.97(3) -2.5(3) - - 1.75/3

EEp 256 0.8846(4) 1.13(9) -5(2) - - 0.61/2
128 0.88518(9) 1 -2.78(1) - - 2.47/4

256 0.8854(1) 1 -2.85(4) - - 1.32/3

Table 4. Fitting results for the fourth order Binder cumulant B4 using
the ansatz Eq. (3) with ap = 0 and y, = 0. Data without errors mean
that they are fixed in the fit.

Lmin Oc V1 ap XZ/DF

64 0.5148(3) 0.6(2) 0.02(1) 5.64/4

BP 128 0.5148(2) 0.6 0.019(2) 5.11/4
256 0.5149(2) 0.6 0.015(6) 4.18/3

32 0.51495(3) 2.5(1) -1909) 3.66/5

SP 32 0.51496(2) 2.5 -16.7(2) 3.71/6
64 0.51496(3) 2.5 -17(2) 3.71/5

128 0.5144(2) 1.12(2) —4.3(4) 0.57/3

EBP 128 0.5155(2) 1.0 -2.50(3) 7.59/4
128 0.51459(6) 1.1 -3.87(1) 0.82/4

256 0.5145(1) 1.1 —-3.83(6) 0.70/3

4. Discussion

In summary, we investigate the universality of the distri-
bution for the largest-cluster size and various dimensionless
quantities in 2D percolation models within the event-based
ensemble. Our numerical results reveal that the size distri-
bution of the largest cluster asymptotically follows a Gumbel
distribution in the subcritical phase and a Gaussian distribu-
tion in the supercritical phase. Within the critical finite-size
scaling window, the distribution is neither Gumbel nor Gaus-
sian, due to correlations induced by the diverging correlation
length. Instead, the distribution varies with the sample posi-
tion in the critical finite-size scaling window, highlighting the
nonuniversality of the distribution of the largest-cluster size at
pseudocritical points of different definitions. However, for a
given pseudocritical point definition, this distribution remains
universal across different lattices and bond or site percola-
tion models, indicating a quasi-universality. For the wrapping
probabilities and the critical polynomial, our numerical results
also support a quasi-universality — while their values depend
on the lattice type, they are independent of whether bond or
site percolation is considered. Similarly, the Binder camulants
also exhibit this quasi-universal behavior.

Our findings suggest that the strict universality observed
at the critical point is broken at the pseudocritical point, yet a

quasi-universality persists. Recent studies on explosive per-
colation and rigidity percolation further indicate that quan-
tities extracted at dynamic pseudocritical points tend to be
less noisy and more reliable than those extracted at the criti-

t.[2021.431 These findings underscore subtle differences

cal poin
in critical behavior across various pseudocritical points, em-
phasizing that the choice of pseudocritical points may signif-
icantly influence the accuracy of scaling behavior analysis in

certain models.

Appendix A: Gumbel distribution

Let F(x) denote the cumulative distribution function of
the random variable X. For the type I Gumbel distribution, 4]

the cumulative distribution function is given by
x—p

Flap,B)=c © |

(AD)

where U is the location parameter and f3 is the scale parameter.
The corresponding probability density function, f(x), is

S, B)=F (u,B)=—e P (A2)

1
=—e
B
The standard Gumbel distribution is a special case where

u=0and 3 =1, yielding
fx)=e7""°¢ (A3)

From Eq. (A2), the mean and standard deviation of a
Gumbel distribution are given by

(X)=p+7B, (A4)
_7B
o) =% (AS)

where ¥y ~ 0.5772 is the Euler constant. This implies that the
standard Gumbel distribution has a mean of y and a standard
deviation of 7/ V6.

040501-6



Chin. Phys. B 34, 040501 (2025)

For any random variable X following a Gumbel distri-
bution Eq. (A2), it is easy to verify that the rescaled random

variable
XX T

- o(X) Ve

should conform to the standard Gumbel distribution.

+7v (A6)
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