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We employ the Green–Kubo (G-K) and Einstein relations to estimate the self-diffusion coefficients (denoted as DG and
DE, respectively) in two-dimensional (2D) strongly coupled dusty plasmas (SC-DPs) via equilibrium molecular dynamics
(EMD) simulations. DG and DE are computed for a broad domain of screening length (κ) and coupling parameters (Γ ) along
with different system sizes. It is observed that both DG and DE decrease linearly with increasing Γ in warm liquid states
and increase with increasing κ . In cold liquid states, the Einstein relation accurately predicts DE in 2D SC-DPs because
diffusion motion is close to normal diffusion, but the G-K relation provides overestimations of DG, because VACF indicates
anomalous diffusion; thus, DG is not accurate. Our new simulation outcomes reveal that DG and DE remain independent
of system sizes. Furthermore, our investigations demonstrate that at higher temperatures, DG and DE converge, suggesting
diffusion motion close to normal diffusion, while at lower temperatures, these two values diverge. We find reasonable
agreement by comparing current and existing numerical, theoretical and experimental data. Moreover, when normalizing
diffusion coefficients by the Einstein frequency and testing against the universal temperature scaling law, DG deviates from
theoretical curves at low temperatures and κ , whereas DE only disagrees with theory at very small κ (' 0.10). These
findings provide valuable insight into diagnosing dust component parameters within 2D DP systems and contribute to the
broader understanding of diffusion processes in DP environments.

Keywords: dusty (complex) plasmas, self-diffusion coefficients, molecular dynamics simulation, Green–Kubo
and Einstein relations
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1. Introduction
Dusty plasmas (DPs) are an ideal test system for the study

of numerous physical phenomena in strongly coupled systems
due to the macroscopic size of the dust particles and the experi-
mentally achievable high coupling strengths.[1] Notable exam-
ples include the Wigner lattice of electrons on the surface of
liquid helium,[2] arrays of vortices in the dynamic He mixed
state type-II superconductors,[3] colloidal suspensions,[4] ions
confined in penning traps,[5] DPs[6,7] and Brownian motion
in particle systems on water surfaces.[8] Among these, two-
dimensional (2D) DPs liquids have garnered significant in-
terest due to their unique properties arising from interparti-
cle interactions within a plasma background. Understanding
mass transport, specifically diffusion in these DP systems, is
vital for theory, simulation and experiments in various fields,
such as plasma physics, semiconductor and chemical indus-
tries, polymer physics, nuclear energy generation, environ-
mental and space sciences, dense stars, planetary interiors,

highly ionized gases and plasma-based material processing.
Recent reviews have focused on physics and applications from
different perspectives of DPs.[9] The understanding and esti-
mation of transport processes in DPs hold particular relevance
for advancing micro and nano technologies. The investigation
of dust transport processes, with or without external forces,
poses a fundamental challenge in statistical mechanics.[9]

Self-diffusion refers to the process by which dust par-
ticles spread out over time due to random thermal motion
or interaction. It plays a significant role in different disci-
plines of science and technology. For example, fluid me-
chanics, material science, nanotechnology, particle physics,
biophysics, etc. Knowledge of self-diffusion of 2D DPs is
essential in the disciplines of fundamental plasma physics,
astrophysics, design of DP devices and dust particle charg-
ing and coagulation. Overall, the diffusion of dust particles
helps to determine the energy dissipation (stopping power),
characterizes dynamics as waves and instabilities, and modi-
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fies the phase transition, vortices and heating processes.[10–15]

The diffusion behavior of dust particles in a plasma back-
ground is generally investigated using the standard Green–
Kubo (G-K) and Einstein relations.[16] From the G-K relation,
the self-diffusion motion is characterized by velocity auto-
correlation function (VACF), coefficients (DG), and using the
Einstein relation, motion through mean square displacement
(MSD) and coefficients (DE). Both the G-K and Einstein rela-
tions were extensively used in different simulation techniques
such as molecular dynamics (MD),[16–18] Langevin molecu-
lar dynamics (LMD)[13–15] and Brownian molecular dynamics
(BMD)[12,19] simulations. These relations give similar results
from simulation and experimental results and validate differ-
ent effective potential and kinetic theories.[20–22]

While providing the literature on self-diffusion in DPs,
we focused only on the investigations of VACF, MSD, DG and
DE for three-dimensional (3D) and 2D DPs obtained through
simulation techniques such as MD,[16,18,23–32] LMD[13–15] and
BMD simulations,[12,19] theories[20–22] and experiments.[10,33]

To the best of our knowledge, the MD simulation had been car-
ried out for 3D one-component plasmas (OCPs) and the data
of VACF and DG in 3D reported for the first time by Vieille-
fosse et al.,[25] and MSD and DE by Robbins et al.[34] over
a wide domain of plasma parameters. Lowen et al.[19] per-
formed the MD and BMD simulation techniques and reported
results of VACF and DG in 3D Yukawa fluid near the melting
point. Rosenfeld et al.[35] reported reduced DG through MD
simulation in 3D OCPs. Ohta and Hamaguchi[16] published
the MD results of VACF, MSD, DG and DE in 3D DPs for a
wide range of plasma Debye screening strength (κ = 0.1–5.0)
and Coulomb coupling (Γ = 0.987–12300).

In addition, Daligault implemented MD simulations and
investigated the VACF and DG in 3D weakly coupled (WC)
to strongly coupled (SC) regimes of OCPs (κ = 0) as well in
DPs (κ = 1–4),[36] and in ionic mixtures for intermediate to a
higher number of particles.[17] Next, He[26] reported DG over a
wide range of inverse screening strength versus an entire range
of coupling parameters. Vaulina et al. investigated DE in 3D
SC-DPs through the BMD[12] and the LMD[13] methods. Fur-
thermore, they employed the LMD method and reported DE in
2D DPs (Γ ∗= 1.5–225, κ < 6), and the results were compared
with 3D systems.[14] Next, they reported the VACF, DG, MSD
and DE in 2D (Γ ∗ = 1.5–225) and 3D systems over a wide
range of parameters.[15] Liu et al.[37] estimated the VACF and
MSD using MD simulation to point out defects in 2D DPs.
Liu and Goree investigated the diffusion in 2D DPs from dif-
ferent perspectives. For example, they identified the region
where Stokes–Einstein relation is applicable,[38] indicating the
superdiffusion at intermediate temperature through three tests
(MSD, probability distribution function and VACF),[39] exper-
imentally detecting superdiffusion using the MSD test[40,41]

and simulation (MD),[40] and investigating the force and en-
ergy dependence perpendicular diffusion coefficients in SC-
DPs using LMD simulation.[42] Hou et al.[43] used BMD sim-
ulation for 2D SC-DPs and investigated self-diffusion (MSD
and VACF). They observed a transition from superdiffusion
to normal diffusion, then subdiffusion with increasing damp-
ing rates. Donko et al.[44] computed self-diffusion (VACF and
MSD) in 2D SC-DPs using MD simulation. Shahzad and HE
reported the EMD simulation data of VACF and MSD in 2D
SC-DPs[45] and WC-DPs.[46] Ghannad and Pajouh[47] stud-
ied the memory effects in velocity processes to compute the
MSD and VACF in DPs. They concluded that the presence of
memory effects in the velocity process induced anomalous dif-
fusion in DPs. Ghannad reported non-Guassian diffusion[48]

and identified the time scale of the violation of the Stokes–
Einstein relation.[49] Kostadinova et al.[50] analytically inves-
tigated anomalous diffusion in 2D DPs. Sheridan[51] investi-
gated self-diffusion in 2D DPs. Wang et al.[52] reported the
anomalous diffusion of charged dust particles in the plateau
regime of toroidal plasma. Charan et al.[53] reported MD stud-
ies on DG and DE (Γ = 150, κ = 2) diffusion in the presence
and absence of gravitational force.

Baalrud and Daligault provided the effective potential,[20]

modified Enskog kinetic theory,[21] and provided a practical
model[26] for the transport process in WC-SC regimes of DPs.
Daligault[26] also calculated DG using MD simulations, and
obtained results that compared well with different effective
potential[20] and kinetic theories.[21] They concluded that MD
data of DG are well matched with different kinetic theories
and effective potentials of 3D WC-SC regimes of OCPs. Los-
seva et al.[54] proposed a self-consistent model to account for
the ambipolar diffusion of ions and electrons in DPs. Gab-
dulin et al.[55] studied sound speed in 2D SC-DPs by cal-
culating the VACF through MD simulation. Nunomura et
al.[10] reported experiments to investigate the MSD and DE

in 2D DPs. Then, Strickler et al.[33] experimentally mea-
sured the VACF and DG in 3D ultracold neutral plasma and
compared their estimated values of diffusion coefficients with
MD outcomes.[17,26] These comparisons show that the MD
outcome of diffusion coefficients using the G-K and Einstein
relations yields nearly similar results, with experimental val-
ues obtained from the Einstein relation being nearly similar to
the MD outcomes. Shakoori et al.[18] investigated DE for 3D
DPs and reported that DE is independent of different system
sizes. Their comparisons with Refs. [16,17,26] show excellent
agreement.

The above literature indicates that both the G-K and Ein-
stein relations have been extensively employed in numerous
simulation methods and experimental studies to analyze the
self-diffusion of dust particles in DPs. Self-diffusion in 3D DP
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systems is extensively reported. However, there is limited lit-
erature on the 2D case. To the best of our knowledge, Vaulina
et al. used the LMD simulation method to investigate DE

[14]

and DE and DG
[15] (Γ ∗≈ 1.5–225, κ < 6). Nunomura et al.[10]

reported MSD and DE [T ≈ 20, 40 (eV)] experimentally in 2D
DPs and compared their findings with the MD outcomes of 3D
OCPs.[23,25,34] Hartmann et al.[11] reported DE in magnetized
and unmagnetized 2D DPs through experimental and simula-
tion (MD) methods (Γ ∗≈ 20–125, κ = 1.0). A comprehensive
study of the diffusion coefficients (DG and DE) in 2D com-
plex plasmas (DPs) across a broad range of plasma parameters
(Γ = 1–1100, κ = 0.10–3) and system sizes (N = 400–10000)
has not been conducted. This highlights a significant gap in
the current literature concerning the detailed investigation of
diffusion behavior in 2D DPs under varying conditions. This
lack of research served as our motivation to conduct a com-
prehensive investigation into the MD evaluation of DG and DE

in 2D DPs and compare current outcomes with previous 3D
simulations and experimental data.

The purpose of this study is to investigate DG and DE in
2D DPs through MD simulation by employing the G-K and the
Einstein relations and subsequently comparing and analyzing
the results. In Section 2, we describe the MD simulation tech-
nique for 2D DPs and the G-K and the Einstein relations to
obtain DG and DE. In Section 3, we present and discuss the
calculated DG and DE by comparing them with previous nu-
merical and experimental data. In Section 4, we provide the
conclusion of this study.

2. Molecular dynamics simulation method
The process of MD simulation has proved to be a valu-

able tool for studying DPs at the microscopic level. In this
technique, the dust particles and the surrounding plasma are
treated as individual entities that interact according to specific
interatomic or intermolecular potentials.[7,56] The most crucial
part is selecting the interaction potential while implementing
the MD simulations. The Yukawa potential is frequently used
to calculate the interaction and forces between the dust parti-
cles in the plasma medium. It can be employed in other phys-
ical systems such as the physics of chemicals and polymers,
medicine, biology, astrophysics, environmental science, etc.
Notably, one of the key advantages of employing the Yukawa
potential is its ability to reduce calculation time compared to
other potentials.[7] The interaction energy of a charged particle
in plasmas can be written as

φ(ri j) =
Q2

4πε0

exp−ri j
λD

|ri j|
, (1)

where Q represents the charge magnitude, ri j denotes the inter-
particle distance between the two dust particles, λD is the De-
bye length and ε0 represents the permittivity of free space. The

Newtonian equation of motion can be implemented to calcu-
late the trajectories of N particles in both 2D and 3D systems.
The force on each dust particle is determined from negative
derivatives of Yukawa potential as Fi j = −∂φ(ri j)/∂ ri j. The
DPs are characterized by two dimensionless parameters; the
coupling parameter (Coulomb systems) is defined as

Γ =
Q2

4πε0

1
awskBT

. (2)

The parameters described in Eq. (2) include the Wigner–Seitz
radius (aws) defined as (2nπ)

−1
2 for a 2D system, where n =

N/A represents the equilibrium dust number density, A is the
area of the simulation box, kB denotes the Boltzmann con-
stant and T signifies system temperature. The parameter Γ

measures the ratio of average potential energy to kinetic en-
ergy among interacting dust particles in plasma. The classi-
fication of DPs into SC and WC systems is determined by Γ ,
where SC-DPs are associated with Γ > 1, while WC-DPs with
Γ < 1.[7,44] The second dimensionless parameter, κ , can be
defined as κ = aws/λD, κ ≈ 0 for the case of OCPs (Coulomb
systems with crystallization limit, Γm ≈ 137) and κ ≈∞ (hard-
sphere interaction).[34] The plasma frequency for 2D DPs can
be written as ωp = (nQ2/(2ε0maws))

−1
2 .

2.1. Green–Kubo relation for self-diffusion coefficients

The G-K and Einstein relations are usually used to com-
pute the self-diffusion of particles in gas, liquid and materials.
These methods need time series calculations for the positions
and velocities of particles. The self-diffusion of dust particles
can be investigated with the help of the standard MD simula-
tion method by employing the G-K and the Einstein relations.
The G-K method is commonly used to calculate transport
properties such as shear viscosity,[30] thermal conductivity[7]

and self-diffusion[18] of DPs and simple liquids. The G-K re-
lation measures DG for the relevant hydrodynamic fluxes and
time correlation function. It should be noted here that the G-
K relation for DG has been extensively used in numerous nu-
merical methods,[16–18,25] and experimental studies[33] can be
written for 2D systems as

DG(t) =
1

2N

N

∑
j=1

∫
∞

0
〈v j(t) · v j(0)〉dt, (3)

where N is the number of simulated particles and 〈v j(t) ·v j(0)〉
is known as VACF. The VACF, which has been employed in
studies of diffusion for 3D DPs[16] as well as for 2D DP sys-
tems of SC-DPs and WC-DPs[18,44,45] demonstrated its broad
applicability and accuracy and is adopted in the present study
as well.
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2.2. Einstein relation for self-diffusion coefficients

The second relation used to investigate self-diffusion is
Einstein; in this method, the motion of particles is analyzed
from the slope of MSD in the long time limit and can also
obtain the diffusion coefficients[14,16] as

DE(t) = lim
t→∞

1
4t
〈|𝑟 j(t)−𝑟 j(0)|2〉, (4)

where 𝑟 j represents the position vector of jth particles and
〈|𝑟 j(t)− 𝑟 j(0)|2〉 is known as MSD. Equation (4) was pre-
viously used to compute DE in 3D,[16,18] 2D DPs[15,38] and
in experiments.[10] DG(t) and DE(t) as t → ∞, both tend to
a constant value, which is the definition of diffusion coeffi-
cients. The angular brackets 〈· · · 〉 in Eqs. (3) and (4) repre-
sent canonical ensembles, take the average of all particles, and
theoretically give the same values of DG and DE at the same
parameters.[15,16]

2.3. EMD simulation parameters

The EMD simulations code (developed by the
authors[18,30,45,46]) has been used for 2D SC-DPs to compute
the DG and DE in microcanonical ensembles (NVE). In this
study, we employed a 2D orthorhombic box geometry with
standard periodic boundary conditions (PBCs) to model DP
systems consisting of N = 400, 4096 and 10000 dust particles
in a plasma background. The simulation box is defined by two
orthogonal axes, x and y, each of which can have its distinct
normalized length as Lxaws 6= Lyaws, allowing for flexibility
in simulating systems. The PBCs ensure that particles exiting
one side of the box re-enter from the opposite side, effectively
creating an infinite, repeating system that eliminates artificial
boundary effects. This setup allows the system to approximate
bulk behavior, particularly in the study of long-range interpar-
ticle interactions. Moreover, the orthorhombic geometry’s
capacity to accommodate different aspect ratios provides the
flexibility to model 2D DPs, while maintaining computational
efficiency. This approach is particularly well-suited to inves-
tigating diffusion coefficients.[57] Yukawa potential [Eq. (1)]
is used to compute the interactions between dust particles,[7]

and the long-range interactions between the dust particles are
calculated using the Ewald summation method with the ap-
propriate Ewald convergence parameter (= 5.6) for relative
accuracy.[58] Newton’s equation of motion is integrated with
the leap-frog integration algorithm[56] for using N particles to
calculate each particle’s position, force and acceleration with
the appropriate simulation time step (dt = 0.001/ωp). Ap-
propriate input parameters are selected to ensure the accuracy
of the used EMD simulation scheme. These parameters, in-
cluding the system temperature (T = 1/Γ ), screening length,
total number of particles, time step for each calculation, run
time, etc, are used to obtain DG and DE in 2D SC-DPs. The

MD simulations were run up to ωpt = 200 for κ = 0.1 to 1.0,
ensuring the system reached equilibrium. For κ = 2 and 3,
the condition tobs < aws(Nπ)

1
2 /c was followed, with simula-

tions extending up to ωpt = 800,[44,59] to allow sound waves
to enter the simulation box and calculate DG using the G-K
relation. For the Einstein relation, the simulation was run
long enough (ωpt = 3000) and DE was obtained at a fixed
time for all parameters, and this long time may satisfy the
MSD(t) > Na2

ws.
[11] In this paper, the EMD simulation tech-

nique is used to produce the plasma DG(Γ , κ) and DE(Γ , κ)
for the entire range of coupling (1≤ Γ ≤ 1100) and screening
length (0.10 ≤ κ ≤ 3) by simulating three different system
sizes (N = 400, 4096 and 10000).

3. Results and discussion

In this subsection, we report the calculated values of self-
diffusion coefficients in 2D SC-DPs using EMD simulations
for a wide range of plasma parameters (Γ , κ) along with dif-
ferent N. The effects of plasma Γ , κ parameters and N on
DG(Γ , N, κ) and DE(Γ , N, κ) in 2D SC-DPs have been an-
alyzed and discussed. DG and DE reported in this study are
normalized by plasma frequency as D0

G = DG/(ωpa2
ws) and

D0
E = DE/(ωpa2

ws). The major results are displayed in Figs. 1–
5, where we calculate D0

G(Γ ∗, N, κ) and D0
E(Γ ∗, N, κ) through

EMD simulations in 2D SC-DPs. It should be noted here that
the log–log scale is implemented in Figs. 1–9, for clarity and
fair comparison. These results are calculated for a broad do-
main of plasma coupling (Γ = 1, 2, 3, 5, 10, 20, 50, 100, 200,
300, 500, 700, 900 and 1100) by simulating different system
sizes (N = 400, 4096 and 10000) for each plasma screening
length (κ = 0.1, 0.5, 1, 2 and 3). These figures also display
previous results for D0

G(Γ , N, κ) and D0
E(Γ , N, κ) for 3D

DPs obtained by Vieillefosse et al.,[25] Ohta & Hamaguchi,[16]

Daligault,[17,26] Shakoori et al.,[18] Charan et al.,[53] Lu et
al.,[60] Hartmann et al.,[11] Ghannad[49] and the experimen-
tal results of D0

G of Strickler et al.,[33] respectively. More-
over, present 2D SC-DPs results of D0

G(Γ , N, κ) and D0
E(Γ , N,

κ) obtained from EMD are analyzed, compared and discussed
with those calculated from different numerical schemes such
as LMD,[13–15] BMD[12,19] and MD.[31,61] It is observed that
DG and DE in 3D DPs are similar at the same parameters, even
for different system sizes. The reported EMD simulation data
for D0

G and D0
E in 2D SC-DPs are higher than the previous MD

data for D0
G and D0

E in 3D SC-DPs, in contrast with Vauilina
et al.,[14] where their 2D data are lower than the 3D data. The
possible reasons for this difference are the different normaliza-
tions, numerical approach, effective coupling, simulation time,
etc.
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Fig. 1. Variations of normalized reduced D0
G(Γ ∗, N, κ) and D0

E(Γ ∗, N,
κ) as a function of Γ ∗ in 2D SC-DPs for N = 400, 4096 and 10000, re-
spectively, at κ = 0.10. Present MD simulation outcomes are compared
with earlier MD simulation data of 3D OCPs investigated by Vieille-
fosse et al.[25] (DG), 3D SC-DPs of Ohta and Hamaguchi[16] (DG, DE)
at N = 300 and 3D OCPs of Daligault[17] (DG).
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Fig. 2. Variations of normalized reduced D0
G(Γ ∗, N, κ) and D0

E(Γ ∗, N,
κ) as a function of Γ ∗ in 2D SC-DPs for N = 400, 4096 and 10000, re-
spectively, at κ = 0.50. Present MD simulation outcomes are compared
with earlier MD simulation data of 3D SC-DPs investigated by Ohta and
Hamaguchi[16] (DG, DE) at κ = 0.6 and N = 300, Daligault[26] (DE) at
N = 5000–200 K, 3D experimental reported data of Strickler et al.[33]

(DG) and MD data of Ghannad[49] (DG).

Figures 1 and 2 show the EMD outcomes of D0
G(Γ

∗, N,
κ) and D0

E(Γ
∗, N, κ) for 2D SC-DPs as a function of Γ ∗

at κ = 0.10 and 0.50, respectively, for three different system
sizes (N = 400, 4096 and 10000). We have performed eleven
different simulations at κ = 0.1 and 0.5 for each system size
and a total of sixty-six to obtain data sets for comparison under
the domain of plasma Γ ∗. It should be noted that we rescale
the Γ parameter as an effective coupling (Γ ∗) as proposed by
Vaulina and Khrapak[62] for 3D DPs, where the Γ ∗ is given as
Γ ∗ = Γ e−aκ(1− aκ +(aκ)2/2). For 2D DPs, we follow the
scaling suggested by Hartmann et al.,[63] which is suitable for
infinite 2D systems. The effective coupling parameter in this
case is Γ ∗ =Γ (1−0.388κ2 +0.138κ3−0.0138κ4). The pur-
pose of Γ ∗ is to enable a further suitable comparison across
systems of different dimensionality. The values of D0

G(Γ
∗, N,

κ) and D0
E(Γ

∗, N, κ) linearly decreased with increasing the
plasma coupling for the region of 0.97≤ Γ ∗ ≤ 39.5 (κ = 0.1)
and 0.92≤ Γ ∗ ≤ 36.78 (κ = 0.50). It can be observed that the

D0
G(Γ

∗, N, κ) slightly increased for the region of plasma cou-
pling 39.5 < Γ ∗ ≤ 149.44 (κ = 0.10) and slightly decreased
for 64.36≤ Γ ∗ ≤ 149.44 (κ = 0.50) but at Γ ∗ = 156.30 (D0

G)
again unexpectedly decreased. D0

E(Γ ∗, N, κ) slightly devi-
ate from their linear decreasing for 39.5 < Γ ∗ ≤ 149.44 (κ =

0.10) and slightly decreased 64.36≤Γ ∗ ≤ 149.44 (κ = 0.50).
The data reported by Ghannad[49] and compared in Fig. 2, are
significantly lower than present 2D results but match with 3D
DP systems. The possible reason for this difference may be
attributed to the different geometry of the simulation box, sim-
ulation time steps and run time. Figure 1 explains that for cur-
rent MD data of D0

G(Γ ∗, N, κ) and D0
E(Γ ∗, N, κ) and data com-

puted for 3D OCPs of Vieillefosse et al.,[25] Daligault com-
puted from the same simulation scheme,[17,26] and DE at very
small κ = 0.10 reported by Ohta and Hamaguchi[16] are the
same. From Fig. 1, it can be concluded that no significant dif-
ferences are observed in the previous literature at κ = 0 and
κ = 0.10. EMD outcomes are also compared with 3D exper-
imental estimation based on the G-K relation by Strickler et
al.[33] for lower values of plasma coupling Γ ∗ (≈ 2–5). The
experimental estimation is in fair agreement with EMD out-
comes for 3D SC-DPs and lower than 2D EMD data in SC-
DPs.

Three sets of plots (Figs. 3–5) are shown to explain the
trends of computed plasma D0

G(Γ ∗, N, κ) and D0
E(Γ ∗, N, κ) in

2D SC-DPs at κ = 1, 2 and 3, respectively. Figures 3–5 (log-
log scale) display the plasma D0

G and D0
E simulated through

EMD simulations with varying N = 400, 4096 and 10000, re-
spectively. For three cases, a different series of EMD sim-
ulations are performed as sixty for κ = 1, sixty-six (κ = 2)
and ninety (κ = 3) for each system size. Both D0

G(Γ ∗, N, κ)
and D0

E(Γ ∗, N, κ) are nearly the same and linearly decreased
for the region 0.74 ≤ Γ ∗ ≤ 36.81 (κ = 1), the same as for
0.33 ≤ Γ ∗ ≤ 16.56 (κ = 2) and 0.12 ≤ Γ ∗ ≤ 11.62 (κ = 3).
The reported D0

G (Γ ∗, N, κ) remained nearly constant for the
region 73.62 < Γ ∗ ≤ 147.24 (κ = 1), 33.12 < Γ ∗ ≤ 132.47
(κ = 2) and 23.24 < Γ ∗ ≤ 127.82 (κ = 3). However, D0

E(Γ ∗,
N, κ) decreased slightly for 73.62 < Γ ∗ ≤ 147.24 (κ = 1) and
at κ = 2, and 3 linearly decreased for simulated range Γ ∗,
which agrees with experimental results.[10] It is noted that the
well-matched region of D0(Γ ∗, κ) increased with increasing
the plasma density (= κ). The data obtained by Lu et al.[60] for
2D DPs is lower than the present 2D data and is well matched
with 3D systems. The possible reason for this difference
is the different approach (LMD), fractional drag coefficients
(v= 0.027ω−1

p ), different integration time steps 0.037ω−1
p and

N = 1024 for such long simulation (500 ≤ ωpt ≤ 3000). The
data reported by Charan et al.[53] at κ = 2, Γ ∗ = 150 lies be-
tween the present 2D and previous 3D SC-DPs.
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Fig. 3. Variations of D0
G(Γ ∗, N, κ) and D0

E(Γ ∗, N, κ) as a function of Γ ∗

of 2D SC-DPs for N = 400, 4096 and 10000, respectively, at κ = 1.0.
Present MD simulation outcomes are compared with earlier MD simu-
lation data of 3D SC-DPs investigated by Shakoori et al.,[18] Ohta and
Hamaguchi,[16] 3D OCPs of Daligault,[17] Dzhumagulova et al.[64] and
Hartmann et al.[11]
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Fig. 4. Variations of D0
G(Γ ∗, N, κ) and D0

E(Γ ∗, N, κ) as a function of
Γ ∗ of 2D SC-DPs for N = 400, 4096 and 10000, respectively, at κ = 2.
Present MD simulation outcomes are compared with earlier MD simu-
lation data of 3D SC-DPs; see the caption of Fig. 2, as well as, Lu et
al.[60] and Charan et al.[53]
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Fig. 5. Variations of D0
G(Γ ∗, N, κ) and D0

E(Γ ∗, N, κ) as a function of
Γ ∗ of 2D SC-DPs for N = 400, 4096 and 10000, respectively, at κ = 3.
Present MD simulation outcomes are compared with earlier MD simu-
lation data of 3D SC-DPs; see caption of Fig. 2.

In this study, EMD simulation was employed to investi-
gate D0

G(Γ ∗, N, κ) and D0
E(Γ ∗, N, κ), which were obtained

using the G-K and Einstein relations. We aim to assess the
accuracy and applicability of the G-K and Einstein relations
to D0

G and D0
E through EMD simulations in 2D DPs. These

assessments have been made from two different perspectives;
one is to check the validity of G-K and Einstein relations to
produce diffusion coefficients, and the second is to determine
the effects of varying system sizes on diffusion coefficients in
2D DPs.

It is observed that D0
G and D0

E are nearly the same for
lower-to-intermediate values of Γ (five times lower than the
melting point Γm)[44] and different at higher Γ values. The
range of Γ ∗ for these regions is different and significantly de-
pends on κ , which can be clearly identified in Figs. 1–5. These
results suggest that at low to intermediate Γ ∗ values, the 2D
DPs are in the warm liquid state, the system exhibits close to
normal diffusion, and that is why both relations yield similar
results, as suggested by Donko et al.[44] In the warm liquid
state of DPs, the interparticle interactions are present but rela-
tively weak compared to the thermal motion of dust particles.
Due to the dominance of thermal fluctuation, the obtained dif-
fusion coefficients are based on thermal energy. These results
suggest that both relations accurately calculate the dynamics
and interactions between dust particles at lower Γ ∗ values.

The second region characterizes the divergence between
D0

G and D0
E. Specifically, D0

G at higher Γ ∗ shows a slight in-
crease for κ = 0.1 and 3.0 (see Figs. 1 and 5), a slight de-
crease for κ = 0.5 and 2.0 (see Figs. 2 and 4), and remains
almost constant for κ = 1.0 (see Fig. 3). To check the con-
sistency and validity of both Γ ∗ and D0

G, we replotted the val-
ues of D0

G at N = 10000, as shown in Fig. 6. We observed
that for κ = 0.1–2.0, the D0

G data exhibited small variations,
which are consistent. However, at κ = 3.0, the D0

G value was
significantly lower, indicating inconsistency. The main rea-
son for this inconsistency is that the equation for Γ ∗ is only
suitable for κ = 0.1–2.0, which agrees well with Ref. [63].
By combining all the data, we observe that D0

G decreases lin-
early over the small to intermediate range of Γ ∗, while it shows
slight variations for higher values of Γ ∗. There are two pos-
sible reasons for this discrepancy. One is that the diffusion
motion captured through VACF(t) is not close to normal diffu-
sion (anomalous) for the entire simulation time, see Fig. 7(a);
thus, the D0

G data are not accurate. The other possible rea-
son for the observed difference is that the VACF(t) decays
slowly in these regimes, due to stronger inter-particle inter-
actions and more robust correlations between the dust parti-
cles [see Fig. 7(a)]. In this figure, we fit the decay of the
VACF(t)∼ tγ (γ =−d[log(VACF(t))]/d[log(t)]), and observe
that it follows a power law. The corresponding values of the
decay exponent (γ) are displayed in Fig. 7(a), showing a slight
increase in γ , which suggests a slight decrease in D0

G at higher
Γ ∗ values. Another possible reason is that the G-K relation
does not accurately capture the inter-particle interactions and
the microscopic dynamics of dust particles in these regimes.
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This raises questions about the applicability and accuracy of
the G-K relation in calculating diffusion in the cooled liq-
uid states of 2D DPs. It can be argued that the G-K rela-
tion gives overestimations of D0

G, especially when compared
to results obtained from the Einstein relation. This behav-
ior may resemble the discrepancies observed in the calcula-
tion of shear viscosity.[65,66] Furthermore, D0

E shows a slight
decrease at lower κ = 0.1 to 1.0 and higher Γ ∗. However,
for κ = 2 and 3, D0

E decreases almost linearly for computed
Γ ∗ values. These findings suggest that the accuracy of Ein-
stein’s relation improves as κ increases. The transition from
anomalous to normal diffusion (i.e., approaching normal dif-
fusion) is observed over sufficiently long times. In this con-
text, the Einstein relation (D0

E) may provide accurate results
at higher Γ ∗ values, indicating that the diffusive motion ap-
proaches normal diffusion (with α ≈ 1), particularly when the
data is obtained over a long time (ωpt = 3000), as shown in
Fig. 7(b). This was further tested using MSD(t) ∼ tα(α =

d[log(MSD(t))]/d[log(t)]) analysis, where at κ = 2 and for
Γ = 100, 200, 300 and 396, the corresponding values of α

were found to be 1.0865, 1.0783, 1.0323 and 1.0294, respec-
tively. These values are in close agreement with the data re-
ported in Ref. [60]. The values of α indicate that the diffusion
is superdiffusive (anomalous), but approaches normal diffu-
sion, which is consistent with the results in Ref. [60]; values
of 0.98≤ α ≤ 1.08 were reported, with α ≈ 1. Overall, these
results demonstrate that the Einstein relation provides more
accurate diffusion coefficients compared to the G-K relation.
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Fig. 6. Self-diffusion coefficients (D0
G) as a function of the effective

coupling parameter (Γ ∗) for five values of κ = 0.1, 0.5, 1.0, 2.0 and
3.0, and N = 10000.

Figures 1–5 demonstrate that D0
G and D0

E remain unaf-
fected by system size when the plasma parameters are kept
constant. This observation suggests that the diffusion coeffi-
cients are system size-independent. We explored this in more
detail using both the G-K and Einstein relations. For the G-K
relation, we calculated the VACF(t) at Γ = 100 κ = 2 for dif-
ferent system sizes of N = 400, 1024, 4096 and 10000. The
results, shown in the subgraph of Fig. 7(a), indicate that the

VACF(t) does not depend on the system size. The diffusion
calculated through the Einstein relation in 2D DPs at suffi-
ciently long times is independent of system size. A similar
study was reported earlier in Ref. [41], where the authors ob-
served that the MSD(t) at long simulation times (ωpt = 3000)
showed that the diffusive motion approaches normal diffusion
and is also independent of system size. We also performed
a similar analysis by calculating MSD(t) at a long simulation
time (ωpt = 3000) and fitting the curve. The results suggest
that the diffusion motion tends towards normal diffusion, as
shown in Fig. 7(b). Another possible factor influencing the
system-size independence of diffusion coefficients could be
the change in the geometry of the simulation box (Lx 6= Ly).
While this might contribute to the observed results, it is still
unclear which factors are dominant in ensuring that the diffu-
sion coefficients remain system size-independent. In conclu-
sion, our findings suggest that the diffusion coefficients in 2D
DPs are system size-independent (true diffusion coefficients).
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The EMD simulation outcomes of the self-diffusion co-
efficients are tested for simple temperature scaling law for
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varying N (= 400, 4096 and 10000) and are shown in Figs. 8
and 9. First, we normalized the diffusion coefficients (DG,
DE) by Einstein frequency (ωE) as D∗G = DG/(ωEa2

ws) and
D∗E = DE/(ωEa2

ws)
[16–18] and the Einstein frequency is given

as

ω
2
E =

1
2m ∑i 6= j ∆φ(𝑟i−𝑟 j) =

k2
D

2m ∑i 6= j φ(𝑟i−𝑟 j). (5)

These normalizations have already been used for 3D
systems,[16–18,26] and are now implemented for 2D
systems.[15] The simple temperature scaling law for the nor-
malized self-diffusion coefficients can be written as

D∗ = A(T ∗−1)B +C, (6)

where A, B and C are unknown fitting parameters, T ∗ is the
normalized temperature for 2D Yukawa systems, defined as
T ∗ = T/Tm = Γm/Γ , Tm and Γm are the melting tempera-
tures of liquid–solid critical point. The values of Γm are in-
creased in magnitude with κ; the above relation is already used
for 3D self-diffusion coefficients.[16,18,25] The simple temper-
ature scaling law for fluid–solid transitions was explained in
Ref. [13]. In this case, temperature scaling expression is im-
plemented for the 2D SC-DPs D∗G(T ∗, κ , N) and D∗E(T ∗, κ , N)
and are displayed in Figs. 8 and 9, respectively.

The temperature scaling law explains that D∗G(T ∗, κ , N)
and D∗E(T ∗, κ , N) are plotted along the y-axis, while T ∗ is
plotted along the x-axis. The values of D∗G(T ∗, κ , N) and
D∗E(T ∗, κ , N) are calculated for N = 400, 4096 and 10000
with five different values of κ (= 0.1, 0.5, 1, 2 and 3). These
diffusion coefficients are obtained through EMD simulations,
capturing trends across various plasma phases, including gas-
like, liquid-like and solid/crystal-like regimes. The dark lines
(marked in red) in Figs. 8 and 9 represent the results obtained
by applying the simple (universal) temperature scaling law
functional form given in Eq. (6). The fitting Eq. (6) was used
for the first time by Vieillefosse et al.,[25] followed by Ohta &
Hamaguchi.[16] Then, there were different scaling approaches
by Khrapak et al.[22] and most recently Shakoori et al.[18,27,28]

for the 3D DPs. Implementing Eq. (6) yields appropriate fits
to the normalized data of D∗G(T ∗, κ , N) and D∗E(T ∗, κ , N),
from which unknown fitting parameters (A, B, C) are obtained.
For D∗G(T ∗, κ , N), the fitting parameter values are found to
be A = 0.04138, B = 0.99572 and C = 0.0662 for N = 400,
A= 0.01229, B= 1.21152 and C = 0.07909 for N = 4096, and
A = 0.01228, B = 1.23566 and C = 0.09314 for N = 10000.
As κ increases from 0.10 to 3, the values of Einstein frequency
and Γm increase by more than an order of magnitude.[16] The
variations in the fitting parameter values are relatively small
when varying N. Figures 1–5 demonstrate that diffusion co-
efficients in 2D DPs are independent of system size, so here,
parameter variations are very small. D∗G(T ∗, κ , N) does not ac-
curately follow the temperature scaling law for the cold state

of 2D SC-DPs (0.8 ≤ T ∗ ≤ 10). Our investigation demon-
strates that the G-K relation is not valid in the cold liquid states
of 2D DPs, because VACF indicates that diffusion motion is
anomalous. However, in the gas–liquid or warm liquid states
(10 < T ∗ ≤ 1000), it accurately follows a linear trend, con-
sistent with earlier literature.[18,27,28] This means that D∗G de-
viates from the theoretical curves at low values of κ and low
temperature.
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Fig. 8. Self-diffusion coefficients normalized by Einstein frequency
[Eq. (5)] [D∗G(T ∗, κ , N)] as a function of normalized temperature (T ∗)
for varying system size (N = 400, 4096 and 10000) at κ = 0.10, 0.50,
1, 2 and 3. Dark red line is derived from the universal temperature
scaling law [Eq. (6)] for 2D SC-DPs. Present fitting curve of 2D
DPs agrees with the previous 3D DP fitting curve reported by Ohta &
Hamaguchi[16] and Shakoori et al.[18,27,28]
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Fig. 9. Self-diffusion coefficients normalized by Einstein frequency
[D∗E(T ∗, κ , N)] as a function of normalized temperature (T ∗) for vary-
ing system size (N = 400, 4096 and 10000) at κ = 0.10, 0.50, 1, 2
and 3. Dark red line is derived from the simple temperature scaling
law given in Eq. (6) for 2D SC-DPs. Present fitting curve of 2D DPs
agrees with the previous fitting curve of 3D DPs reported by Ohta and
Hamaguchi[16] and Shakoori et al.[18,27,28]

The fitting parameters for D∗E(T ∗, κ , N) are A = 0.04214,
B = 1.0 and C = 0.04278 for N = 400, A = 0.04031, B =

1.02248 and C = 0.04639 for N = 4096 and A = 0.01823,
B = 1.22264 and C = 0.06992 for N = 10000. The fitting pa-
rameters are obtained after the fitting curve of the functional
form given in Eq. (6) for both cases. The values of fitting
parameters are close for different numbers of particles but dif-
ferent for the G-K and the Einstein relations. The D∗G(T ∗, κ ,
N) and D∗G(T ∗, κ , N) data lie around the red line, showing

that the present EMD outcomes for 2D SC-DPs follow the
simple temperature scaling law for the 3D system. It is sig-
nificant that these fitting parameters propose that scaled D∗ is
independent of N and dependent on κ , validating the earlier
simulation data.[18] It is analyzed from three panels that the
computed data of D∗ are aligned along a dark line for a com-
plete range of κ , except when very small (= 0.10), and the
functional form gives an excellent fit. The functional form pre-
cisely produces the shape of the obtained D∗ curve, validating
the earlier SC-DPs data[18] and giving an excellent relation-
ship between D∗ and T ∗ for a whole range of DP parameters
(Γ , κ). Overall, the normalized Einstein diffusion coefficient
mostly agrees with the theoretical curve at low temperatures
and small Debye length.

4. Conclusion

In this paper, we investigate the self-diffusion coefficients
in two-dimensional (2D) strongly coupled dusty plasma (SC-
DP) liquids through equilibrium molecular dynamics simula-
tions. The diffusion coefficients are computed through Green–
Kubo (DG) and Einstein (DE) relations for a wide range of
plasma screening (κ) and coupling (Γ ) parameters. Sim-
ulations are performed for the three different system sizes,
and outcomes are compared with previously available numer-
ical and experimental data of 2D and three-dimensional SC-
DPs. These investigations demonstrate that the different sys-
tem sizes did not affect the values of DG and DE. The Green–
Kubo and Einstein relations provide nearly similar results for a
small to intermediate range of plasmas Γ (warm liquid states),
depending on κ . However, for higher Γ values, DG are overes-
timated because the VACF indicates the anomalous diffusion;
thus, the DG are not accurate, while DE gradually decreases
with increasing the Γ . Our chief findings indicate that the
Einstein relation can provide accurate and valid diffusion co-
efficients over long timescales since diffusion motion tends to
resemble normal diffusion.
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