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This paper study the finite time internal synchronization and the external synchronization (hybrid synchronization)
for duplex heterogeneous complex networks by time-varying intermittent control. There few study hybrid synchronization
of heterogeneous duplex complex networks. Therefore, we study the finite time hybrid synchronization of heterogeneous
duplex networks, which employs the time-varying intermittent control to drive the duplex heterogeneous complex networks
to achieve hybrid synchronization in finite time. To be specific, the switch frequency of the controllers can be changed with
time by devise Lyapunov function and boundary function, the internal synchronization and external synchronization are
achieved simultaneously in finite time. Finally, numerical examples are presented to illustrate the validness of theoretical
results.
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1. Introduction
In the past decades, the complex networks is an active

field of scientific research, the complex networks are divided
into many types, including public transport networks,[1] infor-
mation networks,[2] financial network,[3] neural networks,[4]

epidemic spreading networks[5,6] and so on. The synchroniza-
tion is an important phenomenon of complex networks.[7–10]

In sum, the synchronization are broadly divided into two
types: the synchronization between network and nodes (the
internal synchronization) and synchronization among some
complex networks (the external synchronization). The con-
trollers are added to networks for achieving synchronization.

Many control methods have been investigated for
synchronization.[11–14] The intermittent control is one of dis-
continuous control method, the controller is not working con-
tinuously, the controller is actived in the work time, which is
better than continuous control, the intermittent synchroniza-
tion control have been developed. For example, in Ref. [15],
the coupled network is synchronized by intermittent con-
trollers. In Refs. [16,17], outer synchronization of complex
networks intermittent control is investigated.

The time of synchronization can be divided into finite
time and infinite time. In reality, the networks synchronization
as quickly as possible, so finite time has better effect than infi-
nite time. In order to quickly control the synchronization time,
finite time control method is researched in Ref. [18]. Once

the intermittent control is combined with finite time control,
the time of synchronization can be predicted, which have been
studied in Refs. [19–21]. The different parts of networks have
different property, so the different parts of networks with dif-
ferent synchronization types.[22–24]

Duplex complex networks have a wide range of
applications,[25,26] for example, in analyzing social networks
and biological networks, duplex complex networks can be
used to model the interactions between different levels, such
as the relationship between individual and group behaviors.[27]

Duplex complex networks can be used to describe the in-
teractions between two different levels in gene regulatory
networks. Due to the heterogeneity of the network, the
study-of-heterogeneous duplex complex networks is of great
significance for understanding complex systems in the real
world.[28,29]

Intermittent control can control the behavior of dynamic
systems by applying or withdrawing control actions at specific
time intervals. This method of control is often used in sys-
tems that do not require continuous control inputs to maintain
stability or desired behavior.[30]

Finite time time-varying intermittent control is a control
strategy which the control input is applied intermittently and
under certain conditions. The characteristics (such as mag-
nitude, duration, and timing) vary over time. This method
of control are suitable for systems that can maintain stabil-
ity without needing to continuous control inputs in finite time.
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The purpose of finite time time-varying intermittent control is
to save energy, reduce wear, and control complex dynamics,
for ensuring the system attains the anticipated performance
levels in finite time.

Due to diversity and heterogeneity of network, the differ-
ent parts of the duplex network can achieve different types of
synchronization. However, to the best of our knowledge, finite
time synchronization of duplex networks focus on the same
type for every layer network, every layer network should have
different type for the duplex networks. There are few research
on the finite time internal and the external synchronization for
heterogeneous duplex complex networks by time-varying in-
termittent control. Motivated by the above discussions, this
paper investigates the finite time internal and the external syn-
chronization problem for heterogeneous duplex complex net-
works via time-varying intermittent control. The switch fre-
quency of the controllers can be changed with time by devise
time-varying Lyapunov function. The internal and the external
synchronization can be achieved in finite time via time-varying
intermittent control.

2. Network model and preliminaries
Assumption 1[7] The time-varying delay τ(t) is a func-

tion and satisfies 0≤ τ(t)≤ µ, which explain the time-varying
delay signal is positive and bounded, maximum µ = 1 in this
paper. Derivative of the delay τ(t) exists, derivative of the de-
lay τ(t) less than 1, which can also be written as 0 ≤ τ̇(t) ≤
ξ < 1 (ξ ≥ 0), this assumption is true if τ(t) is constant.

Considering heterogeneous duplex complex net-
works (1)–(2) and a nonlinear dynamics mathematical
model (3) are as follows:

ẋi(t) = Ãxi(t)+ B̃ f (xi(t− τ1(t))

+
N

∑
j=1

c1
i jg1(x j(t))+

N

∑
j=1

d1
i jh1(x j(t− τ2(t))

+𝑢in(t)+𝑢out(t), (1)

ẏi(t) = Ẽyi(t)+W̃q(yi(t− τ1(t))

+
N

∑
j=1

c2
i jg2(y j(t))+

N

∑
j=1

d2
i jh2(x j(t− τ2(t)), (2)

ṡ(t) = Z(𝑠(t)), (3)

where xi(t) = (xi1(t),xi2(t), . . . ,xin(t))T ∈ Rn is the state vari-
ables of the i-th node for complex network (1).

yi(t) = (yi1(t),yi2(t), . . . ,yin(t))T ∈ Rn is the state vari-
ables of the i-th node in complex network (2), 𝑓 : Rn → Rn

and 𝑞 : Rn → Rn are the continuously vector functions which
explain the dynamical equation of the i-th node, τ1(t) > 0
and τ2(t) > 0 are coupling time-varying delay, f (z(t)) =

g2(y j(t))−g1(x j(t)).
When τ1(t) = τ2(t) = 0, complex networks (1)–(2) with-

out delay. gi : Rn→ Rn and hi : Rn→ Rn (i = 1,2) are couple

functions. s(t) is the state variables of the i-th node in sys-
tem (3). 𝐴̃ = 𝐴+∆𝐴(t) ∈ Rn×n, 𝐵̃ = 𝐵+∆𝐵(t) ∈ Rn×n,
𝐸̃ =𝐸+∆𝐸(t) ∈ Rn×n, and 𝑊̃ =𝑊 +∆𝑊 (t) ∈ Rn×n stand
for the parametric uncertain, 𝐴, 𝐵, and 𝐶 are constant ma-
trices, ∆𝐴, ∆𝐵, and ∆𝐶 are parameter uncertainties. For
k = 1,2, Ck ∈ RN×N and Dk ∈ RN×N are the coupling configu-
ration matrices which reflect the fundamental topology struc-
ture of network. If there is a connection between node i and
node j(i 6= j), then ck

i j > 0 and dk
i j > 0; otherwise, ck

i j = 0 and
dk

i j = 0. The diagonal elements of matrixs Ck and Dk are de-

fined as ck
ii = −

N
∑

j=1, j 6=i
ck

i j and dk
ii = −

N
∑

j=1, j 6=i
dk

i j. 𝑠(t) ∈ 𝑅n

is equinoctial point, or chaotic attractors, or a periodic or-
bit. 𝑢in(t) ∈𝑅n and 𝑢out(t) ∈𝑅n are intermittent controllers
which need be designed. The 𝑢in(t) is the internal controller,
which control the first node to the d-th node. The 𝑢out(t) is
the external controller, which control the (d + 1)-th node to
the N-th node.

Definition 1 The hybrid synchronization (the internal and
external synchronization) error is defined as follows:

𝑒(t) = 𝑒in(t)+𝑒out(t),

𝑒in(t) is the internal synchronization error, which is defined as
follows:

𝑒in(t) = 𝑥i(t)−𝑠(t− τ(t)), i = 1,2, . . . ,d,

where τ(t) > 0 is time-varying delay, 𝑥i(t) ∈ Rn is a state
variable of complex networks (1), 𝑠(t) is state variable of
system (3). The 𝑒out(t) is the external synchronization error,
which is defined

𝑒out(t) = 𝑥 j(t)−𝑦 j(t− τ(t)), j = d +1,d +2, . . . ,N.

Nodes 1 to d are implemented internal synchronization con-
trol, and nodes d + 1 to N are implemented external synchro-
nization control.

Definition 1 There exists a setting time T and meet
the following conditions when hybrid synchronization is
achieved,

lim
t→T
‖𝑒(t)‖ = lim

t→T
‖𝑒in(t)+𝑒out(t)‖

= lim
t→T
‖𝑒in(t)‖+ lim

t→T
‖𝑒out(t)‖

= lim
t→T
‖𝑥i(t)−𝑠(t− τ(t))‖

+ lim
t→T

∥∥𝑥 j(t)−𝑦 j(t− τ(t))
∥∥ .

Lemma 1[5] The V (t) is a continuous positive-definite
function and satisfies the following differential inequality,

V̇ (t)≤−ωV r(t), ∀t ≥ t0, V (t0)≥ 0,

where ω > 0, 0 < r < 1, V (t) ≡ 0 for all t ≥ T (x0) and the
settling time is

T (x0)≤
V 1−r(x0)

ω(1− r)
.
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Definition 2 For θ ∈Rn, r > 0, the signal function sign(·)
and | · |r are defined as

sign(θ) = diag(sign(θ1), sign(θ2), . . . ,sign(θn)),

|θ |r = (|θ1|r, |θ2|r, . . . , |θn|r)T .

Assumption 2 The τ1(t) and τ2(t) are time-varying delay
which bounded differential functions satisfy

0≤ τ1(t)≤ τ
∗
1 , 0≤ τ2(t)≤ τ

∗
2 ,

τ̇1(t)≤ γ < 1, τ̇2(t)≤ γ < 1

for all t, where τ∗1 , τ∗2 , and γ are some positive constants.

Assumption 2 The functions j(·), r(·), and h(·) are three
Lipschitz functions, i.e., there exists positive constants L j, Lr,
Lh such that for all µ , ν ∈ Rn,

‖ j(µ)− j(ν) ‖≤ L j ‖ µ−ν ‖,

‖ r(µ)− r(ν) ‖≤ Lr ‖ µ−ν ‖,

‖ h(µ)−h(ν) ‖≤ Lh ‖ µ−ν ‖ .

Assumption 3 ∆𝐴 and ∆𝐵 are uncertain time-vary ma-
trices, which are assumed to be

[∆𝐴(t),∆𝐵(t)] =𝑀𝐹 (t)[𝑁1,𝑁2],

where 𝑀 , 𝑁1, 𝑁2 are known real matrices, 𝐹 (t) is an un-
known time-varying real matrix and satisfy 𝐹 T(t)𝐹 (t)≤ 𝐼.

Lemma 2 [5] If 𝑋 and 𝑌 are real matrices, then the fol-
lowing inequality holds for any ζ > 0

𝑋T𝑌 +𝑌 T𝑋 ≤ ζ𝑋T𝑋+
1
ζ
𝑌 T𝑌 .

3. Main results

In this section, the finite time intermittent control scheme
and the hybrid synchronization criterion are given. Accord-
ing to systems (1)–(3), the error state equations are written as
follows:

ė(t) = (Id⊗ Ã)ein(t)+(Id⊗ B̃)F(ein(τ1))

+(Id⊗ Ẽ)ein(t)+(Id⊗W̃ )F(ein(τ1))

+(C⊗ Id)G(ein(t))+(D⊗ Id)H(ein(τ2))

+𝑢in(t)+ Ãeout(t)+(IN−d⊗ B̃)F(eout(τ1))

+ Ẽeout(t)+(IN−d⊗ Ẽ)F(eout(τ1))

+ ẼW̃F(eout(τ1)+ IN−dG(eout(t))

+(D⊗ IN−d)H(eout(τ2))+𝑢out(t), (4)

where

𝑒(t) = (eT
1 (t),e

T
2 (t), . . . ,e

T
d (t),e

T
d+1(t), . . . ,e

T
N(t))

T,

f (ei(τ1)) = f (yi(t− τ1(t))− f (xi(t− τ1(t))

+ f (xi(t− τ1(t))− f (si(t− τ1(t)),

F(e(τ1)) = ( f T(e1(τ1)), f T(e2(τ1)), . . . ,

f T(ed(τ1)), f T(ed+1(τ1)), . . . , f T(eN(τ1)))
T,

g(ei(t)) = g(yi(t))−g(xi(t))+g(xi(t))−g(si(t)),

G(e(t)) = (gT(e1(t)),gT(e2(t)), . . . ,

gT(ed(t)),gT(ed+1(t)), . . . ,gT(eN(t)))T,

h(ei(τ2)) = h(yi(t− τ2(t))−h(xi(t− τ2(t))

+h(xi(t− τ2(t))−h(si(t− τ2(t)),

H(e(τ2)) = (hT(e1(τ2)),hT(e2(τ2)), . . .hT(ed(τ2)),

hT(ed+1(τ2)), . . . ,hT(eN(τ2)))
T,

C =C2−C1, 𝑢in(t) = (uT
1 (t),u

T
2 (t), . . . ,u

T
d (t))

T,

D = D2−D1, 𝑢out(t)=(uT
d+1(t),u

T
d+2(t), . . . ,u

T
N(t))

T.

The developed intermittent controller is designed as

𝑢in(t) =

 u1(t), if Vin(t)≥Vin1(t),
u1(t−), if Vin2(t)<Vin(t)<Vin1(t),
0, if Vin(t)≤Vin2(t),

𝑢out(t) =

 u2(t), if Vout(t)≥Vout1(t),
u2(t−), if Vout2(t)<Vout(t)<Vout1(t),
0, if Vout(t)≤Vout2(t),

u1(t) = −ξ𝑒in(t)−
α

2
sign(𝑒in(t)) |𝑒in(t)|σ

− α

2

(
η1

1− γ

∫ t

t−τ1(t)
𝑒T

in(s)𝑒in(s)ds
)(1+σ)/2 𝑒in(t)

𝑒in(t)2

− α

2

(
η2

1− γ

∫ t

t−τ2(t)
𝑒T

in(s)𝑒in(s)ds
)(1+σ)/2 𝑒in(t)

𝑒in(t)2

+− α

2
sign(𝑒in(t)) |𝑒in(t)|σ ,

u2(t) = −
λ

2

(
η3

1−ϕ

∫ t

t−τ1(t)
𝑒T

out(s)𝑒out(s)ds
)(1+µ)2 𝑒out(t)

𝑒out(t)2

− λ

2

(
η4

1−ϕ

∫ t

t−τ2(t)
𝑒T

out(s)𝑒out(s)ds
)(1+µ)/2 𝑒out(t)

𝑒out(t)2

+λ

(
η4

1−ϕ

∫ t

t−τ1(t)
𝑒T

out(s)𝑒out(s)ds
)(1+µ)/2

− λ

2
sign(𝑒out(t)) |𝑒out(t)|µ , (5)

where ξ > 0, η1 > 0, η2 > 0, η3 > 0, and η4 > 0 are the con-
trol strengths, α > 0, λ > 0, 0 ≤ σ < 1, and 0 ≤ µ < 1 are
tunable constants. Vin(t) and Vout(t) are two given Lyapunov
functions, Vini(t) and Voutj(t) are two nonnegative continuous
functions. t− indicates the previous instant of time t. From ex-
pression (4), it is easy to see that the work time of controllers
u1(t) and u2(t) are decided by the time-varying relation among
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V (t), Vini(t), and Voutj(t). For brevity, take

β =
1+σ

2
, χ =

µ +2
3

.

Vini(t) and Vinj(t) are given as

Vini(t) =
(
(kV (t0))β −αi(t)β (t− t0)

)1/β

, i = 1,2,

Voutj(t) =
(
(ϑV (t0))1−χ −λ j(t)χ(t− t0)

)1/(χ−1)
, j = 1,2,

where αi, λi , k, and ϑ are positive scalars, α > α1 > α2,
λ > λ1 > λ2, and 0 < k < 1, 0 < ϑ < 1.

Based on the relation among Vin(t), Vout(t), Vini(t), and
Voutj(t), the intermittent control mechanism is described as:

(i) If Vin(t) ≥ Vin1(t) and Vout(t) ≥ Vout1(t), then the con-
trollers 𝑢in(t) = u1(t) and 𝑢out(t) = u2(t) are actived at instant
t and continuously working.

(ii) If Vin2(t) ≤ Vin(t) ≤ Vin1(t) and Vout2(t) ≤ Vout(t) ≤
Vout1(t), the controllers 𝑢in(t) = u1(t) and 𝑢out(t) = u2(t) are
working at the instant t−, then the controllers 𝑢in(t) = u1(t)
and 𝑢out(t) = u2(t) are continuously working after the time t.

(iii) If the following conditions are satisfied, Vin2(t) ≤
Vin(t)≤Vin1(t) and Vout2(t)≤Vout(t)≤Vout1(t), the controller
𝑢in(t) = 0 and 𝑢out(t) = 0 are working at the instant t−, then
the controller 𝑢in(t) = 0 and 𝑢out(t) = 0 are continuously
working after the time t.

(iv) If Vin(t)≤Vin2(t) and Vout(t)≤Vout2(t), then the con-
troller 𝑢in(t) = 0 and 𝑢out(t) = 0 are actived at instant t and
continuously working.

Remark 1 The two controllers 𝑢in(t) and 𝑢out(t) can
achieve finite time hybrid synchronization in the whole net-
work, the controller 𝑢in(t) achieve finite time internal syn-
chronization and controller 𝑢out(t) achieve finite time external
synchronization. This paper focuses on finite time hybrid syn-
chronization in the whole network. In this case, the controller
may switch rapidly between u(t) = u∗(t) and u(t) = 0 with the
trajectory of V (t) touching the boundary function from V1(t)
to V2(t). If the α1(t), α2(t), β , λ1(t), λ2(t), and k are well cho-
sen, the size of region V2(t)<V (t)<V1(t) that corresponds to
the switching frequency of the controller between u(t) = u∗(t)
and u(t) = 0 will be changed with time. The switch frequency
can be changed with time by the values of α2(t)−α1(t) and
λ2(t)−λ1(t), which improve previous results.

The finite time synchronization criterion with the Lya-
punov function Vin(t) and Vout(t) are designed as follows:

Vin(t) = eT
in(t)e(t)+

η1

1− γ

∫ t

t−τ1(t)
eT

in(s)ein(s)ds

+
η2

1− γ

∫ t

t−τ2(t)
eT

in(s)e(s)ds,

Vout(t) =
η3

1−ϕ

∫ t

t−τ1(t)
eT

out(s)eout(s)ds

+
η4

1−ϕ

∫ t

t−τ2(t)
eT

out(s)eout(s)ds.

Then the finite time synchronization criterion is given.
Theorem 1 Suppose that Assumptions 1–3 hold, there

exist tunable positive constants ξ , η1, η2, and any positive
constants s1, . . . ,s5, such that

(i) ∆≤ 0,

(ii) s−1
2 L2

j + s−1
3 L2

jλmax(NT
2 N2)− s−1

1 L2
j +η1 +η3 ≤ 0,

(iii) s−1
5 L2

h−η2−η2 +η4 ≤ 0,

where

∆ = λmax(As)+ s1λmax(MMT)+ s−1
4 L2

r + s3L2
r

+s1L2
r − s−1

1 λmax(NT
1 N1)+ s2λmax(BBT)

+s4λmax(CCT)+ s5λmax(DDT)+
η1 +η2 +η3

1− γ
−ξ .

Then the networks (1)–(3) with the intermittent control
scheme (4) and (5) will be synchronized in a finite time T ,
and

T < T1 =
(ϑVout(t0))χ

λ2χ
+ t0.

Proof Differentiating Vin(t) and Vout(t) along the solution
of error system (3),

V̇in(t) ≤ 2eT
in(t)ėin(t)+

η1

1− γ
eT

in(t)e
T
in(t)

−η1eT
in(τ1)ein(τ1)+

η2

1− γ
eT

in(t)ein(t)

−η2eT
in(τ2)ein(τ2),

V̇out(t) ≤
η3

1−ϕ
eT

out(t)e
T
out(t)

−η3eT
out(τ1)eout(τ1)+

η4

1−ϕ
eT

out(t)eout(t)

−η4eT
out(τ2)eout(τ2).

Based on the error equation (3) and the control scheme (4)
and (5), it is obtained that

2eT(t)ė(t)

= 2eT
in(t)(IN⊗ Ã)ein(t)+2eT

in(t)(IN⊗ B̃)F(ein(τ1))

+2eT
in(t)(C⊗ In)G(ein(t))

+2eT
in(t)(D⊗ In)H(ein(τ2))−2ξ eT

in(t)ein(t)

−αeT
in(t)sign(ein(t))|ein(t)|σ

+2(IN⊗ Ẽ)ein(t)+2eT
in(t)(IN⊗W̃ )F(ein(τ1))

−α

(
η1

1− γ

∫ t

t−τ1(t)
eT

in(s)ein(s)ds
)(1+σ)/2

−α

(
η2

1− γ

∫ t

t−τ2(t)
eT

in(s)ein(s)ds
)(1+σ)/2

−λ

(
η3

1− γ

∫ t

t−τ1(t)
eT

out(s)eout(s)ds
)µ/2

−λ (
η4

1− γ

∫ t

t−τ2(t)
eT

out(s)eout(s)ds)µ/2.
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Furthermore, by Lemma 1, one has the following estimation:

2eT
in(t)(IN⊗ Ã)ein(t)+2eT

in(t)(IN⊗ B̃)

×F(eout(τ1))+2eT
in(t)(IN⊗ Ẽ)ein(t)

+2eT
in(t)(IN⊗W̃ )F(eout(τ1))

≤ 2eT
in(t)(IN⊗ Ã)ein(t)+ s1eT

in(t)

×(IN⊗MMT)eT
out(t)+2eT

in(t)(IN⊗ Ẽ)

×ein(t)+ s1eT
in(t)(IN⊗MMT)eT

out(t)

+s−1
1 eT

in(t)(IN⊗NT
1 N1)eT

in(t)+ s2eT
in(t)

×(IN⊗BBT)eT
in(t)+ s−1

2 FT(eout(τ1))

×F(eout(τ1))+ s3eT
in(t)(IN⊗MMT)eT

in(t)

+s−1
3 FT(eout(τ1))(IN⊗NT

2 N2)F(eout(τ1))

≤ (λmax(As)+ s1λmax(MMT)+ s2λmax(MMT)

+s−1
1 λmax(NT

1 N1)+ s2λmax(BBT)+s3λmax(MMT))

×eT
in(t)ein(t)+

(
s−1

2 L2
j + s−1

3 L2
jλmax(NT

2 N2)
)

×eT
out(τ1)eout(τ1).

Similarly, we have the estimation for another term

2eT
in(t)(C⊗ In)G(e(t))+2eT

in(t)(D⊗ In)

×H(eT
in(τ2))+2eT

out(t)(D⊗ In)H(eT
in(τ2))

≤ s4eT
in(t)(CCT⊗ In)eT

in(t)+ s−1
4 GT(ein(t))G(ein(t))

s5eT
in(t)(DDT⊗ In)ein(t)+ s−1

5 HT(eout(τ2))

×H(eout(τ2))+ s−1
4 GT(ein(t))G(ein(t))

≤ (s4λmax(CCT)+ s−1
4 L2

r + s5λmax(DDT))eT
in(t)ein(t)

+s−1
5 L2

heT
out(τ2)eout(τ2)+ s−1

3 L2
r + s−1

5 L2
r

+(s−1
4 L2

r + s5λmax(DDT ))eT
in(t)ein(t).

It follows from Definition 2 and Lemma 2 that

−αeT(t)sign(e(t))|e(t)|σ

= −α|eT(t)||e(t)|σ ≤−α(eT(t)e(t))1+σ/2.

Together with expressions (6) and (7), it results in

V̇in(t) ≤ ΨeT
in(t)ein(t)+(s−1

5 L2
h−η2)eT

in(τ2)ein(τ2)

+
(
s−1

2 L2
j + s−1

3 L2
jλmax(NT

2 N2)−η1
)

eT
in(τ1)ein(τ1)

+(L2
j + s−1

3 L2
j −η1)eT

in(τ1)ein(τ1)

−α
(
eT

in(t)ein(t)
)σ/2

−α

(
η1

1− γ

∫ t

t−τ1(t)
eT

in(s)ein(s)ds
)σ/2

−α

(
η2

1− γ

∫ t

t−τ2(t)
eT

in(s)ein(s)ds
)σ/2

,

V̇out(t) ≤ (s−1
5 −η3)eT

out(τ2)eout(τ2)

+
(
s−1

3 L2
jλmax(NT

2 N2)−η3
)

×eT
out(τ1)eout(τ1)+η3eT

out(τ1)eout(τ1)

−λ
(
eT

out(t)eout(t)
)µ/2

−λ

(
η3

1−ϕ

∫ t

t−τ1(t)
eT

out(s)eout(s)ds
)(µ+1)/2

−λ

(
η4

1−ϕ

∫ t

t−τ2(t)
eT

out(s)eout(s)ds
)(µ+1)/2

×
(
s−1

3 L2
jλmax(NT

2 N2)−η3
)

L2
jη3eT

out(τ1)eout(τ1).

Then, it follows from Lemma 2 that

V̇in(t) ≤ −α
(
eT

in(t)ein(t)
)σ/2

−α

(
η1

1− γ

∫ t

t−τ1(t)
eT

in(s)ein(s)ds
)σ/2

×
(

η1

1− γ

∫ t

t−τ1(t)
eT

in(s)ein(s)ds
)σ/2

−
(

η1

1− γ

∫ t

t−τ1(t)
eT

in(s)ein(s)ds
)σ/2

−α

(
η2

1− γ

∫ t

t−τ2(t)
eT

in(s)ein(s)ds
)σ/2

≤ −αV β

in (t), (6)

V̇out(t) ≤ (s−1
5 −η3)eT

out(τ2)eout(τ2)

+
(
s−1

3 L2
jλmax(NT

2 N2)−η3
)

eT
out(τ1)eout(τ1)

−λ (eT
out(t)eout(t))µ/2

−λ

(
η3

1−ϕ

∫ t

t−τ1(t)
eT

out(s)eout(s)ds
)µ/2

−λ

(
η4

1−ϕ

∫ t

t−τ2(t)
eT

out(s)eout(s)ds
)µ/2

−
(

η3

1−ϕ

∫ t

t−τ1(t)
eT

out(s)eout(s)ds
)µ/2

≤ −λ
(
eT

out(t)eout(t)
)µ/2

−λ

(
η4

1−ϕ

∫ t

t−τ2(t)
eT

out(s)eout(s)ds
)µ/2

≤ −λV µ

out(t). (7)

Integrating expression (6) from t0 to t, one gets

V (t) = Vin(t)+Vout(t)

≤
(
(kV (t0))1−β −α(1−β )(t− t0)

)1/(1−β )
,

where 0 < k < 1, V (t0)>Vin1(t0), V (t0)>Vout1(t0). The con-
troller 𝑢in(t) = u1(t) and 𝑢out(t) = u2(t) are activated at t0.

Since α > α1, α > λ1, the convergence rate of Vin(t)
is faster than that of the boundary function Vin1(t), Vout(t) is
faster than that of the boundary function Vout1(t), there ex-
ists an instant Vin(t) when the trajectory of Vin(t) and touches
Vin1(t), the trajectory of Vout(t) and touches Vout1(t). Based on
the proposed control mechanism, the controllers uin(t) = u1(t)
and uout(t) = u2(t) are still active after Vin(t), the trajectory of
Vin(t) and Vout(t) will enter the region Vin2(t)<Vin(t)<Vin1(t)
and Vout2(t)<Vout(t)<Vout1(t), respectively.
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Further, due to α > α2, α > λ2, there is an instant
Vin(t) such that the trajectory of Vin(t) touches the boundary
Vin2(t), the trajectory of Vout(t) touches the boundary Vout2(t),
as well the controller uin(t) = 0 and uout(t) = 0 are activated
at Vin(t). If there exists another instant Vin(t) such that Vin(t)
touches the boundary Vin1(t), the controller uin(t) = u1(t) and
uout(t) = u2(t) are activated again, the trajectory of Vin(t) and
Vout(t) touches the boundary Vin2(t) and Vout2(t), activating the
controllers Vin(t) = 0 and Vout(t) = 0 once again separately.

Based on the above discussion, there is an instant

tr > T2 = t0 +
(kV (t0))1−β

α2(1−β )

such that the trajectory of Vin(t) and Vout(t) touch the bound-
ary Vin1(t) and Vout2(t), respectively, Vin(tr) = Vin1(tr) and
Vout(tr) =Vout1(tr). It yields directly

||e(t)||2 ≤Vin(t)+Vout(t)≤Vin1(t)+Vout1(t), t ≥ t1.

Therefore, by Lemma 1, one obtains that the error system (4)
is finite time stable with the setting time τ1(t) and τ2(t), thus
finite time hybrid synchronization is achieved.

Remark 2 If networks without delay, the delays τ1(t)
and τ2(t) in the above formulas are equal to 0.

4. Numerical example
Assuming the network (1)–(2) consists of twenty nodes,

respectively. The function f (·) in both of the subnetworks is
chosen as

f (z(t)) = (|z1(t)+2|− |z1(t)−2| ,1,0,1)T.

The nonlinear inner connecting functions and the time-

varying delays are taken as

g(·) = h(·) = tanh(·), τ1(t) = τ2(t) = cos t,

L j = 1.4, Lh = Lr = 1.2, γ = 1.3, ϕ = 1.1.

S(t) is set as


ẋ = ϕ(y− x)+ϑyz,
ẏ = cx−dxz− yg+w,
ż = xy−bz,
ẇ =− f y−hw.

The initial conditions are set as

ϕ = 30, b = 4.2, c = 24, d = 5.3,

ϑ = 35, f = 102, h = 1, g = 2,

xi(t0) = (0.11i, 0.12i, 0.13i, 0.14i)T,

yi(t0) = (−1−0.1i, −1−0.2i, −2i,−i)T,

i = 1,2, . . . ,20;

𝑀20×20 =𝑁1 =𝑁2 = 𝐼,

F(t) = diag(0.3,sin t,cos t,0.5,0.3,sin t,

cos t,0.5,0.3,sin t,cos t,0.5,0.3,sin t,

cos t,0.5,sin t,cos t,0,1),

si = 2(i = 1, . . . ,1), ξ = 1, η1 = 2, η2 = 3, σ = 4,

α = 3, α1(t) = 2sin t,

α2(t) = cos t, k = 0.3,β = 0.1, η3 = 0.2,

η4 = 0.2, λ = 0.1, χ = 0.4.

𝐴=



0.2 0.2 1 1.1 0 1.3 1 0 1.5 0 0 0.2 0 −0.3 0 0 −1.2 −0.3 −0.2 0.56

0.3 0 −0.3 0.2 0 0 0 0 0.2 −0.3 0 0 0 0.14 0 0.2 0 −1.2 1.2 0

0 0 0 0 0 0.11 0.50 −0.3 0 0 0.5 0 0 0.4 0 0.32 0.2 −1.2 0 0

0.12 0 0.15 0 0 0 0 0 0.1 0 0 0.2 0.56 0 0.1 0 0 −1.2 −0.2 0.56

0 0.65 0 −0.3 0 0.2 0 0.2 0 −2.2 0 0 −1.12 1 0 0 0 0.2 0.2 −1.2

0 0 0.8 0 0.1 0 0 1.03 0 0 0 0.2 0.2 0 0.1 0.2 0.2 0 0 0

0 0 0 0 0 0 0.12 0.1 0 0.35 −0.2 0 0 −1.2 0 0 0.1 −0.2 0.8 0

0 0.8 −0.2 0.1 0 −0.11 0 0 0.4 0 0 0.2 0 0 0 0.34 0 0 0 0.56

0.12 0 0 0 0.1 0 0 0.2 0.23 0 0 0.2 0 0 0.1 0 0 −0.2 −1.2 0

0.11 0 0 1.1 0 0.21 0 0.22 0 0.54 0.21 0.2 0.2 0 −0.12 0 0.21 0 0 −1.4

0 −0.5 0 0 0 0 0.32 0 2.1 0 0 0 0 −3.2 0 0 0.2 0 −0.2 0.56

0.23 0 0.32 0 0.2 0 2.1 0 0 0 0.1 0 0.2 0 0 0.32 0 0.2 0 0

0.25 0 0 2.1 0 1 0.2 −0.32 0 0.32 0 0.2 0 1 −0.54 0 0.23 0.12 0 −1.2

1 0 0.32 0 0 0.1 0 0 0.2 0 0 0 0 0.8 0 0 0.2 0.2 0.8 0.26

0 2.1 0 0 0 2.3 1.8 1 0 0.25 0 1.2 2.1 0 0 0.2 0 0.22 0 1

−0.2 0 −0.12 1 0.8 0 0 0.2 0 −0.2 0 0.12 0 0.2 0.2 0 0.8 0.32 −0.2 0.16

0 0 0 0 0 0.1 1 0 1.2 0 0.12 0 0 0 0 0 0.12 0.92 0.2 0.3

1 1 −0.45 0 0 1 2.3 1.2 0 1.3 1.3 3.2 0.35 0 0.16 0.2 0.2 2.1 0 0.16

0.12 0 0 −0.3 0 0 0 0 1.2 0 0 1.2 0 −0.2 0 1 0.13 0.2 −0.2 1

2 1 1 0 0 1.8 0.21 0 0 0.52 0 0 −1.12 0 0 0.23 0 0.12 1 0.3



,
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𝐵 =



2.5 0 2.5 0 2.7 0 0 2.2 0 2.2 0 2.5 2.5 0 −2.3 2.5 0 2.7 0 −2.9
0 −2.4 0 2.5 0 −2.9 2.5 2.2 2.2 2.5 −2.4 0 0 2.8 0 2.2 0 2.2 −2.9 0
−2.9 0 −2.9 0 −2.9 0 0 0 2.8 0 0 −2.9 2.2 0 2.6 −2.3 −2.3 −2.9 0 0

0 2.2 2.5 −2.1 0 −2.4 0 2.8 0 0 2.2 0 2.2 0 2.2 0 2.2 0 −2.3 −2.9
−2.1 0 0 0 2.5 0 −2.1 0 −2.9 2.2 −2.3 0 2.5 2.8 0 2.6 2.2 −2.9 0 0
−2.9 0 0 2.4 0 0 0 −2.4 0 2.6 0 2.4 −2.3 −2.9 2.2 0 −2.9 0 −2.9 0

0 2.3 2.2 0 0 2.6 −2.9 0 2.2 0 −2.9 2.2 0 0 0 2.2 0 2.6 2.2 0
2.6 0 0 −2.4 2.6 0 0 2.6 0 2.1 0 0 −2.9 0 2.6 0 2.5 0 2.6 −2.9
0 −2.9 2.2 0 0 0 2.2 0 −2.1 0 2.2 2.6 0 2.6 0 2.6 0 −2.4 0 0
−2.9 0 0 −2.3 2.5 2.3 0 0 0 2.5 2.2 0 −2.3 0 2.6 0 0 0 2.6 2.6

0 2.5 −2.7 2.6 0 0 −2.3 0 2.8 0 0 2.6 −2.1 2.5 0 0 −2.9 2.6 0 0
−2.9 0 0 0 2.8 2.5 0 2.7 0 0 −2.4 0 0 0 2.5 −2.4 0 0 −2.9 0

0 0 2.5 2.7 0 0 2.7 0 2.2 2.8 0 0 2.5 2.2 0 0 0 −2.4 0 2.6
−2.4 2.7 0 0 2.6 2.8 0 2.1 −2.9 0 0 2.8 2.2 0 2.2 2.5 2.5 0 2.6 0

0 0 2.7 2.2 0 0 −2.4 0 0 2.2 2.6 0 −2.4 0 −2.9 0 0 −2.3 0 −2.3
2.7 2.5 0 2.7 2.2 0 2.2 2.8 −2.4 0 0 0 0 2.5 0 2.9 −2.3 0 0 0
0 0 2.2 0 0 2.8 0 0 0 2.8 0 2.8 2.2 0 2.1 0 0 0 2.4 2.2

2.6 2.7 0 2.2 2.1 0 −2.4 2.5 0 0 −2.4 0 0 2.6 0 2.1 −2.1 −2.3 0 0
2.5 0 0 2.7 0 2.5 0 0 2.8 0 0 0 −2.4 0 2.5 0 0 0 −2.3 2.2
0 0 2.1 0 2.1 0 2.5 0 0 2 0 2.1 0 2.1 0 2.1 0 2.2 0 2.8



,

𝐸 =



0 −2.8 −2.9 0 −2.2 1 0 2 −2.1 0 −2.3 2.3 1 0 −2.6 −2.5 0 1 −2.6 0
−2.8 0 −2 −2.7 0 0 −2 −2.4 −2 0 2.2 2 0 2.5 0 −2.5 −2.3 0 −1.5 0.9
−1.9 −1.9 0 0 3 2.4 0 2.3 0 0 2 0 2.5 0 −3 0 −3 −1.6 −2 −2.6
−0.4 0 −2.1 2.4 0 −2.4 0 −2 2.4 3 0 2.2 1 2.6 2.6 −3 1 0 −2.3 2.6

0 0 −2 0 3 0 3 0 0 0 2 0 −3 2.2 0 −2.3 2.7 0 2 2
1.4 0 0 2.2 0 −3 0 2.7 1 0 2.5 2.4 1 0 1.1 1.5 1.2 2.2 2.9 2.6
0 0 −2.4 −2.3 2.3 2.2 2.9 0 2.1 2.5 −3 0 0 0 1.8 0 3 0 3 2.8
−2.6 1.1 0 1.1 0 0 0 0 1 0 0 0 2.3 1.7 1.4 0 2.6 1.9 2.6 1.2
−3 2.1 −3 2 0 2.1 2.7 2 0 2.5 2 −2.5 0 −2 0 2.6 2.1 0 −2 0
0 0 2.1 0 2.3 0 −2.1 0 −3 0 −2.1 0 3 1.1 2.5 2.5 0 2.6 3 2
−2.4 2.2 0 1 0 −2.5 1 0 2.5 1 0 −2.2 0 0 1.4 0 2.6 1 −3 −2.4

1 −2.4 0 0 −3 0 0 0 −3 −2.1 3 0 0 2.7 0 2.1 2 0 −2.3 0
0 −2 0 3 2.8 −2 −2.5 3 0 2.6 2.1 2.5 1 2.3 2.2 −2.1 −2.2 1 2.1 2.3
−2.5 0 2.6 2.5 0 0 2.3 0 −2.1 2.7 0 0 2.4 0 1.9 −3 0 0 −2.2 0
2.6 2.7 0 2.3 2.7 0 2.1 −2.2 2.1 2 −2 0 0 3 0 0 −2.1 −3 0 −2.1
2 0 2.5 1 −3 2.8 2.5 1 0 2.2 2.8 2.7 1 2.4 −3 1.7 2.1 0 1 3
0 2 2.1 2.5 3 2.2 2 0 2.4 2.9 2.2 0 2.3 2.1 −2.1 2.7 −3 3 0 0

2.6 −1.5 −2.4 0 −2.2 0 2.9 −2 0 3 0 2.3 1 −2 2.6 0 1.4 2.5 −3 −3
0 0 0 −2.1 0 1 2.3 0 1 2.6 1.2 3 0 1.5 1 1.6 0 −2 0 2
−2.4 −2.1 2.3 1 2.8 0 2.4 0 2.9 2.1 0 2.6 1 2.1 2.7 2.2 0 2.4 2.4 2



,

𝑊 =



0 2.1 −2.7 2.9 0 1 −3 −2.9 0 2.2 0 0 −2.8 2 −2.9 2.2 −2.7 −2.8 −2.7 −2.8
−1.9 −3 0 −2.9 −2.8 −2.5 3 −2.7 1 −2.5 2.7 −2.7 2.1 2.5 −2.8 2.2 3 2.3 0 3
2.1 −2.4 −2.7 0 −2.6 −2.3 −2.7 2.2 −2.5 0 −2.5 0 2.8 2 −2.4 3 −2.8 0 −2.1 −2.7
−1.9 −2.5 0 2.9 2.1 0 0 −2.3 1 1 0 2.4 2.3 0 2.6 0 3 2.8 −2.8 2.8
2.1 0 −2.6 −2.5 −1.4 2.5 0 1.2 0 2.9 2.5 0 2.8 0 2.8 −2.2 0 2.4 3 3
0 −2.6 0 −2.6 0 −2.6 0 −2.1 2.7 −2.4 −2 1 0 2.6 −2.6 0 −2.7 0 2 1.1
3 0 −2.5 −2.2 2.1 2.5 0 −2.7 −2.4 0 0 2.3 1 1.7 0 −2.5 3 2.5 −1.3 3
−2.8 −2.5 −2.3 0 −2.1 −2.5 2.7 0 1 2.3 0 2.9 1 0 −2.2 2.8 0 2 0 2.5

0 −2 2.2 2.7 2 2.7 −2.4 2 2.1 2.5 2.6 2.6 3 2.8 −2.3 0 −2 0 2.4 2.9
−2.7 0 0 0 0 2.9 0 −2.2 0 0 0 1 −2.2 0 2.8 −2.5 0 2.2 0 0

0 −2.7 2.7 −2.1 2.3 0 2 −2.4 0 2 2.6 2 0 2.6 0 2.5 2 2.4 2.5 2.6
3 −2.1 −2.2 2 0 0 −2 0 2.3 2.3 0 0 −2.1 2.6 2.1 0 −2.3 0 2.9 0
−2.8 1 2.3 2.3 0 2.2 2.4 1.8 0 −2 0 −1.3 3 0 2.4 1.4 2 −2.2 2.7 2.8

0 −2 2.7 3 0 0 −2.4 0 0 0 2.7 1 −2.2 2.7 2.9 −2 1 2.8 −2.1 1
3 3 −2.4 −2.3 0 −2.2 1 2.4 2.4 2.8 1 2.1 2.5 2.3 2 3 0 2.9 2.4 0
0 1 −2.4 1.4 −2.3 0 −2.2 2.6 3 −2 −2.3 0 0 2.7 2.3 0 0 2.4 0 0
−2.6 2.9 2 −2.4 2.4 −2 1 0 0 0 0 2.5 0 2 2.4 2.3 1 0 2 2.5

3 0 −2.2 0 2.9 2 2.1 2.9 2 2.2 0 2.8 2.9 −2.1 0 2.9 3 −2 1 −2.1
0 2.2 −2.6 −2.1 −2.3 −2.1 1 −2.4 0 2.5 −2.2 2.6 −2.2 2.1 −2.3 1 −2.4 2.2 0 2.7
0 0 −2.1 2.2 2.5 0 2.5 0 2.1 −2.3 2.6 0 −2.1 2.6 1 0 −1.3 2.1 2.6 −1.2



,
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𝐶1 =



0.1 0.3 0 0.1 0 0.3 0 0 0.5 0 0 0.2 0 −0.3 0 0 −1.2 −0.3 −0.2 0.56
0 0 −0.3 0.2 0 0 0 0 0.2 −0.3 0 0 0 0.14 0 0.2 0 −1.2 0.2 0
0 0 0 0 0 0.11 0.50 −0.3 0 0 0.5 0 0 0.4 0 0.32 0.2 −1.2 0 0

0.12 0 0.15 0 0 0 0 0 0.1 0 0 0.2 0.56 0 0.1 0 0 −1.2 −0.2 0.56
0 0.65 0 −0.3 0 0.2 0 0.2 0 −2.2 0 0 −1.12 0 0 0 0 0.2 0.2 −1.2
0 0 0.8 0 0.1 0 0 1.03 0 0 0 0.2 0.2 0 0.1 0.2 0.2 0 0 0
0 0 0 0 0 0 0.12 0.1 0 0.35 −0.2 0 0 −1.2 0 0 0.1 −0.2 0.8 0
0 0.8 −0.2 0.1 0 −0.11 0 0 0.4 0 0 0.2 0 0 0 0.34 0 0 0 0.56

0.12 0 0 0 0.1 0 0 0.2 0.23 0 0 0.2 0 0 0.1 0 0 −0.2 −1.2 0
0.11 0 0 1.1 0 0.21 0 0.22 0 0.54 0.21 0.2 0.2 0 −0.12 0 0.21 0 0 −1.4

0 −0.5 0 0 0 0 0.32 0 2.1 0 0 0 0 −3.2 0 0 0.2 0 −0.2 0.56
0.23 0 0.32 0 0.2 0 2.1 0 0 0 0.1 0 0.2 0 0 0.32 0 0.2 0 0
0.25 0 0 2.1 0 0 0.2 −0.32 0 0.32 0 0.2 0 0 −0.54 0 0.23 0.12 0 −1.2

0 0 0.32 0 0 0.1 0 0 0.2 0 0 0 0 0.8 0 0 0.2 0.2 0.8 0.56
0 2.1 0 0 0 0 0.8 0 0 0.25 0 0 2.1 0 0 0.2 0 0.22 0 0
−0.2 0 −0.12 0 0.8 0 0 0.2 0 −0.2 0 0.2 0 0.2 0.2 0 0.8 0.32 −0.2 0.56

0 0 0 0 0 0.1 0 0 0.2 0 0.2 0 0 0 0 0 0.12 0.92 0 0
0 0 −0.45 0 0 0 0 1.2 0 0 0 0 0.35 0 0.36 0.2 0.2 2.1 0 0.56

0.32 0 0 −0.3 0 0 0 0 0.2 0 0 0.2 0 −0.2 0 0 0.23 0.2 −0.2 0
0 0 0 0 0 0.8 0.11 0 0 0.52 0 0 −1.12 0 0 0.23 0 0.32 0 0



,

𝐶2 =



0 0.4 1.2 1.1 3.3 0 0 1 2.5 0 0.2 0 −0.3 −2.3 0 −1.2 0 1.3 −0.2 0.1
0.3 −0.3 0 0.23 0 0.2 1.3 0 0.1 −2.3 0 1.2 0 0.24 0.2 3.3 −1.2 0 1.2 0
1 0 0 0.2 0 0.11 0 −1.3 0 0.32 0.5 0 0.4 0 1 0 1.2 −0.2 0 0.3

2.3 1.3 0.25 0 2.32 0 2.3 0 0.1 0 0.3 0.23 0 0.36 0 0.1 −1.2 0 −2.2 1.5
0.3 0 0.15 −0.3 0 0.2 0 0.32 0 −2.2 0 0 1.2 0.12 0 1 0 0.2 1.2 −0.2
0 2.3 0.18 0 0.11 0 2 0 0 2.3 0 1.2 0.2 0 0 0.1 1.2 0 0.3 0

0.22 0 0 0 0 0 1.2 0.1 0 0.3 −0.2 0 1.04 −1.2 1 0 0.1 −0.2 0.32 1
0 0.7 −0.2 0.3 0 −0.11 0 0 0.4 0 0 0.2 0 0 0 0.34 0 0 0 0.5

0.13 0 2.3 0 0.1 0 0 1.2 0.2 0 1.3 0.12 0 1 0.1 2.3 0 −1.2 −1.2 1
1 0 1 1.1 0 1.21 1 0.12 1 0.1 0 1.2 0 2.3 0 1 2.3 0 1.2 −1.4
0 2.5 0.32 1 1 1.3 0 0.32 0 1.1 −0.2 0 0 −3.2 0 0 0.2 0 −0.2 0.56

0.21 0 1.32 1 1.2 0 1.1 0 1 0 1.1 1 1.2 1 0 1.32 0 0.2 1 0
0.15 0 0 1.1 0 0 0.1 −0.31 0 0.12 0 1.2 1 1 −0.54 0 0.23 1.12 1 −1.1

1 1 1.32 0 1 1.1 0 1 1.2 0 0 1 0 1.8 0 1 0.2 0.2 1.1 1.2
0 1.1 0 1 0 1 0.8 1 0 1.25 0 0 1.1 1 0 1.2 1 0.12 0 0.1
−1.2 0 −1.12 0 1.8 0 1 1.2 0 −1.2 0 1.2 0 0.1 0.1 0 1.8 0.31 0 1.51

1 0 1 0 0 0.11 0 0 0.21 0 0.12 0 1 0 1 0 0.11 0.12 0 1
0 1 −1.45 0 0 1 0 1.1 0 0 1 0 0.15 0 0.31 1.2 0.1 1.1 0 1.51

0.12 0 0 −0.13 0 0 1 0 0.12 0 0 0.12 0 −10.2 0 0 0.13 0.12 −1.2 1
1 0 1 0 1 0.8 0.11 0 1 0.11 0 0 −1.1 0 0 1.32 0 0.31 0 1.01



,

𝐷1 =



0.2 0.2 1 1.1 0 1.3 1 0 1.5 0 0 0.2 0 −0.3 0 0 −1.2 −0.3 −0.2 0.56
0.3 0 −0.3 0.2 0 0 0 0 0.2 −0.3 0 0 0 0.14 0 0.2 0 −1.2 1.2 0
0 0 0 0 0 0.11 0.50 −0.3 0 0 0.5 0 0 0.4 0 0.32 0.2 −1.2 0 0

0.12 0 0.15 0 0 0 0 0 0.1 0 0 0.2 0.56 0 0.1 0 0 −1.2 −0.2 0.56
0 0.65 0 −0.3 0 0.2 0 0.2 0 −2.2 0 0 −1.12 1 0 0 0 0.2 0.2 −1.2
0 0 0.8 0 0.1 0 0 1.03 0 0 0 0.2 0.2 0 0.1 0.2 0.2 0 0 0
0 0 0 0 0 0 0.12 0.1 0 0.35 −0.2 0 0 −1.2 0 0 0.1 −0.2 0.8 0
0 0.8 −0.2 0.1 0 −0.11 0 0 0.4 0 0 0.2 0 0 0 0.34 0 0 0 0.56

0.12 0 0 0 0.1 0 0 0.2 0.23 0 0 0.2 0 0 0.1 0 0 −0.2 −1.2 0
0.11 0 0 1.1 0 0.21 0 0.22 0 0.54 0.21 0.2 0.2 0 −0.12 0 0.21 0 0 −1.4

0 −0.5 0 0 0 0 0.32 0 2.1 0 0 0 0 −3.2 0 0 0.2 0 −0.2 0.56
0.23 0 0.32 0 0.2 0 2.1 0 0 0 0.1 0 0.2 0 0 0.32 0 0.2 0 0
0.25 0 0 2.1 0 1 0.2 −0.32 0 0.32 0 0.2 0 1 −0.54 0 0.23 0.12 0 −1.2

1 0 0.32 0 0 0.1 0 0 0.2 0 0 0 0 0.8 0 0 0.2 0.2 0.8 0.26
0 2.1 0 0 0 2.3 1.8 1 0 0.25 0 1.2 2.1 0 0 0.2 0 0.22 0 1
−0.2 0 −0.12 1 0.8 0 0 0.2 0 −0.2 0 0.12 0 0.2 0.2 0 0.8 0.32 −0.2 0.16

0 0 0 0 0 0.1 1 0 1.2 0 0.12 0 0 0 0 0 0.12 0.92 0.2 0.3
1 1 −0.45 0 0 1 2.3 1.2 0 1.3 1.3 3.2 0.35 0 0.16 0.2 0.2 2.1 0 0.16

0.12 0 0 −0.3 0 0 0 0 1.2 0 0 1.2 0 −0.2 0 1 0.13 0.2 −0.2 1
2 1 1 0 0 1.8 0.21 0 0 0.52 0 0 −1.12 0 0 0.23 0 0.12 1 0.3



,
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𝐷2 =



2.5 0 2.5 0 2.7 0 0 2.2 0 2.2 0 2.5 2.5 0 −2.3 2.5 0 2.7 0 −2.9
0 −2.4 0 2.5 0 −2.9 2.5 2.2 2.2 2.5 −2.4 0 0 2.8 0 2.2 0 2.2 −2.9 0
−2.9 0 −2.9 0 −2.9 0 0 0 2.8 0 0 −2.9 2.2 0 2.6 −2.3 −2.3 −2.9 0 0

0 2.2 2.5 −2.1 0 −2.4 0 2.8 0 0 2.2 0 2.2 0 2.2 0 2.2 0 −2.3 −2.9
−2.1 0 0 0 2.5 0 −2.1 0 −2.9 2.2 −2.3 0 2.5 2.8 0 2.6 2.2 −2.9 0 0
−2.9 0 0 2.4 0 0 0 −2.4 0 2.6 0 2.4 −2.3 −2.9 2.2 0 −2.9 0 −2.9 0

0 2.3 2.2 0 0 2.6 −2.9 0 2.2 0 −2.9 2.2 0 0 0 2.2 0 2.6 2.2 0
2.6 0 0 −2.4 2.6 0 0 2.6 0 2.1 0 0 −2.9 0 2.6 0 2.5 0 2.6 −2.9
0 −2.9 2.2 0 0 0 2.2 0 −2.1 0 2.2 2.6 0 2.6 0 2.6 0 −2.4 0 0
−2.9 0 0 −2.3 2.5 2.3 0 0 0 2.5 2.2 0 −2.3 0 2.6 0 0 0 2.6 2.6

0 2.5 −2.7 2.6 0 0 −2.3 0 2.8 0 0 2.6 −2.1 2.5 0 0 −2.9 2.6 0 0
−2.9 0 0 0 2.8 2.5 0 2.7 0 0 −2.4 0 0 0 2.5 −2.4 0 0 −2.9 0

0 0 2.5 2.7 0 0 2.7 0 2.2 2.8 0 0 2.5 2.2 0 0 0 −2.4 0 2.6
−2.4 2.7 0 0 2.6 2.8 0 2.1 −2.9 0 0 2.8 2.2 0 2.2 2.5 2.5 0 2.6 0

0 0 2.7 2.2 0 0 −2.4 0 0 2.2 2.6 0 −2.4 0 −2.9 0 0 −2.3 0 −2.3
2.7 2.5 0 2.7 2.2 0 2.2 2.8 −2.4 0 0 0 0 2.5 0 2.9 −2.3 0 0 0
0 0 2.2 0 0 2.8 0 0 0 2.8 0 2.8 2.2 0 2.1 0 0 0 2.4 2.2

2.6 2.7 0 2.2 2.1 0 −2.4 2.5 0 0 −2.4 0 0 2.6 0 2.1 −2.1 −2.3 0 0
2.5 0 0 2.7 0 2.5 0 0 2.8 0 0 0 −2.4 0 2.5 0 0 0 −2.3 2.2
0 0 2.1 0 2.1 0 2.5 0 0 2 0 2.1 0 2.1 0 2.1 0 2.2 0 2.8



.

Figure 1 displays the uncontrolled synchronization error
e(t) when the network with delay. Figure 2 displays the con-
trolled synchronization error e(t) in finite time when network
with delay. Figure 3 displays the uncontrolled synchronization
error e(t) when the network without delay. Figure 4 displays
the controlled synchronization error e(t) in finite time when
network without delay.
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Fig. 1. Uncontrolled synchronization error with delay.
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Fig. 2. Controlled synchronization error with delay.
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Fig. 3. Uncontrolled synchronization error without delay.
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Fig. 4. Controlled synchronization error without delay.

5. Conclusions
Finite time hybrid synchronization of duplex heteroge-

neous complex networks via time-varying intermittent control
has been investigated in this paper. The internal synchroniza-
tion and the external synchronization all be achieved synchro-
nization in finite time by time-varying intermittent control.
The switch frequency of the controllers determined by the de-
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signed time-varying Lyapunov function. Time-varying inter-
mittent control combined with finite time control have been
proposed to guarantee the synchronization within a finite time.
Numerical example show that the finite time control scheme is
feasible and effective.
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