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The control of adiabatic dynamics is essential for quantum manipulation. We investigate the effects of both periodic
modulating field and linear sweeping field on adiabatic dynamics based on a non-reciprocal Landau–Zener model with
periodic modulation. We obtain adiabatic phase diagrams in the (ω,δ ) parameter space, where the adiabatic region is
bounded by the modulating frequency ω greater than a critical value ωc and the non-reciprocal parameter δ less than one.
The results show that the adiabaticity of the system is not sensitive to the modulating amplitude. We find that the critical
modulating frequency can be expressed as a power function of the modulating period number or the sweeping rate. Our
findings suggest that one can change the adiabatic region or improve the adiabaticity by adjusting the parameters of both
the modulating and the sweeping fields, which provides an effective means to flexibly control the adiabatic dynamics of
non-reciprocal systems.
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1. Introduction
The Landau–Zener (LZ) model is one of the most impor-

tant models in the two-level systems (TLS), which is univer-
sal and has been widely used in various fields of physics for
decades.[1–7] It describes quantum tunneling between two lev-
els in a system. Based on this model, a lot of explorations
have been conducted, such as composite adiabatic passage
techniques,[8] transition time,[9] quantum simulation,[10,11]

and adiabatic-impulse approximation,[12] to name a few.
Non-reciprocity can result in many dynamical behaviors

and interesting quantum phenomena. In recent years, re-
searchers have begun to focus on non-reciprocal systems[13–17]

and have paid much attention to the tunneling dynamics of the
systems under periodic modulation. By adding a sine or cosine
modulating field to the diagonal term[14,18–20] or non-diagonal
term[21,22] of the TLS, different tunneling processes[1,23] and
the effects of periodic modulation on the tunneling dynamics
have been studied. Of course, both the diagonal and the non-
diagonal terms of the Hamiltonian can also be modulated[24]

and this dual periodic modulation will greatly enrich the dy-
namics of the system.

With advances in quantum science and technology, the
adiabatic quantum evolution has been widely concerned and
applied to many fields.[25–29] According to the adiabatic the-
orem, by controlling the Hamiltonian of the system, effi-
cient state transition and problem solving can be achieved

in quantum computing and other quantum technologies. Re-
cently, adiabatic theory has been extended to the quantum sys-
tems with nonlinear interactions[5,30–33] and new properties
of adiabatic evolution have been explored in non-Hermitian
systems[34–38] including counterdiabatic driving,[39] adiabatic
shortcut,[40,41] and Berry phase.[42]

In order to further understand the adiabatic dynamics of
the non-reciprocal systems during tunneling process, in this
paper we consider a non-reciprocal LZ model with periodic
modulation. We explore the influence of both periodic modu-
lating field and linear sweeping field on adiabatic region and
adiabaticity of the system. We show the adiabatic phase di-
agrams in the (ω,δ ) parameter space and find the adiabatic
region can be determined by the modulating frequency ω

greater than a critical value ωc and the non-reciprocal param-
eter δ < 1. Moreover, we find that the critical modulating fre-
quency can be expressed as a power function of the modulat-
ing period number or the sweeping rate and the adiabaticity of
the system is not sensitive to the modulating amplitude. These
findings allow us to change the adiabatic region or improve
the adiabaticity by tuning the parameters of both the modulat-
ing and the sweeping fields, which provides an effective way
to flexibly control the adiabatic tunneling dynamics of non-
reciprocal systems.

The rest of the paper is structured as follows. In Sec-
tion 2, we introduce a non-reciprocal LZ model with periodic
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modulation. In Section 3, we study the effects of both peri-
odic modulation and linear sweeping on adiabatic tunneling
dynamics. Finally, a summary is presented in Section 4.

2. Model
We consider a non-reciprocal LZ model with periodic

modulation, its Hamiltonian reads

𝐻(t) =
(

γ/2 ν/2
(ν/2)[1− (δ +Asin(ωt))] − γ/2

)
, (1)

where δ represents the non-reciprocal parameter, which leads
to the non-Hermiticity of the system. We apply a monochro-
matic field with amplitude A and frequency ω to periodically
modulate the non-reciprocal parameter. ν denotes the cou-
pling between two levels. For convenience, we set ν = 1 in
the following calculations. γ is the level bias. The LZ tun-
neling occurs when γ changes linearly with time, i.e., γ = αt,
where α is the sweeping rate.

The dynamics of the system is governed by the dimen-
sionless Schrödinger equation (h̄ = 1)

i
d
dt

(
a
b

)
= H(t)

(
a
b

)
, (2)

where a and b are the probability amplitudes.
In this paper, we assume that the system is initially pre-

pared in the lower or upper level, i.e.,

[a(t→−∞) , b(t→−∞)]T = (1,0)T or

[a(t→−∞) , b(t→−∞)]T = (0,1)T.

Due to the non-Hermiticity of the Hamiltonian (1), the time
evolution is no longer unitary and the total population N =

na +nb (with na = |a|2 and nb = |b|2) is not a conserved quan-
tity. Accordingly, the tunneling probability from the lower
level to the upper level or vice versa can be defined as

Pa ≡
na(t→+∞)

N(t→+∞)
or Pb ≡

nb(t→+∞)

N(t→+∞)
. (3)

In the absence of non-reciprocity and periodic modula-
tion, i.e., δ = A = 0, the Hamiltonian (1) simplifies to the
standard LZ model and the tunneling probability is given by
the famous formula[43]

PLZ = exp
(
−πν2

2α

)
. (4)

Equation (4) implies that a complete tunneling (i.e., PLZ = 1)
will occur in the sudden limit (i.e., α → ∞) and that no tun-
neling (i.e., PLZ = 0) will occur in the adiabatic limit (i.e.,
α → 0). We expect this result to be substantially modified
by non-reciprocity and periodic modulation.

3. Results and analysis
3.1. Energy-level structure and tunneling dynamics

We can obtain the instantaneous eigenenergies of the
Hamiltonian (1) as follows:

ε±(t) =±
1
2

√
(αt)2 +ν2[1− (δ +Asinωt)], (5)

which determine the adiabatic levels of the system. In the fol-
lowing, we discuss the influence of the non-reciprocal param-
eter and periodic modulation on the energy-level structure of
the system.

The non-Hermiticity of the system will cause the energy
eigenvalues to be complex. For convenience, in Fig. 1 we plot
the real [i.e., εr ≡ Re(ε±), see Fig. 1(a)] and imaginary [i.e.,
εi ≡ Im(ε±), see Fig. 1(b)] parts of the energy eigenvalues for
different non-reciprocal parameters, respectively. Here we fix
the parameters of the periodic modulating and linear sweep-
ing fields, i.e., A = 0.4, ω = 20, and α = 1. We see that
when δ < 1 (e.g., δ = 0 or δ = 0.5) the real parts of adia-
batic levels show an avoided crossing structure and the imagi-
nary parts are always zero. In this case, the effect of periodic
modulation is only to make the smooth energy levels fluctu-
ate somewhat. However, when δ ≥ 1 (e.g., δ = 1 or δ = 3),
the exceptional points (where the upper and lower levels be-
gin to cross) appear and the adiabatic levels form a number of
ring structures. This multi-loop structure is different from the
energy-level structure without periodic modulation, which im-
plies that the periodic modulation can effectively change the
topology of energy-level structure. Furthermore, we find that
the number of rings formed by the imaginary part is one more
than that of rings formed by the real part. For example, the
numbers are 4 and 3 for δ = 1, respectively. The reason is
that the regions where the imaginary part is zero exactly cor-
respond to the regions where the real part is nondegenerate,
and vice versa.

ε
r

ε
i

t

δ=0

δ=0.5

δ=1

δ=3

Fig. 1. Adiabatic levels for different non-reciprocal parameters. We
plot the real (a) and imaginary (b) parts of the energy eigenvalues, re-
spectively. We set α = 1, A = 0.4, and ω = 20.
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To explore the effects of periodic modulation on the tun-
neling dynamics, we evolve the system according to Eq. (2)
for a sufficiently long time (e.g., t from−1000T to 1000T with
T = 2π/ω being the modulating period) and calculate the final
tunneling probability from Eq. (3). The results (see scatters)
for different non-reciprocal parameters and the sweeping rates
with A = 0.5 and ω = 10 are shown in Fig. 2. For compar-
isons, we also give the corresponding results without periodic
modulation (see solid lines).[5]

P
a

P
b

α δ

Fig. 2. Tunneling probability of the non-reciprocal LZ model with periodic
modulation (scatters). Panels (a) and (c) show the tunneling probability as a
function of the sweeping rate for different non-reciprocal parameters. Pan-
els (b) and (d) show the tunneling probability as a function of non-reciprocal
parameter for different sweeping rates. The lines give the results without pe-
riodic modulation for comparison. We set A = 0.5 and ω = 10.

Compared with the case without periodic modulation, we
find that (i) in the adiabatic limit, even for δ = 0, the tunneling
probability with periodic modulation still does not tend to zero
[see solid squares in Figs. 2(a) and 2(c)], which indicates the
adiabaticity is broken. (ii) For any δ , the results with periodic
modulation deviate greatly from those without periodic modu-
lation in a wide range of α . (iii) The periodic modulation does
not change the critical point of the non-reciprocal TLS [see
solid squares in Figs. 2(b) and 2(d)], i.e., δ = 1. In the next
section, we will focus on the case where the sweeping rate is
very small to study the corrections of both the adiabatic region
and the adiabaticity of the system by periodic modulation.

3.2. The effect of periodic modulation on adiabaticity

To visualize the effects of periodic modulation on the adi-
abaticity of non-reciprocal TLS, we plot the final tunneling
probability (Pa or Pb) in the (ω,δ ) parameter plane to form an
adiabatic phase diagram. For brevity, we introduce a modulat-
ing period number K representing the evolution of the system
from t =−KT to t =KT . For a given T , the initial time of sys-
tem evolution is completely determined by K, and the larger
the K, the closer the initial state is to the actual eigenstate,
which is more favorable for adiabatic evolution. The adia-
batic phase diagrams for different modulating period numbers
(K = 10, 100, and 1000) with α = 0.01 and A = 0.5 are shown
in Fig. 3.

δ
δ

Pb

Pa

.0

.0

ω ω ω

Fig. 3. Adiabatic phase diagrams of Pa (upper panels) and Pb (lower panels) in the (ω,δ ) parameter space for different modulating period
numbers (for each row, from left to right, K = 10, 100, and 1000). The horizontal lines mark the critical non-reciprocal parameter δ = 1 and
the vertical lines denote the critical modulating frequency ωc. We set α = 0.01 and A = 0.5.

We see that there is a critical modulating frequency (de-

noted by ωc, see vertical lines) in the phase diagram and the

distributions of Pa or Pb on both sides of ωc are significantly

different. When ω > ωc (see the right half of vertical line),

we can divide the phase diagram into two regions (right up-

per and right lower regions) by using δ = 1. We find that all

right upper regions (i.e., ω > ωc and δ > 1) are non-adiabatic,

where Pa > 0 and Pb > 0. However, the adiabaticity of the right

lower region (i.e., ω > ωc and δ < 1) depends on the value of

K. When K is small (e.g., K = 10 or 100), the interference

fringes[44] can be seen in this region. When K is large enough

(e.g., K = 1000), the tunneling probability in this region ap-
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proaches zero and it becomes adiabatic. Interestingly, the adi-
abaticity of the left half region (i.e., ω < ωc) depends on the
choice of initial state. If the initial state is in the lower level,
the left half region is quasi-adiabatic, where Pa is very small
(see upper panels). If the initial state is in the upper level, the
left half region is non-adiabatic, where Pb approaches 1 (see
lower panels).

In order to demonstrate the influence of modulating am-
plitude A on the adiabaticity, we present the adiabatic phase di-
agrams under strong periodic modulation (A = 3) in Fig. 4 for
comparison with the results under weak periodic modulation
[A = 0.5, see Figs. 3(c) and 3(f)]. We show that for the same
sweeping rate and modulating period number (e.g., α = 0.01
and K = 1000), increasing the modulating amplitude does not
change the value of ωc and the region division of the phase
diagram. However, the adiabaticity of all right lower regions
is weakened. The adiabaticity of the left half region is sig-
nificantly improved for the initial state in the lower level [see
Fig. 4(a)], while the non-adiabaticity is significantly enhanced
for the initial state in the upper level [see Fig. 4(b)].

δ

PbPa

ω ω

.0.0

Fig. 4. Adiabatic phase diagrams of (a) Pa and (b) Pb in the (ω,δ ) parameter
space with K = 1000. The horizontal lines mark δ = 1 and the vertical lines
denote ωc. We set α = 0.01 and A = 3.

lo
g
1
0
ω
c

log10K

Pa ↼A/.↽

Pb ↼A/.↽

Pa ↼A/↽

Pb ↼A/↽

A/


A/
.

Fig. 5. The critical modulating frequency ωc as a function of K for
A = 0.5 (hollow squares and solid circles) and A = 3 (hollow hexagons
and solid triangles). The solid lines show the linear fits with slopes
respectively being 0.5 and 0.47 for A = 0.5 and 3. We set α = 0.01.

The critical modulating frequency is pivotal in delineat-
ing the boundaries of adiabatic regions; therefore, it is essen-
tial to establish both qualitative and quantitative relationships
between this frequency and other relevant parameters. To this
end, we fix α = 0.01 and calculate ωc for different K when

A = 0.5 and A = 3, respectively, and the results are shown in
Fig. 5. Obviously, the values of ωc obtained by Pa and Pb are
completely consistent. As a result, we can write ωc as a func-
tion of K in the following form:

ωc = λKβ , (6)

where λ and β are the two fitting constants associated with A.
When A = 0.5, λ ≈ 0.26 and β ≈ 0.5. When A = 3, λ ≈ 0.32
and β ≈ 0.47. We see that increasing A does not result in a
significant correction to the power exponent β , indicating that
the boundaries of the adiabatic region are not sensitive to the
modulating amplitude (see Fig. 6).

ω
c

A

α=0.01

α=0.03

α=0.05

Fig. 6. The critical modulating frequency ωc as a function of A for
α = 0.01, 0.03, and 0.05. We set K = 1000.

3.3. The effect of linear sweeping on adiabatic region

Now we discuss the effect of the sweeping rate α on the
adiabatic region. In Fig. 7, we show the adiabatic phase di-
agrams in the (ω,δ ) parameter space for different sweeping
rates (α = 0.01, 0.03, and 0.05) with K = 1000 and A = 0.5.
We see that using ωc and δ = 1 as the boundaries can still
clearly divide the whole phase diagram into three regions,
which is similar to the results in Fig. 3. It should be empha-
sized that for the three values of α we choose, in Fig. 7 all right
lower regions (ω > ωc and δ < 1) of the phase diagrams are
adiabatic and the effect of α on the adiabaticity can be neg-
ligible. However, we find that the adiabatic region (marked
in dark blue) shrinks significantly with a small increase in
α (from 0.01 to 0.05) and the left half region (ω < ωc) ex-
pands rapidly accompanied by the appearance of interference
fringes. In addition, when the initial state is in the lower level,
we see that the left half region rapidly changes from a quasi-
adiabatic region [where the average tunneling probability be-
tween 2% and 10%, see Fig. 7(a)] to a non-adiabatic region
[see Fig. 7(c)].

Considering the importance of the critical modulating fre-
quency in controlling adiabatic tunneling dynamics, we estab-
lish a quantitative relationship between ωc and the sweeping
rate. For simplicity, we fix K = 1000 and calculate ωc for dif-
ferent α when A = 0.5 and A = 3, respectively. The results for
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both Pa and Pb are illustrated in Fig. 8. We find that ωc can be
expressed as a power function with α as the base, i.e.,

ωc = ζ α
η , (7)

where ζ and η are two fitting constants associated with A.

When A= 0.5, ζ ≈ 77.6, and η ≈ 0.49. When A= 3, ζ ≈ 75.9,

and η ≈ 0.47. Although the change of A does not cause sig-

nificant corrections to the power exponent η , it still offers po-

tential for fine-tuning of adiabatic regions and adiabaticity.
δ

δ

ω ω ω

Pb

Pa
.0

.0

Fig. 7. Adiabatic phase diagrams of Pa (upper panels) and Pb (lower panels) in the (ω,δ ) parameter space for different sweeping rates (for each
row, from left to right, α = 0.01, 0.03, and 0.05). The horizontal lines mark δ = 1 and the vertical lines denote ωc. We set K = 1000 and A = 0.5.

lo
g
1
0
ω
c

log10α

A/


A/
.

Pa ↼A/.↽

Pb ↼A/.↽

Pa ↼A/↽

Pb ↼A/↽

Fig. 8. The critical modulating frequency ωc as a function of α for
A = 0.5 (hollow squares and solid circles) and A = 3 (hollow hexagons
and solid triangles). The solid lines show the linear fits with slopes
respectively being 0.49 and 0.47 for A = 0.5 and 3. We set K = 1000.

4. Conclusion

In summary, we have studied the effects of both periodic
modulating field and linear sweeping field on adiabatic tunnel-
ing dynamics by using a non-reciprocal Landau–Zener model
subject to periodic modulation. We have obtained the adia-
batic phase diagrams in the (ω,δ ) parameter plane, where the
adiabatic region is determined by ω > ωc and δ < 1. We
have further discussed the influence of initial state selection,
modulating-field parameters, and sweeping-field parameter on
the adiabaticity and adiabatic region of the system. It is found
that the critical modulating frequency ωc can be expressed as

a power function of the modulating period number K or the
sweeping rate α . Moreover, it is shown that the adiabaticity is
not sensitive to the modulating amplitude A and the adiabatic
region can be flexibly scaled by fine-tuning the sweeping rate
α . Our findings imply that one can change the adiabatic region
or improve the adiabaticity by adjusting the parameters of both
the modulating and the sweeping fields, which provides a po-
tential way to effectively manipulate the adiabatic tunneling
dynamics of non-reciprocal systems and to explore the adia-
batic tunneling dynamics of more complex non-reciprocal sys-
tems such as nonlinear non-reciprocal systems.
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