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Quantum computing has the potential to solve complex problems that are inefficiently handled by classical compu-
tation. However, the high sensitivity of qubits to environmental interference and the high error rates in current quantum
devices exceed the error correction thresholds required for effective algorithm execution. Therefore, quantum error correc-
tion technology is crucial to achieving reliable quantum computing. In this work, we study a topological surface code with
a two-dimensional lattice structure that protects quantum information by introducing redundancy across multiple qubits
and using syndrome qubits to detect and correct errors. However, errors can occur not only in data qubits but also in syn-
drome qubits, and different types of errors may generate the same syndromes, complicating the decoding task and creating
a need for more efficient decoding methods. To address this challenge, we used a transformer decoder based on an attention
mechanism. By mapping the surface code lattice, the decoder performs a self-attention process on all input syndromes,
thereby obtaining a global receptive field. The performance of the decoder was evaluated under a phenomenological error
model. Numerical results demonstrate that the decoder achieved a decoding accuracy of 93.8%. Additionally, we obtained
decoding thresholds of 5% and 6.05% at maximum code distances of 7 and 9, respectively. These results indicate that the
decoder used demonstrates a certain capability in correcting noise errors in surface codes.

Keywords: quantum error correction, surface code, transformer decoder
PACS: 03.67.Pp, 03.67.–a
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1. Introduction
Quantum computers demonstrate significant advantages

over classical computers in solving specific problems, such as
integer factorization and quantum simulation,[1–3] by leverag-
ing the properties of qubits, including superposition, entangle-
ment and interference.[4,5] However, qubits are susceptible to
environmental interference, leading to information loss. To
address this, quantum error correction (QEC) techniques in-
crease the number of physical qubits to reduce error rates.[6–8]

Among these techniques, the two-dimensional surface code is
widely used in fault-tolerant quantum computing due to its sta-
bility and high fault tolerance. These methods encode multi-
ple physical qubits into a single logical qubit, with syndrome
qubits used for error detection. During continuous measure-
ments, changes in results are referred to as “syndrome sig-
nals”, indicating the occurrence of errors.[9–12] However, the
decoding process of QEC is computationally complex, neces-
sitating the development of efficient and scalable decoders to
support the practical application of large-scale quantum com-
puting systems.

The surface code is a typical scheme in topological QEC
codes proposed by Kitaev, and has become the mainstream
choice for large-scale QEC. In recent years, with the de-

velopment of techniques such as belief propagation, union-
find and matrix product states, researchers have developed
various efficient surface code decoders.[13–16] The standard
minimum-weight perfect matching (MWPM) decoder sim-
plifies quantum maximum likelihood decoding into a mini-
mum matching problem.[17–19] Machine learning (ML) tech-
niques, especially advances in neural networks, offer new ap-
proaches to improving decoder performance, as they can cap-
ture error correlations and adapt to different physical error
models.[20–24] However, ML-based decoders face challenges
such as convolutional neural networks (CNNs) having lim-
ited receptive fields, making it difficult to correct long error
chains, and multilayer perceptrons (MLPs) being constrained
by fixed input–output sizes.[25,26] In contrast, the transformer
model, with its attention mechanism, demonstrates higher ac-
curacy in handling long-range dependences and complex er-
ror patterns.[27] Transformer-based decoders using generative
models significantly reduce time complexity when correcting
logical operators.[28] Leveraging the transformer’s ability to
process inputs of arbitrary length, researchers have proposed
an efficient transfer learning method that can decode codes of
varying distances based on existing data.[29] Google’s recur-
sive transformer decoder has shown the potential of machine
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learning in quantum decoding by maintaining high accuracy
over long distances and multiple cycles, even under realistic
noise simulations.[30]

Traditional MWPM decoding methods assume that bit-
flip and phase-flip errors are independent. However, in quan-
tum devices these errors are often correlated.[31,32] This pa-
per considers the correlation between bit-flip and phase-flip
errors and employs a phenomenological error model. Addi-
tionally, errors may occur not only in the data qubits but also in
the syndrome qubits.[33,34] Therefore, our work investigates a
transformer decoder based on an attention mechanism, which
combined with the stabilizer properties of the surface code can
handle errors in both data and syndrome qubits. The model
consists of an encoder and a decoder that work together to pro-
cess syndrome data. By implementing a self-attention mech-
anism, the model is capable of processing comprehensive in-
formation from all inputs, allowing for global information re-
ception. The decoder utilizes the self-attention mechanism to
comprehensively handle syndrome information, ensuring the
spatial correlation of the error correction code, thus reducing
the logical error rate and improving decoding accuracy. This is
crucial for fault tolerance in large-scale quantum computing.

2. QEC codes and transformer architecture
2.1. Quantum surface code

The surface code is constructed using a two-dimensional
lattice of local interactions to create an extensible qubit struc-
ture, relying on local interactions between qubits.[35–37] For
example, in a distance-d surface code, there are N = d2 qubits
arranged in a square lattice, representing a two-dimensional
array of qubits, as shown in Fig. 1(a). In this lattice, each
face (red or blue) represents an odd-parity check operator, re-
ferred to as a stabilizer. These stabilizers are represented as

X-type and Z-type stabilizers, used to form local Pauli oper-
ator products for adjacent qubits. For each red (blue) face, X̂
(Ẑ) operators are used. The formulae are defined as follows:

Ā f = ∏
j∈∂ f

X̂ j; B̄ f = ∏
j∈∂ f

Ẑ j. (1)

We define the stabilizer S̄ f as Ā f when f is a red face and as
B̄ f when f is a blue face. These stabilizers are measured by
measuring each of the N − 1 qubits adjacent to the qubit to
be measured, with a measurement result of +1 indicating par-
ity of the qubits. Since each red or blue face shares an even
number of qubits, all stabilizer operations can be measured si-
multaneously. Two types of stabilizer measurement circuits
are shown in Fig. 1(b).

The encoding of the surface code is realized by applying
N − 1 binary parity checks on the data qubits.[38] The eigen-
value +1 measurement results form the logical state space of
the surface code. The logical state encoding is expressed as

|0L⟩= Nd ∏
f∈blue

1
2
(
1+ Ā f

)
|0⟩⊗n , (2)

|1L⟩= Nd ∏
f∈blue

1
2
(
1+ Ā f

)
|1⟩⊗n . (3)

Here, |0⟩⊗n and |1⟩⊗n represent the states where all physi-
cal qubits are in the |0⟩ and |1⟩ states, respectively. Encod-
ing logical qubits means mapping from a two-dimensional
Hilbert space to a 2n-dimensional space: |ψ⟩=α |0⟩+β |1⟩→
|ψL⟩ = α |0L⟩+β |1L⟩. The logical operators X̂L and ẐL are
defined by the product of Pauli X and Z operators on qubits
along the left and top boundaries of the lattice, respectively:
X̂L =∏ j∈left X̂ j and ẐL =∏ j∈top Ẑ j. The encoded logical oper-
ators must satisfy the following relationships: X̂L |0L⟩= |1L⟩,
X̂L |1L⟩= |0L⟩, ẐL |0L⟩= |0L⟩, ẐL |1L⟩=−|1L⟩.
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Fig. 1. (a) Here we consider a surface code with a code distance of d = 5, where data qubits are located at the lattice vertices and ancillary
qubits are positioned at the centers of plaquette stabilizers. The red and blue squares represent stabilizers that check the X and Z parity of the
qubits at the lattice vertices, respectively. (b) A single-cycle surface code quantum circuit that includes X-ancilla qubits and Z-ancilla qubits.
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2.2. Transformer architecture

The core of the transformer is the multi-head self-
attention mechanism, which effectively captures the relation-
ships between elements in a sequence and is particularly suited
for handling long-range dependences.[39,40] When addressing
surface code decoding tasks, the transformer decoder can be
analogized to natural language processing methods. Specifi-
cally, each stabilizer can be viewed as a word, while the ag-
gregated data from each round of measurement correspond to
a sentence. In this analogy, the decoding process is equiva-
lent to a text classification problem. We generate embeddings
for each stabilizer that are composed of the measurement and
detection data from the current round, with positional encod-
ing using sine embeddings to represent the stabilizer’s spatial
position within the code.

The multi-head self-attention module allows the model
to jointly attend to information from different representational
subspaces at different positions. By doing this, the transformer
can more effectively integrate information from the sequence.
By focusing attention on the same sequence as the input, we
obtain the self-attention mechanism. The self-attention mech-
anism enables the model to attend to different parts of the input
sequence when processing each word. The formula is defined
as follows:

MH(Q,K,V ) =Ct(head1,head2, . . . ,headh)W O, (4)

where headi = At(QW Q
i ,KW K

i ,VWV
i ). (5)

Here, Q, K and V represent the query, key and value matri-
ces, respectively. For each word, the transformer computes its
importance score relative to other words. This approach en-
ables the model to better capture contextual information and
handle dependences between words that are far apart in the
input sequence. Since transformers do not have a recurrent
nature, they incorporate information about the positions of in-
dividual words in the sequence through positional encodings.
These positional encodings are added to the input embeddings
to preserve the order of the sequence. We can represent the
attention score matrix as a normalized weighted accumulation

function, defined as

A(i, j) =
exp
((

QW Q
)

i,: ·
(
KW K

)
j,: /

√
dk

)
∑

n
k=1 exp

(
(QW Q)i,: · (KW K)k,: /

√
dk

) , (6)

where (QW Q)i,: represents the vector at position i in the query
matrix, (QW K) j,: represents the vector at position j in the key
matrix and A(i, j) is the attention score of position i with respect
to position j.

3. Transformer-based framework for QEC
3.1. Error generation process

The purpose of the surface code is to protect the integrity
of quantum states by detecting errors affecting logical qubits.
By performing parity checks on the stabilizers, syndromes can
be generated to determine the presence of errors. During the
measurement process, qubits may experience bit-flip (X er-
rors), phase-flip (Z errors) or a combination of both (Y er-
rors), which affects the parity of neighboring stabilizers, re-
sulting in a stabilizer measurement outcome of −1, as shown
in Fig. 2(a). The probability of syndrome Si occurring can be
expressed using the following formula:

P(Si =−1) = 1− ∏
η∈N(i)

(1− pη), (7)

where Si represents the measurement result of stabilizer i and
−1 indicates that an error has been detected. pη represents
the error probability of the η th qubit associated with stabi-
lizer i. N(i) represents the set of qubits on which stabilizer i
acts. By observing changes in the parity of neighboring stabi-
lizers, errors can be detected and located. For example, when
a data qubit undergoes an X error, the parity of the two adja-
cent Z syndrome qubits changes; similarly, when a data qubit
undergoes a Z error, the parity of adjacent X syndrome qubits
changes. Therefore, when a data qubit experiences an error,
the corresponding syndrome measurement results around it
will change accordingly.[41,42]

X error  

Z type
syndrome qubit 

Z error  

X type
syndrome qubit 

Y error   

syndrome qubit 

X Z

Y

X

X

X

X

Multi qubit error

X

X

X

X

X

(a) (b)

Errors produce the 
same syndrome

X and Z type

Fig. 2. (a) The surface code consists of data qubits and two types of syndrome qubits. The red X-type syndrome qubits are used to detect Z errors, while
the blue Z-type syndrome qubits are used to detect X errors. When an error occurs in a data qubit, the adjacent syndromes may flip depending on the
parity of the data qubit. If multiple errors occur, syndrome states with an even number of flips remain unchanged, whereas syndrome states with an odd
number of flips will change. (b) In the surface code, different combinations of errors may result in the same syndrome pattern.
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When multiple data qubits experience errors simultane-
ously, the syndrome patterns become more complex, increas-
ing the difficulty of decoding. This is because the same mea-
surement qubit may be shared by multiple data qubits, and
different errors may produce the same syndrome, as shown
in Fig. 2(b). We use conditional probability to describe the
propagation of different error types and their impact on the
syndrome, with the formula defined as follows:

P(S j =−1 | Ei) =
n

∑
k=1

(
n
k

)
pk

η(1− pη)
n−k fi, j(η), (8)

where Ei is the ith type of error. Therefore, the mapping
between syndromes and errors is not one-to-one. Addition-
ally, performing dual Pauli operator operations on data qubits
is equivalent to performing an identity operation. Therefore,
when multiple qubit errors occur, it is necessary to consider
odd- and even-parity flips, further increasing the complexity
of the syndrome patterns.

3.2. Error correction cycle process

In QEC of surface codes, it is essential to consider not
only errors in data qubits but also errors in syndrome qubits.
During measurement cycles, measurement errors can cause
changes in the sign of measurement results. To detect and
correct these errors, the same qubit is typically measured re-
peatedly over multiple cycles.[43,44] During each measurement
round, the measurement result M may contain errors. Let the
true value of the tth measurement be M(t)

i and the erroneous
measurement result be M̃(t)

i .
The measurement error can be represented as

E(t)
i = M(t)

i ⊕ M̃(t)
i , (9)

where ⊕ denotes the XOR operation. If E(t)
i = 1, it indicates

that a measurement error occurred in the tth round. By per-
forming a majority vote on these measurement results, we can
identify and correct measurement errors, with the final mea-
surement result being given by

M̂i = argmax
M

T

∏
t=1

P(M̃(t)
i |M)P(M), (10)

where T is the number of repetitions of the measurement.
P(M̃(t)

i |M) represents the conditional probability of the tth
measurement result given the true measurement result M.
P(M) is the prior probability. By analyzing the results of
multiple consecutive measurements, single measurement er-
rors can be effectively identified. The probability of a sin-
gle measurement error is relatively low, and the probability of
multiple consecutive measurement errors is even lower. There-
fore, repeated measurements effectively suppress the impact of
measurement errors, resulting in more reliable measurement
outcomes, as shown in Fig. 3.

Z

X

Y

M

T
im
e

Fig. 3. The multi-round measurement process of the surface code error cor-
rection cycle. Time progresses upwards from the bottom of the array in the
figure, with each horizontal plane representing a measurement step. The ver-
tical thick red lines connect time steps where measurement outcomes have
changed. Spatial correlations indicate X error, Z error or Y = XZ errors.
In practice, errors can also occur in the syndrome extraction circuit and the
syndrome qubits, necessitating multiple rounds of measurements for decod-
ing. On the right side, temporal correlations represent measurement errors
(M), which occur sequentially over time, and measurement errors on the
syndrome qubits can also lead to syndrome flips.

When a data qubit at position (x,y) experiences an X or Z
error, the measurement results of the corresponding syndrome
qubits will change, generating an error syndrome. Let the sta-
bilizers before and after the measurement be St

x,y and St+1
x,y , re-

spectively. The error syndrome at the tth round is represented
as

σ
(t)
x,y =

(
S(t)x,y ⊕S(t+1)

x,y

)
⊕

K

∑
k=1

αkE(t)
xk,yk . (11)

If σ
(t)
x,y = 1, it indicates that an error has occurred at that po-

sition. αk is used to represent the influence of different errors
on the current error syndrome. E(t)

xk,yk represents the error oc-
curring at position (xk,yk) during the tth round. The task of
the decoder is to infer the errors on data qubits based on the
observed error syndromes

{
σ
(t)
x,y

}
and to determine the correc-

tion operators C. The correction operators can be represented
as a set of operations C = ∏(x,y) Êx,y, where Êx,y is the correc-
tion operation calculated by the decoder. Since multiple data
qubit configurations can produce the same error syndrome, the
generation of error syndromes becomes an irreversible prob-
lem, making it difficult to precisely identify the actual error
configuration. This issue represents a major challenge in the
implementation of the decoder.
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3.3. Transformer decoder model

The transformer is a multi-layer architecture constructed
by stacking multiple transformer blocks. Each block includes
a position-wise feedforward network, layer normalization and
residual connections.[45–48] The input to a transformer model
is typically in the form of a tensor with the shape RB ×RN ,
where B represents the batch size and N represents the se-
quence length. These data are first processed through an em-
bedding layer, which converts one-hot encoded representa-
tions into dense embeddings of dimension dmodel. After the
conversion, the resulting tensor has a shape of RB ×RN ×
Rdmodel . Subsequently, the embedding tensor is combined with
positional encodings to preserve the sequential order of the
data before being passed to the multi-head self-attention mod-
ule. Finally, the output is passed to the position-wise feedfor-
ward network, with residual connections and layer normaliza-
tion to facilitate signal propagation and learning. The entire
process can be represented by the following formula:

X ′ = LayerNorm

(
h

∑
i=1

wiφ1
(
FSi(X

′)
)
+φ2(X ′)

)
+λX ′, (12)

where FS can be the multi-head self-attention mechanism or
a position-wise feedforward network. FSi(X

′) represents the
result of the ith head in the multi-head attention mechanism.
wi is the weight of each attention head, satisfying ∑

h
i=1 wi = 1.

Figure 4 shows the structure of the transformer.
To convert input data into a format that can be pro-

cessed by a neural network, we map the surface code onto a
(d+1)× (d+1) square lattice and add 2(d+1) virtual nodes

to ensure that the syndrome qubits are located at intersections,
as shown in Fig. 5. The virtual nodes remain set to zero dur-
ing the decoding process. In the traditional surface code setup,
there are usually d measurement rounds, but we add an addi-
tional layer, making the total number of measurement rounds
d + 1. Ultimately, the features of each syndrome from every
round are stored in a (d + 1)-dimensional lattice, with each
node containing a feature vector of length six. The X and Z
syndrome qubits are represented through separate channels,
ensuring that the position and measurement results of each
syndrome qubit are accurately utilized.

In the syndrome input encoding, each grid cell contains a
feature vector of length six, denoted as

V (t)
i = σ

(([
V (t)

Xi
,V (t)

Zi
,D(t)

Xi
,D(t)

Zi
,T (t)

1 ,T (t)
2

]
*W (t)

)
+

k

∑
j=1

α jV
(t−1)
j ·β j

)
. (13)

Here, W (t) represents the weight matrix of the convolution ker-
nel and α j and β j are weight coefficients, representing the in-
fluence of historical temporal features on the current features.
The first two channels represent the positions of X and Z syn-
drome qubits, while the third and fourth channels represent
the syndrome states at different time points. The fifth and
sixth channels define temporal boundaries, set to one in the
first round and zero afterward, helping the network recognize
the start and end of measurement sequences. Finally, the data
qubits are measured on a specific basis to correct errors.

Input
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Fig. 4. The architecture of the transformer model, which includes an encoder and a decoder. The encoder consists of N identical layers, each
containing two sub-layers: a multi-head self-attention mechanism and a fully connected feed-forward network. The decoder also consists of N
identical layers, but with an additional sub-layer for masked multi-head attention to prevent positions from attending to subsequent positions.
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Channel 1:
X syndrome pattern

Channel 2:
Z syndrome pattern
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Fig. 5. The architecture of the transformer decoder model. First, the input syndromes are encoded into a cubic grid of dimension d+1, which is
then fed into the transformer encoder that includes self-attention and the feed-forward network layers. Next, the transformer decoder processes
the d-dimensional positional encoding of the data qubits to generate the predictions for physical errors.

In our transformer encoding architecture, each stabilizer
generates an embedding that includes syndrome measurement
and detection data for each round. Measurement data repre-
sent the current round’s stabilizer measurement result, while
detection data are the XOR between the current and previous
round’s stabilizer measurements. Qubit features are mapped to
a high-dimensional space through an embedding layer, com-
bined with three-dimensional sinusoidal positional encodings
to preserve position information. Additionally, a binary flag is
introduced to indicate whether it is the final round of decod-
ing. These data are flattened into a long sequence and fed into
the transformer model. The transformer encoder consists of
a multi-head self-attention layer and a feed-forward network
layer. The self-attention mechanism is given by

At(Q,K,V ) = Sm

(
φ(QWQ)(φ(KWK))

T +µI√
dk

)
VWV , (14)

where WQ, WK and WV are the query, key and value matrices,
respectively, obtained by linear transformations of the input
embeddings. The multi-head attention mechanism is repre-
sented by

At(Q,K,V )

= Ct

(
h

∏
i=1

(1+φ2 (W2 ·φ1 (W1 ·headi +b1)+b2))

)
WO, (15)

where headi = At(Qi,Ki,Vi), WO is the output transformation
matrix and h is the number of attention heads. Using multi-
head self-attention, the model can capture relationships be-
tween different syndrome features, enhancing the ability to
perceive multi-qubit errors. The feed-forward network layer
applies two linear transformations with activation functions to

capture non-linear features and restore them to the original di-
mension, thereby improving the model’s representation of the
surface code state.

The transformer decoder predicts physical errors based
on the syndrome measurement results from each round and
removes the corresponding syndromes to obtain the global
parity of the predicted errors. The process of removing syn-
dromes involves flipping the syndromes associated with the er-
rors again, resulting in the final output of the predicted global
parity of the surface code syndromes.

3.4. Training process

To improve the predictive capability of the model, we
trained the transformer model on the QEC dataset to ac-
curately identify syndrome patterns under different error
rates.[49–51] The model considers both syndrome measurement
errors and data qubit errors, with syndrome error probability
p and data qubit errors modeled as depolarizing errors, where
Pauli X , Y and Z errors occur with equal probability p. The
formula is defined as

ℰ(ρ) = (1− p)ρ +
p
3
(XρX +Y ρY +ZρZ), (16)

and the actual observed result s′ for a single syndrome qubit
during measurement follows a binary symmetric channel
model, defined as

P(s′|s) = (1− p)δs′,s + pδs′,s⊕1, (17)

where δa,b is the Kronecker delta, which is equal to one when
a = b and zero otherwise. Here, s⊕1 indicates flipping the bi-
nary variable s. For each qubit in the system, we can represent
the evolution of the qubit state using the following formula:

ρ(t) =
3

∑
i=0

pi(t)Eiρ(0)E
†
i , (18)
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where ρ(0) represents the quantum state density matrix at time
t and pi(t) represents the probability of each noise operator Ei

at time t, satisfying ∑
3
i=0 pi(t) = 1. Considering the interac-

tions between multiple qubits, we use the multi-qubit noise
propagation equation to describe the evolution of the noise

ρtotal(t) = TrE
[
U(t)(ρS(0)⊗ρE(0))U†(t)

]
, (19)

where ρtotal(t) is the total density matrix and U(t) = e−iHt

represents the joint evolution operator between the system and
the environment. H is the interaction Hamiltonian between the
system and the environment. We trained the transformer de-
coder for decoding surface codes with code distances d = 3,
5, 7, 9, with six encoder and decoder layers, embedding di-
mension of 64, four attention heads and a feed-forward net-
work hidden dimension of 256. The training dataset contained
105 samples, with a base learning rate of 1%. Each epoch
processed a batch of the dataset, updating weights through
forward and backward propagation. To prevent overfitting,
dropout was used, and the Adam optimizer was applied to
adaptively adjust the learning rate. We also used a binary
cross-entropy loss function to predict the parity of syndrome
decoding. The loss function of the model can be expressed
using the following formula:

L(θ) = − 1
N

N

∑
i=1

[yi log(ŷi)+(1− yi) log(1− ŷi)]

+λ

(
1
2

L

∑
l=1

‖W (l)‖2
2 +α‖W (l)‖1

)
, (20)

where N is the total number of samples and yi and ŷi are the
true labels and model predictions, respectively.
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Fig. 6. The number of training iterations for the decoder is a function of
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number of training iterations, while the vertical axis represents training ac-
curacy. The purple curve denotes the accuracy of the training set and the
blue curve represents the accuracy of the validation set. To provide a clearer
visualization of the data trends, scaling has been applied to the graph.

During the training process, we first trained with small
code distance datasets and stopped when the threshold was
approached. Then, we increased the code distance and con-
tinued training until approaching the threshold again. Finally,

when the code distance was further increased, the prediction
results deviated from the threshold, indicating that the model
had achieved high precision for datasets close to the threshold.
The prediction accuracy was almost consistent with that on the
training set, as shown in Fig. 6.

4. Main results
4.1. Error correction success rate

Our transformer decoder consists of six functional mod-
ules. To enhance the model’s performance in deep neu-
ral networks, we used the ReLU activation function in the
pre-performance network layer. This activation function not
only enhances the neural network’s ability to handle com-
plex data patterns but also effectively prevents model train-
ing failure caused by vanishing gradients during the training
process, thereby maintaining the model’s accuracy and stabil-
ity throughout training. We tested our decoder at distances
d = 3, 5, 7 and 9 and, after training under specific noise condi-
tions. The success rate of error correction can be expressed as
a complex function that incorporates the effects of noise, and
the formula is defined as follows:

Psuccess(p,d) = exp

(
−αd ·

(
p

pthr

)βd

· (1+ γ · f (η))

)
, (21)

where d represents the code distance. Finally, we obtained the
error success rate at each distance, and the results are shown
in Fig. 7.
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Fig. 7. The simulation results demonstrate the error correction success
rate under different physical error rate conditions. We calculated the
error correction success rates for code distances d = 3 (blue), d = 5
(cyan), d = 7 (purple), d = 9 (orange).

In Fig. 7 it can be seen that under lower physical error
rates the error correction success rates at each distance remain
relatively high. When the physical error rate is below 0.04,
the success rates at distances d = 3 and d = 5 are relatively
high, while that for d = 7 is slightly lower. When the error
rate increases by 1%, the error correction success rate drops
by about 10%. When the error rate is between 0.05 and 0.08,
the success rate is highest for code distance d = 9 and lowest
for d = 7. When the error rate is between 0.08 and 0.2, initially
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d = 9 has a higher success rate than d = 7, but as the error rate
further increases the success rate for d = 9 eventually becomes
the lowest. As the physical error rate continues to increase, the
error correction success rates for all four code distances show
a declining trend. With increasing code distance, the error cor-
rection threshold decreases, leading to a decline in the success
rate. Therefore, error correction codes with smaller code dis-
tances typically exhibit higher success rates.

4.2. Logical error rate

As the code distance increases, the ability of the system
to detect and correct errors improves significantly. This is be-
cause larger code distances can provide stronger error correc-
tion capabilities. However, at higher physical error rates, mul-
tiple qubits may experience errors simultaneously, exceeding
the system’s error correction capacity and leading to uncor-
rectable errors. This situation is particularly evident in quan-
tum systems because quantum noise is more complex and un-
predictable. The logical error rate refers to the probability of
an uncorrectable error occurring during the encoding of infor-
mation. It also describes the system’s performance when fac-
ing multiple simultaneous errors. The formula is as follows:

PL =
n

∑
k=0

(
n
j
)(1− p)n−k pk(1− γk), (22)

γk = 1− 1
pk

k

∑
j=0

(
k
j

)
pk− j

k− j

∑
β=0

(
k− j

β

)
pβ

X pk− j−β

Y , (23)

where γk is the probability that an error of weight k is cor-
rectly decoded. When the physical error rate is high, the prob-
ability of multiple qubits experiencing errors simultaneously
increases, and if these errors cause the original codeword to
transform into another valid codeword or become an uncor-
rectable error, the logical error rate will rise significantly. Fig-
ure 8 illustrates the changes in logical error rates for different
code distances under varying physical error rates.
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Fig. 8. Simulation results demonstrating the logical error rate under dif-
ferent physical error rate conditions. We calculated the the logical error
rates for code distances d = 3 (blue), d = 5 (cyan), d = 7 (purple) and
d = 9 (orange).

In Fig. 8 we can observe that in the initial stage, when the
physical error rate is relatively low, the logical error rate at a

code distance of d = 5 is the lowest among the four distances.
This indicates that the code at this distance has better error cor-
rection capability when facing low error rates. When the error
rate reaches 0.03, the system at d = 3 shows the lowest logical
error rate, while the system at d = 7 shows the highest, with
a difference of approximately 12%. As the physical error rate
continues to increase, the logical error rates at all code dis-
tances rise significantly. When the physical error rate reaches
0.15, the logical error rate at d = 9 is the highest, peaking
at 62.4%. At this point, the system’s error correction ability
is nearly saturated and many logical errors can no longer be
corrected. However, as the physical error rate continues to in-
crease further, the rise in the logical error rate gradually slows
down and eventually stabilizes. This demonstrates that the sys-
tem has reached its noise threshold. While it can no longer
avoid the occurrence of logical errors, the error rate will level
off and the system’s performance becomes more predictable.

Through in-depth analysis of the error correction success
rate and logical error rate, we can conclude the following: un-
der conditions of a low error rate, the decoder we used per-
forms similarly to commonly seen decoders in terms of de-
coding accuracy, achieving relatively high decoding precision
and exhibiting good error correction performance. However,
for larger code distances, as the physical noise increases, the
system’s error correction ability declines significantly. This
is because with the increase in code distance the complexity
of the logical space expands, leading to a significant increase
in the complexity of the error space, and multiple simultane-
ous errors become more difficult to correct. Therefore, the er-
ror success rate will drop into a predictable range under such
noisy conditions, presenting greater challenges for decoding
accuracy.

4.3. Decoding threshold

In this section, we present the decoding threshold results
of the transformer decoder. To evaluate the decoding perfor-
mance, it is crucial to analyze the relationship between the er-
ror rates of logical qubits and physical qubits. The threshold p
represents a critical physical error rate and is an important in-
dicator of the performance of a decoding algorithm. When the
error rate at the physical layer is below this threshold, errors
can be effectively suppressed using topological encoding, and
the probability of errors occurring will decrease exponentially
as the code distance increases. This behavior can be expressed
by the formula

εd =

(
p

pthr

)(d+1)/2

. (24)

Here, εd is the logical error rate and pthr is the threshold of
the code. When the physical error rate p/pthr < 1, the logical
error rate εd decreases rapidly with the increase in d, indicat-
ing the enhanced ability of the code to correct errors. This is
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because larger code distances allow for more complex decod-
ing strategies, thereby effectively reducing the occurrence of
logical errors. When the physical error rate p/pthr > 1, the
logical error rate εd increases with the increase in d. Exces-
sively high physical error rates will lead to the accumulation of
logical errors during error correction. When εd = 1/2(d+1)/2,
the critical threshold is reached.

We tested the decoder under different physical error rates.
As shown in Fig. 9, we first performed decoding for code dis-
tances d = 3, 5 and 7. The threshold determination is based
on the definition of the logical error rate, which is the proba-
bility of successful decoding. In this case, we obtained a de-
coding threshold of 0.05, corresponding to a logical error rate
of 0.1455. To better demonstrate the decoding performance,
we compared the threshold behavior of the transformer de-
coder with that of the MWPM decoder under the same noise
model and code distances d = 3, 5 and 7. Figure 10 shows
the threshold results of the surface code using the MWPM de-
coding algorithm. Under these conditions, the threshold of the
MWPM decoder is approximately 0.0275, which is noticeably
lower than that achieved by the transformer decoder. Com-
pared with the MWPM threshold of 0.0275, our transformer
decoder’s threshold is improved by about 45%.
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To further improve the decoder’s threshold, we extended
the code distance to d = 9, as shown in Fig. 11, and obtained
a decoding threshold of 0.0605, corresponding to a logical er-
ror rate of 0.1005. Meanwhile, we also increased the code
distance of the MWPM decoder to 9, as shown in Fig. 12. Un-
der these conditions, the decoding threshold is 0.0372, with a
corresponding logical error rate of 0.2125. This threshold re-
mains noticeably lower than that achieved by our transformer
decoder. Compared with the MWPM threshold of 0.0372, the
threshold of our transformer decoder is improved by approx-
imately 38.5%. When comparing time complexities, the use
of a transformer-based self-attention mechanism could be con-
sidered for surface code decoding. For a surface code with dis-
tance d, the measurement data size typically scales as O(d2).
Since the complexity of self-attention is O(N2) with respect
to the sequence length N, setting N = O(d2) results in a sin-
gle layer of self-attention having a computational complexity
of approximately O(d4). In contrast, for decoding the same
code distance using the MWPM algorithm, the number of de-
fects also scales as O(d2). The classical MWPM complexity
is O(N3) for a graph with N vertices, so we get an MWPM
complexity of O(d6).
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The results show that when the physical error rate is low,
the probability of successful decoding increases with increase
in the code distance. However, when the error rate is high, the
opposite is true. The results based on the decoding threshold
indicate that when the physical error rate is below this thresh-
old, larger code distances can correct more errors, thereby re-
ducing the logical error rate. But when the physical error rate
is above this threshold, larger code distances may introduce
more errors, leading to an increase in the logical error rate.
This trend is likely due to the increased encoding complexity
of larger code distances, which introduces additional errors,
making it impossible for the system to fully correct all errors
and thus limiting the overall decoding performance.

5. Conclusion
In this work we studied a transformer decoder incorporat-

ing self-attention mechanisms for QEC of surface codes. The
model not only addresses data qubit errors but also consid-
ers the impact of syndrome qubits, effectively integrating syn-
drome information through self-attention to enhance the de-
coding performance. With neural network optimization, the
decoder achieved a threshold of 0.0605 and an accuracy of
93.8% under the phenomenological error model. Future re-
search directions include combining the transformer decoder
with other topological QEC codes, such as toric codes and
color codes. Although the transformer decoder reached thresh-
old decoding, there is still a gap compared with the theoreti-
cal optimal threshold. This study demonstrates the potential
of ML-based transformer decoders in improving the accuracy
and efficiency of quantum computing.
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