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Off-axis-rotating elliptical Gaussian beams (OareGB) oblique incidence in strong nonlocal medium exhibit novel
propagation properties. The analytical expressions of semi-axial beam widths, and center-of-mass trajectory equations
for transmitting off-axis-rotating elliptical Gaussian beams in strong nonlocal media are obtained using the ABCD transfer
matrix method. The study revealed that the trajectory of the mass’s center in the cross-section can be controlled by changing
the sizes of the OareGB parameters c, d, ζ , and f . The gradient force of the light field causes the spot region to form a spatial
potential well in the media, and this spatial potential well can effectively capture nanoparticles. The particles captured by
the light field can move along with the beam, realizing the effective manipulation of the particle trajectory. These laws may
be applied to modulating the propagation path of light beams and optical tweezer technology.
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1. Introduction
The conventional vortex beams have phase singularities

and exhibit hollow phase structures,[1] such as the superim-
posed chirped Bessel–Gaussian vortex soliton,[2] and circu-
lar Airy Gaussian vortex soliton.[3] There is, however, another
kind of vortex-free beam that can also carry OAMs, which is
an elliptic Gaussian beam with a cross-phase.[4] Literature[5]

theoretically demonstrated that spiral elliptic solitons can exist
in a nonlocal nonlinear model with thermal nonlinearity and
experimentally observed the stable propagation of such soli-
tons in the lead glass. In practice, an off-axis vortex beam
is obtained when the center of the incident beam is shifted
from the center of the spiral phase plate (SPP).[6] The initial
position of the vortex center gives a linear transverse displace-
ment of the beam during propagation through the medium,[7]

which changes the initial orbital angular momentum carried by
the vortex beam. Based on the experiments, manipulations of
the size and rotation direction of the multiple off-axis hollow-
structured vortice optical fields were realized.[8] The modula-
tion effect of the multi-off-axis vortex phase on the Laguerres–
Gaussian beam was reported in Ref. [9], resulting in multi-
lobe and multi-ring structured light intensity. Most studies are
concerned with the propagation of beams perpendicularly in-
cident to the medium, and the propagation of beams inclined
to the medium has been less studied. The authors in Ref. [10]
reported that the direction of the dovetail beam incident on the

photorefractive crystal was changed to control its output posi-
tion.

On the other hand, the optical intensity gradient force has
a wide range of applications in the fields of micro-nano ma-
nipulation and particle capture.[11] Optical gradient force is a
kind of force generated when light interacts with matter, which
is affected by light intensity gradient and refractive index. In
2018, Hadad et al. proved experimentally that helical beams
can capture particles, which make the particles show axial ro-
tational motion, realizing the famous Archimedean helix.[12]

Thus far, structured light beams with customized phase and
amplitude have been successfully applied to drive the optical
transport of particles in three-dimensional (3D) trajectories by
exerting optical forces arising from high intensity and phase
gradients.[13,14]

In this paper, the influence of changing the beam inci-
dence direction and off-axis parameters on the transmission
trajectory is considered. The off-axis-rotating elliptical Gaus-
sian beam (OareGB) oblique incident in a strong nonlocal non-
linear medium (SNNM) is found to be stably transmitted by
using the ABCD transfer matrix method[15] for the analytical
study, and the split-step fourier method for the numerical sim-
ulation. The center-of-mass trajectory, orbital angular momen-
tum, and beamwidth of the OareGB are changed by varying
the incident direction, cross-correlation coefficient, and off-
axis position. The direction of the Poynting vector determines
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the direction of the energy flow, the center of mass moves in
the same direction as the energy flow, and the optical intensity
gradient force of the OareGB can effectively capture Rayleigh
particles in the vicinity of the center of mass.

2. Theoretical model
When the dispersion broadening effect and the nonlin-

ear compression effect are accurately balanced, the beam can
maintain a stable waveform in the nonlocal nonlinear media,
forming optical solitons. OareGB propagation in SNNM sat-
isfies the Snyder–Mitchell model[16]

i
∂ϕ

∂ z
+

1
2

(
∂ 2

∂x2 +
∂ 2

∂y2

)
ϕ− 1

2
γ

2P0(x2 + y2)ϕ = 0. (1)

It should be noted that equation (1) as well as the following
calculations are all in the dimensionless system after the vari-
able transformation of x = X/w0, y = Y/w0, z = Z/Zr, where
X ,Y,Z are the coordinates in laboratory system, and Zr = kw2

0
is the diffraction length of paraxial beam, w0 being the initial
beam width of paraxial beam ϕ . The function of OareGB can
be expressed as

ϕ(x0,y0,0) = A0 exp

{
−

[
(x0 + c)2

2a2 +
(y0 +d)2

2b2

]}
× exp[iΩ(x0 + c)(y0 +d)]

× exp(iζ x0 + i f y0), (2)

where A0 is the amplitude, a and b are the light intensity dis-
tribution parameters, c and d are off-axis parameters charac-
terizing the position of the light intensity center, ζ and f are
the slope of the projected trajectory of the mass’s center on the
x–z plane about the Z-axis and the slope of the projected tra-
jectory of the mass’s center on the y–z plane about the Z-axis,
respectively, which characterize the direction of incidence of
the soliton.[17] Where γ = 1/(

√
2πw2

m),
[16] and (xc,yc) is coor-

dinate of the mass’s center, P0 is the beam power, M is orbital
angular momentum of optical beam[18,19]
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The propagation of OareGB in the ABCD optical system can
be dealt with by the Collins equation

ϕ(x,y,z) = − i
√
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]
dx0 dy0. (7)

We take the method of Ref. [20] to calculate the cross-term
beam width

wxy = H1A2 +H2AB+H3B2−xcyc, (8)

where

H1 =
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∞

−∞

|ϕ0(x,y)|2 dx0 dy0

, (9)

H2 =

∫ +∞

−∞

x0
∂φ0

∂y0
|ψ0(x,y)|2 dx0 dy0∫

∞

−∞

|ϕ0(x,y)|2 dx0 dy0

+

∫ +∞

−∞

y0
∂φ0

∂x0
|ψ0(x,y)|2 dx0 dy0∫

∞

−∞

|ϕ0(x,y)|2 dx0 dy0

, (10)

H3 =

∫ +∞

−∞

∂ϕ0(x,y)
∂x0

∂ϕ0
∗(x,y)

∂y0
dx0 dy0∫

∞

−∞

|ϕ0(x,y)|2 dx0 dy0

. (11)

After a series of calculations, the second-order beam width in
the x-direction wx, in the y-direction wy, and the cross-term
beam width wxy are obtained

wx =

√
1
2

a2cos2(β )+
(1+a2b2Ω 2)sin2(β )

2a2R
, (12)

wy =

√
1
2

b2cos2(β )+
(1+a2b2Ω 2)sin2(β )

2b2R
, (13)

wxy =
(a2 +b2)Ω sin(2β )

4
√

R
, (14)

where β =
√

γ2P0z, R = γ2P0. The semi-major axis wa and
semi-minor axis wb of the beam can be expressed as

wa =
√

2

√
w2

x +

√
4w2

xy +(w2
x−w2

y)
2 +w2

y , (15)

wb =
√

2

√
w2

x−
√

4w2
xy +(w2

x−w2
y)

2 +w2
y . (16)

Substituting Eqs. (12)–(14) into Eqs. (15) and (16), respec-
tively, we can obtain
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wa =

√
(a2 +b2)[cos2(β )+gsin2(β )]+

√
(a2−b2)2[cos2(β )−gsin2(β )]

2
+hsin2(2β ), (17)

wb =

√
(a2 +b2)[cos2(β )+gsin2(β )]−

√
(a2−b2)2[cos2(β )−gsin2(β )]

2
+hsin2(2β ), (18)

where g = (1+a2b2Ω 2)/a2b2R, h = (a2 +b2)2Ω 2/R, a coordinate rotation through angle θ , which satisfies the following equa-
tion:

tan2θ =
2wxy

w2
x−w2

y
=

a2b2(a2 +b2)Ω
√

Rsin(2β )

(a2−b2)[a2b2Rcos2(β )− (1+a2b2Ω 2)sin2(β )]
. (19)

Rotational angular velocity

ωo =
dθ

dz
=

1
2[1+ tan2(2θ)]

d
dz

(
2wxy

wxx−wyy

)
,

we can obtain that

ωo =
a2b2(a4−b4)RΩ{1+a2b2(R+Ω)+ [−1+a2b2(R−Ω 2)]cos(2β )}

2{(a2−b2)2[a2b2Rcos2(β )− (1+a2b2Ω 2)sin2(β )]
2
+a4b4(a2 +b2)2RΩ 2sin2(2β )}

. (20)

When ∂wa/∂ z = 0 and ∂wb/∂ z = 0, we can obtain the critical
power

Pc =
(a2 +b2)

2

4a4b4γ2 , (21)

and critical coefficient of cross-term

Ωc =
a2−b2

2a2b2 . (22)

Equation (17) is simplified as wca =
√

2a, equation (18) is sim-
plified as wcb =

√
2b. From Eqs. (17) and (18), it is clear that

the parameters ζ and f do not affect the size of the semi-major
axis and semi-minor axis. When P0 = Pc and Ω0 = Ωc, the
semi-major axis and semi-minor axis remain constant, inde-
pendent of the propagational distance z. The critical rotational

angular velocity ωc =(a2+b2)/(2a2b2), the period of rotation
Tc = 2π/ωc = 4πa2b2/(a2 +b2).

The trajectory of the mass’s center projected in the
x–y plane after OareGB passes through the ABCD optical
system[20] can be expressed as

xc =−c · cos(β )+ζ · sin(β )√
R

, (23)

yc =−d · cos(β )+ f · sin(β )√
R

. (24)

The distance of the mass’s center from the z-axis can be ex-
pressed as

r =
√

x2
c + y2

c =

√
(c2 +d2)Rcos2(β )−

√
R(d f + cζ )sin(2β )+( f 2 +ζ 2)sin2(β )/

√
R. (25)

According to Eqs. (23) and (24), the trajectory of the mass’s
center can be obtained as an elliptic equation

x2
c( f 2 +d2R)−2xcyc(cdR+ f ζ )+ y2

c(c
2R+ζ

2)

= (c f −dζ )2. (26)

According to Eq. (17), (18), and (26) it can be seen that the pa-
rameters ζ and f only affect the trajectory of the mass’s center

and do not affect the size of the beam width. Assuming that
the angle of rotation of the center of mass around the origin is
α , the tangent of α is given by

tanα =
yc

xc
=

d
√

Rcos(β )− f
√

Rsin(β )
c
√

Rcos(β )−ζ
√

Rsin(β )
. (27)

Revolution angular velocity

ωe =
dα

dz
=

1
1+ tan2(α)

d
dz

(
yc

xc

)
=

R(−c f +dζ )

(c2 +d2)Rcos2(β )+( f 2 +ζ 2)sin2(β )−
√

R(d f + cζ )sin(2β )
. (28)

When ωo = ωe, it is satisfied that ζ = (a2 +b2)d/(2a2b2) and f =−(a2 +b2)c/2a2b2.
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3. Numerical simulation results and analysis

3.1. Off-axis-rotating elliptic Gaussian optical solitons

We numerically simulate the propagation characteristics
of OareGBs in SNNMs using the split-step fourier method to
analyze the beam evolution properties.

From Figs. 1(a) and 1(b), the beam spot size remains con-
stant and the phase structure is rotated. Figure 1(c) depicts

the Poynting vector[21] 𝑆⊥ = i(ϕ∗∇⊥ϕ − ϕ∇⊥ϕ∗)/2 in the
cross-section of the OareGB’s propagational direction. When
OareGB is propagated stably in SNNM, the phase structure
and beamwidth remain constant within one period, and the
motion direction of the mass’s center is consistent with the
direction of the energy flow. It can be understood that the flow
of energy causes the mass’s center of the light beam to move,
and the phase determines the direction of the energy flow.
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Fig. 1. Propagational characteristics of OareGB. The parameters are chosen as P0 = Pc, a = 2, b = 1, c = 4, d = 2, Ω = 0.375, ζ = −1.25,
f = 2.5, M =−4.6624. (a) Trajectory of mass’s center (the white line), (b) phase image, (c) energy flow diagram.

3.2. OareGB’s breathers

From Fig. 2(b), when the initial power is equal to the crit-
ical power, the nonlinear compression effect and the disper-
sion broadening effect balance each other, the beamwidth size
will remain unchanged, and the OareGB soliton has a stable
rotational period z = 10.05; from Fig. 2(a), when the initial
power is smaller than the critical power, the nonlinear com-
pression effect is smaller than the dispersion broadening ef-
fect, the beamwidth will first become larger and then smaller,
and the rotational period of the mass’s center becomes larger
(z = 14.2). From Fig. 2(c), when the initial power is larger
than the critical power, the nonlinear compression effect is
larger than the dispersion spreading effect, the beamwidth be-
comes smaller and then larger, and the rotational period of the
mass’s center becomes smaller (z = 7.1). From Figs. 2(a) and
2(c), it can be seen that the trajectories of the mass’s center
will be ellipticized when the initial power is not equal to the
critical power.

From Fig. 3(a), when P = Pc and Ω = 2Ωc, the center

of mass radius r and the revolution angular velocity ωe are
constant, but the rotational angular velocity ωo is variable.
From Fig. 3(b), when the light spot is close to the propaga-
tional axis (z-axis), the smaller the orbital radius of the mass’s
center is, the smaller the moment of inertia of the light spot is,
and the rotational angular velocity and rotational angular ve-
locity both increase. On the other hand, when the light spot
is far away from the propagational axis (z-axis), the larger
the orbital radius of the mass’s center is, the larger the mo-
ment of inertia of the light spot is, and the rotational angular
velocity and revolution angular velocity both decrease. This
phenomenon shows that the orbital angular momentum of the
light spot rotating around the z-axis is conserved. According
to Eqs. (17), (18), (20), and Eq. (28), changing the coefficient
of the cross-term Ω affects the semi-major axis wa, the semi-
minor axis wb, and the rotational angular velocity ωo, but does
not affect the revolution angular velocity ωe. When Ω = Ωc,
ζ = −(a2 +b2)d/2a2b2, f = (a2 +b2)c/2a2b2, ωo = −ωe is
obtained.
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3.3. The gradient force for OareGBs

In general, a particle displays a positive polarizability
(PP) whenever its refractive index exceeds that of the back-
ground medium, while in the converse case its polarizability
is negative (NP). In the presence of an optical field, a particle
experiences the gradient force[22]

f = κ∇|ϕ|2, (29)

where κ is a dimensionless quantity, which is related to the
refractive index, the radius, and the effective polarizability of
the particle. When the refractive index of particle is larger
than that of medium, κ > 0, and the particle will be subjected
to the gradient force directed at the maximum value of inten-

sity. When the wavelength of the wave is much larger than
the size of the particles, Rayleigh scattering occurs, in which
nanoparticles are subjected to gradient force f and scattering
force fsc = Iσnb/c[23] in the medium.where σ is the scattering
cross section of the particle, I is the optical intensity, nb is the
refractive index of the surrounding medium.

The gradient force pushes particles towards the central re-
gion of the laser beam, while in the PP medium, the scattering
force guides particles along the optical axis, leading to non-
local dynamic self-guidance of light in the medium.[24,25] The
gradient force may play a dominant role in optical nonlinear-
ity, especially when the scattering force of nanoparticles can
be neglected.[24,26] Since the gradient force and the scattering
force are orthogonal and do not interact with each other, only
the effect of the gradient force on nanoparticles is taken into
account for simplicity. The x-direction gradient force fx, the
y-direction gradient force fy, and the gradient force fg and the
particle unit mass m0 can be expressed as follows:

fx =−
(a2 +b2)

2
(c+ x)exp[−(c+ x)2a−2]

2a7b5πγ2 , (30)

fy =−
(a2 +b2)

2
(d + y)exp[−(d + y)2b−2]

2a5b7πγ2 , (31)

fg =
√

f 2
x + f 2

y , (32)

m0 = Pcac−3. (33)

According to d fx/dx = 0 and d fy/dy = 0, the maximum val-
ues of the gradient force in the x direction M( fx) and in the y
direction M( fy) can be expressed respectively as follows:

M( fx) =−
√

2(a2 +b2)
2 exp(−1/2)

4a6b5πγ2 , (34)
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M( fy) =−
√

2(a2 +b2)
2 exp(−1/2)

4b6a5πγ2 . (35)

According to Eqs. (34) and (35), the ratio of M( fx) to M( fy)

is b/a.
As depicted in Fig. 4, the direction of the gradient force

points toward the mass’s center. At the position of the mass’s
center, the gradient force is zero ( fx = 0, fy = 0), placing par-
ticles in an equilibrium state at this position. Under the in-
fluence of this force, a spatial potential well forms around
the mass’s center that can be utilized to capture nanoparti-
cles. Once captured, the nanoparticle is confined within this

potential well and exhibits oscillatory motion near the mass’s
center. As depicted in Fig. 5, the particle vibrates near the
mass’s center while following its rotation around the z-axis.
As nanoparticle position changes within its potential well,
gradient forces pull it back toward its position relative to its
mass’s center. It causes the particle to move with its mass’s
center in space-a phenomenon akin to manipulating particles
using optical tweezers. The spin during propagation along the
z-axis leads to continuous changes in gradient force direction
and magnitude-resulting in increasingly complex particle tra-
jectories.
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From Fig. 6, OareGB maintains stable propagation in
SNNM, which must satisfy both P = Pc and the coefficient of
cross term Ω = Ωc. When the incident direction is fixed, the

trajectory of a particle is influenced by factors such as its initial
position and mass. As depicted in Figs. 6(a) and 6(b), when the
initial position of the particle coincides with the center of the
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light beam, it is observed that the gradient force is insufficient
to generate significant acceleration for particles with larger
masses, ultimately causing them to deviate from their cen-
tral motion. Consequently, OareGB cannot effectively control
the trajectory of heavier particles. Furthermore, as illustrated
in Fig. 6(b), when a particle’s initial position aligns with the
center of the light beam, it becomes evident that the gradient
force can produce substantial acceleration for particles with
smaller masses, resulting in their confinement near the mass’s
center. In cases where particles are unable to escape from po-
tential wells within a light field, OareGB induces variable-axis

Archimedean spiral motion in these particles. The trajectories

of these particles closely mirror those of their light center. Ad-

ditionally, as shown in Fig. 6(c), greater deviations between a

particle’s initial position and the center of a light beam lead

to increased oscillations at its mass’s center. When an initial

position strays too far from this central point, OareGB fails

to capture these particles effectively. The particles followed

a Brownian motion outside the irradiated area and then ex-

hibited a helicoidal motion once they entered the “trapping

region”.[13]
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4. Conclusion
The semi-axis of the spot can be obtained by the ABCD

transfer matrix method. The orbital angular momentum M is
affected by parameters P0, a, b, c, d, Ω , ζ , and f . The di-
rection of OareGB’s self-rotation can be changed by changing
the sign of the cross terms. The direction of the orbit of mass’s
center around the z-axis depends on the direction of orbital an-
gular momentum M. We can change the off-axis parameter
and the incident direction to alter the orbital angular momen-
tum and energy flux of OareGB. The change in energy flux
causes the projection of the mass’s center to change in the x–y
plane. Equation (26) gives the trajectory of the mass’s center,
and we can obtain any type of orbit by changing the parame-
ters c, d, ζ , and f . Analysis shows that the cross-terms only
change the semi-axis length and the rotational angular veloc-
ity, but do not change the revolution angular velocity. The
spatial potential well formed by the light field of OareGB can

effectively capture nanoparticles, allowing particles to move to
any position in space. This research has some theoretical ref-
erence values for the control of light beam propagation path
and particle manipulation.
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