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We investigate theoretically the effects of chirped laser pulses on high-order harmonic generation (HHG) from solids.
We find that the harmonic spectra display redshifts for the driving laser pulses with negative chirp and blueshifts for those
with positive chirp, which is due to the change in the instantaneous frequency of the driving laser for different chirped
pulses. The analysis of crystal-momentum-resolved (𝑘-resolved) HHG reveals that the frequency shifts are equal for the
harmonics generated by different crystal momentum channels. The frequency shifts in the cutoff region are larger than
those in the plateau region. With the increase of the absolute value of the chirp parameters, the frequency shifts of HHG
become more significant, leading to the shifts from odd- to even-order harmonics. We also demonstrate that the frequency
shifts of harmonic spectra are related to the duration of the chirped laser field, but are insensitive to the laser intensity and
dephasing time.
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1. Introduction

High-order harmonic generation (HHG) from gas-phase
atoms and molecules has opened up a new frontier in ultra-
fast science,[1–4] which makes it possible to generate attosec-
ond pulses and the measurement with attosecond temporal.[3]

The temporal characteristics of HHG have positioned it as a
unique tool for exploring time-resolved spectroscopy[5] and
probing electron dynamics.[6–8] Solid systems possess more
intricate structures and dynamical processes compared to gas
systems, including natural crystal orientation,[9,10] high elec-
tron density,[11] and periodic structure.[12–14] Consequently,
the HHG in solid exhibits intriguing behaviors that are ab-
sent in gases. For instance, the cutoff energies of harmon-
ics in ZnO exhibit a linear dependence on the driving field
strength.[7] This finding differs from the cutoff law predicted
by the gas three-step model, which states that the cutoff energy
is proportional to the square of the field strength.[2] Due to the
advancements in long-wavelength laser pulses, the solid HHG
has received a great deal of attention, promising to be novel
spectroscopic tools.[15]

The laser waveform has a significant effect in all laser-
matter interaction processes. In experiment, the chirped pulses
can be generated by manipulating the space between two grat-
ings of the laser compressor.[16] Popovici et al.[16] demon-
strated the effects of the pump laser chirp on frequency shifts

of the harmonics from over-dense plasmas experimentally.
The harmonic spectra present a blueshift for driving laser
pulses with negative chirp, whereas it undergoes a redshift for
those with positive chirp. While, they found that adding chirp
to the pump laser led to a decrease in harmonic efficiency.
Aiming to achieve enhanced harmonic efficiency[17,18] and
generate the isolated attosecond pulses (IAPs),[19–22] many
investigations have been devoted to the effects of the chirp
of laser pulses on their interactions with matter. By a small
positive chirp, Qiao et al.[18] theoretically investigated the en-
hancement of HHG intensity near the cutoff region of hydro-
gen (H) atom. Using chirped laser pulses, Du et al.[23] ef-
fectively improved the high-order harmonic efficiency of the
second plateau by increasing the populations of the high-lying
conduction band (CB). The laser chirp effect on the solid HHG
spectra has been investigated by solving the time-dependent
Schrödinger equation (TDSE). It revealed that a frequency
shift is observed within the first plateau. In 2019, by opti-
mizing the waveform of the two-color chirped laser pulses, a
“temporal gate” approach has been proposed to produce an
IAP by simultaneously improving the conversion efficiency
for the HHG, as reported by He et al.[24]

The physical mechanism behind the frequency shift of
HHG spectra has been increasingly investigated both experi-
mentally and theoretically.[25–27] The spectral redshift in HHG
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emitted by the H+
2 molecule is attributed to a decrease of the

ionization energy, occurring between the recombination time
and ionization time.[25] The delayed enhanced ionization re-
sulting from the enhanced excitation has led to the spectral
redshift, within high-intensity and ultrashort laser pulses.[26]

In addition, the nonadiabatic spectral redshift in both atomic
and solid systems has extensively investigated, which is due
to the high-order harmonics generated predominantly on the
falling part of the laser pulse.[28,29]

In this work, we investigate the frequency shift of HHG
from ZnO solids driven by the chirped laser pulses. For the dif-
ferent chirp parameters, the harmonic spectra are red-shifted
or blue-shifted, which is due to the shift in the instantaneous
frequency of the diving laser field. By illustrating the crystal-
momentum-resolved harmonics, we show the frequency shifts
of the harmonics generated by each crystal momentum chan-
nel. Moreover, we also investigate the frequency shifts of the
HHG under different pulse durations to further explain the un-
derlying physical mechanism.

2. Method

In our simulations, the electronic transition mainly occurs
in the highest valence band (VB) and the lowest CB. Thus, we
investigate the HHG in ZnO crystals by solving the two-band
semiconductor Bloch equations (SBEs),[30–32] which can be
written as follows (atomic units are used in this paper unless
stated otherwise):

ṅm = i ∑
m′ 6=m

Ωmm′πmm′ e
iSmm′ + c.c., (1)

π̇mm′ = −
πmm′

T2
+ iΩ ∗mm′ (nm−nm′) e−iSmm′

+ i ∑
m′′ /∈{m,m′}

(
Ωm′m′′πmm′′ e

iSm′m′′

−Ω
∗
mm′′π

∗
m′m′′ e

−iSmm′′
)
, (2)

where nm (𝐾, t) represents the population of electron on VB
or CB. m = v stands for the VB and m = c stands for the
CB. Ωmm′ (𝐾, t) = E(t) · 𝑑mm′ [𝐾+𝐴(t)] is the Rabi fre-
quency. The initial crystal momentum 𝑘 can be transformed
to a moving momentum frame by Bloch acceleration theorem
as 𝑘 =𝐾+𝐴(t). Thus, the first Brillioun zone (BZ) is also
shifted to BZ = BZ−𝐴(t). 𝑑mm′ [𝐾+𝐴(t)] is the transition
dipole moment, which is dependent on the crystal momen-
tum. πmm′ (𝐾, t) is the strength of polarization arising from
the quantum coherence between the CB and VB. The expres-
sion

Smm′ (𝐾, t) =
∫ t

−∞

εmm′
[
𝐾+𝐴

(
t ′
)]

dt ′

is defined as the classical action, with εmm′ = (Em−Em′). T2 is
a dephasing time term, describing the coherence between the
VB and CB.

The intraband current and interband current generated
during this process can be obtained by[31–33]

𝑗ra (t) = ∑
m

∫
BZ
𝑣m [𝐾+𝐴(t)]nm (𝐾, t)d𝐾, (3)

𝑗er (t) =
d
dt ∑

m 6=m′

∫
BZ
𝑝mm′ (𝐾, t)d𝐾, (4)

where 𝑣m (𝑘) = ∇𝑘Em (𝑘) is the band velocity of the electron
(hole) on the CB (VB). Em (𝑘) stands for the band dispersion.
𝑝mm′ (𝐾, t) is the polarization, which can be written as

𝑝mm′ (𝐾, t) = 𝑑mm′πmm′ (𝐾, t) e iSmm′ + c.c. (5)

The total HHG spectrum is then given by the Fourier
transform of the total current

IHHG (ω) = ω
2
∣∣∣∣∫ [𝑗ra (t)+𝑗er(t)]e

−iωt dt
∣∣∣∣2. (6)

The laser electric field E (t) is defined as follows:

E (t) = E0 f (t)cos [ω0t +δ (t)] , (7)

where f (t) = cos2 (πt/T ) is the envelope function. E0 =

0.0035 a.u. and ω0 = 0.014 a.u. are the peak amplitude and
the central frequency of the laser pulse. T is the total duration
of the laser pulse. δ (t) = β tanh(t/T ) is the chirp function
and β is the chirp parameter.[34,35] When β > 0, it represents
a positive chirp. When β < 0, it represents a negative chirp. In
our one-dimensional (1D) SBE simulations, the parameters of
the band structure of ZnO are taken from Ref. [36]. The po-
larization direction of the laser pulse is along the Γ –M direc-
tion of the BZ. The dipole elements are calculated by Eq. (7)
in Ref. [37]. For the model ZnO crystal, the band dispersion
and the momentum-resolved transition dipole have inversion
symmetry along the Γ –M direction, the Berry connections and
Berry curvatures are neglected in the 1D calculations.[38]

3. Results and discussion
Figure 1(a1) shows the linearly polarized laser electric

fields with chirp parameters β = −6, 0, and 6, respectively.
Compared with the chirp-free laser (β = 0), the electric field
near the maximum peak almost remains unchanged for β =

−6 and 6, as shown in Fig. 1(a2). Moreover, we can see that
when β =−6 or 6, the frequency of the laser field decreases or
increases in comparison to the case of β = 0. Figures 1(b1)–
1(b2) show the temporal evolution of the vector potential

𝐴(t) =−
∫ t

−∞

E
(
t ′
)

dt ′.

For β = 0 (green solid line), we can see that when the electric
field reaches its extrema, the vector potential equals 0. The
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same situations can also be seen for chirp parameters β =−6
(red dotted line) and 6 (blue dashed line). Besides, the val-
ues of the maximum vector potential for the chirped laser field
with both the β = 0 and−6 are much higher than that of β = 6,
and the maximum vector potential of β =−6 is the strongest.
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Fig. 1. (a1) Electric fields of the chirped laser pulses for the chirp param-
eters β = −6 (red dotted line), β = 0 (green solid line), and β = 6 (blue
dashed line). The peak electric field, the wavelength and the duration are set
as E0 = 0.0035 a.u., λ = 3255 nm, and T = 25 o.c. (b1) The corresponding
vector potentials of the chirped laser pulses in Fig. 1(a1). Panels (a2) and
(b2) show the expanded view of panels (a1) and (b1) in the region of time
from −1.5 o.c. to 1.5 o.c. (o.c. is short for optical cycile).

Figure 2 shows the harmonic spectra driven by the
chirped laser pulses with β =−6, 0, and 6, respectively. One
can see that the harmonic intensities are comparable with dif-
ferent chirp parameters, which is different from the decrease
and increase of harmonic efficiencies by the chirped laser
pulses as demonstrated in Refs. [16,23,39]. The electrons are
initially excited from the VB to the CB driven by the intense
laser field in this HHG process. The time-dependent popula-
tion in the CB is related to the harmonic intensity in the solid.
For example, Song et al.[40] showed that the larger the popula-
tion in the CB, the higher the intensities of harmonics. In the
inset of Fig. 2, we show the corresponding time-dependent CB
populations. Clearly, the populations for these three different
laser pulses are almost equal, which is in agreement with the
harmonic intensities as shown in Fig. 2. The global spectral
feature does not change with the chirped pulse, as expected,
since the spectral is achieved by employing laser pulses with
a small chirp. The laser intensities near the peak of the laser
pulses are almost unchanged relative to the chirp-free field (see
Fig. 1). While, the peak valley ratios of the harmonic spectrum
have been decreased for β =−6 and β = 6 compared with the
case of β = 0, especially in the high energy region. The peak
valley ratios of HHG are come from the interferences of dif-
ferent quantum paths. Thus, our results reveal that the electron
dynamics in HHG processes have been changed by using the
chirped laser pulse, which results in the change of the peak val-
ley ratio of the harmonic spectrum.[41] When the chirp param-
eter β = 0 (black solid line), the harmonic spectrum displays
odd-order harmonics, attributing to the time translation sym-
metry and inversion symmetry about the Γ point.[31] When

the chirp parameter β = −6 (red dotted line), it is found that
the HHG spectrum is redshifted. The redshift increases in the
higher-order harmonics and even-order harmonics are exhib-
ited around the cutoff. The similar redshifts in the emission of
HHG from solids in short laser pulses have also been demon-
strated in Ref. [26]. The delayed population of higher CB
leads to the delay of HHG emission. Most of HHG emissions
occur in the falling edge of the laser pulse, which results in
the redshifts of HHG in the second and third plateaus. They
also illustrated that the redshifts vanish by using a two-band
model, suggesting that the redshifts are attributed to the indi-
rect multi-band transitions in the HHG process. It is expected
that a different mechanism of harmonic radiation may be re-
sponsible for these redshifts in our two-band model. When
the chirp parameter β = 6 (blue dashed line), the blueshifts of
harmonics appear and increase in the higher-order harmonics,
which is similar to that of β =−6 (red dotted line).

The interferences between harmonics generated by dif-
ferent crystal momentum channels play a key role in the total
HHG spectrum, as demonstrated in Refs. [33,42,43]. Thus,
we pay attention to the contributions of the HHG from dif-
ferent initial crystal momenta in the entire first BZ. To reveal
the characteristics of spectral shift diving by the chirped laser
pulse, we investigate the HHG generated by each 𝑘 channel
in the first BZ. The BZ is sampled using 401 𝑘 points that are
evenly spaced in [−π/a,π/a]. The lattice constant a is set to
5.32 in the Γ –M direction.[33] Figures 3(a1)–3(a3) and 3(b1)–
3(b3) display the intra- and interband harmonics as a func-
tion of the crystal momentum 𝑘, respectively. In Fig. 3(a2)
(β = 0), all 𝑘 channels exhibit both odd- and even-order har-
monics, with the exception of the 𝑘 = 0 (Γ point) channel
and 𝑘=±200 (right-hand and left-hand edges of the first BZ)
channels, which exhibit only odd-order harmonics.[31,33] In
Fig. 3(a1) (β = −6), we can see a redshift in the 𝑘-resolved
harmonic spectra and the shifts are equal for each 𝑘 channel.
In Fig. 3(a3) (β = 6), a similar blueshift in the 𝑘-resolved har-
monic spectra can be seen.
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Fig. 2. Harmonic spectra produced by ZnO exposed to the chirped laser
fields for T2 = (1/8)T0, using the same laser parameters as in Fig. 1(a1).
T0 = 2π/ω0 represents an optical cycle (o.c.). The inset of Fig. 2 shows
the corresponding CB populations.
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Fig. 4. (a) Temporal evolution of the instantaneous frequency ω (t) for the chirped laser pulses with β = −6 (red dashed line), β = 0 (green
solid line), and β = 6 (blue doted-dashed line). (b) Harmonic spectra of ZnO driven by the chirped laser pulse with other chirp parameters.
The other laser parameters are the same as those in Fig. 2.

Figures 3(b1)–3(b3) display the 𝑘-resolved interband har-
monic spectra, with the V-shaped cutoff energy. Taking the
13th order (the horizontal white dashed lines) as an example,
it can be observed that a redshift or blueshift occurs when
β = −6 or β = 6, and the shifts in the harmonic spectra are
also equal for each 𝑘 channel. Moreover, the shift of inter-
band harmonics is larger than that of the intraband harmonics.
We know that the interferences between harmonics generated
by different 𝑘 channels play a key role in the fine structure of
the harmonic spectra.[33] However, the frequency shift of the
𝑘-resolved harmonic spectra is consistent with the total har-
monic spectra (see Fig. 2), integrated over the first BZ. That
is, the chirp parameters of the driving pulse result in the fre-
quency shifts of the HHG from different 𝑘 channels equally,
and the frequency shifts are equal to the corresponding total
HHG spectrum. Thus, the interference between harmonics
generated from different 𝑘 channels has no significant effect
on the frequency shift of the harmonic spectra. The frequency

shift of the harmonic spectra is attributed to a different phys-
ical mechanism. This finding can help us probe the ultrafast
electron-hole dynamics for solid HHG processes.

To elucidate the physical mechanism of the frequency
shift observed in the harmonic spectra, we will show a more
detailed characterization of the driving laser pulses. For the
chirped pulses, the instantaneous angular frequency can be ob-
tained by[16,25,35]

ω (t) = ω0 +
dδ (t)

dt
= ω0 +

β

T

[
1− tanh2

( t
T

)]
. (8)

In Fig. 4(a), we show the instantaneous frequencys of
the chirped laser pulses as a function of time. For β = −6,
the instantaneous frequency first decreases and then increases,
reaching its minimum value at t = 0 o.c., which corresponds to
the maximum peak of the driving laser pulse. While for β = 6,
the instantaneous frequency first increases and then decreases,
reaching its maximum value at t = 0 o.c. The harmonic order
is inversely proportional to the frequency of the driving laser
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pulse. Thus, the decrease in instantaneous frequency (β =−6)
leads to a redshift of the harmonic spectra, while the increase
in instantaneous frequency (β = 6) results in a blueshift of the
harmonic spectra. These results are also in good agreement
with the experimental studies from various solid surfaces.[16]

In Figs. 4(b1) and 4(b2), we show the HHG spectra driven by
the chirped laser pulse with different chirp parameters. We can
see that the frequency shift of the harmonic spectra increases
with the increase of the absolute value of β . By changing
the chirp parameter, we can manipulate the frequency shifts
of the HHG continuously, leading to the shifts from odd- to
even-order harmonics. From Eq. (8), it is found that when the
absolute value of β increases, the difference between the cen-
ter frequency and instantaneous frequency of the laser pulse
also increases, which results in a larger spectral redshift or
blueshift. These results further demonstrate that the spectral
shift is due to the change in the instantaneous frequency of the
driving laser pulse. The similar frequency shifts of the har-
monics have been observed in HHG from over-dense plasmas
in experiments. They also illustrated that the frequency of the
harmonic is proportional to the laser frequency at the maxi-
mum intensity of the chirped laser pulse.[16] In our work, we
verify the effect of instantaneous frequency on the frequency
shifts of HHG from ZnO solids through solving the two-band
SBEs. Our results might pave an accessible route toward char-
acterizing the chirp of the driving laser pulse.

In Fig. 5(a), we show the frequencies of the 21st (blue

lines), 23rd (green lines), and 25th (red lines) harmonics as a
function of the effective pulse duration for different chirp pa-
rameters. When T = 25 o.c., these three harmonics present
redshifts with β = −6 (square symbols) and blueshifts for
those with β = 6 (triangle symbols), and no obvious shift ap-
pears with β = 0 (circle symbols). When we decrease the laser
pulse duration from T = 25 o.c. to 9 o.c., as shown in Fig. 5(a),
the spectral redshift and blueshift gradually increase, which
are in agreement with that illustrated from polar molecules.[44]

In Ref. [44], it has been demonstrated that the harmonic emis-
sion is gradually shifted from the falling part to the rising part
of the pulse when the pulse duration increases, which results
in the spectral shift gradually decreasing.

In Figs. 5(b1) and 5(b2), we also show the instantaneous
frequency of the chirped laser pulses as a function of time
for T = 9 o.c. and 25 o.c., respectively. We find that the
change in the instantaneous frequency gradually decreases as
the laser pulse duration increases. For a short laser pulse [e.g.,
T = 9 o.c. as shown in Fig. 5(b1)], the range of change in
the instantaneous frequency is more sensitive than the case of
Fig. 5(b2). As shown in Fig. 5(b2), the difference between the
center frequency and instantaneous frequency of the driving
laser pulse is small. It has been demonstrated that the change
in instantaneous frequency ω (t) decreases when the pulse du-
ration increases, which results in the spectral shift gradually
decreasing.
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For solid systems, it has been proved that the HHG is
sensitive to the change of laser electric field intensity.[7,45]

Therefore, we further study the effect of peak amplitude on
frequency shifts. Figure 6(a1) presents the harmonic spectra
driven by the chirped laser pulses with β = −6 for the differ-
ent peak amplitudes E0. It can be seen that with the increase of
peak amplitude, the harmonic intensity can be enhanced, but
the frequency shifts of the harmonic keep unchanged. A sim-
ilar phenomenon can be seen in the harmonic spectra driven
by the chirped laser pulses with β = 6 as shown in Fig. 6(b1).
Our findings differ from those presented in Ref. [25], which
demonstrate that changes of peak amplitudes can affect the
nuclear motion, ultimately impacting the frequency shift of the
harmonic spectrum. We also investigate the effect of dephas-
ing time on the frequency shift. As shown in Figs. 6(a2) and
6(b2), we can see that the increase of the dephasing time T2

results in more modulations and some subpeak structures in
HHG. However, the frequency shifts of the harmonic spectra
are not affected.

4. Conclusion

In summary, we have investigated the spectral structure
of solid HHG driven by the chirped laser pulses. We show that
the harmonic intensities are almost unchanged for the chirped
pulses with different chirp parameters, which is in agreement
with the populations in the CB. Our results also show that the
harmonic exhibits equal frequency shift for each 𝑘 channel
in the first BZ by analyzing the 𝑘-resolved harmonic spectra.
For the chirped laser pulses, the instantaneous frequency of the
laser pulse changes as a function of time, which makes the har-
monic spectra redshifted with negative chirp and blueshifted
for those with positive chirp. Since the change of the instan-

taneous frequency at the center of the pulse is large, the fre-
quency shifts in the cutoff region are larger than the shifts in
the plateau region. The frequency shifts of the harmonic spec-
tra depend on the selection of the duration time of the laser
pulse, which can be explained by the instantaneous frequency.
Furthermore, we find that the frequency shifts are insensitive
to the variation of the peak amplitude and the dephasing time.
We expect that our work can help to gain insight into the emis-
sion of solid HHG.
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