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The generation of nonclassical photons via quantum light–matter interactions is of fundamental importance in quan-
tum optics. Here we investigate steady-state two-photon correlation function and photon squeezing in an open anisotropic
Rabi lattice by applying quantum dressed master equation embedded with the mean-field approximation. The expanded
antibunching effect of photons due to anisotropic qubit–photon interaction, is strongly suppressed by including inter-site
photon tunneling, whereas the giant photon bunching keeps robust with weak inter-site photon tunneling strength. The
microscopic processes for photon antibunching and bunching effects are presented based on incoherent transitions between
eigenstates. The photon squeezing is also analyzed under the influences of qubit–photon coupling and anisotropic fac-
tor. The quadrature squeezing shows persistency by tuning on the inter-site photon tunneling, and becomes dramatically
pronounced at the small anisotropic factor. Moreover, the increasing number of qubits significantly enhances quadrature
squeezing with strong qubit–photon interaction. We hope such results may provide physical insights into efficient genera-
tion and manipulation of nonclassical features of photons in quantum light–matter interacting lattice systems.

Keywords: quantum optics, photon statistics and coherence theory, coherent control of atomic interactions
with photons
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1. Introduction
The microscopic description of quantum interaction be-

tween the radiation field and matter structure plays a crucial
role in understanding the quantum electrodynamics (QED),[1]

which spurs the advancements of quantum optics,[2] quantum
information processing,[3] and quantum thermodynamics.[4,5]

The natural atoms embedded in optical cavity are generally
weakly coupled to photons, nowadays called cavity-QED.[6]

While the solid-state qubits interacting with microwave res-
onators construct the circuit-QED (cQED).[7] cQED is able to
achieve strong, ultrastrong, and even deepstrong qubit–photon
couplings by surmounting the dipole light–matter interaction
limit.[8–11]

Recently, the anisotropic effect of quantum light–matter
interacting systems has attracted increasing attention, rep-
resentatively termed as anisotropic quantum Rabi model
(aQRM),[12–14] where the coupling strength of rotating-wave-
terms is distinct from the counter-rotating terms. aQRM has
been experimentally realized in various setups, e.g., one qubit
interacting with single-mode bosonic field describing cross-
electric and magnetic fields[12,15] and semiconductor electrons
with Rashba and Dressulhaus spin–orbital couplings.[16,17]

When considering the photon tunneling between neigh-

bouring cavities, cQED setups can be extended to the
cQED dimer,[18,19] ring,[20,21] lattice,[22–26] and quantum
network[27–30] structures, boosting the development of quan-
tum phase transition of light both at ground state and
steady state with quantum dissipation.[31,32] Theoretically,
cQED lattices systems can be modelled as the generic
Rabi–Hubbard lattice[33,34] and Jaynes–Cummings–Hubbard
lattice[22,23] with strong and weak qubit–photon couplings,
respectively. In particular, by tuning on inter-site photon
tunneling the localization–delocalization of photons can be
intriguingly exhibited both with analytical and numerical
approaches.[31] If multiple qubits are embedded in each cav-
ity, the hybrid chain system is described as the Dicke–Hubbard
model,[31,35] which fertilizes the phase diagram of photons.

Recently, various emerging phenomena, e.g., many
body localization,[36] bound states,[37–39] and topological
pumping,[40,41] have been observed in light–material interact-
ing lattices, which is unavailable in the single-site hybrid sys-
tems. Considering the importance of generating nonclassical
photon resources from photonic lattices,[42–45] it should be in-
triguing to explore the correlation and nonclassicality of pho-
tons in quantum light–matter interacting lattices.

The generation of nonclassical photons is a long-standing
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topic in quantum light–matter interacting systems, e.g., open
optomechanical system[46] and quantum Rabi model.[48] Two
main features are the two-photon statistics[49,50] and pho-
ton squeezing.[51–53] Specifically, two-photon statistics quan-
tify the quantumness of photons, e.g., antibunching effect.
Glauber initially proposed such pioneering concept to trigger
the advent of quantum optics.[54] As the qubit–photon inter-
action becomes strong, the quantum light–matter interacting
systems should be treated as a whole,[55,56] which naturally re-
sulting in the dressed redefinition of two-photon correlations,
as individually carried out by Rabl and Ridolfo et al. based on
optomechanics[46,47] and cQEDs.[48,57] While photon squeez-
ing characterizes reduction of the fluctuation of photon field
below the Heisenberg noise limit.[58,59] The amplitude and
phase of photon fields inevitably fluctuate under the law of
quantum mechanics.[53] In particular for quadrature squeezing
of photons, the noise of one quadrature component breaks the
zero-point level, whereas the other component expectedly sur-
passes the vacuum state value.[60] Quadrature squeezing has
been extensively applied to explore nonclassicality of photons
in various quantum light–matter interacting systems.[61–66]

In this study, we combine the anisotropic qubit–photon
interaction and inter-site photon tunneling to analyze their
contributions to nonclassicality of photons, i.e., photon block-
ade and quadrature squeezing. In absence of inter-site pho-
ton tunneling, the antibunching regime of photons are dramat-
ically expanded, compared to the standard QRM.[57] The an-
tibunching effect of photons are strongly suppressed by inter-
site photon tunneling, whereas the bunching feature is robust
with weak inter-site photon tunneling strength. Moreover, the
microscopic processes are established by incoherent transi-
tions with lowest excited eigenstates constraint by parity se-
lection coefficients. We also study photon squeezing by tun-
ing qubit–photon coupling and anisotropic factor, where the
quadrature squeezing becomes robust both with and without
inter-site photon tunnelings. The global minimum of quadra-
ture squeezing by tuning qubit–photon coupling favors inter-
site photon tunneling at weak anisotropic factor regime. Fur-
thermore, it is found that multiple qubits is helpful for enhanc-
ing squeezing effect with strong qubit–photon interaction.

The rest of this paper is organized as follows: In Sec-
tion 2, we introduce the anisotropic Rabi lattice model. By
including mean-field approximation, the Rabi lattice is sim-
plified to the effective aQRM. Then we derive the quantum
dressed master equation (DME)[55,56] to obtain the steady
state. In Section 3, we analyze the effects of anisotropic
qubit–photon interaction and inter-site photon tunneling on
two-photon correlation function and quadrature squeezing. Fi-
nally we give a conclusion in Section 4.

2. Model and method
We first introduce the full Hamiltonian of the dissipa-

tive anisotropic Rabi lattice model.[31] Then we include the
quantum master equation to obtain the dissipative dynamical
equation of the effective single-site anisotropic Rabi model,
where the mean-field theory is embedded to approximately
treat the anisotropic Rabi lattice to the effective anisotropic
Rabi model.

2.1. Anisotropic Rabi lattice

The dissipative anisotropic Rabi lattice, including three
components, i.e., the anisotropic Rabi lattice, bosonic thermal
reservoirs, and system–reservoir interactions, is described as

Ĥtot = Ĥs + Ĥb +V̂ . (1)

Ĥs denotes the anisotropic Rabi lattice Hamiltonian, which
consists of on-site anisotropic quantum Rabi model (aQRM)
and nearest-neighbouring inter-site photon tunneling in
Fig. 1(a). It reads (h̄ = 1)

Ĥs = ∑
n

ĤaRabi
n − t ∑

⟨n,m⟩
(â†

nâm + â†
mân). (2)

ĤaRabi
n means the aQRM on the n-th site, including the

anisotropic qubit–photon interactions, and the corresponding
Hamiltonian is described as

ĤaRabi
n =

ε

2
σ̂

n
z +ω0â†

nân +λ [(â†
nσ̂

n
−+ ânσ̂

n
+)

+γ(â†
nσ̂

n
++ ânσ̂

n
−)], (3)

where â†
n (ân) creates (annihilates) one photon at the n-th site

with the frequency ω0, σ̂n
α (α = x,z,±) show the Pauli opera-

tors, which is composed of two levels, i.e.,

σ̂
n
z = | ↑ ⟩⟨ ↑ |− | ↓ ⟩⟨ ↓ |, σ̂

n
+ = | ↑ ⟩⟨ ↓ |,

σ̂
n
− = (σ̂n

+)
†, σ̂

n
x = σ̂

n
++ σ̂

n
−,

and λ describes the qubit–photon coupling strength, γ denotes
the anisotropic factor modulating the counter-rotating terms
(CRTs), t is the inter-site photon tunneling strength, and ⟨n,m⟩
means that n and m are the nearest-neighbouring sites. In
absence of γ , the aQRM is reduced to the seminal Jaynes–
Cummings model, whereas the aQRM becomes the standard
QRM as γ = 1. Ĥb = ∑k;ν=q,c ωk,ν b̂†

k,ν b̂k,ν , where b̂†
k,ν (b̂k,ν)

creates (annihilates) one phonon in the ν-th reservoir hav-
ing the frequency ωk,ν and mode k, and the linear system–
reservoirs interactions are specified as

V̂q = ∑
n,k

σ̂
n
x (gn,k,qb̂†

k,q +g*n,k,qb̂k,q), (4a)

V̂c = ∑
n,k
(â†

n + ân)(gn,k,cb̂†
k,c +g*n,k,cb̂k,c), (4b)

with gn,k,q the coupling strength between the qubit on the n-th
site and the q-th reservoir with the mode k, and gn,k,c the cou-
pling strength between the resonator on the n-th site and the
c-th reservoir with the mode k.
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Fig. 1. (a) A schematic illustration of quantum light–matter interacting lattice
at Eq. (2), which is composed of on-site anisotropic Rabi model in Eq. (3)
and inter-site linear photon tunneling, (b) the effective mean-field anisotropic
Rabi model in Eq. (7) with the order parameter of photons ϕ = ⟨â⟩, in which
the inter-site photon tunneling is effectively changed to the approximate ex-
ternal driving onto the on-site photons, and (c) the behavior of |ϕ| by tuning
the qubit–photon coupling strength λ and the anisotropic factor γ with dis-
tinct tunneling strengths t. Other system parameters are given by the photon
frequency ω0 = 1, the qubit splitting energy ε =ω0, the nearest-neighbouring
number z = 4, the dissipation strengthes αq = αc = 10−4, the cut-off fre-
quency of thermal reservoirs ωc = 20ω0, and the temperatures of thermal
reservoirs kBTc = kBTq = 0.1ω0. These parameters are consistent with previ-
ous works,[9,11] e.g., ω0/2π = 6 GHz, qubit ε/2π = 6 GHz, λ able to reach
even 7 GHz, αq = 2×10−4, and αc = 2×10−4. γ can be tuned from 0 to 1
by modulating the inductance of the circuit and the mutual inductance.[12,15]

We select the two-dimensional square cQED lattice with z = 4 as the generic
case.[67] The temperatures of thermal reservoirs can be easily tuned up to
100 mK.[5]

Moreover, if we consider multiple qubits interacting with
single-mode radiation field on-site, the aQRM is extended by
the anisotropic Dicke model[68,69]

ĤaDicke
n = ε Ĵn

z +ω0â†
nân +

λ√
Ns

[(â†
nĴn

−+ ânĴn
+)

+γ(â†
nĴn

++ ânĴn
−)], (5)

where Ĵn
α = ∑

Ns
i=1 σ̂n

α,i (α = x,z,±) shows the collective angu-
lar momentum operator, which is composed of Ns two levels,
i.e., σ̂z = | ↑ ⟩⟨ ↑ |− | ↓ ⟩⟨ ↓ |, σ̂n

+ = | ↑ ⟩⟨ ↓ |, σ̂− = (σ̂n
+)

†, and
σ̂x = σ̂++ σ̂−, and Ns is the qubits number.

The quantum phase transition of light in quantum light–
matter interacting systems has been extensively proposed and
analyzed.[22–24] In the past decade, there exist several exper-
imental advance in realizing circuit-QED large arrays.[31,70]

In particular, the nearest-neighbouring coupling of cavities
can be conducted via a capacitive or Josephson coupling.[71]

Moreover, we consider the inter-site coupling strength is much
smaller than the frequency of the on-site cavity, which leads
to the inter-site photon tunneling. While for the on-site
anisotropic qubit–photon interactions, it may be realized based
on the superconducting circuits.[12,15] One main supercon-
ducting quantum interference device (SQUID) with a larger
circuit triggers an electromagnetic field, which is inductively
coupled to the other SQUID loop. By ignoring capacitive in-
teraction between such two SQUIDs, the anisotropic qubit–
photon coupling can be steadily generated by including both

inductance of circuits and the mutual inductance. And quan-
tum thermal reservoirs can be mimicked by long transmission
lines, which correspond to a huge number of modes of har-
monic oscillators.

2.2. Quantum master equation

Practically, quantum systems inevitably interact with the
environment via the dissipative energy exchange processes as
also shown in Eqs. (4a) and (4b). We assume the system–
reservoir interactions on each site are weak, which may
be properly perturbed to generate the dissipative dynamical
equation, e.g., quantum master equation. Under the Born
approximation, full density operator can be factorized as
ρ̂tot(t)≈ρ̂s(t)⊗ρ̂b,q⊗ρ̂b,c,[72] where ρ̂s(t) denotes the reduced
system density operator, ρ̂b,ν = exp(−βν Ĥb,ν)/Zν describes
the equilibrium distribution of the ν-th bosonic reservoir with
the partition function Zν = Trb{exp(−βν Ĥb,ν)}, the inverse
temperature βν = 1/kBTν , and the Boltzmann constant kB set
to be kB = 1. By separately perturbing V̂q and V̂c, we obtain the
dissipative dynamics of reduced system density operator by
further including the Markov approximation.[56] This yields
the quantum master equation

d
dt

ρ̂s = i[ρ̂s, Ĥs]+ ∑
n,ν=q,c

ℒ̂nν [ρ̂s], (6)

where the dissipator operator is specified as ℒ̂n,ν [ρ̂s] =

[Ân,ν , ρ̂s
˜̂A†

n,ν ] + H.c., with the modified operator ˜̂An,ν =∫
∞

0 dτCn,ν(τ)Ân,ν(−τ), the correlation function Cn,ν(τ) =

∑k |gn,k,ν |2[NB
k,ν e iων ,kτ + (1 + NB

k,ν)e−iων ,kτ ], and the Bose–
Einstein distribution function NB

k,ν = 1/[exp(ωk,ν/kBTν)−1].
The coupling operators are specified as Ân,q = σ̂n

x and Ân,c =

(â†
n + ân).

We should admit that it is quite challenging to obtain the
eigenspectrum of the anisotropic Rabi lattice model. While
in the weak inter-site photon tunneling limit, one may ap-
proximately consider the mean-field approximation to reduce
the anisotropic Rabi lattice to the effective single-site aQRM
model, as carried out in various previous studies.[22–24,31]

Technically, the inter-site photon tunneling terms can be effec-
tively decoupled as â†

nâm≈⟨â†
n⟩âm + â†

n⟨âm⟩−⟨â†
n⟩⟨âm⟩. Once

the lattice sites are homogeneously arranged, which leads to
the real order parameter of photons ϕ = ⟨â†

n⟩ = ⟨âm⟩. Such
nonzero order parameter ϕ is generally used to characterize
the delocalization of photons in the anisotropic Rabi lattice,
i.e. the QPT of light.[33,34] Therefore, the mean-field expres-
sion of the reduced Hamiltonian of the anisotropic Rabi lattice
is given by Ĥ ′

s = ∑n Ĥn
MF(ϕ), where the single-site effective

aQRM model in Fig. 1(b) is described as

Ĥn
MF(ϕ) = ĤaRabi

n − ztϕ(â†
n + ân)+ ztϕ2, (7)

where z denotes the nearest-neighbor coordination number of
the square resonators lattice, specified to be 4 in this study.[67]
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By analyzing Eq. (7), it is known that the picture of inter-
site photon tunneling now is changed to the effective external
driving onto the on-site photons with the control parameter
ϕ .[24,31]

Then, the modified operator is simplified as

˜̂An,ν≈
∫

∞

0
dτCn,ν(τ)e−iτĤn

MF(ϕ)Ân,ν e iτĤn
MF(ϕ).

Under the mean-field framework, the effective lattice model
on each site are identical. The system density operator maybe
properly decomposed as ρ̂s(t)≈Πn[ρ̂

n
MF(t)]. Finally, for each

site the reduced master equation can be described as

d
dt

ρ̂
n
MF = i[Ĥn

MF(ϕ), ρ̂
n
MF]+ ∑

ν=q,c
{[Ân,ν , ρ̂s

˜̂A†
n,ν ]+H.c.}. (8)

We note that through the mean-field master equation simpli-
fies the steady-state solution in the weak inter-site photon tun-
neling limit, it has its own limitations, e.g., it may miss the
finite-size scaling, long-range correlation, and band structure
of the aQRM lattice model.[31,34]

In the eigenbasis of Ĥn
MF, the off-diagonal elements of the

reduced system density matrix at steady state generally show
negligible contribution to steady-state behaviors, which is also
numerically confirmed. Therefore, the master equation after
long time evolution can be expressed as[55,56]

d
dt

ρ̂MF = i[ρ̂MF, ĤMF(ϕ)]

+ ∑
l> j;ν=q,c

{Γ
−

ν (∆l j)D̂[|ψ j⟩⟨ψl |]ρ̂MF

+Γ
+

ν (∆l j)D̂[|ψl⟩⟨ψ j|]ρ̂MF}, (9)

where the dissipator is specified as D̂[Ô]ρ̂MF = (Ôρ̂MFÔ† −
Ô†Ôρ̂MF/2 − ρ̂MFÔ†Ô/2), and the subindex n is ig-
nored with safety. The transition rates from incoherent
dissipative exchange processes are given by Γ +

ν (∆l j) =

γν(∆l j)NB
ν (∆l j)|⟨ψl |Âν |ψ j⟩|2 and Γ −

ν (∆l j) = γν(∆l j)[1 +

NB
ν (∆l j)]|⟨ψl |Âν |ψ j⟩|2, where the spectral function of the ν-th

reservoir is characterized as γν(∆l j) = 2π ∑k |gk,ν |2δ (ωk,ν −
∆l j), the Bose–Einstein distribution function is NB

ν (∆l j) =

1/[exp(∆l j/kBTν)− 1], the energy gap becomes ∆l j = El −
E j with the eigenvalues and corresponding eigenvectors
ĤMF(ϕ)|ψ j⟩ = E j|ψ j⟩, Tν means the temperature in the ν-
th reservoir, and kB is the Boltzmann constant set to be
1. The operators are given by Âq = σ̂x and Âc = (â† + â).
In this study we specify the spectral function as γν(ω) =

παν ω exp(−ω/ωc), where αν is the dissipation strength and
ωc is the cut-off frequency of the reservoirs. ωc is chosen
sufficiently large to validate the Born approximation, e.g.,
ωc = 20ω0.

We focus on steady-state behavior of the dissipative
anisotropic Rabi lattice, which can be iteratively obtained

based on the dressed master equation at Eq. (9). Starting
from one test ϕin, we solve Eq. (9) to obtain the correspond-
ing density operator ρ̂out. We can get a updated parameter
ϕout = Tr{ρ̂outâ}. Then we check whether the relative error
err = |(ϕout − ϕin)/ϕin| is below the set tolerance (set to be
10−4 in this study). If not, we continue a new round itera-
tion with the assignment ϕin = ϕout. If fulfilled, then we de-
fine ϕout as the approximate order parameter of photons, and
ρ̂out becomes the steady state ρ̂ss. In this work, we set the
maximum truncation number of photons as Ntr = 50, which
is sufficient to confirm the convergence of steady-state results.
We show steady-state order parameter of photons |ϕ| by mod-
ulating the qubit–photon coupling strength λ and anisotropic
factor γ in Fig. 1(c). It is generally found that the order pa-
rameter is monotonically enhanced by increasing the inter-site
photon tunneling strength t and anisotropic factor γ .

3. Two-photon correlation function
3.1. Definition in the dressed picture

Two-photon correlation function was considered as one
main feature to characterize the nonclassicality of photons in
quantum optics. It was initially proposed by Glauber to study
the quantum coherence of radiation field,[73] which is quanti-
fied as

G(2)(τ, t) =
⟨â†(t)â†(t + τ)â(t + τ)â(t)⟩

⟨â†(t)â(t)⟩2 , (10)

where ⟨Ô(t)⟩ = Tr{Ôρ̂s(t)} denotes the expected value with
t-time reduced system density operator. It is already known
that at weak qubit–photon coupling the output detection
field operator is proportional to the cavity–photon operator.
Hence, the two-photon statistics of output field can be de-
scribed by Eq. (10). In particular, bunching and anti-bunching
of photons are two typical nontrivial behaviors of quantum
light. Specifically, G(2)(τ, t) > 1 denotes the photon bunch-
ing effect, G(2)(τ, t) < 1 means the antibunching effect, and
G(2)(τ, t) = 1 corresponds to the photon coherent state. More-
over, G(2)(τ, t) = 2 occurs at thermal equilibrium distribution
of photons.

While as the qubit–photon coupling becomes strong, this
definition of two-photon correlation function should be rede-
fined in the dressed picture of the quantum systems. Alterna-
tively, Ridolfo et al. modified the input–output relation based
on the dressed states,[46,48] with the detection field operator
expressed as

X̂− =−i ∑
Ek>E j

∆k, jXk, j|ψ j⟩⟨ψk|, (11)

with the energy gap ∆k, j = Ek −E j, the detection coefficient
Xk, j = ⟨ψ j|(â† + â)|ψk⟩. Consequently, two-photon correla-
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tion function can be reexpressed as

G(2)(τ, t) =
⟨X̂+(t)X̂+(t + τ)X̂−(t + τ)X̂−(t)⟩

⟨X̂+(t)X̂−(t)⟩2 . (12)

At steady state, two-photon correlation function is given by

G(2)(τ) =
⟨X̂+X̂+(τ)X̂−(τ)X̂−⟩ss

⟨X̂+X̂−⟩2
ss

. (13)

3.2. Effective anisotropic Rabi case

We first investigate the effects of qubit–photon coupling
and anisotropic factor on zero-time-delay two-photon correla-
tion function in the effective aQRM at steady state in Fig. 2. In
absence of inter-site photon tunneling (i.e. t = 0) in Fig. 2(a),
the effective aQRM is naturally reduced to the aQRM (ϕ = 0).
It is intriguing to find that with finite anisotropic factor, e.g.,
γ = 0.5, there exists second novel anti-bunching to bunch-
ing transition of photons by increasing qubit–photon coupling
strength, except the traditional nonclassical transition in the
standard QRM.[57] Hence, the anisotropic qubit–photon in-
teractions dramatically extend the regime of nonclassical fea-
ture of photons. Then we tune on inter-site photon tunneling
strength, e.g., t = 0.05ω0 in Fig. 2(b). The novel anti-bunching

behavior is significantly suppressed, whereas the bunching
feature becomes significant, which can be also clearly ex-
hibited in Fig. 2(d). If we further increase photon tunneling
strength, the second anti-bunching to bunching transition is
completely suppressed as shown in Fig. 2(c).
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Fig. 2. Influences of the qubit–photon coupling strength λ and anisotropic
factor γ on two-photon correlation function with distinct inter-site photon tun-
neling strengths (a) t = 0, (b) t = 0.05ω0, and (c) t = 0.1ω0. (d) The behavior
of two-photon correlation function by tuning λ with γ = 0.5. Other system
parameters are the same as those in Fig. 1.
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Fig. 3. (a)–(c) Four lowest eigenvalues, (d)–(f) steady-state populations, and (g)–(i) the transition coefficient Xnm in Eq. (12) as a function of
qubit–photon coupling strength with distinct inter-site photon tunneling strengths and the anisotropic factor γ = 0.5 in the effective aQRM.
Other system parameters are identical with those in Fig. 1.

Then we try to explore the underlying mechanism of
the influence of inter-site photon tunneling on the novel anti-
bunching to bunching transition in the effective aQRM in
Fig. 3. In the low temperature regime with weak excita-

tion of the effective aQRM, based on Eq. (11) the effec-
tive photon occupation is given by ⟨X̂+X̂−⟩ss≈(∆10X10)

2P1

with Pn = ⟨ψn|ρ̂MF(∞)|ψn⟩ the steady state population, and
the two-photon correlation term is ⟨X̂+X̂+X̂−X̂−⟩ss≈P2𝒜2 +
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P3𝒜3, with the transition coefficients given by 𝒜n =

∑l<k<n(∆n,k∆k,lXn,kXk,l)
2. The steady-state zero-time-delay

two-photon correlation function in Eq. (13) can be approxi-
mately expressed as

G(2)(0)≈P2𝒜2 +P3𝒜3

(∆10X10)4P2
1
. (14)

For the traditional antibunching-to-bunching transition of
photons in effective aQRM (e.g. γ = 0.5 in Fig. 3), the micro-
scopic processes in effective aQRM are similar to the standard
QRM.[57] When increasing the qubit–photon, e.g., λ ≈ 0.8ω0

with t = 0,0.025ω0 and λ ≈ 0.5ω0 with t = 0.1ω0, the first en-
ergy gap ∆10 quickly decreases compared to ∆21, as shown in
Figs. 3(a)–3(c). Thus the first excited state population shows
dramatic enhancement in Figs. 3(d)–3(f). Moreover, by ana-
lyzing transition coefficients in Figs. 3(g)–3(i), it is found that
the two-photon correlation term is dominant by the transition
process |ψ0⟩→|ψ1⟩→|ψ2⟩. Then the two-photon correlation
function at Eq. (14) is simplified as

G(2)(0)≈
(∆2,1∆1,0X2,1X1,0)

2P2

(∆10X10)4P2
1

∝
P2

P2
1
. (15)

The dramatic increase of P1 compared to P2 in Fig. 3(d) yields
the photon blockade. While for the traditional photon bunch-
ing, e.g., λ ≈ 1.2ω0 with t = 0,0.025ω0, two-photon correla-
tion function is reduced to

G(2)(0)≈ 𝒜3P3

(∆10X10)4P2
1

∝
P3

P2
1
. (16)

The comparative increase of ∆10 significantly suppresses P1,
as shown in Figs. 3(d) and 3(e), which consequently lifts up
G(2)(0).

Next we analyze the second antibunching feature in
aQRM with t = 0, e.g., λ ≈ 1.6ω0 in Fig. 2(d). It is found that
two-photon correlation function is approximately expressed
as Eq. (15). The decrease of gap ∆10 in Fig. 3(a) enhances
first-excited state population P1 in Fig. 3(d), which leads to
this novel photon blockade. Once we slightly tune on inter-
site photon tunneling, e.g., t = 0.025ω0, the expression of
two-photon correlation function is identical with Eq. (15).
However, the eigenspectrum is quite distinct from the one
with t = 0. Specifically, with qubit–photon coupling strength
around 1.6ω0, ∆10 shows is dramatically enlarged, which sup-
presses P1. Thus G(2)(0) is enhanced, i.e., antibunching be-
comes vanishing. While by further increasing qubit–photon
coupling, e.g., λ.2ω0, it is interesting to find that the gap
∆21 shrinks monotonically, leading to the persistent decrease
of P1, which exhibits the second giant bunching effect of
photons. If we increase inter-site photon tunneling strength
to t = 0.1ω0, there is no signature of additional photon an-
tibunching at strong qubit–photon coupling, e.g., λ&1.5ω0.
The main reason is that the eigenvalues are almost uniformly

spaced in Fig. 3(c), due to the dramatic influence of mean-
field driving term ztϕ(â† + â) in Eq. (7) on formation of the
coherent eigenstates. Therefore, the inclusion of inter-site
photon tunneling is detrimental to photon antibunching with
strong qubit–photon coupling, in particular at strong tunneling
regime. While it becomes helpful to exhibit photon bunching
with slight tunneling strength.

We also study the influence of multiple qubits on two-
photo correlation function in Fig. 4 with the system Hamilto-
nian described in Eq. (5). By increasing the number of qubits,
it is generally found that both antibunching and bunching be-
haviors of photons are gradually suppressed. While for fixed
inter-site photon tunneling, the nonclassical feature of photons
can be amplified by increasing anisotropic factor γ , e.g., com-
paring Fig. 4(a) [4(b)] with Fig. 4(c) [4(d)].
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Fig. 4. Two-photon correlation function with finite qubits numbers as a func-
tion of λ with distinct t and γ . Other system parameters are identical with
those in Fig. 1.

4. Quadrature squeezing
Photon squeezing is also regarded as one main charac-

teristic to capture nonclassicality of photons.[74] Light is con-
sidered to be a squeezed state once the amplitude or phase
has a reduced quantum uncertainty compared with the coun-
terpart of coherent state.[53] While here quadrature squeezing
means the fluctuation of one quadrature component breaks the
Heisenberg noise limit at vacuum, whereas the other compo-
nent surpasses such vacuum limit due to the Heisenberg uncer-
tainty relation.[51,52,75] The steady-state quadrature squeezing
factor to quantify the photon squeezing is characterized as[76]

ξ
2
QS = min

θ∈[0,2π)
⟨(∆ X̂θ )

2⟩ss, (17)

where the generalized canonical coordinate variable denotes
X̂θ = X̂ cosθ + P̂sinθ , the reduced position and momentum
operators become X̂ =(â†+ â) and P̂= i(â†− â), respectively,
and θ is the detection angle to search the minimal squeezing
factor ξ 2

QS. In literature, the photon squeezing emerges once
ξ 2

QS < 1, whereas ξ 2
QS > 1 denotes the disappearance of the

photons squeezing. And ξ 2
QS = 1 corresponds to the coherent

state mode of photons.
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We first study the effects of qubit–photon coupling λ and
anisotropic factor γ on the quadrature squeezing in Fig. 5.
By increasing the anisotropic factor it is found that the pho-
ton squeezing persists both with and without inter-site photon
tunnelings in Figs. 5(a) and 5(b), respectively. Such feature
becomes more clear in Fig. 5(c) as we exhibit the global min-
imal of ξ 2

QS by modulating qubit–photon coupling strength,
i.e., minλ{ξ 2

QS}. Moreover, the inclusion of inter-site photon
tunneling is helpful to enhance quadrature squeezing at small
anisotropic factor regime, e.g., γ = 0.1. We also investigate
the influence of temperature on minλ{ξ 2

QS} in Fig. 5(d). Gen-
erally, the reservoirs’ temperatures are detrimental to establish
quadrature squeezing. Next we study the ξ 2

QS in the effective
Dicke model with finite qubits numbers in Fig. 6. Intriguingly,
the quadrature squeezing is dramatically enhanced by increas-
ing the number of qubits at strong qubit–photon coupling,
e.g., 1.λ/ω0.3. Therefore, quadrature squeezing benefits
from multiple qubits both in effective anisotropic and standard
Dicke models.
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Fig. 5. Quadratic squeezing factor ξ 2
QS (a) t = 0 and (b) t = 0.05ω0

as functions of qubit–photon coupling and anisotropic factor at kBTc =
kBTq = 0.01ω0. The minimization of ξ 2

QS by tuning λ (c) with distinct t at
kBTc = kBTq = 0.01ω0 and (d) with t = 0.02 and kBTc/ω0 = kBTq/ω0 =
0.01,0.1,0.2,0.3 from bottom to up. Other system parameters are identical
with those in Fig. 1.
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qubits number. Other system parameters are given by ω0 = 1, ε = ω0, z = 4,
αq = αc = 10−4, ωc = 20ω0, and kBTc = kBTq = 0.01ω0.

5. Conclusion
To summarize, we studied nonclassical behaviors of pho-

tons in an open anisotropic Rabi lattice model. The quantum
dressed master equation embedded with mean-field approxi-
mation is included to consider quantum dissipation stemming
from the interactions between quantum system components
and bosonic thermal reservoirs. We first investigated influ-
ences of strong qubit–photon coupling and anisotropic factor
on two-photon correlation function. In absence of inter-site
photon tunneling, the novel photon antibunching is unravelled,
which is absent in standard QRM. By including inter-site pho-
ton tunneling, such photon antibunching feature is dramati-
cally suppressed, whereas the photon bunching is robust at
weak inter-site photon tunneling. Moreover, the finite number
of qubits is detrimental to the formation of photon blockade.

We also analyzed quadrature squeezing in the effective
anisotropic quantum Rabi model. The photon squeezing per-
sists both with and without inter-site photon tunnelings. The
inclusion of inter-site photon tunneling is helpful for enhanc-
ing quadrature squeezing with the small anisotropic factor.
And quadrature squeezing is significantly strengthened by
increasing qubits number at strong qubit–photon coupling.
Moreover, we studied the effect of temperatures of thermal
reservoirs on global minimization of quadrature squeezing fac-
tor by tuning qubit–photon coupling, which demonstrates that
finite temperature is detrimental to the formation of photon
squeezing. We note that this work is carried out under the
mean-field approximation in the weak inter-site photon tun-
neling limit,[23] where quantum fluctuation induced by the
inter-photon tunneling is comparatively negligible to the on-
site qubit–photon coupling. And it should be intriguing to ex-
plore the nonclassical features of photons with strong inter-site
photon tunneling.[34]

In quantum optics, generation of single-photon source,
e.g., photon antibunching effect, and photon squeezing in
photonic lattices is regarded as one significant research
direction.[42,43,77,78] We hope that the obtained nonclassical
features of photons by modulating inter-site photon tunnel-
ing and anisotropic qubit–photon coupling may deepen the un-
derstanding and fertilize the operation of photons in photonic
nanostructures.
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