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In recent years, there has been a surge of interest in higher-order topological phases (HOTPs) across various disci-
plines within the field of physics. These unique phases are characterized by their ability to harbor topological protected
boundary states at lower-dimensional boundaries, a distinguishing feature that sets them apart from conventional topolog-
ical phases and is attributed to the higher-order bulk—boundary correspondence. Two-dimensional (2D) twisted systems
offer an optimal platform for investigating HOTPs, owing to their strong controllability and experimental feasibility. Here,
we provide a comprehensive overview of the latest research advancements on HOTPs in 2D twisted multilayer systems.
We will mainly review the HOTPs in electronic, magnonic, acoustic, photonic and mechanical twisted systems, and finally

provide a perspective of this topic.
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1. Introduction

In the past two decades, the field of condensed matter
physics has witnessed a significant surge in research interest
and activity surrounding the topological phase of matter. In re-
cent years, a new class of topological phases, known as higher-
order topological phases (HOTPs), has been discovered./!="]
The HOTPs demonstrate d-dimensional nth-order topolog-
ical phases that accommodate (d—n)-dimensional boundary
states with codimension n > 1 due to the higher-order bulk—
boundary correspondence, which is distinct from conventional
topological phases in d dimensions hosting (d—1)-dimensional
boundary states as per the conventional bulk—boundary cor-
respondence. For instance, a two-dimensional (2D) second-
order topological phase exhibits gapped 1D edge states and
0D corner states within the energy gap, as shown in Fig. 1(a).
A 3D second-order topological phase displays gapped 2D sur-
face states and gapless 1D hinge states, while a 3D third-order
topological phase features gapped surface and hinge states,
as well as in-gap corner states (Fig. 1(b)). In 2017, Benal-
cazar et al.!"? proposed a framework for multipole topolog-
ical insulators protected by mirror symmetries, now known
This
model showcases in-gap corner states and quantized multi-

as the Benalcazar—Bernevig-Hughes (BBH) model.

pole moments as the distinctive hallmark of higher-order bulk—
boundary correspondence for higher-order topology. Subse-
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quently, there has been a significant advancement in both the-
oretical and experimental researches within this field,%-73]
leading to the study of numerous systems featuring higher-
order topology. Furthermore, non-periodic systems can also
exhibit HOTPs in addition to crystalline systems, such as qua-
sicrystalline systems,”*37] amorphous systems, #8211 fractal
systems?>41 and hyperbolic systems.[*>%! In addition, there
has been extensive research on the interplay between higher-

order topology and disorder.¥7~10%]
(a) 2D HOTP (b) 3D HOTP
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Fig. 1. The categorization of HOTPs characterized by multidimensional
topological boundary states is presented.!”! (a) For 2D HOTP depicted by
grey areas, OD topological corner states represented as pink spheres are
shown. (b) For 3D HOTP, there are 1D topological hinge states and 0D
topological corner states.

Up to the present, the experimental realization of higher-
order topological states in condensed matter systems remains
extremely challenging. More significantly, 2D materials like
graphene have been extensively investigated in experiments

© 2025 Chinese Physical Society and IOP Publishing Ltd. All rights, including for text and data mining, Al training, and similar technologies, are reserved.
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and have found applications in practical scenarios. It is of
paramount significance to explore the topological states in 2D
materials for the experimental discovery of diverse topological
states and their practical utilization. It is worth highlighting
that 2D twisted van der Waals materials exhibit a wide range
of rich quantum phenomena and have recently attracted con-
siderable attention in experiments.

The 2D twisted van der Waals materials have emerged
as a versatile platform for investigating exotic and elusive
states of matter, subsequent to the discovery of unconven-
tional superconductivity!'%! and the Mott insulator!!” in
twisted bilayer graphene with magic angles.!'%®! The twisted
moiré superlattices introduce a new degree of freedom for ma-
nipulating the physics of 2D van der Waals materials, with
the twist playing a pivotal role in modulating the quantum
phases of these systems. A range of novel quantum phases
have been predicted or experimentally observed in 2D twisted
van der Waals materials, including quantum anomalous Hall

1091 quantum spin Hall phases,!''% and higher-order

S [84-87,111-117]

phases,!
topological phase
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Fig. 2. (a) Schematic illustration of the TBG with the large commensu-
rate angle 21.78°. The rhombus-shaped region outlined by thick black
dashed lines represents a single moiré unit cell. (b) Schematic depiction
of a unit cell for the lattice, comprising 28 lattice sites, each labeled with
a number. The first layer lattice is denoted by blue dots, while the second
layer lattice is represented by red dots. The blue (red) lines indicate the
intralayer nearest-neighbor bonds within the first (second) layer.[!!8!

For instance, figure 2 depicts a schematic representation
of twisted bilayer graphene (TBG) with a large commensu-
rate angle 21.78°. The atomic configuration of the TBG can
be easily constructed by twisting AA-stacked bilayer graphene
around the collinear axis at the hexagonal center. Furthermore,
the system maintains rotational symmetries of Cy, C>, and
Cg, about the in-plane x, y and out-of-plane z axes, respec-
tively. When the twist angle is less than 1°, the twisted moiré

superlattice exhibits long periodicity in real space, with the
intervalley interaction being negligible. Here, each valley is
effectively decoupled, and the U(1) valley symmetry U(1)y is
approximately retained. The U(1), symmetry, in conjunction
with the Co, T (T represents time-reversal symmetry) symme-
try, offers topological protection of four Dirac points. How-
ever, for other twisted angles, the U (1), symmetry is no longer
precise, and the fourfold-degenerate Dirac points can dissoci-
ate into two pairs of massive Dirac points. The intervalley
coupling, and thereby the gap opening between Dirac points,
has a tendency to augment as the twist angle increases. The
gap related to higher-order topology has been reported.

The unexpected correlation between higher-order topol-
ogy and 2D twisted van der Waals materials was first pro-
posed in TBG by Park et al.!''!l in 2019. The existence of
a nontrivial band gap at half filling with higher-order topol-
ogy is attributed to the twist-induced intervalley scattering. In
this process, the interlayer coupling plays a crucial role, where
an increased interlayer coupling leads to the opening of a gap
between these Dirac points. Generally, as the twist angle de-
creases, the enhanced interlayer coupling will gradually flatten
the low-energy bands and separate them by two high-energy
gaps at zero and full filling, respectively. In Ref. [112], the au-
thors predicted the emergence of a 2D second-order topolog-
ical insulator in twisted bilayer graphene and twisted bilayer
boron nitride, with both zero and full filling gaps. The higher-
order topology manifests in 2D twisted van der Waals materi-
als as a result of twist-induced intervalley scattering, leading
to the emergence of topologically nontrivial bulk band gap and
corner states.

In addition, a proposed instanton approach argues that the
tunneling of electrons between the higher-order topological
corner states of the higher-order topological insulator gener-
ally leads to gate-tunable oscillation in the energy spectra.!!!3]
A second-order topological insulator has also been identified
in the twisted bilayer o-graphyne at a large twisting angle.[!4]
Moreover, there has been a growing research interest in the
exploration of higher-order topological superconductors!!!6!
and higher-order topological semimetals!!!”! within electronic
twisted van der Waals systems. Furthermore, the study of
HOTPs in 2D twisted van der Waals has also been extended

to bosonic magnonic systems, 8] as well as acoustic,[!!’]

[120.121] and mechanical systems. 2!

photonic,

In this review, we showcase the achievements in the
emerging field of HOTPs in 2D twisted van der Waals ma-
terials and 2D twisted metamaterials. Section 2 provides a
comprehensive overview of HOTPs in 2D electronic twisted
van der Waals materials. Subsequently, Section 3 delves into
an examination of studies on HOTPs in magnonic twisted sys-
tems. In Section 4, we survey research on HOTPs in other clas-

sical twisted systems, encompassing acoustic, photonic and
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mechanical systems. Finally, our review culminates with a
summary and outlook presented in Section 5.

2. Higher-order topology in electronic twisted
systems

In this section, we will review HOTPs in 2D electronic
twisted van der Waals materials, including higher-order topo-
logical insulator phases,!'!!=113] higher-order topological su-

[116

perconductor phases,[!'®! higher-order topological semimetal

171 and quasicrystalline higher-order topological in-

phases,l
sulator phases. (34371

In 2019, Park et al.!''!l proposed the TBG with a large
commensurate angle of 21.78° as higher-order topological in-
sulators, hosting topological corner states. Figure 3(a) illus-
trates the electronic energy band structures of the TBG with
twist angle 21.78° obtained by first-principles calculations.
The results reveal that the band structure features a narrow
gap of approximately 9 meV, with a global direct band gap
appearing between conduction and valence bands, while the
minimum value occurs in proximity to point K as shown in
the right panel of Fig. 3(a). The existence of a band gap is
due to the broken U (1), symmetry at large twist angles, while
the increased intervalley coupling results in the opening of a
gap between these Dirac points. The higher-order topology at
half filling is directly calculated by the mirror-winding num-
ber and the second Stiefel-Whitney number. In addition, the
higher-order topology at half filling, where the gap is present
at K point, in the TBG at all commensurate angles was dis-
cussed.

The emergence of the topological corner state can be
readily detected via the edge theory.!'!3] The TBG flake with
the open boundary condition is illustrated in Fig. 3(b). On
the C,-symmetric boundary termination, the 1D helical edge
modes exist, where each Cy, sector with C,, winding number
of Cy, = +£1 carries counter-propagating chiral edge modes of
one another. Nevertheless, the Cp, winding numbers differ on
the left and right side edges with the C,, symmetry. Hence, a
domain wall emerges at the C,, symmetric corners, and topo-
logical corner states are located at the top and bottom corners.

However, the nontrivial gap at low-energy Dirac bands
in TBG with twist angle 21.78° is extremely small (9 meV),
making it difficult to detect in-gap topological corner states
in experiments. Liu er al.l''?l have theoretically predicted
the existence of a 2D second-order topological insulator in
twisted bilayer graphene and twisted bilayer boron nitride,
with both zero and full filling gaps. And three distinct char-
acteristics of the 2D second-order topological insulator were
identified: a nonzero bulk topological index, gapped topo-
logical edge states, and in-gap topological corner states. In
addition, large high-energy band gaps were found, where the

largest gap goes up to 60 meV for TBG with twist angle 0.9°—
2.5° and 102 meV for twisted bilayer boron nitride with twist
angle 0.8°-5.1°. The typical band structures of TBG with dif-
ferent commensurate twist angles are shown in Fig. 3(c).
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Fig. 3. Higher-order topology of TBG with different commensurate twist
angles. (a) Electronic energy band structures of TBG with large commen-
surate angle 21.78°.1''1 The right panel shows the magnified view of the
region near K indicated by a gray box in the left panel. (b) Illustration
of the HOTP in the TBG flake. The left and the right edges have the
opposite signs of the effective edge gap, forming a 1D domain wall. On
the corner where the gap closes, e/2 corner charge occurs.!!'3! (c) Elec-
tronic energy band structures of TBG with small commensurate angles of
1.1°,1.5° and 1.8°.[112] The blue- and red-color regions denote the upper
and lower gaps for isolating the low-energy bands from other high-energy
bands.

Additionally, the phenomenon of instanton tunneling be-
tween the corner states in the HOTPs of TBG has been

131 1t has been found that twisted bilayer o-

investigated. !
graphyne at a twist angle of 21.78° also exhibits character-
istics of a higher-order topological insulator, with a signifi-
cantly larger bulk band gap of 12 meV compared to that of
TBG.!!4 Furthermore, the occurrence of HOTPs in TBG is
notable due to the absence of explicit protecting symmetries,
which can be attributed to the self-similarity of Hofstadter but-

(1151 A universal theory

terflies as replicas of original HOTPs.
for tunable second-order topological corner states induced by
interlayer coupling in bilayer Chern insulators with opposite
Chern numbers was put forward.[!?3]

The kagome lattice, a network of triangles connected at
their corners, possesses a unique electronic structure charac-
terized by Dirac cones, van Hove singularities, and flat bands.
This distinctive arrangement makes it an ideal platform for in-
vestigating the intricate interplay of frustrated geometry, elec-

tron correlations, and topology. Recent investigations have
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unveiled a series of kagome materials exhibiting exotic quan-
tum phenomena. These materials demonstrate a remarkable
confluence of intertwined charge order and superconductiv-
ity, modulated magnetism, and non-trivial topological states,
establishing them as a fertile ground for exploring emergent
quantum behavior.['>*-127] The combination of kagome and
moiré physics leads to fascinating phenomena. For exam-
ple, in kagome twisted bilayers, two sets of flat bands ap-

128] Furthermore, these bilayers can

pear at distinct energies. !
exhibit higher-order topological insulator states at large com-
mensurate angles.!'?”! The higher-order topological insulator
has corner states and is independently protected by either ra-
tional symmetry C3, or mirror symmetry.

Moreover, the emergence of higher-order topologi-
cal superconductor phases has been proposed through the
proximity effect of TBG with spin-singlet (or spin-triplet)
superconductivity.!''®) Multiple instances of C,,T-protected
Majorana Kramers pairs manifest at corners on pairing do-
main walls. This phenomenon in the pairing behavior of
TBG is a consequence of the anomaly ensured by approximate
particle-hole symmetry and C»,T. Additionally, it is proposed
that alternating-twist multilayer graphene, which can be re-
garded as 3D TBG, serves as a platform for stable higher-order
topological Dirac semimetals with higher-order hinge Fermi
arcs.l''”l" A higher-order Dirac semimetal with chiral hinge
states was discovered in a 3D twisted graphite system.[!3]

The concept of HOTPs has been expanded to quasicrys-
talline systems, > where conventional classification of topo-
logical phases with crystal-compatible symmetries is inade-

quate. A unique higher-order topological insulator protected

N
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(c) 2

Energy

by an eightfold rotational symmetry, which is not present
in crystalline materials, has been discovered in Ammann—
Beenker tiling octagonal quasicrystals.[’>] Recently, the ex-
trinsic dodecagonal quasicrystalline lattice was achieved in
the twisted bilayer graphene precisely rotated at an angle of
30°,[13L1321 45 depicted in Fig. 4(a). Then, the authors in
Ref. [76] have demonstrated the existence of a quasicrystalline
higher-order topological insulator in an intrinsic dodecagonal
quasicrystal (Fig. 4(b)). The quasicrystalline HOTP exhibits
twelve in-gap zero-energy modes symmetrically distributed
at the corners of a quasicrystal dodecagon, as depicted in
Figs. 4(c) and 4(d). Additionally, these zero-energy corner
modes are protected by a combination of the twelvefold rota-
tional symmetry and mirror symmetry, as well as particle-hole
symmetry, which lacks a crystalline counterpart. At the same

1.18%] proposed the existence of HOTPs in

time, Spurrier et a
an extrinsic dodecagonal quasicrystalline lattice. Their model
consists of two stacked Haldane models with oppositely prop-
agating edge modes, similar to the Kane—Mele model but with
a 30° twist, as shown in Fig. 4(e). The localized modes noted
at corners in Fig. 4(f), which are characteristic of a quasicrys-
talline HOTP, do not stem from conventional mass inversions
but rather arise from the fractional mass kinks. Very recently,
there has been extensive research on the incommensurate ex-
trinsic dodecagon quasicrystals at 30°, including the experi-
mental observation of WSe;'33! and MoS, "3* incommensu-
rate quasicrystals. Hence, it is anticipated that experimental
discoveries of quasicrystalline higher-order topological phases
in twisted bilayer systems will be forthcoming.

(d)

v,
w

0.02

—0.2
5133 5139 5144

-2
4200

4600 5000 5400 5800

Fig. 4. (a) TEM image of graphene quasicrystal mapped with 12-fold Stampfli-inflation tiling.!'3!! (b) Schematic illustrations of the Stampfli-
tiling quasicrystal dodecagon.[7®! (c) Energy spectrum of the quasicrystalline HOTP versus the eigenvalue index n. The inset at the top displays
the color circle representing the effective edge mass, with green and violet regions denoting two opposite orientations of the edge with respect
to the sign of the effective edge mass. The inset at lower right provides an enlarged view of 12 zero-energy modes, indicated by black dots. 7!
(d) The probability density of zero-energy modes in (c) is depicted using a color map to represent its values. (e) Schematic illustration of the
Kane—-Mele model by stacking two Haldane layers with opposite Chern numbers and 30° twist. (34! (f) The probability density of corner-localized
modes of (e). (g) Typical STM topography for WSe, incommensurate quasicrystal.!'33] (h) STEM-ADF image of 30° twisted-bilayer quasicrystal

MoS; mapped with 12-fold Stampfli-inflation tiling.['34]
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3. Higher-order topology in magnonic twisted
systems

Recently, the concept of higher-order topology has been
extended to magnonic systems as well.!'3>~142] For instance,
a second-order topological magnon insulator (SOTMI) with
magnon corner states is realized in a ferromagnetic (FM)
Heisenberg model on a 2D breathing kagome lattice,!'3] a
magnonic quadrupole topological insulator hosting magnon
corner states can appear in 2D antiskyrmion crystals,[!36]
and a SOTMI with 1D chiral hinge magnons is predicted to
be realized in 3D stacked honeycomb magnets.!'*”] Mean-
while, researchers have shifted their focus to twisted bilayer
honeycomb magnets (TBHMs) analogous to twisted bilayer
graphene, and have uncovered a diverse range of magnetic
properties resulting from moiré patterns. 1431521

In what follows, we present the realization of a SOTMI in
a TBHM at the large commensurate angle 21.78°, 11181 without
necessitating the presence of Dzyaloshinskii—-Moriya interac-
tion. The TBHM is specifically engineered by twisting AA-
stacked bilayer honeycomb magnets to achieve the commen-
surate angle 21.78°, with spins localized at the hexagon ver-
tices. The schematic illustration of a unit cell for the TBHMs
lattice is shown in Fig. 2(b). A minimal spin model is uti-
lized to describe the TBHM with collinear order, consisting
of two honeycomb FM layers with nearest-neighbor intralayer
exchange interaction coupled by FM interlayer exchange cou-
pling or antiferromagnetic (AFM) interlayer exchange cou-
pling. The spin Hamiltonian is formulated for the twisted bi-
layer honeycomb lattice, which reads

H=-JY 8i;-Sji—J.Y Si2-Sji, (1)
(i) (i.j)

where the first and second terms represent the nearest-
neighbor intralayer and nearest-neighbor interlayer Heisen-
berg interactions, respectively. S;; = (8,5}, S};) is the spin
vector operator at site i on layer [ = 1,2, and the summa-
tion runs over nearest-neighbor sites (i,j). J > 0 denotes
the FM intralayer interaction, and J, is a tunable parameter
in TBHMs, which is positive for the FM interlayer coupling
while negative for the AFM coupling. Here, J, only couples
the sites of the first layer with the sites of the second layer that
are positioned directly next to them. The findings presented in
Ref. [118] also demonstrate the impact of incorporating spa-
tially modulated remote interlayer couplings.

In the FM case, the classical ground state is represented
by the uniform state S;; = SZ, where the spins point along
the +z direction. In the ordered phase that emerges at suf-
ficiently low temperatures, an effective magnon Hamiltonian
using linear spin-wave theory was proposed. By employ-
ing the Holstein—Primakoff transformation S;" = §¥ +iS} ~

V2S8d;, S; =S¥ —iS) ~/25d], §? = S — d] d;, and neglect-
ing magnon—magnon interactions, the spin Hamiltonian can
be transformed into a quadratic magnon Hamiltonian

H = 3JSZd§ldi,,—JS Y (dfdj;+Hec.)
il (i.j).1
+IS Y ((dydia+d] ydjy) = (dydj1 +He)], (2)
(i.j)
where dj (d;) is the bosonic creation (annihilation) oper-
ator. Furthermore, through the Fourier transformation, a
28 x 28 magnon Hamiltonian in the k space was derived
as H =Y, ‘I’,:Hk'Pk, where the basis is given by i =
(c};l, e ,czng). The numerical values in the basis align with
the site indicators within the unit cell, as depicted in Fig. 2(b).
The concrete expression of Hy, and additional details can be
found in Ref. [118].
By numerically diagonalizing the magnon Hamiltonian
Eq. (2) in real space, the magnon energy spectrum is plotted
in Fig. 5. It is found that the magnon energy spectrum ex-
hibits an energy gap, and notably, two in-gap states are present
within this energy gap [as depicted in Fig. 5(a)]. As illus-
trated in Fig. 5(b), these two in-gap states are symmetrically
localized at the top and bottom corners of the rhombus, re-
spectively. The presence of twofold symmetric in-gap corner
states is a characteristic feature of the SOTMI in the TBHM,
and is associated with a mirror winding number. Furthermore,
the presence of six magnon corner states is demonstrated in
Figs. 5(c) and 5(d) when considering a finite hexagon-shaped
TBHM sample.

3.08 3.08
@ i ©
”aoowo 06000°°
> >
20 20
5 3.04 . g 3.04 .
g . g ces
) |
1000000000000 o000000
3.QQ8eee® 3.00
W0 5590 5600 5610 5620 9440 9450 9460
n n

(b)

0.005

Fig. 5. Higher-order topological magnon insulators of the TBHM with
twist angle 21.78°.1118] (a) Magnon energy spectrum of the Hamiltonian
[Eq. (2)] for the rhombus-shaped TBHM system versus the eigenvalue in-
dex n. Red dots mark the in-gap magnon corner states. (b) The spatial dis-
tribution of the probability density of the two in-gap states. (c) Magnon
energy spectrum and (d) the spatial distribution of the probability den-
sity of the six in-gap states of the TBHM system with regular hexagonal
boundary.

The magnon band structure of the TBHM system with a
finite FM or AFM interlayer exchange interaction along a high
symmetry line of the moiré Brillouin zone obtained is depicted

037301-5
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in Fig. 6 by numerically diagonalizing Hy. It is found that the
finite FM interlayer coupling results in the opening of a siz-
able energy gap at the point K, as shown in Figs. 6(a) and 6(b).
This energy gap exhibits topologically non-trivial characteris-
tics, as evidenced by the emergence of magnon corner states
within it under open boundary conditions. A mirror winding
number was utilized as a topological invariant to character-

() 6

3.05

3.00

2.95

3.1

3.0

2.9

ize the higher-order magnon topology. In addition, the AFM
magnon band structures of the TBHM system are depicted in
Figs. 6(c) and 6(d). It is noteworthy that, unlike the FM case,
the AFM magnon energy bands of the system remain gapless
and exhibit stable linear dispersion, irrespective of the pres-

ence of AFM interlayer interactions.
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Fig. 6. Higher-order topological magnon insulators of the TBHM with twist angle 21.78°.1''8] Magnon band structures for the FM interlayer
interaction amplitude (a) J, /J =0and (b) J, /J = 0.2, as well as for the AFM interlayer interaction amplitude (¢) J, /J =0and (d) J, /J = —0.2.

The zoom-ins demonstrate the dispersion around the K point.

4. Higher-order topology in various classical
twisted systems

We are currently poised to review HOTPs in various clas-
sical twisted systems, such as acoustic, photonic, and mechan-
ical systems. In the realm of acoustic systems, the physical
manifestation of acoustic topological corner states has been
achieved through moiré twisting and ultrastrong interlayer
couplings in bilayer honeycomb lattices composed of coupled
acoustic cavities.!!!”! The ultrastrong interlayer couplings re-
sult in a significant acoustic band gap exhibiting a distinctive
higher-order band topology, characterized by unprecedented
topological indices and layer-hybridized corner states. The
presence of higher-order topological edge and corner states
is confirmed through acoustic pump—probe measurements. In
photonic systems, a proposal has been made for a bilayer pho-
tonic graphene with even sublattice exchange symmetry to
demonstrate a band gap suitable for the generation of topolog-
ically protected corner states.!!?’] Furthermore, through ex-
plicit manipulation of the underlying reflection symmetry at
the boundary terminations of twisted bilayer photonic moiré
superlattices, first-order topological edge modes, correspond-
ing to nontrivial flat bands induced by strong interlayer cou-
pling, naturally transition into higher-order topological cor-
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ner modes."2!1 In addition, the occurrence of corner modes

in elastic twisted kagome lattices at a critical twist angle was

also examined.[!22]

5. Conclusions and perspectives

In this review, we have introduced the recent progress on
HOTPs in 2D twisted van der Waals and twisted metamateri-
als. We begin by discuss various types of HOTPs in 2D elec-
tronic twisted van der Waals materials, encompassing higher-
order topological insulator phases, higher-order topological
superconductor phases, higher-order topological semimetal
phases, and quasicrystalline higher-order topological insula-
tor phases. Subsequently, we delve into a discussion on the
SOTMI featuring magnon corner states in a TBHM with a
large commensurate angle. Furthermore, we present the ad-
vancements of HOTPs on other classical systems including
acoustic, photonic, and mechanical twisted systems.

The higher-order topology manifests in 2D twisted van
der Waals and twisted metamaterials as a result of twist-
induced intervalley scattering, leading to the emergence of
topologically nontrivial bulk band gap and corner states. How-
ever, a substantial obstacle persists: the conclusive experi-
mental detection of corner states derived from naturally ex-
isting solid-state twisted van der Waals materials continues to
be elusive. The lack of experimental validation for higher-
order corner modes in current twisted electronic systems may
be attributed to the predominant focus on inter-valley scat-
tering in existing theoretical frameworks. Nevertheless, it is
plausible that the actual system encompasses additional scat-
tering mechanisms, such as longer-range hopping or electron—
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electron interaction processes, which have not been fully con-
sidered. Hence, numerous theoretical challenges remain to
be addressed in the implementation of higher-order topology
in twisted electronic systems, and further theoretical break-
throughs are essential to establish a robust pathway for experi-
mental realization. Furthermore, as research on graphene qua-
sicrystals advances, the experimental identification of higher-
order topology in graphene quasicrystals represents an inno-
vative area of investigation.

In contrast to the complexity of electron motion in elec-
tronic systems, the manipulation and regulation of wave states
in classical wave systems are relatively more straightforward
and susceptible to design. For instance, specific higher-order
topological phenomena have been successfully experimentally
demonstrated in twisted acoustic, photonic, and mechanical
systems. In classical systems, the lattice structure and sample
geometry are far more manageable and controllable. The en-
ergy (or frequency) and wavefunctions of the corner states can
be directly measured by modifying the lattice size. This ad-
vantage not only simplifies the material complexity but also fa-
cilitates the exploration of higher-order band topology across
multiple bandgaps within a unified system. However, the clas-
sical waves possess no spin, and realizing the higher-order
topology related to spin—orbit coupling in classical systems is
not overly straightforward.

This review has focused solely on a restricted selection
of 2D twisted systems for HOTPs, with numerous other as-
pects left unexplored within this discourse. And, the investiga-
tion of numerous unresolved issues remains a valuable pursuit
in academic research. For instance, there is limited literature
on the Floquet HOTPs with anomalous boundary states in 2D
electronic twisted van der Waals materials. Furthermore, it is
crucial to comprehend HOTPs with non-Hermitian, nonlinear,
non-Abelian, and defects in these systems, surpassing the lim-
itations of traditional topology.
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