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Nonlinear science is a fundamental area of physics research that investigates complex dynamical systems which are
often characterized by high sensitivity and nonlinear behaviors. Numerical simulations play a pivotal role in nonlinear
science, serving as a critical tool for revealing the underlying principles governing these systems. In addition, they play
a crucial role in accelerating progress across various fields, such as climate modeling, weather forecasting, and fluid dy-
namics. However, their high computational cost limits their application in high-precision or long-duration simulations. In
this study, we propose a novel data-driven approach for simulating complex physical systems, particularly turbulent phe-
nomena. Specifically, we develop an efficient surrogate model based on the wavelet neural operator (WNO). Experimental
results demonstrate that the enhanced WNO model can accurately simulate small-scale turbulent flows while using lower
computational costs. In simulations of complex physical fields, the improved WNO model outperforms established deep
learning models, such as U-Net, ResNet, and the Fourier neural operator (FNO), in terms of accuracy. Notably, the im-
proved WNO model exhibits exceptional generalization capabilities, maintaining stable performance across a wide range
of initial conditions and high-resolution scenarios without retraining. This study highlights the significant potential of the
enhanced WNO model for simulating complex physical systems, providing strong evidence to support the development of

more efficient, scalable, and high-precision simulation techniques.

Keywords: nonlinear science, turbulence, deep learning, wavelet neural operator
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1. Introduction

Complex nonlinear phenomena typically involve multi-
scale interactions, ranging from microscopic vortices to large-
scale atmospheric circulations. The governing equations for
these phenomena are often represented by highly nonlin-
ear partial differential equations (PDEs).[!-3] High-precision
simulation of such complex nonlinear phenomena not only
deepens our understanding of the Earth system but also pro-
vides critical support for addressing global challenges, in-
cluding climate change, natural disasters, and sustainable re-
source management.*>! However, achieving high-precision
solutions to nonlinear PDEs poses significant computational
challenges. Traditional methods, such as direct numerical
simulation (DNS) and large eddy simulation (LES), often in-
cur prohibitively high costs for long-duration or high-fidelity
simulations.!®°1 While DNS offers unparalleled accuracy by
resolving all turbulent scales, its computational cost escalates
dramatically with increasing Reynolds numbers and spatial di-
mensions, severely limiting its applicability.[!%!! LES allevi-
ates this burden by modeling small-scale structures, but it still
requires substantial computational resources and may struggle
to capture subtle features critical in certain applications.

TCorresponding author. E-mail: caoxiaoqun@nudt.edu.cn
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To address the high cost and complexity of traditional
simulation frameworks, recent years have seen rapid advance-
ments in data-driven simulation methods. These approaches
leverage large volumes of experimental or simulation data to
develop surrogate models capable of predicting the evolution
of complex physical systems without explicitly solving com-
plex PDEs at each time step.['>"'®] deep learning (DL) mod-
els, such as convolutional neural networks (CNNs) and recur-
rent neural networks (RNNs), have demonstrated remarkable
abilities in capturing complex nonlinear dynamics and subtle
spatiotemporal correlations.!!%-2?! Specifically, CNNs excel at
extracting spatial features, while architectures like long short-
term memory networks are adept at modeling temporal de-
pendencies, enabling more accurate predictions of turbulence,
vortex dynamics, and other key fluid phenomena.

Despite these advancements, traditional DL methods are
often limited by their dependence on specific discretizations or
parameter ranges, restricting their ability to generalize to new
scenarios. When physical conditions, resolutions, or computa-
tional grids change, expensive retraining is typically required.
Additionally, these methods generally require large training

datasets, which can be costly or difficult to obtain, especially
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for rare or highly complex flow events. These limitations have
driven the development of more flexible frameworks capable
of learning mappings between function spaces without relying
on fixed discretizations.

Neural operators have recently emerged as a promising
paradigm for directly learning operators from data, such as
integral transforms or solution mappings of PDEs.[?324 Un-
like traditional neural networks optimized for specific grids
or resolutions, neural operators aim to approximate func-
tion mappings independent of discretization, enabling gener-
alization across various discretizations and problem settings.
Among these approaches, the Fourier neural operator (FNO)
has attracted significant attention due to its ability to learn
PDE solution operators in the spectral domain using Fourier
transforms.>>-271 ENO excels in modeling complex fluid dy-
namic scenarios, including turbulence, by providing a com-
putationally efficient alternative that maintains high accuracy
while reducing training and inference costs.[28-30]

However, FNO-based methods may struggle to cap-
ture certain local small-scale features and adapt to the wide
range of scales encountered in real-world physical scenar-
ios. To address these challenges, researchers have proposed

31321 which decomposes

the wavelet neural operator (WN 0),!
signals into multiresolution components using wavelet trans-
forms. Wavelets have compact support and the ability to si-
multaneously represent both local and global features, provid-
ing strong support for capturing the heterogeneity and mul-
tiscale characteristics of turbulence. By parameterizing op-
erators in the wavelet domain, WNO can effectively encode
both large-scale features and detailed information. Therefore,
compared to previous methods, WNO offers higher accuracy,
adaptability, and computational efficiency.

In this study, we introduce a novel WNO-based surro-
gate modeling approach for complex turbulent flow phenom-
ena. Our results demonstrate that the enhanced WNO frame-
work achieves orders of magnitude reduction in computational
costs compared to traditional DNS and LES methods with-
out compromising accuracy. Furthermore, the enhanced WNO
model outperforms state-of-the-art deep learning models, such
as UNet, ResNet, and FNO, in capturing small-scale turbulent
motions while maintaining excellent generalization capabili-
ties. This includes robust performance under varying initial
conditions and high-resolution scenarios without the need for
retraining. These findings highlight the potential of WNO as
a transformative tool for fluid simulation, paving the way for
more scalable, efficient, and versatile modeling paradigms that
meet the growing demands of scientific and engineering appli-

cations.

2. Methodology

In this paper, we investigate operator mappings between
infinite-dimensional function spaces. Specifically, we con-
sider an operator D : A — U, where A and U are appropri-
ately chosen function spaces defined on a domain D C R".
Here, A represents spaces of input fields, such as source terms,
initial conditions, and boundary conditions in the context of
PDEs, while U denotes the corresponding solution space of
PDEs on D. Our objective is to approximate the operator D us-
ing a neural network parameterized by Oxn, specifically aim-
ing to learn an approximation Dg, . In particular, we focus
on the wavelet neural operator introduced in Ref. [31], which
leverages wavelet transforms to achieve efficient, resolution-
invariant representations of complex spatiotemporal dynam-
ics.

To train such an operator, we first discretize the domain
D into np grid points and construct a dataset {(a;,u j)}]}’:1 C
A x U, where each a; represents an input field and u; denotes
the corresponding PDE solution. The training process begins
by applying a lifting operator P : A — R"2*% to map the input
field a(x) to a higher-dimensional representation vo(x). Sub-
sequently, we perform iterative updates using a parameterized
kernel integral operator K(a;¢) to generate intermediate rep-
resentations v;(x). In the wavelet neural operator framework,
the kernel function is parameterized not directly in the physical
domain but in the wavelet domain, thereby taking advantage of
the multi-scale and localized properties of wavelet bases.

Since directly applying the continuous wavelet transform
is less efficient and not well-defined for discrete domains, we
instead employ the discrete wavelet transform (DWT). The
DWT is particularly well-suited for discrete data, providing
a hierarchical, multi-scale representation of signals that cap-
tures localized features in both space and frequency. We uti-
lize Daubechies wavelets due to their compact support, or-
thogonality, and ability to form a stable, orthonormal basis for
L?(R). These properties ensure that any function with appro-
priate regularity in L?(R) can be represented as a series expan-
sion in terms of Daubechies wavelets, thereby facilitating both
analysis and synthesis.

In the WNO framework, the input data v; € R"P xdy jg first
transformed into the wavelet domain via W, the DWT opera-
tor, and then processed by a parameterized kernel function Ry,
which acts multiplicatively on the wavelet coefficients. Let
W1 denote the inverse DWT; we then express the integral
operator in the wavelet domain as

(K(9)xvj)(x) =W (Ry-W(v)))(x). (1)

Here Ry = W (k) denotes the kernel function k¢ projected into
the wavelet domain. By parameterizing the kernel function,
we can capture the dominant behavior of the PDE solutions,
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specifically the low-frequency (global) components. Simulta-
neously, by incorporating additional details from lower scales
(high-frequency components), we can accurately extract local
structures and non-stationarities in the data. This hierarchical
approach reduces computational complexity while preserving
essential information.

Let y(x) € L*(R) be an orthogonal mother wavelet. The
set {WYmc(x)}, defined by Wy, z(x) = 27"/2y (5:%), forms a
complete orthonormal basis of L?(R) under appropriate con-
ditions. For a function T : D — R%_ its DWT and inverse DWT
can be expressed as

o) m.9) = [ rw (S5 ax

(WL () = X (1) 0m, ) Wi e (), @
m,T
where j € {I,...,d,} indexes the feature dimension, and

m,T € Z index the scale and translation parameters, respec-
tively. In practice, when implemented via filter banks, these
continuous integrals and sums correspond to discrete convolu-
tions and downsamplings, ensuring computational efficiency.

By leveraging the properties of the wavelet transform, the
operator can be expressed as

(K(@)+v))(x) =W ' (W(ky) - W(v;))(x), xeD. (3)
Since Ry = W (ky), we obtain
(K(¢)*v;)(x) =W ' (Rg-W(v;))(x), x€D. 4)

To implement the parameterization, we represent Ry as
a weight tensor R € RE*4>dv where ¢ denotes the number

Wavelet
integral layer

Wavelet
integral layer

of retained wavelet coefficients at a given scale level. Let
W(vjm) € RE*% represent the wavelet coefficients of v; at
scale m. The convolution-like operation in the wavelet domain
is then given by

dy
R-WEjmnt, = Y, Rty s W(Vjm)n, a5 &)
=1

After discretizing the domain and obtaining high-
dimensional fields, the WNO employs multi-level wavelet de-
composition to achieve dimensionality reduction and efficient
learning. At each scale m, we perform the necessary opera-
tions in the wavelet domain, then apply W' to map back, en-
suring that learned parameters at higher scales hierarchically
propagate information to finer scales. This inherently multi-
resolution scheme facilitates compact representations and the
systematic integration of both global and local information.

The overall WNO architecture, schematically depicted
in Fig. 1, comprises three primary components: a lifting
layer P(-) that maps the input a(x) € A to a suitable high-
dimensional feature space, multiple wavelet kernel layers K(+)
that apply integral transforms in the wavelet domain and a
projection layer Q(-) that maps the final representation to
the solution space u(x) € U. Nonlinear activation functions
may be employed after the projection to enhance represen-
tational capacity. Compared with the FNO, the WNO lever-
ages wavelets’ localized basis functions and multi-scale de-
composition, enabling a more effective representation of non-
stationary phenomena and complex local structures commonly
present in PDE solutions.

Wavelet
integral layer

-~ Q0 —u®

(b) FNN-1 Wavelet Convolution on
. decomposition decomposed
g coefficients

Inverse wavelet
transform

CNN "

Fig. 1. Schematic of the wavelet neural operator architecture.
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By introducing wavelet transforms, the WNO can accu-
rately model highly nonlinear differential operators without
the need for specific geometric structures. However, the WNO
has certain limitations in extracting high-frequency informa-
tion from the data. In contrast, U-Net excels at perform-
ing local convolution operations and preserves more detailed
information by directly passing feature maps from the en-
coder to the decoder. Therefore, integrating the U-Net frame-
work enhances the WNO'’s ability to analyze and predict high-
frequency features. U-Net downsamples the data to different
scales, enabling convolution operations at multiple levels to
capture high-frequency information.

To further enhance the performance of each wavelet layer,
we introduce residual skip connections. These residual con-
nections ensure efficient information transfer between layers,
preventing issues such as vanishing gradients or information
loss, thereby improving the neural operator’s learning capabil-
ity in the spatial domain. In each wavelet layer, the relation-
ship between the input and output is defined as follows:

For j =0,

Vi1 (x) = 0 (na(Kv)) () + W (v;(x))). (©)
For j=1,2,...,L,

Vit (x) 1 = o (na(K(v;+vo))(x) + W(v;(x)) +U(v;(x))),
Vx € D, @)

where K represents the kernel integral transform, W is the
learnable linear operator, ¢ denotes the nonlinear adaptive
activation function, and U corresponds to the CNN operator
within the U-Net framework. The convolution kernel sizes
used in the U-Net path differ from those in W, facilitating the
extraction of richer features across multiple scales and thereby
enhancing feature representation capabilities.

The design of the enhanced WNO architecture involves
three main steps. First, similar to the WNO, the input function
a(x) is mapped to a higher-dimensional space as follows:

vo(x) = Pa(x)). ®)
Next, the U-WNO layers are applied sequentially
Vo =Vl = =g, ©)

where v; denotes the output of the j-th layer (j =0,1,...,L).
Finally, after passing through L layers, vy, is projected back
into the original space to produce the final output

u(x) = Q(ve(x)). (10)

U-WNO effectively combines the multi-scale character-
istics of wavelet transforms with the powerful feature extrac-
tion capabilities of U-Net. This integration not only enables

more effective analysis and prediction of high-frequency in-
formation, but also significantly enhances the expressiveness
and predictive power of the neural operator in complex sce-
narios.

Additionally, we have incorporated a self-attention mech-
anism. The core idea of self-attention is to allow the model to
leverage information from different locations by automatically
learning the relationships and significance between various po-
sitions in the input sequence. This approach addresses a key
limitation of traditional RNNs and CNNs, which typically fo-
cus only on local information. Consider three sequences, Q,
K, and V, defined as follows:

Q = DET,, x Wy,
K = DET,, x Wk,
V =DET,, x Wy, (11)

where W, Wk, and Wy are learnable parameter matrices that
define the attention mechanism. The attention mechanism is
computed as

Attention(Q, K, V) = softmax (QKT> V. (12)
Vi
By combining Eqgs. (11) and (12), we can compute the
updated detail coefficients DET}, as follows:

DET;,, = Attention(Q,K,V). (13)

The self-attention mechanism is incorporated into the
WNO framework using the previously described procedures.
Specifically, the input signal is decomposed into (m) levels
using the DWT, with each decomposition yielding a pair of
approximation coefficients and detail coefficients. The detail
coefficients capture high-frequency features, while the approx-
imation coefficients contain low-frequency components. Gen-
erally, the high-frequency signals at the lower levels tend to be
dominated by noise. In comparison, the wavelet coefficients
at the higher levels encapsulate the most critical information
in the signal. By applying the self-attention mechanism to the
detail coefficients DET,, in the m-th layer of the wavelet do-
main, we can capture the relationship between these coeffi-
cients, thus enhancing the neural network’s ability to model
complex flow fields.

3. Numerical experiments and results

3.1. Incompressible Boussinesq turbulence model

3.1.1. Experimental setup and dataset

This study systematically evaluates the potential of the
enhanced WNO model in simulating turbulent entrainment-

5.133:341 High-resolution particle-resolved di-

mixing processe
rect numerical simulation (PR-DNS) data were utilized as

benchmark data to train the enhanced WNO model, thereby
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constructing an efficient surrogate model capable of perform-
ing meaningful turbulence simulations. To generate the train-
ing data, we employed the PR-DNS model developed by Gao
et al.,’®> which is based on an incompressible Boussinesq
fluid framework, as described below:
du 1 5
—+(u-Vu=——Vp+vVu+ fiy+f, (14
ot Po
V-u=0, (15)

where u represents the fluid velocity field, p denotes the pres-
sure, Vv is the kinematic viscosity, and py is the density of dry
air. The buoyancy term f}, in Eq. (14) is given by

T —T
fo=— ( T 0 +0'608(‘1v _CIVO) _CIC> g, (16)

where g represents the gravitational acceleration vector, T is
the temperature, ¢, is the water vapor mixing ratio, g is the
liquid water mixing ratio, and 7y and gy are reference val-
ues. The buoyancy term f}, couples the velocity equation with
the temperature and water vapor equations, thereby capturing
the interactions among fluid velocity, temperature, water va-
por mixing ratio, and the microphysical processes in cloud
dynamics. Additionally, the external force f. in Eq. (14) is
introduced to maintain a statistically stable turbulent state.

oT L

T4 (w V)T = 2Cy+ k7 V2T, (17)
ot cp

dqy _ 2

ot +(U'V)CIV—_Cd+DvV qv, (18)

where Lj, represents the latent heat of condensation, ¢, is the
specific heat capacity at constant pressure, K7 is the thermal
diffusivity, and Dy denotes the molecular diffusivity of water
vapor. The condensation rate Cy is a function of the droplet
radius R;(¢), which establishes the coupling between the La-
grangian particles and the Eulerian field. This relationship is
given by

_ 47pA iS(Xiat)Ri(t)' (19)

Cq(X,t
d( ) P0613 o

Here a represents the grid cell size, n is the number of droplets
within the grid cell, p; and pg are the densities of liquid water
and air, respectively, and R;(¢) is the radius of the i-th droplet.
The condensation rate Cy4 serves as a source term in Egs. (17)
and (18), thereby coupling the particle dynamics with the fluid
dynamics model. The function A depends on temperature and
pressure and is expressed as

Ly Lpp pRT 17!
A= _p) A 2
KRVT ) T Dves(T)] (20)

where R, = 461.5 J-kg~' - K~! is the gas constant for water

vapor, es(T) is the saturation vapor pressure, pj is the liquid

water density, kr is the thermal conductivity of air, and Dy
is the molecular diffusivity of water vapor. The supersatura-
tion S(X,r) is computed from the water vapor mixing ratio
gv(X,t) and the corresponding saturation water vapor mixing
ratio gy s (X, 1) as follows:
CIV(X ) t)
S(X,t)=——=—1. 2D
( ) qv,s (X )t )
The equations governing the motion and evolution of the
droplets are given by

dXi(l) ey

; = Vi(t), (22)
dvi(r) 1 N v

G = WX Viltg @Y
Ri(1) d’il"t(’ ) ALS(Xir). 24)

Here R;(r), X;(t), and V;(¢) represent the radius, position,
and velocity of the i-th droplet at time #, respectively. Equa-
tion (22) describes the droplet motion, while equation (23) de-
fines the particle response time 7, which is given by

_ 2piR?

= ooy 25)

T
Here, p; and pg denote the densities of liquid water and dry air,
respectively, R; signifies the radius of the droplet, and v rep-
resents the kinematic viscosity of air. Equation (25), derived
from Stokes’ law, applies to droplets with radii smaller than
the Kolmogorov scale, which is the characteristic length scale
of the smallest turbulent structures within a flow.[*®) Under
low Reynolds number conditions, the motion of the droplets is
primarily governed by viscous drag, with inertial forces play-
ing a negligible role. The gravitational force, denoted by g,
accounts for the settling velocity of the droplets under the in-
fluence of gravity.

For the simulations, the computational domain was set to
0.512 m x 0.512 m, with periodic boundary conditions applied
in the two-dimensional space. PR-DNS simulations were con-
ducted on grids of sizes 64 x 64, 128 x 128, and 256 x 256,
corresponding to grid spacings of 8 mm, 4 mm, and 2 mm,
respectively. Additionally, simulations were performed on the
128 x 128 grid with varying initial conditions to assess the ro-
bustness of the deep learning model. The time step was set to
an average of 0.003 s, ensuring that the Courant—Friedrichs—
Lewy condition was satisfied. The initial Reynolds number
was 6827, and the Rayleigh number was 40227. This simula-
tion framework effectively captures the small-scale dynamics
of turbulence and its interaction with cloud droplets, providing
valuable insights into gas—liquid interactions in atmospheric
turbulence. Furthermore, it generates crucial data for the ap-
plication of deep learning models in turbulence simulations.
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3.1.2. Experimental results

In this research, we initially trained an enhanced wavelet
neural operator model using high-fidelity particle-resolved di-
rect numerical simulation data and conducted prediction ex-
periments to evaluate its performance in accurately forecast-
ing velocity and temperature fields. To rigorously assess the
model’s accuracy and robustness, we compared the enhanced
WNO'’s predictions with PR-DNS reference solutions and gen-
erated error distribution maps at various time points to quan-
tify the deviations between the model’s outputs and actual
data.

The experimental outcomes demonstrate the enhanced
WNO model’s exceptional capability in capturing critical flow
features. Specifically, at a resolution of 64 x 64, the model pre-
cisely predicts the X-velocity and temperature fields, closely
matching the true data. The model successfully reproduced
key characteristics of the flow, including regions with sharp
velocity gradients. As shown in Fig. 2, the error distribution
maps indicate that prediction errors are largely confined to a
small range and are minimal, highlighting the model’s ability
to accurately replicate complex turbulent structures. Although
a slight increase in error is observed in regions of intense tur-
bulence, the overall error magnitude remains low, confirming

the enhanced WNO'’s robustness and precision.

Notably, the enhanced WNO demonstrates a robust ca-
pability in accurately predicting the temperature field, with
its spatial distribution exhibiting excellent agreement with the
reference PR-DNS data. As depicted in Fig. 3, the error maps
indicate marginally elevated errors in the vicinity of the bound-
ary layers, which can likely be attributed to the presence of
complex small-scale structures within the temperature field.
Nonetheless, the overall error remains negligible, thereby fur-
ther substantiating the enhanced WNO’s proficiency in achiev-
ing high-fidelity simulations of both velocity and temperature
fields.

To comprehensively evaluate the scalability and compu-
tational capability of the enhanced WNO model in resolving
finer flow details, we increased the simulation resolution to
128 x 128. At this elevated resolution, the model successfully
captures complex flow structures and subtle temperature varia-
tions, with partial results illustrated in Figs. 4 and 5. Although
a marginal increase in error is observed in localized regions,
the errors remain negligible. This outcome fully demonstrates
the enhanced WINO’s ability to maintain robust predictive ac-
curacy and stability, even under the more demanding condi-

tions of higher resolution simulations.

X-velocity prediction Ground truth Error
0 0 o 0.0006
f | [ [ -
50 002 50 002 50l 0.0004
40t 40 40} ' « | [10.0002
0 0 . -
30 30 30t 0
20 20 20t
-0.02 -0.02 L ~0.0002
10 10 10f
~0.0004
0 S 0 . 0 g |
0 20 40 60 0 20 40 60 0 20 40 60
X-velocity prediction Ground truth Error
60 60 60f =T ] —
e 0.0004
50( 002 50 002 50 ’ - o
” 0 ol I . [10.0002
0 0 il
30 30 30¢ = o
20t o 2 P
—0. —0. I
~0.0002
10 10 10 i
0 -0.04 0 -0.04 0 . . .
0 20 40 60 0 20 40 60 0 20 40 60
X-velocity prediction Ground truth Error
s0f 50 50} i :
0.01 0.01 : K '.' 0.0001
40 40 40t L -
=54 |0
30 0 30 0 30" E
208 —001 20 —001 20F - T ~0.0001
10 10 105 :
0 0 0 LA, n "
0 20 40 60 0 20 40 60 0 20 40 60

Fig. 2. Snapshot prediction of X-velocity by the enhanced WNO (left column), ground truth (middle column), and error distribution (right column)

at three different time steps with a resolution of 64 x 64.
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at three different time steps with a resolution of 64 x 64.
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at three different time steps with a resolution of 128 x 128.

Table 1. Comparative analysis of L2 error metrics for X-velocity
across different models at multiple resolutions: 64 x 64, 128 x 128, and
256 x 256.

Models 64%64 128x128 256x256

UNet 9.83x 1072  6.14x 1072  8.52x 1072
ResNet 357x1073  3.80x 1073  4.27x1073
FNO 586x107%  849x10~* 7.90x10~*
The enhanced WNO  1.05x10~*  1.86x10™* 1.53x107*

Table 2. Comparative analysis of L2 error metrics for temperature
across different models at multiple resolutions: 64 x 64, 128 x 128, and
256 x 256.

Models 6464 128128 256256

UNet 8.59% 107" 924x10"! 9.80x 107!
ResNet 457x1072  7.69%x1072  9.22x 1072
FNO 9.60x1073  4.83%x1072 1.05x107!
The enhanced WNO  2.40x 103 3.05x10°%2  4.95x 102

Furthermore, we conducted experimental validation of
the model’s performance at a resolution of 256 x 256 and sys-
tematically compared the L2 error metrics of the enhanced
WNO model with those of UNet, ResNet, and FNO at res-
olutions of 64 x 64, 128 x 128, and 256 x 256. The quanti-
tative analysis results are presented in Tables 1 and 2. The
experimental data demonstrate that the enhanced WNO model
exhibits significant robustness across varying resolutions. No-
tably, the test errors for both the X-velocity component and

the temperature field show minimal variation across different
resolutions, thereby robustly validating the model’s resolution
invariance.

To rigorously evaluate the generalization capability of the
enhanced WNO model, we performed extensive experiments
under diverse initial conditions (e.g., varying velocity and tem-
perature field distributions) and across a range of resolutions
(from 64 x 64 to 256 x 256). By rigorously calculating the
L2 error between the deep learning predictions and the ground
truth, we quantitatively evaluate the performance of different
models. The L2 error is calculated as follows:

N o (bl xs) — . x:))2
L2_error(x,-,xj):\/):kzl(u(x”x]> u(x,,x,))’ 26)

Yoo ulxi,x;)?

where i and j represent the spatial coordinates in 2D space, N
is the total number of time steps in the testing dataset, 7(x;,x;)
denotes the prediction made by the deep learning model at
coordinates (x;,x;), and u(x;,x;) represents the corresponding
ground truth.

The results indicate that the enhanced WNO model
achieves superior generalization performance, accurately cap-
turing the dynamic evolution of the flow field and tempera-
ture field, even under significant changes in initial conditions
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or resolutions, without requiring additional retraining. This
characteristic contrasts sharply with conventional deep learn-
ing models, which typically necessitate parameter fine-tuning
or supplementary training to adapt to new data distributions
when encountering different resolutions or initial conditions.
In contrast, our enhanced WNO model, by leveraging its in-
herent operator learning capabilities, can seamlessly adapt to
different resolutions and initial conditions while maintaining
high predictive accuracy.

This advantage not only substantially reduces computa-
tional resource requirements and time costs but also signifi-
cantly enhances the model’s flexibility and practical utility in
real-world applications. It enables the model to efficiently ad-
dress complex and dynamic fluid dynamic simulation tasks.
In conclusion, the enhanced WNO model has demonstrated
exceptional adaptability and reliability in modeling complex
multi-scale phenomena, thereby solidifying its position as an
efficient and versatile tool for intermediate and advanced ap-
plications in the field of complex fluid dynamics simulation.

3.2. Two-dimensional turbulent Kolmogorov flow

3.2.1. Experimental setup and dataset

In this experiment, we evaluate the generalization perfor-
mance of the enhanced wavelet neural operator model using
the two-dimensional Kolmogorov flow dataset. The dataset,
generated through direct numerical simulation, is downsam-
pled to multiple resolutions, creating various input scenarios.

The dynamics of the Kolmogorov flow are governed by

the incompressible Navier—Stokes equations, formulated as

dolxi) +u(x,t)-Vo(x,t) = LVza)(x,t) +f(x), @27
ot Re

where o(x,7) represents the vorticity field, u(x,#) denotes the

velocity vector field, Re is the Reynolds number, and f(x) is

the spatially dependent forcing term, with x = [x1,x;] repre-

senting the spatial coordinates. Periodic boundary conditions

are applied in this study. The specific form of the forcing term

for the two-dimensional Kolmogorov flow is given by
f(x) = —4cos(4xy) — 0.1w(x,1). (28)

The additional drag force term 0.1 (x,?) is introduced to
mitigate large-scale energy accumulation, thereby ensuring the
statistical stability of the flow. The discretization grid is uni-
form, with a spatial resolution of 2048 x 2048. Data generated
from direct numerical simulations are considered high-fidelity
ground truth, which is utilized to assess the model’s predictive
performance. The dataset consists of 40 independent temporal
sequences, each capturing the evolution of the flow field over

10 seconds with a temporal resolution of Az = 1/32 second.

To rigorously evaluate the generalization capabilities of
the enhanced WNO model, we systematically downsample
the original high-resolution data to generate input scenarios at
multiple resolutions. The high-fidelity simulation data serve
as the benchmark reference for a thorough comparative evalu-
ation. This innovative cross-resolution predictive experimen-
tal framework enables a systematic assessment of the model’s
multi-scale adaptive capabilities and robustness in handling
resolution variations, while also facilitating an in-depth explo-
ration of its generalization potential across diverse application
domains. The experimental results provide reliable empirical
evidence for model optimization and deployment.

3.2.2. Experimental results

Our initial evaluation of the enhanced WNO model was
systematically conducted at two lower resolutions, 64 x 64 and
128 x 128, with a focused emphasis on its predictive capabili-
ties for flow fields. The experimental results demonstrate that
the model accurately captures the essential dynamic features
of the flow field, exhibiting superior predictive performance,
particularly in regions with significant gradient variations. Er-
ror analysis reveals that prediction errors are localized and
minimal, underscoring the model’s proficiency in reconstruct-
ing complex turbulent structures. While a marginal increase
in errors is observed in areas of intense turbulence, the over-
all error levels remain remarkably low, further affirming the
model’s robustness and predictive accuracy. As illustrated in
Fig. 6, the enhanced WNO model’s flow field predictions at
128 x 128 resolution show high consistency with actual data,
with error distributions predominantly concentrated in high-
turbulence regions, aligning closely with theoretical expecta-
tions.

To further explore the scalability of the enhanced WNO
model and its ability to resolve fine flow features, we increased
the computational resolution to 256 x 256. Under these high-
resolution conditions, the model demonstrates enhanced ac-
curacy in resolving fine-scale structures within the flow field,
showcasing significant advantages in capturing the evolution-
ary dynamics of the complex turbulence phenomenon. Al-
though a slight increase in error magnitude persists in regions
of intense turbulence, the overall error levels remain low, in-
dicating that the enhanced WNO model maintains high pre-
diction accuracy and numerical stability, even in more com-
plex flow scenarios. As depicted in Fig. 7, the model success-
fully predicts flow field characteristics with precision at the
256 x 256 resolution, with error distribution patterns consis-
tent with those observed at lower resolutions, primarily local-
ized in high-turbulence regions. These results robustly vali-
date the enhanced WNO model’s capability to address com-
plex flow field prediction challenges.
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Fig. 6. Flow field predictions at 128 x 128 resolution: the enhanced WNO model (left column), true data (middle column), and error distribution
(right column) at three different time steps.
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Table 3. Comparative analysis of L2 error metrics for two-dimensional
turbulent Kolmogorov flow across different models at multiple resolu-
tions: 64 x 64, 128 x 128, and 256 x 256.

Models 6464 128128 256%256
UNet 375x 1070 642x 1071 5.68x 107!
ResNet 8.59x 1073 9.67x1073  1.25x 1072
FNO 6.94x107*  7.25x1073  559%x1073
The enhanced WNO  5.07x10™*4  9.96x 104  8.69 x 10~*

For a quantitative assessment, Table 3 provides a sys-
tematic comparison of the predictive performance of the en-
hanced WNO model against mainstream architectures such as
UNet, ResNet, and FNO at resolutions of 64 x 64, 128 x 128,
and 256 x 256. The experimental data reveal that the en-
hanced WNO model significantly outperforms the compara-
tive models in turbulence prediction tasks, exhibiting consis-
tently lower error levels. Notably, as the resolution increases,
the enhanced WNO model maintains stable and low prediction
errors, demonstrating its exceptional ability to capture com-
plex multi-scale physical phenomena.

The comprehensive experimental results highlight that
the enhanced WNO model maintains excellent prediction ac-
curacy across varying resolution conditions, showcasing its su-
perior generalization ability and efficient numerical computa-
tional performance. The model’s exceptional performance not
only validates its theoretical advantages but also underscores
its broad application potential in fluid dynamic simulations,
turbulence mechanism research, and other cutting-edge scien-
tific domains requiring high-precision predictions. These find-
ings provide innovative solutions for the numerical simulation
of complex flow systems and hold significant implications for

advancing research in related fields.

4. Conclusion

In this study, we developed the enhanced WNO model
as an efficient data-driven method for studying complex flow
dynamics, offering a viable alternative to traditional high-
precision numerical simulations. The enhanced WNO model
achieves high prediction accuracy, computational efficiency,
and strong generalization capabilities. It accurately repro-
duces velocity and temperature fields in atmospheric turbu-
lence, maintaining low error rates even at varying resolutions,
and does not require retraining when initial conditions change,
thereby greatly enhancing its practicality in dynamic, complex
flow environments and reducing the computational costs asso-
ciated with repeated model adjustments. In future work, we
will extend the current two-dimensional framework to three-
dimensional simulations, enabling the capture of richer and
more intricate physical phenomena. Furthermore, we plan

to integrate WNO with state-of-the-art generative Al models,

such as transformers and diffusion models, to further improve
spatial resolution and tackle inverse problems like parameter
estimation in large-scale, long-duration simulations. In addi-
tion, we will explore transitioning from an offline to an online
learning paradigm to enhance the model’s real-time applica-
bility. Overall, the WNO model offers a promising, efficient,
and accurate simulation framework for advancing research in
climate and atmospheric sciences, as well as other fields re-
quiring high-fidelity, multiscale flow simulations, and we will
continue to optimize and validate it to fully realize its potential
as a versatile tool for modeling complex physical systems.
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