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Trajectory equations of interaction and evolution behaviors of a novel
multi-soliton to a (2+1)-dimensional shallow water wave model
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Based on a new bilinear equation, we investigated some new dynamic behaviors of the (2+1)-dimensional shallow
water wave model, such as hybridization behavior between different solitons, trajectory equations for lump collisions,
and evolution behavior of multi-breathers. Firstly, the N-soliton solution of Ito equation is studied, and some high-order
breather waves can be obtained from the N-soliton solutions through paired-complexification of parameters. Secondly, the
high-order lump solutions and the hybrid solutions are obtained by employing the long-wave limit method, and the motion
velocity and trajectory equations of high-order lump waves are analyzed. Moreover, based on the trajectory equations of
the higher-order lump solutions, we give and prove the trajectory theorem of 1-lump before and after interaction with n-
soliton. Finally, we obtain some new lump solutions from the multi-solitons by constructing a new test function and using
the parameter limit method. Meanwhile, some evolutionary behaviors of the obtained solutions are shown through a large
number of three-dimensional graphs with different and appropriate parameters.
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1. Introduction
Solitons, fractals and chaos have been the three most con-

cerning research directions in nonlinear science, related to
cosmology, fluid physics, fiber optics, atmospheric science,
oceanography, etc.[1] The soliton theory is considered one of
the important theories driving the development of nonlinear
science, playing a very important role in various fields of natu-
ral science.[2,3] It has been widely applied in nonlinear optics,
fluid mechanics, plasma physics, condensed matter physics,
and other fields. The soliton solution is a special wave so-
lution, which has the characteristic of keeping the shape un-
changed during the propagation process, and is widely present
in various physical phenomena. The study of soliton solutions
and their properties for nonlinear partial differential equations
(NPDE) has always been widely studied in the field of nonlin-
earity. With the introduction and expansion of scattering in-
version method,[4] Hirota bilinear method,[5,6] Darboux trans-
form method,[7,8] Riemann–Hilbert approach[9,10] and so on.
Some new soliton solutions and structural properties have been
discovered, such as lump solution, breather soliton, multi-
soliton, rogue wave, etc.[11–16] In recent years, the soliton so-
lutions of NPDE such as shallow water wave equation and KP
equation, as well as their applications in fluid dynamics and
fiber optic communication, have attracted widespread atten-
tion from researchers. Therefore, it is very important to study
new soliton solutions and their structural properties of nonlin-
ear equations, among which the interaction or hybrid behavior

between different solitons has become one of the key research
topics.

Very recently, the study of interaction behavior between
different solitons, such as between lump solutions and soli-
tons, between rogue waves and solitons, between lump solu-
tions and breathers, has become a hot topic because of their
application value and extensive theory in the field of nonlin-
ear natural science. However, there is little research on the
dynamic properties of different soliton interactions before and
after, such as trajectory equations, motion velocity, interaction
deformation, and evolutionary behavior.[17,18] This article fo-
cuses on the study of the evolution behavior of a novel multi-
solitons and the trajectory problem of lump interaction for the
(2+1)-dimensional shallow water wave model

utt +uxxxt +3(uuxt +2uxut)

+3uxx

∫ x

−∞

ut dx′+αuyt +βuxt = 0, (1)

where α and β denote two arbitrary constants. In 1980,
Ito established the well-known (1+1)-dimensional and (2+1)-
dimensional Ito equation by generalization of the bilinear
KdV equation,[19] therefore, model (1) is often referred to
as the Ito equation. Equation (1) is simplified to the (1+1)-
dimensional form when α = 0, β = 0. The introduction
of the (2+1)-dimensional Ito equation provides a powerful
mathematical tool for the study of the behavior of solitons
in multi-dimensional space. As a typical (2+1)-dimensional
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NPDE, many scholars have studied different forms of soli-
ton solutions for Eq. (1) using different methods. For exam-
ple, Adem investigated its multiple wave solutions by using
multiple exp-function algorithm.[20] Zhang et al. studied its
high-order localized waves by employing the Hirota derivative
operator.[21] Wang et al. discussed its dynamics of the rogue
waves and solitary waves by applying homoclinic breather
limit method.[22] Tan investigated its double breathers and
lump–N-solitons via employing Hirota bilinear method.[23]

Tian et al. obtained its rogue waves and new multi-wave solu-
tions by using three-soliton limit method.[24] The lump solu-
tion and the interaction phenomenon related to the lump (or
lump-type) solution of Eq. (1) have been studied,[25–32] re-
spectively. However, to the best of authors’ knowledge, the
evolution behavior of multiple solitons, trajectory problems
after interactions between different solitons and high-order
breathers of (2+1)-dimensional Ito equation have not been dis-
cussed and studied.

The framework of this paper is as follows. In Sec-
tion 2, we find the N-soliton solutions of the Ito equa-
tion, and then obtain the high-order breather solutions, high-
order rational solution, M-order lump solutions and the hy-
brid solutions from the N-soliton solutions by using the
paired-complexification of parameters and the long-wave limit
method. Furthermore, the trajectory equations of the M-order
lump solutions and the hybridization behavior between 1-lump
and n-soliton are analyzed. In Section 3, the degradation of a
novel multi-solitons and the emergence of a new lump solu-
tion will be studied by utilizing parameter limit method.[33]

Section 4 summarizes the findings of this paper.

2. Bilinearization and evolution behavior of N-
solitons
In this section, we first obtain a new bilinear equation for

Eq. (1) through function transformation. Secondly, based on
this new bilinear equation, we will investigate the evolution
behavior of N-soliton solutions of the (2+1)-dimensional Ito
Eq. (1) by using the long-wave limit method, which includes
M-order breather wave, M-order lump solution, high-order hy-
brid solution and the trajectory problem of lump solutions be-
fore and after interaction with different solitons.

To eliminate the integral sign in Eq. (1), we can rewrite
Eq. (1) as{

ut = vx,

vt +αvy +βvx +3(uv)x + vxxx = 0,
(2)

which is called equivalent coupled system. Further more, we
take the following transformation:{

u(x,y, t) = 2(ln f )xx,

v(x,y, t) = u0 +2(ln f )xt ,
(3)

where u0 is a real constant and f is a test function to be se-
lected later. Substituting Eq. (3) into Eq. (2), system (2) can
be converted to the following bilinear form, which is quite dif-
ferent from the work in Ref. [23–30]:

P(Dx,Dy,Dt) f · f

= (D3
xDt +αDyDt +βDxDt +3u0D2

x +D2
t ) f · f = 0, (4)

while the symbol D stands for Hirota derivative. In Refs. [17,
34], the authors studied the generalized Hirota–Satsuma–Ito
equation (gHSI) by using the long-wave limit method. In fact,
the bilinear equation (4) and the bilinear forms of gHSI are
different and cannot be derived from each other. In this arti-
cle, we will further investigate the topic of Refs. [17,34] by
studying the Ito equation (1).

2.1. The N-soliton solutions

In order to obtain the N-soliton solutions of Ito Eq. (2),
suppose the test function f can be represented by the follow-
ing form, on the basis of bilinear equation (4), we have

f = fN = ∑
µ=0,1

exp
( N

∑
i=1

µiζi +
(N)

∑
i< j

Ai jµiµ j

)
, (5)

where ∑µ=0,1 denotes the summation of all the cases of µi = 0

or 1 when 1 ≤ i ≤ N, and ∑
(N)
i< j represents the summation of

all the cases of (i, j) that satisfy condition 1 ≤ i < j ≤ N. By
using Maple software and combining Eqs. (4) and (5), we can
obtain the following parameter relationships:



ζi = ki(mix+ piy+qit)+ γi,

pi =−
k2

i m3
i qi +βmiqi +3u0m2

i +q2
i

αqi
,

eA12 =
mim jqiq j(kiqi− k jq j)(kimi− k jm j)−u0(miq j−m jqi)

2

mim jqiq j(kiqi + k jq j)(kimi + k jm j)−u0(miq j−m jqi)
2 ,

(6)

where qi 6= 0 and ki,mi,γi are arbitrary parameters. By sub-
stituting Eqs. (5) and (6) into Eq. (3), we can get the N-soliton
solutions of Ito Eq. (1) (see Fig. 1).

By providing the spatial structure diagrams of solitons
1, 2 and 3, we can clearly observe the evolution behavior of
multi-soliton solutions as the number of solitons increases.
The parameter values of (a) are u0 = 0, k1 =

1
2 , m1 = 2, q1 =

1
2 ,

β = 2, α = 5, γ1 = 1; the parameter values of (b) are u0 = 1,
k1 = 1

2 , k2 = 1
2 , m1 = 1, m2 = −2, q1 = 1, q2 = 2, β = 1,

α = 1, γ1 = 1, γ2 = 1, and when the parameter values are
u0 = 1, k1 = 1, k2 = 1, k3 = 3

2 , m1 = 1, m2 = −1, m3 = 1,
q1 = 1, q2 = 1, q3 =−1, β = 2, α = 1, γ1 = 1, γ2 = 1, γ3 = 1,
we can get (c).
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Fig. 1. The spatial structure plots of N-solitons at t = 0: (a) N = 1; (b) N = 2; (c) N = 3.

2.2. The M-order breather waves

Based on the N-soliton solution Eqs. (5) and (6), we in-
vestigate the M-order breather wave of Ito Eq. (2) by applying
parameter paired conjugate mutual transformation techniques.
In order to obtain the M-order breather waves of Ito Eq. (1),
we take the following parameter relationships:

N = 2M, kM+ j = k∗j = k, mM+ j = m∗j = a j−b jI,

qM+ j = q∗j = c j−d jI, eγ j = 1, ( j = 1,2, . . . ,M), (7)

where the symbol I represents imaginary units and ∗ denotes
taking conjugation. We substitute Eqs. (5)–(7) into Eq. (3) to
get the M-order breather waves of Ito Eq. (2).

Next, we will take 1-order breather wave as an example
to demonstrate the process of finding M-order breather waves.
Firstly, in Eq. (5), we take N = 2 and obtain the following

equation:

f2 = 1+ eζ1 + eζ2 + eζ1+ζ2+A12 . (8)

Secondly, taking k2 = k1 = k, m2 = m∗1 = a1−b1I, q2 = q∗1 =
c1 − d1I, p2 = p∗1 = e1 − g1I, eγ1 = eγ2 = 1 in Eq. (7) and
substituting them into Eq. (8), we get

f̂2 = 2ekφ1(
√

M cosh(kφ1 + ln
√

M)+ cos(kφ2)),

where

φ1 = a1x+ e1y+ c1t, M = eA12 ,

φ2 = b1x+g1y+d1t, (9)

and the parameters a1, b1, c1, d1, e1, f1 are some undeter-
mined real numbers. Finally, we get the 1-order breather wave
by substating f̂2 into transformation (3),


u =

2k2(a2
1M−b2

1 +(a2
1−b2

1)
√

M cosh(kφ1 + ln
√

M)cos(kφ2)+2a1b1
√

M sinh(kφ1 + ln
√

M)sin(kφ2)
)(√

M cosh(kφ1 + ln
√

M)+ cos(kφ2)
)2 ,

v = u0 +
2k2(a1c1M−b1d1 +(a1c1−b1d1)

√
M cosh(kφ1 + ln

√
M)cos(kφ2)+(a1d1 +b1c1)

√
M sinh(kφ1 + ln

√
M)sin(kφ2)

)(√
M cosh(kφ1 + ln

√
M)+ cos(kφ2)

)2 .

(10)

In fact, from the expression (10) and spatial structure Fig. 2(a),
we can clearly see that the obtained 1-order breather wave (10)
is a type of Akhmediev breathers.[35] Similar to the process of
finding 1-order breather wave, we take N = 4 and 6 in Eqs. (5)
and (7) and substitute them into Eq. (3) to obtain 2-order and
3-order breather waves of Ito Eq. (2). Because there are some
free parameters in the M-order breather waves, we can get dif-
ferent three-dimensional diagrams of M-order breather waves
by selecting different parameters. In Fig. 2, we give the spa-

tiotemporal evolution structure of the M-order breather waves

with increasing order M. The parameter values are as follows:

(a) u0 = − 1
2 , k1 = k2 = 1, m∗1 = m2 = −I, q∗1 = q2 = 2− I,

α = 1, β = 1; (b) u0 = − 1
2 , m1 = m∗3 = 1+ 1

4 I, m2 = m∗4 =
1
8 + I, q1 = q∗3 =

1
12 + I, q2 = q∗4 = 1+ 1

4 I, α = 1, β = 1, ki = 1

(i = 1,2,3,4); (c) u0 = − 1
2 , m1 = m∗4 = 1+ 1

4 I, m2 = m∗5 =
1
8 + I, m3 = m∗6 =

1
2 + I, q1 = q∗4 =

1
12 + I, q2 = q∗5 = 1+ 1

4 I,

q3 = q∗6 = 1+ 1
10 I, α = 1, β = 1, ki =

1
2 , (i = 1,2, . . . ,6).

2
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Fig. 2. The spatial structure plots of M-order breather soliton at t = 0: (a) M = 1, (b) M = 2, (c) M = 3.
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2.3. The M-lump solutions and trajectory equations

The purpose of this subsection is to construct the M-lump
solutions for the (2+1)-dimensional Ito Eq. (1). Firstly, we
get the rational solutions by the long-wave limit method, and
then get the M-lump solutions from the rational solutions by
the paired-complexification of parameters. In order to get the
M-lump solutions of Ito Eq. (1), we set γi = Iπ in Eqs. (5) and
(6), then fN can be expressed by the following form:

fN = ∑
µ=0,1

N

∏
i=1

(−1)µi exp(µiξi)
(N)

∏
i< j

exp(µiµ jAi j), (11)

with ξi = ki(mix−
k2

i m3
i qi+βmiqi+3u0m2

i +q2
i

αqi
y+qit). Based on the

long-wave limit method, we take ki/k j = O(1) and let ki tend
to 0 in Eqs. (11) and (5). As a result, we can get

fN = ∑
µ=0,1

N

∏
i=1

(−1)µi(1+µikiθi)

×
(N)

∏
i< j

exp(1+µiµ jkik jΛi j)+O(kN+1), (12)

where 
θi = mix−

βmiqi +3u0m2
i +q2

i
αqi

y+qit,

exp(Ai j)
def
= 1+Λi j,

Λi j =
2mim jqiq j(miq j +m jqi)

u0(miq j−m jqi)
2 .

(13)

Since u and v are given by transformation (3), when fN

is multiplied by a constant, we can reduce it to the following
rational solutions:

fN =
N

∏
i=1

θi +
1
2

(N)

∑
i, j

Λi j

N

∏
r 6=i, j

θr +

+
1

2!22

(N)

∑
i, j,p,s

Λi jΛps

N

∏
r 6=i, j,p,s

θr + · · · ,

+
1

M!2M

(N)

∑
i, j,...,,m,n

M︷ ︸︸ ︷
Λi jΛkl . . . ,Λmn

N

∏
s6=i, j,k,l,...,,m,n

θs + · · · ,

(14)

where the symbol ∑
(N)
i, j,...,,m,n represents the same meaning as

the previous text. In Eq. (14), we set N = 1,2, . . . , and substi-
tute them into Eq. (3) to obtain the N-order rational solution
of (2+1)-dimensional Ito Eq. (2).

For example, when N = 2, we get

f2 = θ1θ2 +Λ12. (15)

Substituting Eqs. (13) and (15) into Eq. (3), we get the 2-order
rational solution

u(x,y, t) =
2(2m1m2Λ12−m2

2θ 2
1 −m2

1θ 2
2 )

(θ1θ2 +Λ12)
2 ,

v(x,y, t) = u0 +
2((m2q1 +m1q2)Λ12−m1q1θ 2

2 −m2q2θ 2
1 )

(θ1θ2 +Λ12)
2 .

When N = 3,4, we have

f3 = θ1θ2θ3 +Λ12θ3 +Λ23θ1 +Λ31θ2,

f4 = θ1θ2θ3θ4 +Λ12θ3θ4 +Λ13θ2θ4

+Λ14θ2θ3 +Λ23θ1θ4 +Λ24θ1θ3

+Λ34θ1θ2 +Λ12Λ34 +Λ13Λ24 +Λ14Λ23. (16)

Similarly, the 3-order and 4-order rational solutions can be ob-
tained by substituting Eqs. (16) and (12) into Eq. (3), respec-
tively. Furthermore, through this calculation method, we can
obtain the N-order rational solutions of Ito Eq. (2).

In order to get the M-lump solutions of Ito Eq. (2), we set
N = 2M in Eq. (14) and take mM+i = m∗i = a1i−b1iI,qM+i =

q∗i = c1i− d1iI (i = 1,2, · · · ,M) in Eq. (13). Take 1-lump so-
lution for example, when M = 1, we take m2 = m∗1 = a11−
b11I,q2 = q∗1 = c11−d11I in Eq. (15), then f2 can be expressed
by the following form:

f̂2(x,y, t) =
(

a11x−
β (a11c2

11 +a11d2
11)+3u0(a2

11c11−b2
11c11 +2a11b11d11)+(c3

11 + c11d2
11)

α(c2
11 +d2

11)
y+ c11t

)2

+

(
b11x−

β (b11c2
11 +b11d2

11)+3u0(b2
11d11−a2

11d11 +2a11b11c11)+(d3
11 +d11c2

11)

α(c2
11 +d2

11)
y+d11t

)2

+
−(a2

11 +b2
11)(c

2
11 +d2

11)(a11c11 +b11d11)

u0(b11c11−a11d11)
2

def
= ς

2
1 + ς

2
2 +∆ .

Substituting f̂2(x,y, t) into transformation (3), we can obtain the following 1-lump solution (see Fig. 3(a)):
u(x,y, t) = 4

(b2
11−a2

11)(ς
2
1 − ς2

2 )−4a11b11ς1ς2 +(a2
11 +b2

11)∆

(ς2
1 + ς2

2 +∆)
2 ,

v(x,y, t) = u0 +4
(b11d11−a11c11)(ς

2
1 − ς2

2 )−2(a11d11 +b11c11)ς1ς2 +(a11c11 +b11d11)∆

(ς2
1 + ς2

2 +∆)
2 .

(17)
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Similar to the process of getting 1-lump solution, when
N = 4, M = 2, taking m3 = m∗1 = a11 − b11I, m4 = m∗2 =

a12 − b12I, q3 = q∗1 = c11 − d11I, q4 = q∗2 = c12 − d12I into
Eq. (14), we can get the 2-lump solutions (see Fig. 3(b)).
When N = 6, M = 3, choosing m4 = m∗1 = a11− b11I, m5 =

m∗2 = a12−b12I, m6 = m∗3 = a13−b13I, q4 = q∗1 = c11−d11I,
q5 = q∗2 = c12−d12I, q6 = q∗3 = c13−d13I in Eq. (14), we can
get the 3-lump solutions (see Fig. 4(c)). Moreover, when N =

2M, choosing mM+i = m∗i = a1i−b1iI, qM+i = q∗i = c1i−d1iI
(i = 1,2, . . . ,M) in Eq. (14), we can get the M-lump solutions
of Ito Eq. (2). We provide some three-dimensional diagrams
of the 1, 2 and 3-lump solutions to demonstrate the evolution-
ary behavior of the M-lump solutions. When u0 =

1
2 , a11 = 1,

b11 =
1
2 , c11 =−2, d11 = 1, α = 2, β = 1, the spatial structure

diagram (a) of 1-lump can be obtained. And when u0 = − 1
2 ,

a11 = − 3
4 , b11 =

1
10 , a12 = − 3

5 , b12 =
1
4 , c11 = − 2

5 , d11 =
5
2 ,

c12 = − 1
5 , d12 = 6

5 , α = 2, β = 1
2 , we can obtain the spatial

structure diagram of 2-lump. Of course, the spatial structure

diagram of 3-lump can be obtained when the values of pa-

rameters are u0 =
1
2 , a11 = − 3

5 , b11 =
1
5 , a12 = − 3

5 , b12 =
2
5 ,

a13 = 3
4 , b13 = 1

4 , c11 = 1
4 , d11 = 2

5 , c12 = − 1
4 , d12 = − 1

2 ,

c13 = 1
4 , d13 = −2, α = 2, β = 1. From the above three-

dimensional diagrams, we can clearly see that with the in-

crease of order M, the number of peaks in the lump solutions

is also increasing.
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Fig. 3. The spatial structure plots of M-lump solution at t = 0: (a) M = 1; (b) M = 2; (c) M = 3.
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Fig. 4. The trajectory plots of M-lump at t =−40 (green), 0 (black), 40 (blue): (a) the trajectory of 1-lump along y =− 10
13 x; (b) the trajectory

of 2-lump along y = 916
413 x (red) and y =− 320

47 x (black); (c) the trajectory of 3-lump along y =− 82
91 x (red), y = 82

65 x (black) and y = 17
8 x (blue).

For the 1-lump solution u = 2ln(θ1θ2 +Λ12)xx, we can
get its peak as follows by solving the equations ux = 0,uy = 0
and combining the positive and negative of uxx,uxxuyy−u2

xy:

x =−βq1q2 +3u0(m1q2 +m2q1)

3u0m1m2−q1q2
t,

y =− αq1q2

3u0m1m2−q1q2
t. (18)

The movement trajectory and speed[17,36] of 1-lump solution
are shown as follows:

y =
αq1q2

βq1q2 +3u0(m1q2 +m2q1)
x,

v =

√
(βq1q2 +3u0(m1q2 +m2q1))

2

(3u0m1m2−q1q2)
2 +

α2q2
1q2

2

(3u0m1m2−q1q2)
2 .

(19)

For 2-lump and 3-lump, before and after the interaction,
their trajectory equations are consistent with Eq. (18) of 1-
lump, which does not change with the increase of order, so it

will not be explained here. When the parameters are u0 =− 1
4 ,

α = 2, β = 1, m∗1 = m2 = − 1
4 −

1
10 I, q∗1 = q2 = − 2

5 − 3I,
m∗3 = m4 = − 6

5 −
3
4 I, q∗3 = q4 = 6

5 + 3
4 I, we obtain the tra-

jectory diagram of 2-lump, and calculate that the movement
trajectories of its peaks are y = 916

413 x and y =− 320
47 x. In Fig. 4,

by selecting u0 = 1
2 , α = 2, β = 1, m∗1 = m2 = − 3

5 −
1
5 I,

q∗1 = q2 = 1
4 −

1
5 I, m∗3 = m4 = − 3

5 −
2
5 I, q∗3 = q4 = − 1

5 +
1
4 I,

m∗5 = m6 = 3
4 −

1
4 I, q∗5 = q6 = 3

4 + 3I, we get the trajectory
diagram of 3-lump.

2.4. Hybridization behavior and trajectory equations

In this subsection, we will investigate the hybridization
behavior of Ito Eq. (2) which is made up of solitons, breather
waves and lump solutions by using the long-wave limit method
and paired-complexification of parameters. And we mainly
study the hybridization behavior composed of 1-lump solu-
tion and n-solitons, and the hybridization behavior composed
of 1-order breather wave and n-solitons (n = 1,2). The hy-
bridization behavior of Ito Eq. (2) can be studied by taking
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some special parameters in Eqs. (5) and (6). To study the hy-
bridization behavior and trajectory equations of 1-lump before
and after interaction with different forms of n-solitons, we first
take the following relationship equation:

m2 = m∗1 = a11−b11I, q2 = q∗1 = c11−d11I. (20)

2.4.1. Hybridization and trajectory between the 1-
lump and n-solitons

To obtain the hybrid solutions composed of 1-lump solu-
tion and n-solitons, we first take N = 3, γ1 = γ2 = Iπ in Eq. (5)
and let k1→ 0,k2→ 0, then f3 can be expressed as follows:

f3 = θ1θ2 +Λ12 +
(
(θ1 +C13)(θ2 +C23)+Λ12

)
eζ3 . (21)

By substituting Eq. (21) into Eq. (3), the hybrid solution be-
tween 1-lump and 1-soliton is obtained. Via similar calcula-
tion, when N = 4, we have

f4 = θ1θ2 +Λ12 +
(
(θ1 +C13)(θ2 +C23)+Λ12

)
eζ3

+
(
(ϑ1 +C14)(θ2 +C24)+Λ12

)
eζ4

+
(
(θ1 +C13 +C14)(θ2 +C23 +C24)+Λ12

)
×eζ3+ζ4 exp(A34). (22)

In Eqs. (21) and (22), the parameters satisfy the following re-
lationship:



θi = mix−
βmiqi +3u0m2

i +q2
i

αqi
y+qit, (i = 1,2),

ζ j = k j(m jx−
k2

j m
3
jq3 +βm jq j +3u0m2

j +q2
j

αq j
y+q jt)+ γ j, ( j = 3,4),

Λ12 =
2m1m2q1q2(m1q2 +m2q1)

u0(m1q2−m2q1)
2 ,

ci j =−
2k jmim jqiq j(miq j +m jqi)

k2
j mim2

jqiq2
j −u0(miq j−m jqi)2 , (i = 1,2, j = 3,4).

(23)

Similar to the cases of N = 3 and N = 4, we can obtain a general formula for the hybrid solutions between 1-lump and
n-solitons,

f2+n = ∑
µ=0,1

((
θ1 +

2+n

∑
2≤r

µrC1r

)(
θ2 +

2+n

∑
2≤l

µlC2l

)
+Λ12

)
exp
(2+n

∑
i=2

µiζi +
2+n

∑
2≤i< j

µiµ jAi j

)
, (24)

where µ2 = 0, n is a positive integer, θi, ζ j, Λ12 and ci j sat-
isfy Eq. (23). By substituting Eq. (24) into Eq. (3), we can
obtain the hybrid solutions between 1-lump and n-solitons in
Ito Eq. (1), also known as the interaction solutions between 1-
lump and n-solitons. Next, we will provide the trajectory the-
orem of the 1-lump solution before and after interaction with
n-solitons.

Theorem 1 On the condition of expression (24) and

Ωi =
k3

i m3
i q1q2

3u0m1m2−q1q2

+
3u0ki(m1qi +miq1)(m2qi +miq2)

qi(3u0m1m2−q1q2)
, (25)

the motion trajectory equations of the lump solution before
and after interaction with n-soliton are

x− = −βq1q2 +3u0(m1q2 +m2q1)

3u0m1m2−q1q2
t +

2+n

∑
i=3

h− (Ωi)Di,

y− = − αq1q2

3u0m1m2−q1q2
t +

2+n

∑
i=3

h− (Ωi)Ei,

x+ = −βq1q2 +3u0(m1q2 +m2q1)

3u0m1m2−q1q2
t +

2+n

∑
i=3

h+ (Ωi)Di,

y+ = − αq1q2

3u0m1m2−q1q2
t +

2+n

∑
i=3

h+ (Ωi)Ei, (26)

where

Di =
ϖ2q1C1i−ϖ1q2C2i

3u0m1m2−q1q2
,

Ei =
(m2C1i−m1C2i)αq1q2

(3u0m1m2−q1q2)(m1q2−m2q1)
,

ϖi = βmiqi +3u0m2
i +q2

i , (i = 1,2), (27)

h− (Ωi) =

{
1, Ωi < 0,
0, Ωi ≥ 0, h+ (Ωi) =

{
1, Ωi > 0,
0, Ωi ≤ 0. (28)

In Eq. (26), (x−, y−) and (x+, y+) represent the trajectories
before and after the collision, respectively.

Proof According to the analysis of the trajectory equa-
tion for 1-lump solutions in Subsection 2.3, we assume that
the trajectory equations of the 1-lump solution before and af-
ter interaction with n-soliton are

x =−βq1q2 +3u0(m1q2 +m2q1)

3u0m1m2−q1q2
t +g1,

y =− αq1q2

3u0m1m2−q1q2
t +g2. (29)

When n = 1, substituting Eq. (29) into Eq. (21), f3 can be
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expressed as follows:

f3 = ϑ1ϑ2 +Λ12 +((ϑ1 +C13)(ϑ2 +C23)+Λ12)eΩ3t+σ3 , (30)

with

ϑi = mig1 + pig2, (i = 1,2),

σi = kimig1 + ki pig2 + γi, (i = 1,2, . . . ,n). (31)

There are two cases Ω3 > 0 and Ω3 < 0 that need to be dis-
cussed, and since the calculation process for Ω3 < 0 is the
same as Ω3 > 0, we will only discuss the case of Ω3 > 0 here.
When t tends to positive and negative infinity, we can get the
following approximate expressions of Eq. (30):

f− = ϑ1ϑ2 +Λ12,

f+ = (ϑ1 +C13)(ϑ2 +C23)+Λ12. (32)

By substituting g1 and g2 in Eq. (29) into Eq. (32), we get

f− = θ1θ2 +Λ12,

f+ = (θ1 +C13)(θ2 +C23)+Λ12. (33)

Similar to the method of finding the trajectory of 1-lump, we
can get the following motion trajectory of the 1-lump solution
before and after interaction with 1-soliton:

x− = −βq1q2 +3u0(m1q2 +m2q1)

3u0m1m2−q1q2
t,

y− = − αq1q2

3u0m1m2−q1q2
t,

x+ = −βq1q2 +3u0(m1q2 +m2q1)

3u0m1m2−q1q2
t

+
ϖ2q1C13−ϖ1q2C23

3u0m1m2−q1q2
,

y+ = − αq1q2

3u0m1m2−q1q2
t

+
(m2C13−m1C23)αq1q2

(3u0m1m2−q1q2)(m1q2−m2q1)
. (34)

When n = 2, similar to the calculation process for n = 1,
we can get

f4 = ϑ1ϑ2 +Λ12 +[(ϑ1 +C13)(ϑ2 +C23)+Λ12]eΩ3t+σ3

+ [(ϑ1 +C14)(ϑ2 +C24)+Λ12]eΩ4t+σ4

+ [(ϑ1 +C13 +C14)(ϑ2 +C23 +C24)+Λ12]

×eΩ3t+σ3+Ω4t+σ4 exp(A34), (35)

In the following, we will discuss the two cases of Ω3 > 0,
Ω4 > 0 and Ω3 > 0, Ω4 < 0, because other cases are similar to
these two cases, so we will not discuss more. When Ω3 > 0,
Ω4 > 0, similar to Eqs. (30)–(33), we can get the following
approximate expressions of Eq. (23):

f− = θ1θ2 +Λ12,

f+ = (θ1 +C13 +C14)(θ2 +C23 +C24)+Λ12. (36)

Similar to the calculation for n = 1, we can obtain the
following motion trajectory of the 1-lump solution before and
after interaction with 2-soliton:

x− = −βq1q2 +3u0(m1q2 +m2q1)

3u0m1m2−q1q2
t,

y− = − αq1q2

3u0m1m2−q1q2
t,

x+ = −βq1q2 +3u0(m1q2 +m2q1)

3u0m1m2−q1q2
t

+
ϖ2q1(C13 +C14)−ϖ1q2(C23 +C24)

3u0m1m2−q1q2
,

y+ = − αq1q2

3u0m1m2−q1q2
t

+

(
m2(C13 +C14)−m1(C23 +C24)

)
αq1q2

(3u0m1m2−q1q2)(m1q2−m2q1)
. (37)

When Ω3 > 0, Ω4 < 0, similar to Eqs. (30)–(33), we can
get the following approximate expressions of Eq. (23):

f− = (θ1 +C14)(θ2 +C24)+Λ12,

f+ = (θ1 +C13)(θ2 +C23)+Λ12. (38)

Similar to Eq. (37), we can obtain the following motion trajec-
tory for the 1-lump before and after the interaction:

x− = −βq1q2 +3u0(m1q2 +m2q1)

3u0m1m2−q1q2
t

+
ϖ2q1C14−ϖ1q2C24

3u0m1m2−q1q2
,

y− = − αq1q2

3u0m1m2−q1q2
t

+

(
m2C14−m1C24

)
αq1q2

(3u0m1m2−q1q2)(m1q2−m2q1)
,

x+ = −βq1q2 +3u0(m1q2 +m2q1)

3u0m1m2−q1q2
t

+
ϖ2q1C13−ϖ1q2C23

3u0m1m2−q1q2
,

y+ = − αq1q2

3u0m1m2−q1q2
t

+

(
m2C13−m1C23

)
αq1q2

(3u0m1m2−q1q2)(m1q2−m2q1)
. (39)

When n≥ 3 is any positive integer, similar to the calcula-
tion of n = 1,2, we can get the following approximate expres-
sions of Eq. (24):

f− = ∑
µ=0,1

(
(θ1 +

2+n

∑
i 6=r,l,...,m,n

µiC1i)(θ2

2+n

∑
j 6=r,l,...,m,n

µ jC2 j)+Λ12

)
,

f+ = ∑
µ=0,1

(
(θ1 +

2+n

∑
i=r,l,...,m,n

µiC1i)(θ2

+
2+n

∑
j=r,l,...,m,n

µ jC2 j)+Λ12

)
, (40)
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where Ωr,Ωl , . . . , ,Ωm,Ωn are positive, and Ωi (i 6=
r, l, . . . ,m,n) is negative. Based on the above analysis of
n = 1,2, through Eq. (40), the trajectory equations of the 1-
lump before and after the interaction with n-solitons are

x− = −βq1q2 +3u0(m1q2 +m2q1)

3u0m1m2−q1q2
t +

2+n

∑
i 6=r,l,...,m,n

Di,

y− = − αq1q2

3u0m1m2−q1q2
t +

2+n

∑
i 6=r,l,...,m,n

Ei,

x+ = −βq1q2 +3u0(m1q2 +m2q1)

3u0m1m2−q1q2
t +

2+n

∑
i=r,l,...,m,n

Di,

y+ = − αq1q2

3u0m1m2−q1q2
t +

2+n

∑
i=r,l,...,m,n

Ei. (41)

The proof of theorem is complete. Further more, we get the
following corollary from theorem 1.

Corollary 1 The trajectory equations of 1-lump in the
(x,y) plane before and after interaction with n-soliton are

y− =
αq1q2

βq1q2 +3u0 (m1q2−m2q1)

×
(

x−−
2+n

∑
i=3

h− (Ωi)Di

)
+

2+n

∑
i=3

h− (Ωi)Ei,

y+ =
αq1q2

βq1q2 +3u0 (m1q2−m2q1)

×
(

x+−
2+n

∑
i=3

h+ (Ωi)Di

)
+

2+n

∑
i=3

h+ (Ωi)Ei, (42)

where the values of Di and Ei are the same as those in Eq. (27).
Next, we will illustrate the hybridization behavior and tra-

jectory equations of 1-lump before and after interaction with

n-solitons through two examples.

Firstly, we will take the interaction between 1-lump and
1-soliton as an example to illustrate. Substituting Eqs. (20),
(21) and (23) into Eq. (3), we can get the hybrid solution com-
posed of the 1-lump solution and the 1-soliton. When the val-
ues of parameters are u0 = − 1

2 , k3 = − 1
2 , a11 = −3, b11 = 2,

c11 = − 1
8 , d11 = 3, q3 = 1

4 , m3 = 1, α = 2, β = 1, γ3 = 0,
the spatial evolution plots of hybrid solution can be shown in
Fig. 5. From Figs. 5(a)–5(c), we can observe the collision pro-
cess of the interaction between 1-lump and 1-soliton as time t
changes. Before and after the interaction with solitons, lumps’
waveform and spatial structure remain unchanged. Therefore,
the collision between 1-lump and 1-soliton is an elastic col-
lision. By substituting these parameter values into Eq. (34),
we obtain the motion trajectory equation of the lump solution
during the interaction process, which is shown in Fig. 5(d).

Secondly, we study the interaction behavior between 1-
lump and 2-solitons. Substituting Eqs. (20), (22) and (23) into
Eq. (3), we get 2-order hybrid solutions which are composed
of 1-lump solution and 2-solitons. In Figs. 6(a)–6(c), when the
values of parameters are u0 =− 1

2 , k3 =− 1
2 , k4 =− 1

4 , a11 = 1,
b11 = 1, c11 = − 1

2 , d11 = 1, q3 =
1
4 , q4 = 1, m3 = 1, m4 = 1,

α = 2, β = 1, γ3 = 0, γ4 = 0, we can get the spatial struc-
ture evolution plots of 2-order hybrid solution with different
time. Similarly, by substituting these parameter values into
Eq. (39), we obtain the motion trajectory equations of the 1-
lump solution during the interaction process, which is shown
in Fig. 6(d).
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Fig. 5. The spatial evolution plots of hybrid behavior between 1-order lump solution and 1-soliton over time t: (a) t =−40, (b) t = 0, (c) t = 40.
(d) The trajectory of u along y+ =− 1154

623 x+− 91222546
43251775 (red) and y− =− 1154

623 x− (yellow) when t =−40 (green), 0 (black), 40 (blue).
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Fig. 6. The spatial evolution plots of hybrid behavior between 1-order lump solution and 2-soliton over time t: (a) t =−40, (b) t = 0, (c) t = 40.
(d) The trajectory of u along y+ = 5x+− 31352800

23464657 (red) and y− = 5x− (yellow) when t =−40 (green), 0 (black), 40 (blue).

2.4.2. Hybridization behavior between the 1-order
breather wave and n-soliton (n = 1, 2)

In this subsection, the hybridization behavior between 1-
breather wave and n-soliton (n = 1,2) is taken as an exam-

ple to demonstrate the interaction behavior between breather
waves and solitons. In order to get the hybridization behavior
between 1-breather wave and and 1-soliton, we take N = 3 in
Eq. (5), and then substitute it and Eq. (20) into Eq. (3). Fur-
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thermore, the spatial structure diagrams of the hybridization
between 1-breather wave and and 1-soliton can be obtained
when the parameters are a11 = 0, b11 =

1
2 , c11 =− 4

5 , d11 = 1,
m3 = 1, q3 =

1
2 , u0 =− 1

2 , α = 2, β = 1, k1 = k2 = 1, k3 =
1
2 ,

γi = 0 (i = 1,2,3).
When N = 4, we can also get the hybridization behavior

between 1-breather wave and and 2-solitons through the above
method, and Fig. 8 can be obtained, when the parameters are
a11 = 1, b11 = 1

4 , c11 = 1
12 , d11 = 1, m3 = m4 = 2, q3 = 1,

q4 =
1
2 , u0 = − 1

2 , α = 2, β = 1, ki =
1
2 , γi = 0 (i = 1, . . . ,4).

Due to the complexity of the expression for hybrid solutions
between breather waves and n-solitons (n = 1,2), we only
provide the spatial structural evolution diagrams of the hy-
brid behavior over time t here. The structural changes in
the interaction process between breather waves and n-solitons
(n = 1,2) can be clearly observed from Figs. 7 and 8, respec-
tively. The trajectory equations, motion velocity, interaction
deformation, and other dynamic properties of the interaction
between breather waves and n-solitons will be the focus of our
future research.
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Fig. 7. The spatial evolution plots of hybrid behavior between 1-order breather wave and 1-soliton over time t: (a) t =−10, (b) t = 0, (c) t = 10.
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3. The novel multi-solitons and lump solutions
Seeking new soliton solutions and studying the structural

properties of solitons have always been a hot research topic
in the field of solitons and integrable systems. In this sec-
tion, based on the three-wave solution, breather wave, rogue
wave and lump solution of the Ito Eq. (1),[24] we choose a new
test function to study the multi-solitons and new lump solu-
tions of the Ito Eq. (1). Here, to expand the research results of
Refs. [23,30], let u0 = 0 in bilinear Eq. (4). We construct the
following test functions:

f (x,y, t) = b1 cosh(δ1)+b2 cos(δ2)

+b3 cosh(δ3)+b4 cos(δ4), (43)

where δi = ki(aix + piy + qit + γi) (i = 1,2 . . . ,4), and
ki,ai, pi,qi,γi are free parameters that will be determined. Sub-
stituting Eq. (43) into Eq. (4) and combining with Maple 2022,

we get the following set of parameter relations:

a1 =
k3a3

k1
, a2 =−

k4a4

k2
,

p1 =−
q1

α
− σ

αk1
, p2 =

k4a4(3k2
3a2

3− k2
4a2

4 +β )−χ

αk2
,

p3 =
k1q1

αk3
− σ

αk3
, p4 =−

k4a4(3k2
3a2

3− k2
4a2

4 +β )+χ

αk4
,

q2 =
χ

k2
, q3 =−

k1q1

k3
, q4 =

χ

k4
, (44)

where

χ =
k1k3a3q1(b2

1−b2
3)

k4a4(b2
2−b2

4)
, σ = k3a3(k2

3a2
3−3k2

4a2
4 +β ).

Substituting Eqs. (43) and (44) into Eq. (3), we obtain the fol-
lowing multi-breather solution:

u = 2
(

b1k2
1a2

1 coshδ1−b2k2
2a2

2 cosδ2 +b3k2
3a2

3 coshδ3−b4k2
4a2

4 cosδ4

b1 coshδ1 +b2 cosδ2 +b3 coshδ3 +b4 cosδ4

− (b1k1a1 sinhδ1−b2k2a2 sinδ2 +b3k3a3 sinhδ3−b4k4a4 sinδ4)
2

(b1 coshδ1 +b2 cosδ2 +b3 coshδ3 +b4 cosδ4)
2

)
, (45)
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v = u0 +2
(

b1k2
1a1q1 coshδ1−b2k2

2a2q2 cosδ2 +b3k2
3a3q3 coshδ3−b4k2

4a4q4 cosδ4

b1 coshδ1 +b2 cosδ2 +b3 coshδ3 +b4 cosδ4

)
−2
(

b1k1a1 sinhδ1−b2k2a2 sinδ2 +b3k3a3 sinhδ3−b4k4a4 sinδ4

b1 coshδ1 +b2 cosδ2 +b3 coshδ3 +b4 cosδ4

× b1k1q1 sinhδ1−b2k2q2 sinδ2 +b3k3q3 sinhδ3−b4k4q4 sinδ4

b1 coshδ1 +b2 cosδ2 +b3 coshδ3 +b4 cosδ4

)
. (46)

In fact, the multi-soliton given by expression (45) is a
multi-breather solution that exhibits periodic characteristics on
variables δ2 or δ4, while having soliton characteristics on vari-
ables δ1 or δ3. The multi-breather solution (45) obtained here
is different from the higher-order breather solution in Subsec-
tion 2.2, which is a new soliton solution. When b3 = 0 and
b4 = 0 (or b1 = 0 and b2 = 0), the solution (45) is simplified
as 1-order breather wave solution (see Fig. 9(a)),[30] we obtain
a new 1-order breather wave solution, which has a different
structure from the breather wave (10). From Fig. 9(a), it can
be observed that its spatial structure has a kink property, also
known as the kinky breather wave solution.[37] When b4 = 0
(or b2 = 0), solution (45) is simplified as a double-breather
solitary solution (see Fig. 9(b)).[23,38] Meanwhile, due to the
periodicity of cosδ2 and cosδ4 function, the solution (45)
shows the characteristics of local oscillation. Therefore, an-

alytical solutions with this characteristic can also be called
multi-breather solutions (see Fig. 9(c)), which have character-
istics different from high-order breather solutions. In order to
better show the deformation behavior of multi-breather solu-
tion, we present a spatiotemporal structure diagram in Fig. 9,
where the same parameter values are u0 = 1, a3 = 2, a4 = 1,
q1 = 1, α = 2, β = 1, k1 = k2 = k4 = 1, k3 = 1

2 , γi = 0
(i = 1, . . . ,4), while different parameter values are (a) b1 = 3,
b2 = 1, b3 = b4 = 0, k3 = 1

3 , (b) b1 = −3, b2 = 0, b3 = −2,
b4 = 4 and (c) b1 = 3, b2 = 1, b3 = 2, b4 = 4.

To construct the lump solutions, we choose k2 = rk1, k3 =

sk1, k4 = lk1, b1 = cosh(mk1), b2 =−cos(nk1), b3 = cos(hk1),
b4 = −cosh(gk1) in Eq. (45), and the parameters r, s, l, m, n,
h, g can take any pure imaginary number and real number.
Letting k1→ 0, we get

u = 2

(
2s2a2

3 +2l2a2
4

1
2 Ω 2

1 +
1
2 r2Ω 2

2 +
1
2 Ω 2

3 +
1
2 l2Ω 2

4 +
1
2 (m

2 +n2−h2−g2)
− (sa3Ω1− lra4Ω2 + sa3Ω3 + l2a4Ω4)

2

( 1
2 Ω 2

1 +
1
2 r2Ω 2

2 +
1
2 Ω 2

3 +
1
2 l2Ω 2

4 +
1
2 (m

2 +n2−h2−g2))
2

)
,

v = u0 +2

(
(sa3Ω1− lra4Ω2 + sa3Ω3 + l2a4Ω4)

1
2 Ω 2

1 +
1
2 r2Ω 2

2 +
1
2 Ω 2

3 +
1
2 l2Ω 2

4 +
1
2 (m

2 +n2−h2−g2)

(q1Ω1− a3q1sr(h2+m2)
la4(n2+g2)

Ω2−q1Ω3− a3q1s(h2+m2)
a4(n2+g2)

Ω4)

1
2 Ω 2

1 +
1
2 r2Ω 2

2 +
1
2 Ω 2

3 +
1
2 l2Ω 2

4 +
1
2 (m

2 +n2−h2−g2)

)
, (47)

where Ωi = lim
k1→0

δi/k1 (i = 1, . . . ,4), that is

Ω1 = sa3x− (β sa3 +q1)

α
y+q1t + γ1,

Ω2 = − la4

r
x+

sa3q1(m2 +h2)+β l2a2
4(n

2 +g2)

αlra4(n2 +g2)
y

− sa3q1(h2 +m2)

lra4(n2 +g2)
t + γ2,

Ω3 = sa3x− (β sa3−q1)

α
y−q1t + sγ3,

Ω4 = a4x+
sa3q1(h2 +m2)−β l2a2

4(n
2 +g2)

αl2a4(n2 +g2)
y

− sa3q1(h2 +m2)

l2a4(n2 +g2)
t + γ4. (48)

The solution represented by expression (48) is a lump solu-
tion, and from the analytical expressions of functions u and
v, it can be concluded that there is no nonsingular when
m2 + n2− h2− g2 > 0, and also has the property of (u,v)→
(0,u0) when

√
x2 + y2 + t2 → ∞. Here, we give the spatial

structure of lump solution u and v, with the values of param-
eters as u0 = 1, a3 = 1, a4 = 2, q1 = 2, g = 2, n = 1, h = 1

2 ,
m = 1

4 , l = 1
4 , s= 2, r =−1, α = 1

2 , β = 0, γi = 0 (i = 1, . . . ,4)
(see Fig. 9(d)).

Actually, based on Refs. [23,24,30,38,39] and the above
research, we conclude that the (2+1)-dimensional Ito Eq. (1))
has the following form of multi-solitons, further, a new lump
solution can be obtained according to the parameter limit
method. Therefore, we construct the following test function:

f (x,y, t) =
N

∑
i=1

bi cosh
(
ki(aix+ piy+qit + γi)

)
+

M

∑
j=1

m j cos
(
l j(c jx+h jy+g jt + r j)

)
, (49)

where bi, ki, ai, pi, qi, γi (i = 1,2 . . . ,N), m j, l j, c j, h j, g j,
r j ( j = 1,2 . . . ,M) represents any constant, N and M can take
any positive integer. However, due to the large number of pa-
rameters and computational complexity, this will be our future
research focus on the (2+1)-dimensional Ito Eq. (1).
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Fig. 9. The spatial evolution plots of multi-solitons Eq. (45), (a) 1-order breather solution; (b) double breather solution; (c) multi-breather
solution. (d) The spatial structure plots of lump solution (47).

4. Conclusions
In this work, the equivalent coupled system of (2+1)-

dimensional Ito’s equation is introduced and a new bilinear
equation is constructed. Based on the bilinear equation, some
new multi-soliton solutions and hybrid behavior with lump so-
lutions are investigated. On the basis of N-soliton solutions,
the high-order breather waves can be obtained by the paired-
complexification of parameters. We get the N-order rational
solutions from N-soliton solutions, and then get the M-lump
solutions from them by the paired-complexification of param-
eters. Moreover, we analyze the trajectory of M-lump solu-
tions and provide their trajectory diagrams. Besides, appropri-
ate parameters are selected to construct three-dimensional dia-
grams to show the hybridization behavior between lump solu-
tions, breather waves and n-solitons (n = 1,2), and the trajec-
tory theorem of 1-lump before and after interaction with soli-
tons are given and proved. Finally, we obtain some new lump
solutions from the breather-wave solutions by constructing a
new test function and using the parameter limit method. The
trajectory equation, motion velocity, collision deformation and
other dynamic properties of high-order lump solutions, the in-
teraction behavior between breathers and n-solitons, as well as
the breather solutions and evolutionary behavior in the form of
test function (49), are all issues worth further research in our
future work.
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