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Trajectory equations of interaction and evolution behaviors of a novel
multi-soliton to a (2+1)-dimensional shallow water wave model
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Based on a new bilinear equation, we investigated some new dynamic behaviors of the (2+1)-dimensional shallow
water wave model, such as hybridization behavior between different solitons, trajectory equations for lump collisions,
and evolution behavior of multi-breathers. Firstly, the N-soliton solution of Ito equation is studied, and some high-order
breather waves can be obtained from the N-soliton solutions through paired-complexification of parameters. Secondly, the
high-order lump solutions and the hybrid solutions are obtained by employing the long-wave limit method, and the motion
velocity and trajectory equations of high-order lump waves are analyzed. Moreover, based on the trajectory equations of
the higher-order lump solutions, we give and prove the trajectory theorem of 1-lump before and after interaction with n-
soliton. Finally, we obtain some new lump solutions from the multi-solitons by constructing a new test function and using
the parameter limit method. Meanwhile, some evolutionary behaviors of the obtained solutions are shown through a large
number of three-dimensional graphs with different and appropriate parameters.

Keywords: Ito equation, trajectory equation, multi-solitons, dynamic behavior

PACS: 02.30.Jr, 05.45.Yv, 02.30.1k
DOI: 10.1088/1674-1056/ada7da

1. Introduction

Solitons, fractals and chaos have been the three most con-
cerning research directions in nonlinear science, related to
cosmology, fluid physics, fiber optics, atmospheric science,
oceanography, etc.[!! The soliton theory is considered one of
the important theories driving the development of nonlinear
science, playing a very important role in various fields of natu-
ral science.!>3! It has been widely applied in nonlinear optics,
fluid mechanics, plasma physics, condensed matter physics,
and other fields. The soliton solution is a special wave so-
lution, which has the characteristic of keeping the shape un-
changed during the propagation process, and is widely present
in various physical phenomena. The study of soliton solutions
and their properties for nonlinear partial differential equations
(NPDE) has always been widely studied in the field of nonlin-
earity. With the introduction and expansion of scattering in-
version method, ! Hirota bilinear method, >:°] Darboux trans-
form method,!”#) Riemann—Hilbert approach!®!°! and so on.
Some new soliton solutions and structural properties have been
discovered, such as lump solution, breather soliton, multi-
soliton, rogue wave, etc.[11-16] In recent years, the soliton so-
lutions of NPDE such as shallow water wave equation and KP
equation, as well as their applications in fluid dynamics and
fiber optic communication, have attracted widespread atten-
tion from researchers. Therefore, it is very important to study
new soliton solutions and their structural properties of nonlin-
ear equations, among which the interaction or hybrid behavior
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between different solitons has become one of the key research
topics.

Very recently, the study of interaction behavior between
different solitons, such as between lump solutions and soli-
tons, between rogue waves and solitons, between lump solu-
tions and breathers, has become a hot topic because of their
application value and extensive theory in the field of nonlin-
ear natural science. However, there is little research on the
dynamic properties of different soliton interactions before and
after, such as trajectory equations, motion velocity, interaction
deformation, and evolutionary behavior.['7-18] This article fo-
cuses on the study of the evolution behavior of a novel multi-
solitons and the trajectory problem of lump interaction for the
(2+1)-dimensional shallow water wave model

g + U + 3 (Uit + 2uuty)
X
+3uxx/ udx’ + Oty + Buy =0, (1)

where o and B denote two arbitrary constants. In 1980,
Ito established the well-known (1+1)-dimensional and (2+1)-
dimensional Ito equation by generalization of the bilinear
KdV equation,!'! therefore, model (1) is often referred to
as the Ito equation. Equation (1) is simplified to the (1+1)-
dimensional form when o« = 0, f = 0. The introduction
of the (2+1)-dimensional Ito equation provides a powerful
mathematical tool for the study of the behavior of solitons
in multi-dimensional space. As a typical (2+1)-dimensional
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NPDE, many scholars have studied different forms of soli-
ton solutions for Eq. (1) using different methods. For exam-
ple, Adem investigated its multiple wave solutions by using
multiple exp-function algorithm.?") Zhang er al. studied its
high-order localized waves by employing the Hirota derivative
operator.>! Wang ez al. discussed its dynamics of the rogue
waves and solitary waves by applying homoclinic breather
limit method.””) Tan investigated its double breathers and
lump—N-solitons via employing Hirota bilinear method.!%’!
Tian et al. obtained its rogue waves and new multi-wave solu-
tions by using three-soliton limit method.!?*! The lump solu-
tion and the interaction phenomenon related to the lump (or

lump-type) solution of Eq. (1) have been studied,>>-3?1

re-
spectively. However, to the best of authors’ knowledge, the
evolution behavior of multiple solitons, trajectory problems
after interactions between different solitons and high-order
breathers of (2+1)-dimensional Ito equation have not been dis-
cussed and studied.

The framework of this paper is as follows. In Sec-
tion 2, we find the N-soliton solutions of the Ito equa-
tion, and then obtain the high-order breather solutions, high-
order rational solution, M-order lump solutions and the hy-
brid solutions from the N-soliton solutions by using the
paired-complexification of parameters and the long-wave limit
method. Furthermore, the trajectory equations of the M-order
lump solutions and the hybridization behavior between 1-lump
and n-soliton are analyzed. In Section 3, the degradation of a
novel multi-solitons and the emergence of a new lump solu-
tion will be studied by utilizing parameter limit method. 33!

Section 4 summarizes the findings of this paper.

2. Bilinearization and evolution behavior of N-
solitons

In this section, we first obtain a new bilinear equation for
Eq. (1) through function transformation. Secondly, based on
this new bilinear equation, we will investigate the evolution
behavior of N-soliton solutions of the (2+1)-dimensional Ito
Eq. (1) by using the long-wave limit method, which includes
M-order breather wave, M-order lump solution, high-order hy-
brid solution and the trajectory problem of lump solutions be-
fore and after interaction with different solitons.

To eliminate the integral sign in Eq. (1), we can rewrite
Eq. (1) as

Uy = Vy, )
Ve + 0y + B+ 3(MV)X + Ve =0,

which is called equivalent coupled system. Further more, we
take the following transformation:

{M(X,y,[) = 2(111]0))@(,

V(1) = o+ 2(In f, ©)

where 1 is a real constant and f is a test function to be se-
lected later. Substituting Eq. (3) into Eq. (2), system (2) can
be converted to the following bilinear form, which is quite dif-
ferent from the work in Ref. [23-30]:

P(Dy,Dy,D)f - f
= (DD, + aDyD, + BDyD; +3ugD> +D})f - f =0, (4)

while the symbol D_ stands for Hirota derivative. In Refs. [17,
34], the authors studied the generalized Hirota—Satsuma-Ito
equation (gHSI) by using the long-wave limit method. In fact,
the bilinear equation (4) and the bilinear forms of gHSI are
different and cannot be derived from each other. In this arti-
cle, we will further investigate the topic of Refs. [17,34] by
studying the Ito equation (1).

2.1. The N-soliton solutions

In order to obtain the N-soliton solutions of Ito Eq. (2),
suppose the test function f can be represented by the follow-

ing form, on the basis of bilinear equation (4), we have

N (N)
f=fn="Y exp <£NiCi+ZAijﬂiﬂj), )

u=0,1 i=1 i<j

where },_¢ | denotes the summation of all the cases of 1; =0
or 1l when1<i<N, and ng represents the summation of
all the cases of (i, j) that satisfy condition 1 <i < j < N. By
using Maple software and combining Egs. (4) and (5), we can

obtain the following parameter relationships:

Gi = ki(mix+ piy +qit) + ¥,
pi— — klzm?q,‘ + Bmiq; + 3u0ml~2 + ql-z ’
agi
oA _ Mimqiq;(kigi — kjq;) (kim; — kjm;) —uo(miq; — miqi)’
mim;qiq;(kiqi +k;q;) (kimi + kjm ) — ug(miq; —m;q;)*
(6)

where ¢; # 0 and k;,m;,7; are arbitrary parameters. By sub-
stituting Eqs. (5) and (6) into Eq. (3), we can get the N-soliton
solutions of Ito Eq. (1) (see Fig. 1).

By providing the spatial structure diagrams of solitons
1, 2 and 3, we can clearly observe the evolution behavior of
multi-soliton solutions as the number of solitons increases.
The parameter values of (a) are ugp =0, k; = %, m =2,q1= %,
B =2, a=5, 7 = 1; the parameter values of (b) are ug = 1,
k=% k=%m=Lm=-2qg=1¢=2p=1,
a=1,7 =1, =1, and when the parameter values are
w=Lk=Lk=1Lk=3,m=1Lm=-1m=1,
g=lLgp=lLgp=-1p=2a=Ln=1Lp=Lpn=1,
we can get (c).
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Fig. 1. The spatial structure plots of N-solitons att =0: (a) N=1; (b)) N=2;(c) N =3.

2.2. The M-order breather waves

Based on the N-soliton solution Egs. (5) and (6), we in-
vestigate the M-order breather wave of Ito Eq. (2) by applying
parameter paired conjugate mutual transformation techniques.
In order to obtain the M-order breather waves of Ito Eq. (1),
we take the following parameter relationships:

NZZM7 kM+j=k;f Zk, mMﬂ-:m;‘- :aj—bjl,

QM+j:q;=Cj—de7 eli=1, (j=1,2,....M), (7)

where the symbol [ represents imaginary units and * denotes
taking conjugation. We substitute Egs. (5)—(7) into Eq. (3) to
get the M-order breather waves of Ito Eq. (2).

Next, we will take 1-order breather wave as an example
to demonstrate the process of finding M-order breather waves.

Firstly, in Eq. (5), we take N = 2 and obtain the following
|

equation:
H=1+ bl + el + eb1tetAn ®)

Secondly, taking ko = ki =k, my =m} =a1 —bil, g2 = q| =
cir—dil, pp=pi=e—gl, e" =e” =11in Eq. (7) and
substituting them into Eq. (8), we get

fo =2e* (v/Mcosh (k¢ 4+ 1Inv/M) +cos(k¢)),
where

¢y =axx+ey+eyt, M=e'?,
¢ = bix+g1y+dit, ©))
and the parameters a;, by, cy, di, e, fi are some undeter-

mined real numbers. Finally, we get the 1-order breather wave
by substating /> into transformation (3),

2k (a3M — b? + (a} — b?)v/M cosh (k¢ +Inv/M) cos(kg2) +2ar by /M sinh(k¢; +Inv/M) sin(k¢,))
u=

(VM cosh(k¢y +1nv/M) +cos(k¢2))2
2k? (alclebldl + (aici — bidy)vV/Mcosh(k¢y +Inv/M) cos(key) + (a1dy + bycy)v/Msinh(key 4 Inv/M) sin(kq}z))

)

10)

V=uy+

In fact, from the expression (10) and spatial structure Fig. 2(a),
we can clearly see that the obtained 1-order breather wave (10)
is a type of Akhmediev breathers.[*>! Similar to the process of
finding 1-order breather wave, we take N =4 and 6 in Egs. (5)
and (7) and substitute them into Eq. (3) to obtain 2-order and
3-order breather waves of Ito Eq. (2). Because there are some
free parameters in the M-order breather waves, we can get dif-
ferent three-dimensional diagrams of M-order breather waves
by selecting different parameters. In Fig. 2, we give the spa-

(VM cosh(k¢y +1nv/M) + cos(k¢2))2

tiotemporal evolution structure of the M-order breather waves
with increasing order M. The parameter values are as follows:

@u=—L ki=k=1,m=m=—I g =g =21,

a=1,5=1, (b)uoz—%,ml:m§:1+£1,m2=mj{:
ttLa=qi=5+Lap=qg=1+iLa=1=1k=1
(i=1,2,3,4); @ uo=—% m =mj =1+, my=mi =

tiLmy=mi= 4L q=q=5+La=q =1+
Q3:qg:1+%l,a:1,ﬁzl,kl:%,(l:1a27)6)

Fig. 2. The spatial structure plots of M-order breather soliton att =0: (a) M =1, (b) M =2, (c) M = 3.

040202-3



Chin. Phys. B 34, 040202 (2025)

2.3. The M-lump solutions and trajectory equations

The purpose of this subsection is to construct the M-lump
solutions for the (2+1)-dimensional Ito Eq. (1). Firstly, we
get the rational solutions by the long-wave limit method, and
then get the M-lump solutions from the rational solutions by
the paired-complexification of parameters. In order to get the
M-lump solutions of Ito Eq. (1), we set ¥; = I in Egs. (5) and
(6), then fy can be expressed by the following form:

N (N)
fv= Z H(—1)“"exp(ﬂiéi)HeXP(#iﬂinj)’ (1
pu=0,1i=1 i<j

. mdq; iqi+3ugm?+q*
with éi = ki(mix _ L q,+l3m(lx(](;.+ tom; +4; y+ qil‘). Based on the
1

long-wave limit method, we take k;/k; = O(1) and let k; tend
to 0in Egs. (11) and (5). As a result, we can get

N

=), [TEDH 0+ wiki6)
u=0,1i=1
) 1
x [ Texp (14 mipjkik;Aij) + O(KN*),  (12)
i<j
where
g+ 3uom? + g?
0; = m;x — Pmigi + 3uom; + y+aqit,
def i
eXp(A,'j) = 1+Aija (13)

_ 2mimjqiq;(miq; +mjqi)

ij
uo(miq; —m;q)’

Since u and v are given by transformation (3), when fy
is multiplied by a constant, we can reduce it to the following
rational solutions:

N 1 (N) N
fv=Tle+5 XA TT 6+
i=1 i it
1 (N) N
4L g,p,s r#i,j,p,s

1 wN) N
+M'2M Z AijAkl-..,Amn H 95+...7
. i, ] eyl P AN

(14)

where the symbol ):l(l;[)mn represents the same meaning as
the previous text. In Eq. (14), we set N = 1,2,..., and substi-
tute them into Eq. (3) to obtain the N-order rational solution
of (2+1)-dimensional Ito Eq. (2).

For example, when N = 2, we get

Hr=016+Ajs. (15)

Substituting Eqgs. (13) and (15) into Eq. (3), we get the 2-order
rational solution

2(2mymyAyp — m%@lz - m%@zz)

u(x,y,t) = :
(616, +App)? ) ,
2 Ay — 0; — 0
V() = 1o+ ((mag1 +mig2)Ar2 Wl1q21 )y —maqn 1)'
(616, + A2)

When N = 3,4, we have

/3
Ja

016,05 + A1205 + Ax30) + A31 602,
010,0504 4+ A1260304 + A136,0,4
+A1460,03 4+ A230104 + A240: 05

+A3401 0> + A1p Az 4+ A13 Aoy + A1aAo3.

(16)

Similarly, the 3-order and 4-order rational solutions can be ob-
tained by substituting Egs. (16) and (12) into Eq. (3), respec-
tively. Furthermore, through this calculation method, we can
obtain the N-order rational solutions of Ito Eq. (2).

In order to get the M-lump solutions of Ito Eq. (2), we set
N =2M in Eq. (14) and take mpy; = m! = a1; — b, qu+i =
qf =cii—dyl (i=1,2,--- ,M) in Eq. (13). Take 1-lump so-
lution for example, when M = 1, we take my = m] = aj| —
bi11,q2 = q} = c11 —di1l in Eq. (15), then f> can be expressed
by the following form:

fAz(xayJ) = <a11x

2

B(aiic}; +andiy) +3ug(al cii — biycin +2anbiidi) 4 (cf, +Clld121)y+c t)

11
a(cfy +diy)

2

(s xiﬁ(bnc%l+b11d121)+3uo(b%1d11—a%ld”+2a11b11011)+(d?1+d11c%1)
! o}, +d7y)
n — (a7, +b1))(cf) +diy) (anen +biidi)

uo(briciy —andi)?

L2, 214

)’+d111>

Substituting f> (x,y,1) into transformation (3), we can obtain the following 1-lump solution (see Fig. 3(a)):

(b}, —a})) (6t — 63) —4anbiicig + (af, +b7))A

u(x,y,t) =4
(G +g2+A)

V(X,y,[) = u0+4

(biidir —aricnn)(sf — 62) —2(andi +biicin)gig + (aricnr +biidin)A

9

a7

(2 +¢3+4)°

040202-4
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Similar to the process of getting 1-lump solution, when
N =4, M =2, taking m3 = m} = a1 —by1l, my =mj; =
aix —bial, g3 = ¢; = ci1 —duil, q4 = g5 = c12 — di2/ into
Eq. (14), we can get the 2-lump solutions (see Fig. 3(b)).
When N = 6, M = 3, choosing my = m} = a1 —bnl, ms =
m5 = ayp —bial, mg = m3 = aj3 —bi3l, g4 = g} = c11 —dil,
g5 = g, = c12 —d2l, g6 = g5 = c13 —d131 in Eq. (14), we can
get the 3-lump solutions (see Fig. 4(c)). Moreover, when N =
2M, choosing mysy; = mj = a1, — biil, qu+i = q; = c1; —dul
(i=1,2,...,M) in Eq. (14), we can get the M-lump solutions
of Ito Eq. (2). We provide some three-dimensional diagrams
of the 1, 2 and 3-lump solutions to demonstrate the evolution-
ary behavior of the M-lump solutions. When 1y = % aj; =1,

b1 = % c11 =—-2,d;1 =1, 0 =2, B = 1, the spatial structure

diagram (a) of 1-lump can be obtained. And when up = —%,

3 1 3 1 2 5
an=-—3.bn=gan=—-35bn=yzcn1=-5di1=3,
clp = _%, dp = g, oa=2p= %, we can obtain the spatial

structure diagram of 2-lump. Of course, the spatial structure

diagram of 3-lump can be obtained when the values of pa-

I 3 1 3 2
rameters are ugy = 5, A1l = — 5%, b1 = 5,412 = —5%, bip = 3,

3 1 1 2 1 1
az=31 b=z, cn=zdi1 =5 c2=—3 dnp=—3,

13 = %, di3 = -2, o« =2, B = 1. From the above three-
dimensional diagrams, we can clearly see that with the in-
crease of order M, the number of peaks in the lump solutions

is also increasing.

Fig. 3. The spatial structure plots of M-lump solution atr =0: (a) M = 1;(b) M =2; (c) M = 3.

100 N_ (c)
50

> 0
—50

—100

401 (a) 1001 (b)
20 50
> 0 > 0
—20 —50
—40 —100
—40 —-20 O 20 40

xT

—100 =50 0 50 100

—100 =50 O 50 100
T T

Fig. 4. The trajectory plots of M-lump at t = —40 (green), 0 (black), 40 (blue): (a) the trajectory of 1-lump along y = — %x; (b) the trajectory

of 2-lump along y = %x (red) and y =

_ 320

For the 1-lump solution u = 21In (6,6, +Aj2),,, We can
get its peak as follows by solving the equations u, = 0,u, =0

. . .o, . 2 .
and combining the positive and negative of uyy, Uxxityy — Uy,

= ~ Ba1g2 +3ug(mig> +m2f11)t
3ugmimy — q19> ’
aqi1q>

T Bugmimy —qiqn

(18)

d[l7,36

The movement trajectory and spee 1 of 1-lump solution

are shown as follows:

y= 0q192 .
Bqiqa +3uo(miga +maq1)”’

; _\/(ﬁqw]z +3ug(miqr +maqy))? n

(Buomimy — q1¢2)*

o2qiq3
(Guomimy — q1q2)*
(19)

For 2-lump and 3-lump, before and after the interaction,
their trajectory equations are consistent with Eq. (18) of 1-
lump, which does not change with the increase of order, so it

77 X (black); (c) the trajectory of 3-lump along y = — %x (red), y = %x (black) and y = %x (blue).

will not be explained here. When the parameters are uy = —i,

@=2 p =1 mi=m ===l g == ~% 31
3 =m4=—%—%1, g3 = q4 = §+§1, we obtain the tra-

jectory diagram of 2-lump, and calculate that the movement

trajectories of its peaks are y = Z%’x andy = —%x. In Fig. 4,
; _ 1 _ _ _ _ _3_1

by selectmglg uol_ » =20 3_ l,zm’[ =my = _51 — §],

Gi=@=g3-slmy=m=-5—5lg3=q=—5+4l,

ms = meg = % — %I, q5 = g6 = %—1-31, we get the trajectory
diagram of 3-lump.

2.4. Hybridization behavior and trajectory equations

In this subsection, we will investigate the hybridization
behavior of Ito Eq. (2) which is made up of solitons, breather
waves and lump solutions by using the long-wave limit method
and paired-complexification of parameters. And we mainly
study the hybridization behavior composed of 1-lump solu-
tion and n-solitons, and the hybridization behavior composed
of 1-order breather wave and n-solitons (n = 1,2). The hy-
bridization behavior of Ito Eq. (2) can be studied by taking

040202-5



Chin. Phys. B 34, 040202 (2025)

some special parameters in Egs. (5) and (6). To study the hy-
bridization behavior and trajectory equations of 1-lump before
and after interaction with different forms of n-solitons, we first

take the following relationship equation:
my=mj=an—bul, =gy =cu—dul. (20)

2.4.1. Hybridization and trajectory between the 1-
lump and r-solitons

To obtain the hybrid solutions composed of 1-lump solu-
tion and n-solitons, we first take N =3, y; = p» = Im in Eq. (5)
and let k; — 0,k — 0, then f3 can be expressed as follows:

f3 = 0102+ A2+ ((814C13) (62 + C) +Aiz )&, @1)

By substituting Eq. (21) into Eq. (3), the hybrid solution be-
tween 1-lump and 1-soliton is obtained. Via similar calcula-

tion, when N = 4, we have

fi = 616+ A+ (61 +Ci3) (6> +Ca3) + Ap)e®
+ (1 +C1a) (62 +Caa) + App) ™
+ ((61 +C13 4 C1a) (62 +Co3 + Cog) + A1)

x 5% exp(Ass). (22)

In Egs. (21) and (22), the parameters satisfy the following re-

lationship:

a: 4 3upm? + g2
0 = mx— Bmig; + 3uom; + q; v+ git, (i=1,2),
ogi
kKimiqs + Bmjq; + 3uom? + 43
¢ =kj(mpx— - —Ly+qin)+y,  (j=3,4),
aq; (23)
L= 2mimaq192(m1g2 +maq)
Mo(m1Q2—m2611)2 ,
2kimim;qiq;(miq; +mjq;
Cij =yt f,f"’f( 19,4 540 5 (i=12,j=34).
ksmim3qiq; — uo(miq; —m;q;)

Similar to the cases of N =3 and N = 4, we can obtain a general formula for the hybrid solutions between 1-lump and

n-solitons,

f2+n == Z

1=0,1 2<r 2<1

where 1, = 0, n is a positive integer, 6;, { i» A12 and ¢;; sat-
isfy Eq. (23). By substituting Eq. (24) into Eq. (3), we can
obtain the hybrid solutions between 1-lump and n-solitons in
Ito Eq. (1), also known as the interaction solutions between 1-
lump and n-solitons. Next, we will provide the trajectory the-
orem of the 1-lump solution before and after interaction with
n-solitons.

Theorem 1 On the condition of expression (24) and

Q = kKmlqiq
3upmimy — q1q2
n 3upki(m1q; +miq) (maq; +miqa)
qi(3ugmimz — q19>)

;o (29

the motion trajectory equations of the lump solution before
and after interaction with n-soliton are

+3ug(mygy +m Zin
Suomimy — q192 fa
24n
xq1492
= TNV (Q)E,
Y Supmimz — q1q2 ,; () E
+3ug(mygy +m Zin
v, = _Barga +3uo(miga +maqr) Y b, (@)D
3upmima — q142 =

24n 24n 2+n 2+n
<(91 +) HrC1r> (92 +) H1C21> +A12> exp ( i+ Y, HileAij),

24)
i=2 2<i<
\
2+4n
aq192
yo = gL L Y b (Q)E;, (26)
ugmimy —q1q2 =4
where
D — 0:q1C1i — 0192C;
' Supmimy — q1q2
B (maC1; —miCyi) Aq1q2
" Buomimy — q1q2) (miga —maq1)’
@; = Bmigi +3uom; +qf, (i=1,2), 7)

1, Ql‘<0, 17 Qi>07
h-(€%) :{o, Q>0 M () = {o, Q<0

In Eq. (26), (x—, y—) and (x, y;) represent the trajectories
before and after the collision, respectively.

Proof According to the analysis of the trajectory equa-
tion for 1-lump solutions in Subsection 2.3, we assume that
the trajectory equations of the 1-lump solution before and af-
ter interaction with n-soliton are

_ Baig2+3ug(miga +maoqy)
X = - t+g1;
Bugmima — q192
aq192
y= N . 29)

 Bugmimy —q1qa

When n = 1, substituting Eq. (29) into Eq. (21), f3 can be
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expressed as follows:
f3= 0102+ A+ (91 +C13) (%2 +Co3) + An)e™ ", (30)

with

O = mig1+pig2, (i=1,2),

o; = kmigi +kipig2+ v, (i=1,2,...,n). (31

There are two cases 23 > 0 and 3 < 0 that need to be dis-
cussed, and since the calculation process for Q3 < 0 is the
same as 23 > 0, we will only discuss the case of Q23 > 0 here.
When ¢ tends to positive and negative infinity, we can get the
following approximate expressions of Eq. (30):

f— 191192+A127

fir = (01 +C13) (2 +C3) + Apa. (32)
By substituting g; and g, in Eq. (29) into Eq. (32), we get

f— 9192+A12,
f+ = (91 +Cl3) (92+C23) +A12.

(33)

Similar to the method of finding the trajectory of 1-lump, we
can get the following motion trajectory of the 1-lump solution
before and after interaction with 1-soliton:

o = _PBaax+3uo(ma+mgy)
N 3upmimy — q142 ’
aq192
R
uomima — q14»
_ Baiga+3ug(miqz +maqn)
Xy = — t

3ugmimz — q1q2
02q1C13 — 01¢2C23
3uom1m2 — 4192
_ 0q192
3uomima — q1q2
(myC13 —m1C3) Aq192
(Buomimy — q192) (m1q2 —maq1)”

Y+ = !

(34)

When n = 2, similar to the calculation process for n =1,
we can get

fa = 1+ A +[(% +Ci3) (% +Ca3) + A eBitos
+ (%1 +C1a) (92 +Cos) + A12] efurtos
+ [(1 4+ C13+Clq) (B2 4+ Caz + Cag) + Ar2]

> e_Q3[+63+Q4t+0'4 exp(A34), (35)

In the following, we will discuss the two cases of Q3 > 0,
Q4 > 0and Q3 > 0, 4 < 0, because other cases are similar to
these two cases, so we will not discuss more. When 23 > 0,
Q4 > 0, similar to Egs. (30)-(33), we can get the following
approximate expressions of Eq. (23):

fo =016+ A,

+ = (01 +Ci13+Cla) (62 +Co3+Cog) + A1, (36)

Similar to the calculation for n = 1, we can obtain the
following motion trajectory of the 1-lump solution before and
after interaction with 2-soliton:

. — _ﬁtI1f]2+3uo(m1q2+mqu)t
- 3upmimy — q142 ’
aqiq2
el
UoMmimy — q14>
v, = _Baax+3uo(ma +magy)
* Bupmims — q192
N @2q1(C13 +Ci4) — 0192(Co3 +Cr4)
Bupmimy — q19>2 ’
aqi1q2
Vi = a1

 Bugmim; — q14
(m2(C13+Cia) —mi(Co3 +Cos)) g1 92
(Buogmima — q192) (m1q2 — maqn)
When Q3 > 0, Q4 < 0, similar to Egs. (30)—(33), we can
get the following approximate expressions of Eq. (23):

f- = (61+C14) (62 +Coa) + A2,
fr = (61+C13) (62 +C3) + Ao,

.37

(38)

Similar to Eq. (37), we can obtain the following motion trajec-
tory for the 1-lump before and after the interaction:

o = _Baat3ulmae+ma)
3upmima — q192
02q1C14 — 01g2Co4
Bugmimy — q1q2
_ 0q192
3ugmima — q1q2
(maCra —m1Co4) 0tq192
(Bugmimy — q192) (m1q2 —maq1)’
= Ba1g2 +3ug(mi g2 +maqy)
3upmimy — q142
02q1C13 — 0192C3
3upmima — q192
__ %912
3ugmima — q192
(maCiz —miCa3) 0142
(Bugmymy — q192) (m1q2 —maq1)”
When n > 3 is any positive integer, similar to the calcula-

Y+ =

(39)

tion of n = 1,2, we can get the following approximate expres-
sions of Eq. (24):

24n
=Y <(91+ Y wCu)(6:
u=0,1 i#rl,...,mn
2+n
Z NjCZj)+A12>7
Jj#nl,...,mn
2+4n
fr=Y <(91+ Y wCi)(6
u=0,1 i=rl,....mn

2+n

p»

j=rl,...mn

wiCaj) +A12> ) (40)
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are positive, and Q; (i #
Based on the above analysis of

where Q,,9Q;,...,,Q,,Q2,
nl,...,m,n) is negative.
n = 1,2, through Eq. (40), the trajectory equations of the 1-

lump before and after the interaction with n-solitons are

13 + 2+n
= Bawtduine tme)
Bugmimy — q142 i#nl,....mpn
2+n
a
yo— s ¥
3upmimy — q142 i#rl,....mn
+3uo(miqa +m &
. _ _Baqat3u(matmaq)), Y D
Bugmimy — q1q2 i=rl,...,mn
2+4n
xq192
Vi = 73—t+ Z E,'. (41)
upmimz —qi492 .|~ mn

The proof of theorem is complete. Further more, we get the
following corollary from theorem 1.

Corollary 1 The trajectory equations of 1-lump in the
(x,y) plane before and after interaction with n-soliton are

aq19>2

T Bai1q2 + 3uo (m1g2 —maqn)
2+n 2+4n
X ()C_ — Z h_ (.Q,)D,) + Z h_ (.Q[)Ei,
i=3 i=3
aq192
Y+

~ Bqiqa+3uo (miga —magq)
24n 2+n
X <x+ -Y ny (.Q,)D,-) + Y hy ()E;, (42)
i=3 i=3

where the values of D; and E; are the same as those in Eq. (27).
Next, we will illustrate the hybridization behavior and tra-
jectory equations of 1-lump before and after interaction with

—0.25
s —0.50
—0.75

0 —100
0 100 —100 ¥ IO
x

s —0.50

—0.10 100
0
100 —100 ¥

n-solitons through two examples.

Firstly, we will take the interaction between 1-lump and
1-soliton as an example to illustrate. Substituting Egs. (20),
(21) and (23) into Eq. (3), we can get the hybrid solution com-
posed of the 1-lump solution and the 1-soliton. When the val-
ues of parameters are ug = f%, kz = f%, a1 =-3,b11 =2,
ci=—g.di=3 gg=p.m=1La=2F=11=0,
the spatial evolution plots of hybrid solution can be shown in
Fig. 5. From Figs. 5(a)-5(c), we can observe the collision pro-
cess of the interaction between 1-lump and 1-soliton as time ¢
changes. Before and after the interaction with solitons, lumps’
waveform and spatial structure remain unchanged. Therefore,
the collision between 1-lump and 1-soliton is an elastic col-
lision. By substituting these parameter values into Eq. (34),
we obtain the motion trajectory equation of the lump solution
during the interaction process, which is shown in Fig. 5(d).

Secondly, we study the interaction behavior between 1-
lump and 2-solitons. Substituting Egs. (20), (22) and (23) into
Eq. (3), we get 2-order hybrid solutions which are composed
of 1-lump solution and 2-solitons. In Figs. 6(a)-6(c), when the
values of parameters are uy = —%, k3 = —%, ky = —%, aj; =1,
bu=lcn=-3di=lgz=1.qu=1my=1,my=1,
a=2,B=1,15=0, 1 =0, we can get the spatial struc-
ture evolution plots of 2-order hybrid solution with different
time. Similarly, by substituting these parameter values into
Eq. (39), we obtain the motion trajectory equations of the 1-
lump solution during the interaction process, which is shown
in Fig. 6(d).

—-0.25

—-0.75
—0.10

-100
x

0
100 —100 Y

Fig. 5. The spatial evolution plots of hybrid behavior between 1-order lump solution and 1-soliton over time : (a) t = —40, (b) t =0, (c) t = 40.
= — M35 (yellow) when r = —40 (green), 0 (black), 40 (blue).

1154 91222546
— 633 X+ ~ g3251775 (red) and y

(d) The trajectory of u along y4 =

60

Fig. 6. The spatial evolution plots of hybrid behavior between 1-order lump solution and 2-soliton over time ¢: (a) t = —40, (b)t =0, (c) t =40.
(d) The trajectory of u along y = Sx; — 31352800 (1ed) and y_ = 5x_ (yellow) when t = —40 (green), 0 (black), 40 (blue).

23464657

2.4.2. Hybridization behavior between the 1-order
breather wave and n-soliton (n =1, 2)

In this subsection, the hybridization behavior between 1-
breather wave and n-soliton (n = 1,2) is taken as an exam-

ple to demonstrate the interaction behavior between breather
waves and solitons. In order to get the hybridization behavior
between 1-breather wave and and 1-soliton, we take N = 3 in
Eq. (5), and then substitute it and Eq. (20) into Eq. (3). Fur-
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thermore, the spatial structure diagrams of the hybridization
between 1-breather wave and and 1-soliton can be obtained

when the parameters are aj; =0, by = %,c” = —%,d“ =1,
m3:1’432%,M0=—%,(X=2,ﬁ:1,k1 :k2:1,k3:%’
n=0(i=1,2,3).

When N = 4, we can also get the hybridization behavior
between 1-breather wave and and 2-solitons through the above
method, and Fig. 8 can be obtained, when the parameters are
a1 =1,b11 =g 5. di
La=2B=Lk=317%n=0(=1,..4).

Due to the complexity of the expression for hybrid solutions
between breather waves and n-solitons (n = 1,2), we only
provide the spatial structural evolution diagrams of the hy-
brid behavior over time ¢ here. The structural changes in
the interaction process between breather waves and n-solitons
(n =1,2) can be clearly observed from Figs. 7 and 8, respec-
tively. The trajectory equations, motion velocity, interaction
deformation, and other dynamic properties of the interaction
between breather waves and n-solitons will be the focus of our

future research.

Fig. 8. The spatial evolution plots of hybrid behavior between 1-order breather wave and 2-soliton over time ¢: (a) t = —10, (b) t =0, (c) t = 10.

3. The novel multi-solitons and lump solutions

Seeking new soliton solutions and studying the structural
properties of solitons have always been a hot research topic
in the field of solitons and integrable systems. In this sec-
tion, based on the three-wave solution, breather wave, rogue
wave and lump solution of the Ito Eq. (1),1**! we choose a new
test function to study the multi-solitons and new lump solu-
tions of the Ito Eq. (1). Here, to expand the research results of
Refs. [23,30], let ug = 0 in bilinear Eq. (4). We construct the
following test functions:

f(x,y,8) = bycosh(8;)+bycos(8)
+b3cosh(83) +bacos(dy), (43)
where & = ki(aix+ piy +qit +7v) (i = 1,2...,4), and
ki,ai, pi,qi, v are free parameters that will be determined. Sub-
stituting Eq. (43) into Eq. (4) and combining with Maple 2022,

we get the following set of parameter relations:

ar — k3a3 a — _k4a4
1 kl ) 2 k2 )
@ o B k4a4(3k§a%—kiai+ﬁ)—x
P1 o akl y P2= (sz )
kig1 o k4a4(3k§a§ — kﬁaﬁ +B8)+x
3 T 7 4 = — )
aks oks aky
X kiq X
q2 k27 q3 k3 y 44 k4’ ( )
where

_ kiksazqi (b — b3)

3k3a3 .
k4(l4(b% _ b?‘) 4(14 +ﬁ)

2.2
5 O = k3a3 (k3a3 —

Substituting Egs. (43) and (44) into Eq. (3), we obtain the fol-
lowing multi-breather solution:

_ 5 bik}a? cosh §; — byk3a’ cos 8 + b3k3a3 cosh 83 — bakiaj cos 8y
“= by cosh &) + by cos 8 + b3 cosh 83 + by cos &,

(b] kja; sinh 5] — bokpap sin 52 + b3kzaz sinh 53 — bakgay sin 54)2> (45)

(b) cosh &) + by cos 8, + b3 cosh 83 + by cos 54)2
040202-9
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V= uo—|—2(

blk%a 1g1cosh oy — bzk%ang cos Oy + b3k§a3q3 cosh &3 — b4k§a4q4 c0s 04
b1 cosh 01 4 by cos & + b3 cosh &3 + b4 cos &y

5 bikyay sinh 81 — bakray sin & + b3kzasz sinh & — baksas sin 04
by cosh &) + by cos &, + b3 cosh 83 + by cos Oy

% bl kl q1 sinh 51 — bzkzqz sin 62 + b3k3qg, sinh 53 — b4k4q4 sin 64 (46)
by cosh 8 + by cos & + bz cosh O3 + by cos Oy ’

In fact, the multi-soliton given by expression (45) is a
multi-breather solution that exhibits periodic characteristics on
variables &, or &, while having soliton characteristics on vari-
ables 01 or &. The multi-breather solution (45) obtained here
is different from the higher-order breather solution in Subsec-
tion 2.2, which is a new soliton solution. When b3 = 0 and
by =0 (or by = 0 and b, = 0), the solution (45) is simplified
as l-order breather wave solution (see Fig. 9(a)), 1301 we obtain
a new 1-order breather wave solution, which has a different
structure from the breather wave (10). From Fig. 9(a), it can
be observed that its spatial structure has a kink property, also
known as the kinky breather wave solution.®’l When by = 0
(or by = 0), solution (45) is simplified as a double-breather
solitary solution (see Fig. 9(b)).[>3-38] Meanwhile, due to the
periodicity of cosd, and cosdy function, the solution (45)
shows the characteristics of local oscillation. Therefore, an-

alytical solutions with this characteristic can also be called
multi-breather solutions (see Fig. 9(c)), which have character-
istics different from high-order breather solutions. In order to
better show the deformation behavior of multi-breather solu-
tion, we present a spatiotemporal structure diagram in Fig. 9,
where the same parameter values are ug = 1, a3 =2, a4 = 1,
q1:1, o =2, ﬁ=1, ki=kyo=ks =1, k3=%, ’)/,'20
(i=1,...,4), while different parameter values are (a) b; = 3,
by=1,b3=bs=0,kzs=%,(b) by =-3,b,=0, b3 = -2,
biy=4and (c) b1 =3,bp=1,b3=2,bs =4.

To construct the lump solutions, we choose ky = rky, k3 =
ski, kg = lky, by = cosh(mky ), by = — cos(nky), bz = cos(hky),
by = —cosh(gk;) in Eq. (45), and the parameters r, s, [, m, n,
h, g can take any pure imaginary number and real number.

Letting k| — 0, we get

< 2s2a§ + 2lza£

(sa3[2] —lras €2y + saz Q3 + 12a4!24)

12+ 1P+ 102 + 1202 + L (m2 +-n2 — 2 — g2)

B (sa3 Q) —lragQy + saz Q3 + 12a4_Q4)2 )
5 |
(32 + 1202 + 102+ 1202 + L(m2 +-n2 — 12 - g2))

azqsr(h?+m?) azqis(h>+m?)
(1921 — lasitg) 2 a8 - WQU

v =uy+2 . 47)
<é.le—O—irz.sz-i—%Qg—l—élzﬁf—ké(mz—knz—hz—gz) é!)lz-i—ér2.(222+é.(232+élzﬂf—ki(mz—krﬂ—hz—gz))

where Q; = lim 6;/k; (i=1,...,4), that is
k1 —0

(Bsaz +q1)
o

sazqy (m* +h?) + B12ai(n® + g%)

r alray(n? +g?)

_swq (R +m?) ",
lrag(n* + g?)

(Bsaz —q1)
o
sazqy (h* +m?) — BI2ai(n® + g%)
allas(n*+g2)

sazqy (h* +m?)
B 12a4(n2+g2)

Q) = sazx— y+qit+m,

l
.Qz = —ﬂx

Q3 = sazx — y—qit+s57,

Q4 = agx+

I+ Y. (48)
The solution represented by expression (48) is a lump solu-
tion, and from the analytical expressions of functions # and
v, it can be concluded that there is no nonsingular when
m? +n? —h? — g> > 0, and also has the property of (u,v) —
(0,up) when /x2+y?+12 — oo. Here, we give the spatial

structure of lump solution u and v, with the values of param-
etersasug=l,a3=l,as=2,¢q1=2,g=2,n=1,h=1,
m=14,l=%s=2r=-1a=5B=0,%5=0(i=1,...,4)
(see Fig. 9(d)).

Actually, based on Refs. [23,24,30,38,39] and the above
research, we conclude that the (2+1)-dimensional Ito Eq. (1))
has the following form of multi-solitons, further, a new lump
solution can be obtained according to the parameter limit

method. Therefore, we construct the following test function:
N
fxy,t) =Y bicosh (ki(aix+ piy+qit + %))
i=1

+

M
mjcos (lj(cjx+hjy+gjt+rj)), (49)

j=1
where b,‘, k,’, a;, pPi, qi, Y (i = 1,2...,N), mj, lj, Cj, hj, &j»
rj (j=1,2...,M) represents any constant, N and M can take
any positive integer. However, due to the large number of pa-

rameters and computational complexity, this will be our future
research focus on the (2+1)-dimensional Ito Eq. (1).
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Fig. 9. The spatial evolution plots of multi-solitons Eq. (45), (a) 1-order breather solution; (b) double breather solution; (c) multi-breather

solution. (d) The spatial structure plots of lump solution (47).

4. Conclusions

In this work, the equivalent coupled system of (2+1)-
dimensional Ito’s equation is introduced and a new bilinear
equation is constructed. Based on the bilinear equation, some
new multi-soliton solutions and hybrid behavior with lump so-
lutions are investigated. On the basis of N-soliton solutions,
the high-order breather waves can be obtained by the paired-
complexification of parameters. We get the N-order rational
solutions from N-soliton solutions, and then get the M-lump
solutions from them by the paired-complexification of param-
eters. Moreover, we analyze the trajectory of M-lump solu-
tions and provide their trajectory diagrams. Besides, appropri-
ate parameters are selected to construct three-dimensional dia-
grams to show the hybridization behavior between lump solu-
tions, breather waves and n-solitons (n = 1,2), and the trajec-
tory theorem of 1-lump before and after interaction with soli-
tons are given and proved. Finally, we obtain some new lump
solutions from the breather-wave solutions by constructing a
new test function and using the parameter limit method. The
trajectory equation, motion velocity, collision deformation and
other dynamic properties of high-order lump solutions, the in-
teraction behavior between breathers and n-solitons, as well as
the breather solutions and evolutionary behavior in the form of
test function (49), are all issues worth further research in our
future work.
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