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We theoretically investigate the electronic structure of cylindrical magnetic topological insulator quantum wires in
MnBi2Te4. Our study reveals the emergence of topological surface states in the ferromagnetic phase, characterized by
spin-polarized subbands resulting from intrinsic magnetization. In the antiferromagnetic phase, we identify the coexistence
of three distinct types of topological states, encompassing both surface states and central states.
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1. Introduction
The interaction between nontrivial topological states and

the magnetic order of magnetic topological insulators (MTI)
gives rise to unique physical properties, such as the quan-
tum anomalous Hall effect[1,2] and axion insulators.[3–6] These
properties offer diverse potential applications, ranging from
low-power topological spintronic devices to topological quan-
tum computing.[7–9] Since its discovery, the first intrinsic mag-
netic topological insulator, MnBi2Te4,[10] has attracted con-
siderable attention, sparking intense research interest.[11,12]

The relentless evolution of molecular beam epitaxial tech-
niques and etching processes has paved the way for the
fabrication of isolated semiconductor heterostructures.[13–15]

These heterostructures enable charge carrier confinement
in both two-dimensional (2D) and three-dimensional (3D)
spaces, leading to intriguing effects in condensed matter
physics.[16–20] The confined electrons and holes in momen-
tum space manifest as zero-dimensional (0D) structures for
quantum dots (QDs) and one-dimensional (1D) structures
for quantum wires (QWRs).[21–23] Various semiempirical ap-
proaches, such as the 𝑘 ·𝑝 method,[24,25] self-consistent cal-
culations based on density-functional theory,[26,27] and the
tight-binding approach,[28–30] have been utilized to determine
the electronic structure of conventional semiconductor QWRs.
Electrons in QWRs can move freely along only in one di-
rection, and their density of states is concentrated in a few
peaks. This unique property makes QWRs appropriate for
various applications, including complementary metal–oxide–

semiconductor field-effect transistors,[31] nanowires-based
field-effect transistors,[32] and single-electron transistors.[33]

Additionally, the light-manipulating characteristics of QWRs
could be exploited for creating highly effective solar energy
devices.[34]

Recently, numerous varieties of QWRs have been
proposed, including superconducting QWRs,[35] metal
QWRs,[36] insulator QWRs,[37,38] and topological insulator
(TI) QWRs.[39,40] Among these, MTI QWRs are particu-
larly noteworthy. In the quantum anomalous Hall phase,
MTI/superconductor QWRs demonstrate significant stabil-
ity ranges for both topological and non-topological states,
enabling the creation and control of Majorana particles on the
surface of the topological insulator. The construction of quasi-
1D quantum anomalous Hall systems could enable a scal-
able approach to quantum computing,[41] potentially leading
to the experimental observation of helical states in magneti-
cally doped QWRs.[42] However, initial MTI QWRs depend
on randomly distributed magnetic dopants, which results in
highly inhomogeneous magnetic and electronic properties
of these materials, limiting their applications in spintron-
ics. The introduction of the layered van der Waals material
MnBi2Te4, a magnetic topological insulator, addresses these
issues. MnBi2Te4 exhibits either ferromagnetic or antifer-
romagnetic characteristics depending on whether the sample
consists of an odd (even) number of single layers, respectively,
giving rise to zero-field quantum anomalous Hall (for odd lay-
ers) or intrinsic axion insulator (for even layers) states.[43–48]
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The MnBi2Te4 QWRs could effectively resolve the issues
found in the initial MTI QWRs, facilitating the pursuit of
spintronics-related technologies.

In this work, we focus on the distinctive features of the
single electron energy spectrum in the cylindrical ferromag-
netic (FM) and antiferromagnetic (AFM) phases of MnBi2Te4

QWRs individually, which is crucial for comprehending the
few-electron characteristics and charge transport properties
within these systems. For the FM phase, we predict a sur-
face state where the spin degeneracy is broken by the intrinsic
magnetic properties present within the bulk band gap, in con-
trast with TI QWRs. For the AFM phase, our numerical results
indicate that three subbands are present within the bulk band
gap of the MnBi2Te4 QWRs, characterized by the coexistence
of surface states near the boundary and central states near the
center of the QWRs.

2. Model and method
We consider a cylindrical MnBi2Te4 QWRs as schemat-

ically illustrated in Fig. 1(c). The low-energy properties of
MnBi2Te4 QWRs near the Γ point can be effectively de-
scribed by a four-band effective Hamiltonian[49] with lateral
confinement in the basis states

∣∣P1+z ,↑
〉
,
∣∣P2−z ,↑

〉
,
∣∣P1+z ,↓

〉
,

and
∣∣P2−z ,↓

〉
. Here, the superscripts “+” and “−” denote the

parity of the corresponding states, P represents the p-like or-
bital states of the atoms, where 1 (2) corresponds to Bi (Te)
atoms, and ↑ (↓) signifying the spin-up (spin-down) state, re-
spectively.
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Fig. 1. (a) The crystal structure of MnBi2Te4, showing the seven-layer stacked
structure of Ti–Bi–Te–Mn–Te–Bi–Te highlighted in the red box, where the
red arrows depict the spin moment of the Mn atom. (b) A schematic dia-
gram of the paramagnetic rhombohedral unit cell of the bulk MnBi2Te4. (c) A
schematic diagram of MnBi2Te4 QWR oriented along the z-axis, where R is
the radius of the QWR.

It has been proposed that the magnetic ground state of
MnBi2Te4 is an AFM topological insulator state. Addition-
ally, its magnetic states can be tuned from AFM to FM under
the influence of external magnetic fields. Consequently, we
explore the physical properties of MnBi2Te4 QWRs in both

the FM and AFM phases. The etching process generates a
sharp confinement potential V (ρ) along the radial direction of
the QWRs. For simplicity, we take V (ρ) as a cylindrical hard
wall potential, i.e., V (ρ) = 0 for ρ < R and V (ρ) = ∞ for
ρ > R.

The low-energy effective Hamiltonian of FM MnBi2Te4

QWRs is

HQWRs
FM (k) = HN (k)+δHFM (k)+V (ρ) , (1)

where HN (k) is the nonmagnetic state Hamiltonian

HN(k) = ε0(k)+


Mγ(k) A1kz 0 A2k−
A1kz −Mγ(k) A2k− 0

0 A2k+ Mγ(k) −A1kz
A2k+ 0 −A1kz −Mγ(k)

 , (2)

where k± = kx ± iky, ε0(k) = C + D1k2
z + D2

(
k2

x + k2
y
)
,

Mγ(k) = Mγ

0 + Bγ

1k2
z + Bγ

2(k
2
x + k2

y), the band parameters are
taken from Ref. [49]: C = 0.0539 eV, D1 =−4.0339 eV · Å2,
D2 = 4.4250 eV · Å2, A1 = 1.3658 eV · Å, A2 = 1.9985 eV · Å,
Mγ

0 = 0.0307 eV, Bγ

1 = 4.2857 eV · Å2, Bγ

2 = 8.3750 eV · Å2.
And δHFM (k) is the FM perturbative term given by

δHFM(k) =


M1(k) A3kz 0 A4k−
A3kz M2(k) −A4k− 0

0 −A4k+ −M1(k) A3kz
A4k+ 0 A3kz −M2(k)

 , (3)

where M1,2(k)=Mα(k)±Mβ (k) characterize the Zeeman cou-
pling with the magnetized Mn orbitals, and M j(k) = M j

0 +

B j
1k2

z + B j
2(k

2
x + k2

y), with j = α,β . The band parameters
are also taken from Ref. [49]: A3 = −0.5450 eV · Å, A4 =

1.1384 eV · Å, Mα
0 =−0.1078 eV, Bα

1 = 0.6232 eV · Å2, Bα
2 =

0.6964 eV · Å2, Mβ

0 = −0.0880 eV, Bβ

1 = 2.7678 eV · Å2,
Bβ

2 = 1.9650 eV · Å2.
For the AFM phase MnBi2Te4 QWRs, the effective

Hamiltonian is

HQWRs
AFM (k) = HAFM (k)+V (ρ) , (4)

where

HAFM(k) = ε
′
0(k)+


M′(k) A′

1kz 0 A′
2k−

A′
1kz −M′

γ(k) A′
2k− 0

0 A′
2k+ M′

γ(k) −A′
1kz

A′
2k+ 0 −A′

1kz −M′
γ(k)

 , (5)

the Hamiltonian of HAFM(k) is identical to that of the nonmag-
netic form HN (k), i.e.,

ε
′
0(k) =C′+D′

1k2
z +D′

2
(
k2

x + k2
y
)
,

M′(k) = M′
0 +B′

1k2
z +B′

2(k
2
x + k2

y),

but with different band parameters,[49] C′ = −0.0048 eV,
D′

1 = 2.7232 eV · Å2, D′
2 = 17.0000 eV · Å2, A′

1 =

2.7023 eV · Å, A′
2 = 3.1964 eV · Å, M′

0 = −0.1165 eV, B′
1 =

11.9048 eV · Å2, B′
2 = 9.4048 eV · Å2.
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The single electron states and the corresponding eigen-
states of the QWRs are derived from the Schrödinger equation

HQWRs
FM/AFM (k) |Ψ (k)⟩= Ek

FM/AFM |Ψ (k)⟩ , (6)

which can be determined numerically by expanding the wave
function in terms of the cylindrical Bessel functions of the first
kind[50]

Ψ = ∑
n,m


C(1)

n,mϕn,mϕz

C(2)
n,m−1ϕn,m−1ϕz

C(3)
n,mϕn,mϕz

C(4)
n,m+1ϕn,m+1ϕz

 , (7)

where

ϕn,m =
1√

π ×R× Jm+1 (km
n )

Jm (km
n ρ/R) e imθ ,

ϕz =
1√
2π

e ikzz,

C(i)
n,m are the expanding coefficient. The number of eigenstates

used in the expansion is selected to guarantee the convergence
of the calculated energies of the QWRs within and nearby the
bulk gap. L̂z = −i∂/∂θ is the angular momentum of the en-
velope function, therefore, m =

〈
L̂z
〉
= 0,±1,±2, . . . is a good

quantum number due to the rotational symmetry of HQWRs
FM (k)

(or HQWRs
AFM (k)) around the z axis, km

n is the n-th zero point of
the first class of the m-th order Bessel function Jm(x), kz is the
wavevector along the QWRs direction, i.e., the z axis, and R is
the radius of the cylindrical QWRs.

To obtain the single-electron states, we left-multiply
the secular equation (6) by

(
ϕ*

n′,m′ϕ
*
z , ϕ*

n′,m′−1ϕ*
z , ϕ*

n′,m′ϕ
*
z ,

ϕ*
n′,m′+1ϕ*

z
)

to obtain the eigenvalues and expansion coeffi-

cients C(i)
n,m by solving the eigenvalue problem. The basis set

ϕn,m(ρ,θ) and ϕz obeys the orthonormalized condition∫ 2π

0

∫ R

0
ϕn,m(ρ,θ)ϕn′,m(ρ,θ)ρ dρ dθ = δn,n′δm,m′ ,∫

∞

−∞

ϕzϕ
*
z dz =

∫
∞

−∞

1
2π

e i
(

kz−k
′
z

)
z dz = δ

(
kz − k

′
z

)
.

3. Results and discussion
In the first subsection, we showcase the electronic struc-

ture and density of states (DOS) of cylindrical MnBi2Te4

QWRs in its FM phase. In this phase, surface states are found
to exist within the bulk band gap, and the spectra of the surface
states exhibit non-degenerate and spin polarization due to the
broken 𝒯 ℐ symmetry, where 𝒯 is time reversal symmetry, ℐ
is inversion symmetry.

In the second subsection, we present the electronic struc-
ture and DOS of the cylindrical MnBi2Te4 QWRs in their
AFM phase. This phase exhibits coexisting states within the
bulk band gap. The energy spectrum shows two-fold degener-
acy, which arises from the conservation of 𝒯 ℐ symmetry.

3.1. Ferromagnetic phase

To begin, we present the energy spectrum of the FM phase
of MnBi2Te4 QWRs in Fig. 2(a), calculated numerically us-
ing the four-band 𝑘 ·𝑝 model. The surface states possess a
mini-gap (approximately 8 meV) between the up- and down-
branches of the surface state subbands (depicted by the red
solid line in Fig. 2(a)), arising from the quantization of orbital
angular momentum. Additionally, the energy spectrum of the
surface states is fully spin-polarized.

E
 (

m
e
V

)

kz

-0.4 -0.2 0 0.2 0.4
-10

0

10

20

30

40

1.4

1.2

1.0

0.8

0.6

0.4

0.2

0
5 10 20 30 40352515

E (meV)

ρ
 (

1
0

6
 c

m
-

1
Sm

e
V

-
1
)

(b)

(a)

Fig. 2. (a) Energy spectrum of the FM MnBi2Te4 QWRs with radius
R = 60 nm. The red solid lines represent the surface states, while the green
solid lines represent the bulk states. (b) DOS of the surface states of the
QWRs within the bulk band gap.

From the subband dispersions of the surface states of the
QWRs shown in Fig. 2(a), one can calculate the DOS per unit
length by utilizing the following equation:

ρ
1D(E) =

n

∑
i=1

(
2m*

h̄2

)1/2 1

π (E −Ei)
1/2 Θ (E −Ei) , (8)

where Θ represents the unit step function, and the summation
over i includes all subbands. Figure 2(b) illustrates the DOS of
the surface states of the QWRs. The peaks in the DOS, which
occur near the subband maxima, stem from the 1D nature of
the surface states subbands. Consequently, charge accumula-
tion is expected to occur around these points.

In Fig. 3, we plot the energy spectra of the surface and
bulk states of the FM phase of MnBi2Te4 QWRs, with re-
spect to the angular momentum quantum number m at the Bril-
louin zone’s (BZ) center where kz = 0. The spectra of the
surface states exhibit a fully spin-polarized characteristic and
approximately adhere to a linear dispersion in relation to m in

037501-3
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Fig. 3(a). Notably, in contrast to the TI cylindrical QWRs re-
ported in Ref. [40], only one spin branch is present here due to
the broken 𝒯 ℐ symmetry. The spins of electrons conducting
electrical current are predominantly aligned along the magne-
tization direction, which holds significant importance for spin-
tronics applications.

The density distributions of the bulk states for the con-
duction band and valence band are concentrated at the center
of the QWRs, as illustrated in Figs. 3(b) and 3(d) respectively.

In contrast to the bulk states, the surface states exhibit an inter-

esting ring-like density distribution in the vicinity of the outer

surface of the QWRs, as demonstrated in Figs. 3(c) and 3(e)

respectively. When this massless Dirac fermion is restricted

within the FM phase of MnBi2Te4 QWRs, its lowest energy

modes ought to be the “whispering gallery” mode, analogous

to an electron (hole) confined in TI cylindrical QWRs[40] or

QDs.[51]
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Fig. 3. (a) Energy spectrum of the FM phase of MnBi2Te4 QWRs is presented as a function of the angular momentum quantum number m
with a radius R = 60 nm and kz = 0. In panels (b) and (d), the density distributions of the lowest conduction band and the highest valence band
states are shown, marked by green arrows in panel (a). Panels (c) and (e) display the density distributions of a specific state among the surface
states, indicated by red arrows in panel (a).

3.2. Antiferromagnetic phase

In the following sections, we delve into the electronic
structure of the AFM phase of MnBi2Te4 QWRs. The energy
spectra of the surface and bulk states of the AFM phase are
plotted as a function of the wavevector kz in Fig. 4(a). In con-
trast to the FM phase of MnBi2Te4 QWRs, the subbands (red
and blue solids lines in Fig. 4(a)) within the bulk band gap are
not solely surface states but are rather coexisting states. Sim-
ilar to the FM form, it is also possible to obtain the DOS per
unit length of AFM phase MnBi2Te4 QWRs (see Fig. 4(b)).
The peaks in the DOS around the subbands’ maxima result
from the 1D characteristic of the coexistent states subbands.
A larger DOS is observed due to spin degeneracy in compari-
son to the FM phase of MnBi2Te4 QWRs. The prominent peak
near the maxima in the DOS is ascribed to the flatness of the
subbands.

To further clarify the electronic states of the AFM phase
of MnBi2Te4 QWRs, we present their energy spectra of the
coexistent states and bulk states as a function of the angular
momentum quantum number m at the center of the BZ, kz = 0,
in Fig. 5(a). It can be observed that three distinct subbands ex-
ist between the energy gaps, and the middle subband exhibits
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Fig. 4. (a) Energy spectrum of the AFM MnBi2Te4 QWRs with a ra-
dius of R = 60 nm. The red and blue solid lines represent the coexistent
states, while the green solid lines signify the bulk states. (b) DOS of the
coexistent states of the QWRs within the bulk band gap.
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a linear dispersion with respect to m. Additionally, we have
provided the density distribution of the three coexistent states
between the energy gaps. The density distribution of these
three distinct subband states reveal the coexistence of surface
states near the boundary and center states near the center of
the QWRs, as shown in Figs. 5(b)–5(e). It should be noted
that although the surface state component of the lowest branch
(marked by blue arrows in Fig. 5(a)) at angular momentum
m = 0 (see Fig. 5(d)) is not as obvious as at larger m (see

Fig. 5(e) for m = 5 as an example), we still consider it to be

part of the coexisting states overall. The novel coexistent states

are significantly different from the surface states of Bi2Se3

QWRs and those of previous FM QWRs. They can be ma-

nipulated by tuning the band parameter D′
2 in ε ′0(k), which

represents the kinetic energy of the 𝑘 ·𝑝 Hamiltonian (5) in

our calculation. Consequently, these states can be controlled

via an external field.
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Fig. 5. (a) Energy spectrum of the AFM phase of MnBi2Te4 QWRs as a function of the angular momentum quantum number m with a radius
R = 60 nm and kz = 0. Panels (b)–(d) show the density distributions of the three coexisting states in the band gap (marked by yellow, red, and
blue arrows in panel (a) for m = 0, separately). (e) The density distributions of the lowest coexistent states within the band gap (marked by
green arrows in panel (a) for m = 5).

4. Conclusions

In summary, we investigated the electronic structure of
MnBi2Te4 QWRs in both the FM and AFM phases. For the
FM phase QWRs, the numerical results reveal the presence of
surface states within the bulk band gap. These surface states
display spectra that are completely spin-polarized, meaning
only one spin branch is present. For AFM phase QWRs, we
identified the presence of three coexistent states within the en-
ergy gaps. Importantly, the behavior of the coexistent states
can be controlled by an external field. This exploration of
the electronic properties of MnBi2Te4 QWRs in both FM and
AFM phases provides valuable insights for potential applica-
tions in nanoelectronic devices.
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