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Evolution from the Kondo phase to the RKKY phase in the small
impurity spacing regime of the two-impurity Anderson model
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Understanding the quantum critical phenomena is one of the most important and challenging tasks in condensed
matter physics and the two-impurity Anderson model (TIAM) is a good starting point for this exploration. To this end,
we employ the algebraic equation of motion approach to calculate the TIAM and analytically obtain the explicit single-
particle impurity Green function under the soft cut-off approximation (SCA). This approach effectively incorporates the
impurity spacing as an intrinsic parameter. By solving the pole equations of the Green function, we have, for the first
time, qualitatively calculated the spectral weight functions of the corresponding low-energy excitations. We find that when
the impurity spacing is less than one lattice distance, the dynamic Rudermann–Kittel–Kasuya–Yosida (RKKY) interaction
effectively enters, resulting in a rapid increase in the spectral weights of the RKKY phase, which ultimately surpass those of
the Kondo phase; while the spectral weights of the Kondo phase are strongly suppressed. From the perspective of spectral
weights, we further confirm the existence of a crossover from the Kondo phase to the RKKY phase in the TIAM. Based on
these results, the reasons for the phenomenon of the Kondo resonance splitting are also discussed.

Keywords: multiple-point correlation function, soft cut-off approximation, Kondo resonance splitting, RKKY
interaction
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1. Introduction
The study of heavy-fermion systems has garnered re-

newed interest over the past two decades due to the discov-
ery of novel quantum states in the quantum critical region.[1–4]

There are two competing energy scales resulting in the above
quantum critical phenomena, these are the Kondo tempera-
ture and the Rudermann–Kittel–Kasuya–Yosida (RKKY) in-
teraction. Previous studies have shown that there are different
types of quantum critical points (QCPs), one is associated with
an usual spin-density-wave (SDW) instability by which both
sides of the QCP are still the heavy-Fermi-liquid;[5–7] the other
with a breakdown of the Kondo effect as well as a vanishing
weight of quasiparticles, which leads to a transformation from
the heavy-Fermi-liquid to a non-Fermi-liquid as the RKKY in-
teraction increases.[1,8–10] Several mechanisms have been put
forward for the latter type, however, no satisfactory theory can
give a unified description of the corresponding novel quantum
states yet.

Although the nature of the two-impurity Anderson model
(TIAM) is somewhat different from the heavy-fermion sys-
tems in which there exist phase coherence of each single-ion
Kondo singlet[4] and/or long-range magnetic order, it is still
a good starting point to study the competition between the
Kondo effect and the RKKY interaction.[11] Jones and Varma
first implemented a numerical renormalization group (NRG)

calculation on a two-impurity Kondo model in which they
found a QCP characterized by diverging staggered suscepti-
bility and coefficient of specific heat.[12] However, this QCP is
unstable and particle–hole symmetry-protected.[13–20] In fact,
the pure TIAM will inevitably generate an effective coupling
between impurities which destroys the particle–hole symme-
try and leads to a crossover behavior. Interestingly, when ap-
propriate compensating terms at certain impurity spacing are
introduced to restore the particle–hole symmetry, the Jones–
Varma QCP appears again.[17] Although there has been ex-
tensive research on the existence of the QCP, investigations
into the TIAM, particularly how the single-ion Kondo sin-
glet phase (Kondo phase) evolves to the intra-impurity singlet
phase (RKKY phase) as the impurity spacing continuously
varies, are still inadequate.

Experimentally, the two-impurity systems exhibit a re-
markable feature in the corresponding critical region, that is
in the related differential conductance spectra in absence of
external magnetic fields, the Kondo resonance gradually splits
into a pseudogap state as the impurity spacing decreases.[21–28]

Theoretically, there are primarily two potential sources for the
formation of this state: the one is the result of the parity split-
ting of the even–odd channel of impurities,[29,30] while the
other is the spin gap of the singlet–triplet excitation of intra-
impurity singlet induced by the RKKY interaction.[31–33] To
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specifically determine the source of the Kondo resonance split-
ting, we need to calculate the corresponding spectral weight
functions. Furthermore, through spectral weights, we can di-
rectly study the evolution of the above phases with respect to
the impurity spacing. However, such calculations are still lack-
ing to date.

In this paper, we analytically calculate the explicit single-
particle impurity Green function for the TIAM by using the
algebraic equation of motion (AEOM) approach.[34–37] Unlike
traditional double-time Green function equations of motion
(EOMs) written out in k-space,[38–43] on the contrary, we cal-
culate the AEOMs in lattice space and from which we define
the multiple-point correlation functions (see below). There are
three salient features in this approach: (a) the correlation ef-
fects are completely represented by the multiple-point corre-
lation functions; (b) in terms of the order of the multiple-point
correlation functions, the whole set of the AEOMs has a clear
hierarchical structure by which we have a transparent cut-off
approximation strategy; (c) we use the soft cut-off approxima-
tion (SCA) to some high order multiple-point correlation func-
tions, this is essentially different from the usual approximation
of the Tyablikov-type[38] in which the high order Green func-
tion needs to be factorized into a static correlation function
times a low order Green function and then self-consistently
solved by using the fluctuation-dissipation theorem. In the
limit of infinite impurity spacing, the result will recover to
the single-impurity Anderson model.[37] The present scheme
can not self-consistently determine the static correlation func-
tions that appear in decoupling processes, however, they do
not affect the structure of the Green function and only appear
in the spectral weight functions and we treat them as adjustable
physical parameters.

The rest of the paper is arranged as follows. In Section 2,
we write out the TIAM and give a detailed description of the
AEOM approach. In addition, we show a sketch of the hierar-
chical structure of a set of the AEOMs. We give the analytic
expression of the single-particle impurity Green function un-
der L = 1 order cut-off approximation as well as L = 2 in Sec-
tion 3. Based on the Green function under L = 2 order cut-off
approximation, we sequentially study the dynamic RKKY in-
teraction, spectral weight functions and the origination of the
Kondo resonance splitting by solving the related pole equa-
tions. We close with a conclusion in Section 4. Some of L = 1
and L = 2 AEOMs are put in Appendix A. The details of the
calculation are put in Appendix B. The explicit expressions of
the self-energies of the Kondo and the RKKY are put in Ap-
pendix C. The coefficients of the spectral weight functions are
put in Appendix D.

2. Model and method
The Hamiltonian of the TIAM on a lattice is as follows:

Ĥ = ∑
i, j,σ

hi j ĉ
†
iσ ĉ jσ + ∑

α,σ

ε f f̂ †
ασ f̂ασ +U ∑

α

n̂ f α↑n̂ f α↓

+V ∑
α,i,σ

δiα

(
ĉ†

iσ f̂ασ +H.c.
)
, (1)

where hi j = −t(δi,i+1 + δi+1,i) represents the nearest hop-
ping amplitude, the operator ĉiσ ( f̂ασ ) is an usual annihila-
tion operator for conduction electrons (impurities) with spin
σ (σ̄) =↑ (↓), n̂ f α↑ = f̂ †

α↑ f̂α↑, impurities are indexed by Greek
letter α = {1,2}, ε f is the energy level of identical spin-1/2
impurities, U is the on-site repulsive Coulomb interaction, V is
the hybridization between a conduction electron and an impu-
rity, which is purely local. For the sake of clarity, we interpret
the factor δiα in the TIAM graphically, as shown in Fig. 1. In
this paper, for simplicity, we focus exclusively on the case of
local particle–hole symmetry on impurities for a simple cubic
lattice at half-filling, where the chemical potential µ equals
zero, 2ε f +U = 0, and ⟨n̂ f ασ ⟩ = 1/2. Additionally, we con-
centrate primarily on the regime of local moments and small
impurity spacing within the TIAM.

δiα δjβ

i j

V V

α β

Fig. 1. The configuration of conduction electrons and impurities is shown
in one-dimensional direction. The local hybridization V between a con-
duction electron and an impurity requires a constraint in the Hamiltonian,
such as δiα , to ensure they are located on the same site. The green and red
filled circles represent conduction electrons and impurities, respectively.

The single-particle impurity Green function is defined as
a 2×2 matrix

G=

(
Gαασ Gαβσ

Gβασ Gββσ

)
with

Gαβσ (t1, t2) =−i⟨T̂ f̂ασ (t1) f̂ †
βσ

(t2)⟩, (2)

where f̂ασ is defined in the Heisenberg picture, ⟨· · · ⟩ repre-
sents the average of the ground state of Ĥ at zero temperature.
Utilizing the Heisenberg EOM of the operator f̂ασ (t1) and
the corresponding equal-time commutator [ f̂ασ , Ĥ] = ε f f̂ασ +

V ∑i δiα ĉiσ +Un̂ f ασ f̂ασ , we can obtain the AEOM of above
Green function in frequency domain by taking the Fourier
transformation Gαβσ (t1, t2) =

∫ dω

2π
Gαβσ (ω) e−iωt (set h̄ =

1), (
ω − ε f

)
Gαβσ (ω) = δαβ +V ∑

i
δiα G̃iβσ (ω)

027102-2



Chin. Phys. B 34, 027102 (2025)

+UF(n f σ̄)
ααβσ

(ω) , (3)

where G̃iβσ (t1, t2) = −i⟨T̂ ĉiσ (t1) f̂ †
βσ

(t2)⟩ is the

zero order mixed Green function, F(n f σ̄)
ααβσ

(t1, t2) =

−i⟨T̂ n̂ f ασ̄ (t1) f̂ασ (t1) f̂ †
βσ

(t2)⟩ is the multiple-point correla-
tion function derived from the repulsive Coulomb interaction
term, which includes all of the information about the local and
non-local electron correlations.

The AEOMs of the mixed Green function G̃iβσ (t1, t2)

and the multiple-point correlation function F(n f σ̄)
ααβσ

(t1, t2) can

be calculated in terms of [ĉiσ̄ , Ĥ] = hi j ĉ jσ +V ∑α δiα f̂ασ̄ and
[n̂ f ασ̄ , Ĥ] =V ∑i δiα X̂ (−)

iασ̄
,

ωG̃iβσ (ω) = hi jG̃ jβσ (ω)+V ∑
α

δiα Gαβσ (ω) , (4)

(
ω − ε f −U

)
F(n f σ̄)

ααβσ
(ω) = δαβ ⟨n̂ f ασ̄ ⟩+V ∑

i
δiα F̃

(n f σ̄ )

αiβσ
(ω)

+V ∑
i

δiα F
(X(−)

σ̄
)

iααβσ
(ω) , (5)

where we have defined the composite operators X̂ (±)
iασ̄

=

f̂ †
ασ̄

ĉiσ̄ ± ĉ†
iσ̄ f̂ασ̄ , and

F
(X(−)

σ̄
)

iααβσ
(t1, t2) = −i⟨T̂ X̂iασ̄ (t1) f̂ασ (t1) f̂ †

βσ
(t2)⟩,

F̃
(n f σ̄ )

αiβσ
(t1, t2) = −i⟨T̂ n̂ f ασ̄ (t1)ĉiσ̄ (t1) f̂ †

βσ
(t2)⟩.

Up to now, if we want to write out more AEOMs of the
multiple-point correlation functions, we need calculate more
commutation relations. For this reason, we introduce the
other four composite operators, Ŷ (±)

i jσ̄ = ĉ†
jσ̄ ĉiσ̄ ± ĉ†

iσ̄ ĉ jσ̄ and

Ẑ(±)
αβσ̄

= f̂ †
βσ̄

f̂ασ̄ ± f̂ †
ασ̄

f̂βσ̄ , and then calculate commutation re-
lations between the composite operators and the Hamiltonian
Ĥ, we have

[X̂ (±)
iασ̄

, Ĥ] = hi jX̂
(∓)
jασ̄

+ ε f X̂ (∓)
iασ̄

+V ∑
β

δiβ Ẑ(∓)
βασ̄

−V ∑
j

δ jαŶ (∓)
i jσ̄ −Un̂ f ασ̄ X̂ (∓)

iασ̄
, (6a)

[Ŷ (±)
i jσ̄ , Ĥ] = himŶ (∓)

m jσ̄ −h jmŶ (∓)
imσ̄

∓V ∑
α

δiα X̂ (∓)
jασ̄

−V ∑
α

δ jα X̂ (∓)
iασ̄

, (6b)

[Ẑ(±)
αβσ̄

, Ĥ] = V ∑
i

δiα X̂ (∓)
iβσ̄

±V ∑
i

δiβ X̂ (∓)
iασ̄

+U
(
n̂ f ασ − n̂ f βσ

)
Ẑ(∓)

αβσ̄
. (6c)

We find that no more new single operator appears except the
combinations between old operators, e.g., n f ασ̄ X (∓)

iασ̄
. In this

sense, all of the commutation relations are closed and we can
define all of the multiple-point correlation functions in a com-
pact way,

F({A})
{ᾱ}αβσ

(t1, t2) =−i⟨T̂
L

∏
k=1

Âk
ᾱ(t1) f̂ασ (t1) f̂ †

βσ
(t2)⟩, (7a)

F̃({A})
{ᾱ}iβσ

(t1, t2) =−i⟨T̂
L

∏
k=1

Âk
ᾱ(t1)ĉiσ (t1) f̂ †

βσ
(t2)⟩, (7b)

where Âᾱ =
{

ĉiσ , f̂ασ , n̂ f ασ , X̂
(±)
iασ

,Ŷ (±)
i jσ , Ẑ(±)

αβσ

}
, ᾱ is a set

of indices about conduction electrons and impurities, L de-
notes the number of operators. In this way, the corre-
sponding AEOMs can be readily written out in terms of the
above commutation relations. As an example, the AEOMs of

F̃
(n f σ̄ )

αiβσ
(t1, t2) and F

(X(±)
σ̄

)

iααβσ
(t1, t2) can be directly written out by

using the commutation relations [ĉiσ̄ , Ĥ], [ f̂ασ , Ĥ], [n̂ f ασ̄ , Ĥ]

and [X̂ (−)
iασ̄

, Ĥ] as well as the definition of the multiple-point
correlation functions,

ωF̃
(n f σ̄ )

αiβσ
(ω) = hi jF̃

(n f σ̄ )

αiβσ
(ω)+V ∑

γ

δiγ F
(n f σ̄ )

αγβσ
(ω)

+V ∑
i

δ jα F̃
(X(−)

σ̄
)

jαiβσ
(ω), (8)

(ω − ε f )F
(X(±)

σ̄
)

iααβσ
(ω)

= δαβ ⟨X
(±)
iασ̄

⟩+hi jF
(X(∓)

σ̄
)

jααβσ
(ω)

−ε f F
(X(∓)

σ̄
)

iααβσ
(ω)+V ∑

γ

δiγ F
(Z(∓)

σ̄
)

γααβσ
(ω)

−V ∑
j

δ jα F
(Y (∓)

σ̄
)

i jαβσ
(ω)+V ∑

j
δ jα F̃

(X(±)
σ̄

)

iα jβσ
(ω)

+UF
(X(±)

σ̄
n f σ̄ )

iαααβσ
(ω), (9)

where the AEOMs of new multiple-point correlation func-
tions are put in Appendix A. Actually, all of correlations enter

from F
(X(±)

σ̄
)

iααβσ
(ω). Continuing the way, we can write out more

AEOMs of the higher order multiple-point correlation func-
tions and this set of AEOMs is not closed in the thermody-
namic limit, we have to make a cut-off approximation to close
the AEOMs. We can use L to denote the order of the multiple-
point correlation functions, and then apply the cut-off approx-
imation based on the order. For example, if we make a L = 2
order cut-off approximation, we need to retain all L = 0 and
L = 1 order multiple-point correlation functions, as well as the
relevant L = 2 order multiple-point correlation functions that

Fig. 2. The hierarchical structure of the whole set of AEOMs is shown.
Here, L denotes the number of the composite operators and/or the impu-
rity particle number operators, and represents the order of the multiple-
point correlation functions.
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make significant contributions, while discarding the other L =

2 order and higher order multiple-point correlation functions.
For clarity, we have outlined a hierarchical structure of this set
of AEOMs in Fig. 2.

3. Results
3.1. The L = 1 order cut-off approximation

As a first step, we will calculate single-particle impu-
rity Green function under L = 1 order cut-off approxima-
tion, where we only retain multiple-point correlation functions
F
(n f σ̄ )

ααβσ
(ω) and F̃

(n f σ̄ )

αiβσ
(ω), while discarding the others. Conse-

quently, we have a set of closed AEOMs. The Fourier transfor-
mations with respect to conduction electrons and the hopping
amplitude are as follows:

G̃iβσ (ω) =
1√
N ∑

𝑘

G̃𝑘βσ (ω)e i𝑘·𝑟i ,

hi j =
1
N ∑

𝑘

ε𝑘 e i𝑘·(𝑥i−𝑥 j), (10)

where N is the total number of lattice sites and ε𝑘 the disper-
sion of conduction electrons. By applying the Fourier transfor-
mation and utilizing the convolution theorem on Eqs. (3)–(5)
and (8), we obtain

[ω − ε f −Γαα(ω)]Gαβσ (ω)−Γαβ (ω)Gββσ (ω) = δαβ , (11)

[ω − ε f −U −Γαα(ω)]F
(n f σ̄ )

ααβσ
(ω)

−Γαβ (ω)F
(n f σ̄ )

αββσ
(ω) = δαβ ⟨n̂ f ασ̄ ⟩, (12)

where

Γαβ (ω + i0+) =
V 2

N ∑
𝑘

e i𝑘·(𝑟α−𝑟β )

ω − ε𝑘+ i0+
(13)

is the hybridization function. The diagonal component
Γαα (ω) typically contributes to the bandwidth of the virtual
bound states of impurities, while the non-diagonal component
Γαβ (ω) arises from the interference between impurities and
typically contributes to the effective RKKY interaction. To
obtain the single-particle impurity Green function, we need to
solve 2× 2 and 4× 4 matrix equations for Eqs. (11) and (12)
respectively; the latter is due to the increased number of the
indices. After the algebra, we find

Gββσ =
1
2

1−⟨n̂ f βσ̄ ⟩
ω −ΣL+(ω,r)

+
1
2

1−⟨n̂ f βσ̄ ⟩
ω −ΣL−(ω,r)

+
1
2

⟨n̂ f βσ̄ ⟩
ω −ΣH+(ω,r)

+
1
2

⟨n̂ f βσ̄ ⟩
ω −ΣH−(ω,r)

, (14)

where ΣL±(ω,r) = ε f +Γαα(ω)±Γαβ (ω) and ΣH±(ω,r) =
ε f +U + Γαα(ω)± Γαβ (ω) represent the usual lower and
higher high-energy Hubbard bands, respectively. Interest-
ingly, each of these bands exhibits a splitting, which indicates

magnetic correlation between impurities enters. For the non-
diagonal single-particle impurity Green function Gαβ (ω), the
non-diagonal hybridization function Γαβ (ω) appears as a pref-
actor in each term (not shown).

In a tight-binding simple cubic lattice, the dispersion re-
lation is

ε𝑘 =−2[cos(kx)+ cos(ky)+ cos(kz)], (15)

where we have set the lattice spacing and hopping ampli-
tude to unity, thus the half bandwidth D = 6. In this pa-
per, we use the Anderson bandwidth ∆ = πρ0V 2 to determine
the hybridization V , where ρ0 = 1/(2D) is the constant den-
sity of states, and set ∆ as an integer multiple of 1/π . By
substituting the dispersion relation into Eq. (13), we show
the variations of the hybridization function with respect to
the impurity spacing in Fig. 3, where Γαα(ω) = Γ (ω,0) and
Γαβ (ω) = Γ (ω,r). It is clear that the non-diagonal hybridiza-
tion function is significantly smaller than the diagonal one in
both the real and the imaginary parts. As the impurity spacing
goes to infinity, the non-diagonal hybridization function will
asymptotically vanish, as will the non-diagonal Green func-
tion. In this large impurity spacing limit, the problem reduces
to the single-impurity case, and equation (14) will only in-
clude the un-split upper and lower Hubbard bands and will be
equivalent to the result obtained under the standard Hubbard-I
approximation.[40]
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3.2. The L = 2 order cut-off approximation

In order to study the competition between the Kondo ef-
fect and the RKKY interaction, we need to go beyond L = 1
order cut-off approximation and examine the higher order
AEOMs. To this end, we will next calculate the AEOMs un-
der L = 2 order cut-off approximation. The most important
question for the present problem is how to effectively incorpo-
rate both the Kondo effect and the RKKY interaction. For the
Kondo effect, we have previously obtained from the high or-

der mixed multiple-point correlation functions F̃
(Y (±)

σ̄
)

i jlβσ
(ω).[37]

For the RKKY interaction which is mediated by the propagat-
ing of particle–hole pairs, we will a priori select the multiple-

point correlation functions F
(Y (±)

σ̄
)

i jαβσ
(ω) in Eq. (9), which in-

volve F̃
(Y (±)

σ̄
)

i jlβσ
(ω), as our starting point. The corresponding

AEOMs are as follows:

(ω − ε f )F
(Y (±)

σ̄
)

i jαβσ
(ω)

= δαβ ⟨Ŷ
(±)
i jσ̄ ⟩+himF

(Y (∓)
σ̄

)

m jαβσ
(ω)−h jmF

(Y (∓)
σ̄

)

imαβσ
(ω)

∓V ∑
γ

δiγ F
(X(∓)

σ̄
)

jγαβσ
(ω)−V ∑

γ

δ jγ F
(X(∓)

σ̄
)

iγαβσ
(ω)

+V ∑
l

δlα F̃
(Y (±)

σ̄
)

i jlβσ
(ω)+UF

(n f σ̄Y (±)
ā )

αi jαβσ
(ω), (16)

where high order AEOMs are

(ω − ε f −U)F
(n f σ̄Y (±)

σ̄
)

αi jαβσ
(ω)

= δαβ ⟨n̂ f ασ̄Ŷ (±)
i jσ̄ ⟩+V ∑

l
δlaF̃

(n f σ̄Y (±)
σ̄

)

αi jlβσ
(ω)

∓V ∑
γ

δiγ F
(n f σ̄ X(∓)

σ̄
)

α jγαβσ
(ω)−V ∑

γ

δ jγ F
(n f σ̄ X(∓)

σ̄
)

αiγαβσ
(ω)

+himF
(n f σ̄Y (∓)

σ̄
)

αm jαβσ
(ω)−h jmF

(n f σ̄Y (∓)
σ̄

)

αimαβσ
(ω). (17)

In order to incorporate high order effects while decoupling
Eqs. (16) and (17), we apply the SCA to the high or-

der multiple-point correlation functions F
(n f σ̄ X(∓)

σ̄
)

αmγαβσ
(ω) and

F̃
(n f σ̄Y (±)

σ̄
)

αi jlβσ
(ω), where the subscript m = i, j. For the former,

the summation with respect to γ runs over sites α and β , we
restrict γ to be equal to α and neglect the higher order term
associated with site β . This leads to the following expression:

F
(n f σ̄ X(∓)

σ̄
)

αmααβσ
(ω) =

1
2

F
(X(+)

σ̄
)

mααβσ
(ω)+

1
2

F
(X(−)

σ̄
)

mααβσ
(ω), (18)

which is rigorous. For the latter, we cannot directly apply

the SCA to F̃
(n f σ̄Y (±)

σ̄
)

αi jlβσ
(ω) themselves. Alternatively, we make

the SCA to the AEOMs associated with these multiple-point
correlation functions and compare them with the low order

AEOMs of F̃
(Y (±)

σ̄
)

i jlβσ
(ω) (see Appendix B). This leads to the fol-

lowing approximate expressions:

F̃
(n f σ̄Y (±)

σ̄
)

αi jlβσ
(ω)≈ 1

2
F̃
(Y (±)

σ̄
)

i jlβσ
(ω). (19)

Using the approximated results obtained above, we substitute
Eq. (17) into Eq. (16) to complete the decoupling. It is evident
that the decoupling procedure described above has a funda-
mental difference to the usual mean-field approximation which
relies on the mean-field decomposition of high order Green
functions. Following the algebra similar to that used in the cal-

culation of Eqs. (11) and (12), we then substitute F
(Y (±)

σ̄
)

i jαβσ
(ω)

into F̃
(Y (±)

σ̄
)

i jlβσ
(ω), whose AEOM is

(ωδlm −hlm)F̃
(Y (±)

σ̄
)

i jmβσ
(ω)

= himF̃
(Y (∓)

σ̄
)

m jlβσ
(ω)−h jmF̃

(Y (∓)
σ̄

)

imlβσ
(ω)

∓V ∑
γ

δiγ F̃
(X(∓)

σ̄
)

jγlβσ
(ω)−V ∑

γ

δ jγ F̃
(X(∓)

σ̄
)

iγlβσ
(ω)

+V ∑
α

δlα F
(Y (±)

σ̄
)

i jαβσ
(ω). (20)

After completing the above step, we expect to have effec-
tively incorporated the RKKY interaction. Actually, the cal-
culation described above is a self-consistent procedure which
effectively incorporates the indirect interaction between im-

purities through F
(Y (±)

σ̄
)

i jαβσ
(ω). Next, we substitute F̃

(Y (±)
σ̄

)

i jlβσ
(ω)

into F̃
(X(±)

σ̄
)

iα jβσ
(ω), followed by substituting F̃

(X(±)
σ̄

)

iα jβσ
(ω) into

F
(X(±)

σ̄
)

iααβσ
(ω) while neglecting 𝒪(J3) terms, where J = 4V 2/U

is the Kondo coupling which naturally arises in the decou-
pling processes. As a result, we find that, in addition to the
self-energies proportional to V 2 that contribute to the Kondo
effect, which is the renormalization of energy of the impurity
to the Fermi level;[44] there are also additional types of self-
energies attributed to the RKKY interaction which are propor-
tional to J2. Moreover, we find that, similar to the c– f spin-flip
static correlation function appears in the spectral weight func-
tions of the Kondo self-energies, which indicates the Kondo
phase;[37] the f – f spin-flip static correlation function appears
in the spectral weight functions of the RKKY self-energies,
which indicates the RKKY phase. The details of the calcula-
tion are put in Appendix B.

Our final diagonal single-particle impurity Green func-
tion reads

Gββσ (ω)

=
L+(ω,r)

ω −ΣL+(ω,r)
+

L−(ω,r)
ω −ΣL−(ω,r)

+
H+(ω,r)

ω −ΣH+(ω,r)
+

H−(ω,r)
ω −ΣH−(ω,r)
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+
K+(ω,r)

ω − ε f −ΣK+(ω,r)
+

K−(ω,r)
ω − ε f −ΣK−(ω,r)

+
R+(ω,r)

ω + ε f −ΣR+(ω,r)
+

R−(ω,r)
ω + ε f −ΣR−(ω,r)

, (21)

where self-energies ΣK±(ω)+ ε f and ΣR±(ω)− ε f represent
the low-energy excitations of the Kondo phase and the RKKY
phase, respectively (explicit expressions of the self-energies
are put in Appendix C). The corresponding spectral weight
functions K±(ω,r) and R±(ω,r) take the form of the cor-
responding frequency dependent factors (see Appendix D)
multiplied by ⟨Ŝ(+)

β
ŝ(−)

αα ⟩ and JR(ω,r)⟨Ŝ(+)
β

Ŝ(−)
α ⟩, respectively,

where Ŝ(±)
β

= f̂ †
βσ

f̂βσ̄ , ŝ(±)
i j = ĉ†

iσ ĉ jσ̄ and

JR(ω,r)≈ J2

2N2 ∑
𝑘,𝑘′

′ e i(𝑘′−𝑘)·(𝑥α−𝑥β )

ω − ε f − ε𝑘+ ε𝑘′
, (22)

is the dynamic RKKY interaction that naturally emerges dur-
ing the decoupling processes, the prime on the sum indicates
that ε𝑘 and ε𝑘′ cannot simultaneously appear on the same
side of the Fermi surface. Similar to L = 1 order cut-off ap-
proximation, the non-diagonal hybridization function is still
linked to each term of the non-diagonal Green function. In
addition, in the infinite impurity spacing limit, Gββσ (ω) will
asymptotically recover the result of the single-impurity Kondo
problem.[37]

Next, we will primarily focus on the last four terms in
Eq. (21) within the regime of small impurity spacing. It is
important here to emphasize that the above calculations are
grounded in the first principles and represent a dynamic re-
sult. To compute the frequency dependent spectral weight
functions, we first need to solve the corresponding pole equa-
tions.

3.2.1. Solutions of pole equations

In Fig. 4, the poles for [ω − ε f −ReΣK+(ω + i0+,r)]−1

and [ω + ε f − ReΣR+(ω + i0+,r)]−1 are shown in the low-
energy regime. It is clear that as the impurity spacing de-
creases from roughly one lattice distance in the diagonal di-
rection 𝑟 = (r/

√
3)(1,1,1) of the cubic lattice, the poles near

ω/t ≈ 0 gradually split. Additionally, when the impurity spac-
ing is greater than one lattice distance, there is only one solu-
tion for the Kondo pole equation, while for the RKKY pole
equation, there is no solution. In contrary, there are no so-
lutions for [ω − ε f − ReΣK−(ω + i0+,r)]−1 and [ω + ε f −
ReΣR−(ω + i0+,r)]−1 in small impurity spacing regime un-
til the spacing roughly approaches one, where only a single
solution exists (not shown). The splitting of the two poles is
associated with the phenomenon of the Kondo resonance split-
ting observed in experiments.

It is worth noting that, from the perspective of low-energy
excitations, the results presented here appear to contradict pre-
vious studies, which suggest that the splitting of the Kondo

resonance derives either from the even–odd parity splitting of
impurities, where the Kondo effect is still dominant, or from a
spin gap induced by an excitation from the intra-impurity sin-
glet to triplet, where the system undergoes a quantum phase
transition or a crossover. On the contrary, they both seem to
contribute to the splitting here. Essentially, within the Hamil-
tonian of the pure TIAM, there is no direct interaction between
impurities; instead, their interaction must be mediated by the
conduction electrons. Although the impurities have a tendency
to form a singlet, they cannot be completely decoupled from
the Fermi sea, namely, the phase shift of the conduction elec-
trons on the impurities cannot reach π/2, unless an artificially
added compensating term is included to restore the particle–
hole symmetry.[17,45] On the other hand, concerning the Kondo
singlet, the existence of the Kondo cloud, whose characteristic
length scale (single impurity case) is generally larger than the
impurity spacing considered in our study, plays a significant
role.[46–48] Furthermore, the NRG study on the pure TIAM at
certain impurity spacing has indicated that this Kondo reso-
nance splitting phase is the Kondo fixed point where the impu-
rities are under-screened.[17,20] Therefore, we tentatively spec-
ulate that the Kondo cloud can be regarded as a background
on which the impurities effectively form an intra-impurity
singlet. Only having the low-energy excitations, however, is
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ReΣR+ (ω + i0+,r)]−1 for different repulsive Coulomb interaction U are
shown in the low-energy regime. ∆ Kondo
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splitting represent the

splitting width of the poles. The parameter used are ∆ = 3/π and
𝑟 = (r/

√
3)(1,1,1).
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insufficient for the above inference about the Kondo resonance
splitting; we still need to consider the corresponding spectral
weight functions, even though the static correlation functions
cannot be determined from the present scheme.

3.2.2. The dynamic RKKY interaction

Before calculating the spectral weights, we still need to
determine the values of the RKKY interaction at different
spacings, as the RKKY interaction appears in the correspond-
ing spectral weight functions.

Figure 5(a) shows that the RKKY interactions vary mono-
tonically with the impurity spacing, gradually approaching
zero when the spacing exceeds one lattice distance, though
some small oscillatory behavior persists thereafter. In fact,
this is expected. For rare earth elements, e.g., Ce, although
its atomic radius is much larger than one lattice distance (here
we assume one lattice distance of about 1 Å), the orbital radius
of the deep 4f electrons is less than half a lattice distance.[49]

Therefore, within the regime of small impurity spacing we are
studying, the RKKY interaction mediated by the conduction
electrons effectively enters and competes with the Kondo ef-
fect. Additionally, we notice that in this regime, the RKKY
interaction is antiferromagnetic and is nearly the same in mag-
nitude for frequencies of different signs.
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Fig. 5. The dynamic RKKY interaction Eq. (22) for various Coulomb
interaction U and impurity spacings as shown. The fitting parame-
ters are p = 0.8231, q = −0.0951 and l = −0.0749, and |p| ≫ |q| in-
dicates the RKKY interaction is mainly driven by charge fluctuations.
The physical parameters used are U = 6 for upper panel, ∆ = 3/π and
𝑟 = (r/

√
3)(1,1,1).

From Fig. 4, we also observe that as the Coulomb interac-
tion U increases, the splitting widths become smaller. To shed
some light on this behavior, we plot the RKKY interaction as a
function of U at fixed impurity spacing in Fig. 5(b), using the
corresponding poles ω

negative
RKKY (r) obtained from Fig. 4(b) (with-

out loss of generality, we only select the poles with negative
frequencies). We find that the RKKY interaction decreases
as U increases. This at least suggests that the splitting of
the poles is related to the RKKY interaction to some extent.
Additionally, the dependence of the RKKY interaction on U
has been studied by fitting. We find that, in the regime of

small impurity spacing, the RKKY interaction is nearly pro-
portional to 1/U with only minor 1/U2 correction, which dif-
fers from the conventional 1/U2 (J2ρ0) behavior studied in a
spherically symmetric 3D electron gas. This result is consis-
tent with the NRG[17] and the Rayleigh–Schrödinger perturba-
tion theory[50] conducted in simple cubic lattice, which indi-
cate charge fluctuations driven JR ∝ 1/U behavior rather than
a Kondo coupling (spin fluctuations) driven JR ∝ J2 ∝ 1/U2 in
the above regime.

3.2.3. Spectral weight functions

The competition of low-energy excitations of the Kondo
and the RKKY phases in a two-impurity Kondo model
(TIKM) within the critical region has been studied using the
perturbative renormalization group in which non-local vertices
are included.[45] However, the TIKM lacks the charge degree
of freedom for impurities, while in the small impurity spacing
regime of the TIAM, the RKKY interaction is precisely driven
mainly by charge fluctuations as we have seen.

The competition between the Kondo and the RKKY
phases can be studied directly through the spectral weight
functions. To this end, in Fig. 6 we plot the spectral weight
functions K+(ω,r) and R+(ω,r) in Eq. (21) (real part) divided
by the c– f static correlation function ⟨Ŝ(+)

β
ŝ(−)

αα ⟩ and the f – f

static correlation function ⟨Ŝ(+)
β

Ŝ(−)
α ⟩, respectively. This is nu-

merically rigorous. For the former, we find both their values
are negative; while for the latter, one is negative and the other
is positive. Given that spectral weight functions must be pos-
itive definite, we can determine the sign of the related static
correlation functions. Thus, we preliminarily draw the follow-
ing conclusion: in the small spacing regime, (a) the Kondo
singlet is preserved and (b) impurities form an intra-impurity
singlet along with their excited triplet.
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β

Ŝ(−)
α ⟩, respectively. The corresponding

poles of each impurity spacing are obtained from Fig. 4, U = 6 and
𝑟 = (r/

√
3)(1,1,1).

Now we proceed to qualitatively compare the spectral
weight functions of the Kondo and the RKKY phases. There
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exists a sum rule related to the c– f static correlation in
the Kondo strong coupling limit given by

∫
dD𝑟⟨Ŝ(+)

β
ŝ(−)

αα ⟩ =
−3/4 in which the integration domain encompasses the range
of the Kondo cloud which is much larger than the impurity
spacing we study. The envelope function of the integrand has
been previously studied in the context of a single impurity
case.[17,46–48] For the parameters ∆ = 3/π and U = 6, there
is ρ0J = 0.2026, we extrapolate the value of the c– f static
correlation function in 3D to be roughly 𝒪(10−4) from Chap-
ter 4.3 of Ref. [47] in the small spacing regime. Meanwhile,
the absolute value of the f – f static correlation function in this
regime is expected to be about 𝒪(1).[14,17] As a result, the
spectral weight functions of the Kondo and the RKKY phases
are of the same order of magnitude. For clarity, we have plot-
ted qualitative comparisons in Fig. 7 and observed points of
intersection for frequencies of different signs. For the spectral
weights of the RKKY phase, they start from zero at about one
lattice distance where the Kondo phase dominates, and grad-
ually increases as the impurity spacing decreases, eventually
surpassing the spectral weights of the Kondo phase, indicat-
ing that the RKKY phase is becoming increasingly favorable;
whereas the spectral weights of the Kondo phase remain al-
most constant in this regime without significant variation.
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Fig. 7. The qualitative comparisons of the spectral weight functions of the
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β
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case from Ref. [47]; and the f – f static correlation function ⟨Ŝ(+)
β

Ŝ(−)
α ⟩ is

set to be ±0.6, plus for the ferromagnetic and minus for the antiferromag-
netic. The expected Kondo spectral weights are indicated by the dashed
lines. We have used the corresponding poles in Fig. 4. The parameters
used are ∆ = 3/π , U = 6 and 𝑟 = (r/

√
3)(1,1,1).

It should be, however, noted that the calculation of the
aforementioned c– f static correlation function was done for
the single impurity case, neglecting the influence of the sec-
ond impurity. It is reasonable to expect that, under the influ-
ence of the second impurity, the c– f static correlation function
will be suppressed as the impurity spacing decreases. As a re-
sult, when the RKKY interaction effectively enters at roughly

one lattice distance, we have actually overestimated the spec-
tral weights of the Kondo phase. Meanwhile, with the opening
of the pseudogap, we assume that the Kondo correlation turns
into an exponential decay at small impurity spacings. We ad-
ditionally plot the Kondo spectral weight functions with their
expected values in Fig. 7 for comparing with the RKKY. In this
expected case, the Kondo spectral weight rapidly decreases,
indicating that spin fluctuations between conduction electrons
and impurities are strongly suppressed. This is also supported
by previous study of the RKKY interaction within the small
impurity spacing regime, which primarily depends on 1/U
rather than 1/U2 behavior, confirming that the contribution of
spin fluctuations in this regime is small. Therefore, the rapid
increase of the RKKY spectral weights surpassing the Kondo
spectral weight with decreasing impurity distance within the
small impurity spacing regime indicates that the system under-
goes a crossover, namely, a smooth transition from the Kondo
phase to the RKKY phase.

The above discussion provides a qualitative illustration of
the crossover phenomenon with respect to the impurity spac-
ing, nevertheless, a more thorough comparison would require
a quantitative calculation of the c– f static correlation function
in 3D, particularly taking into account the influence of the sec-
ond impurity. However, computing related static correlation
functions remains challenging for methods like perturbative
renormalization group[46] and NRG.[17,47] Recently, algebraic
approaches, including the two-time Green functions with pro-
jective truncation approximation (PTA-EOMGF)[42,48] and al-
gebraic dynamical theory (ADT),[51] have emerged as promis-
ing frameworks for addressing these challenges effectively.

For our future work, the related static spin–spin correla-
tion functions could alternatively be determined by artificially
adding a spin coupling term with a variational parameter. Us-
ing the Hamiltonian with this added term, we compute the
single-particle Green function and express the ground-state en-
ergy of the original TIAM. Then, we perform a variational cal-
culation on the ground state energy with respect to the varia-
tional parameter, thereby obtaining the static correlation func-
tions.

3.2.4. Explanation of the Kondo resonance splitting

In the previous sections, we first solved the pole equations
of the Green function, identifying the possible low-energy
excitations within the small impurity spacing regime of the
TIAM and pointing out their connections to the Kondo reso-
nance splitting, and then studied the spectral weight functions
related to these low-energy excitations.

We will now combine the above results to discuss the rea-
son behind the Kondo resonance splitting. The variations of
the splitting widths ∆ Kondo

splitting and ∆ RKKY
splitting obtained from Fig. 4

with the RKKY interaction are shown in Fig. 8, where each of
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them is weighted by the RKKY and the expected Kondo spec-
tral weights from Fig. 7(a) (although there is an asymmetry in
the positive and negative frequencies, it does not qualitatively
affect the results). The two splitting widths are roughly pro-
portional to the RKKY interaction when it effectively enters,
but their slopes are different.

0

S
p
li
tt

in
g
 w

id
th

 (
e
V

)

0

6.70Τ10-6

1.34Τ10-5

2.01Τ10-5

2.68Τ10-5

3.35Τ10-5

RKKY
Kondo

0.6

0.5

0.4

0.3

0.2

0.1

0 0.02 0.04 0.06 0.08 0.10 0.12

JR↼ω
positive↽/t
RKKY

Fig. 8. The dashed and dotted lines represent the splitting widths of the
RKKY and the Kondo poles at different values of the dynamic RKKY
interaction, respectively weighted by the RKKY and expected Kondo
spectral weights from Fig. 7(a). They are roughly proportional to the
RKKY interaction. The parameters used are ∆ = 3/π , U = 6 and
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We first consider the splitting of the RKKY poles, which
has a relatively simple origin. It can be viewed as an usual spin
gap associated with singlet–triplet excitation of intra-impurity
singlet induced by the RKKY interaction. We then turn our at-
tention to the splitting of the Kondo poles, which is more sub-
tle in its mechanism. Generally, the Kondo effect essentially
derives from the spin fluctuations that the impurity and the
conduction electron spins are in either an up–down or down–
up configuration. The Kondo temperature is proportional to
the characteristic time scale of the fluctuation. Previous ex-
perimental studies on quantum dots have shown that an exter-
nal magnetic field can split the Kondo resonance into differ-
ent spin-flip conduction channels.[52] In the present problem,
we can inherently view the second impurity as an effective
external magnetic field, which is responsible for the splitting
of the Kondo poles. As the impurities get closer, the mag-
netic field felt by one impurity becomes stronger, resulting in
a larger effective Zeeman splitting. Interestingly, our results
align with those observed in heavy-fermion systems, where
the hybridization gap is primarily associated with the coher-
ence temperature.[10]

According to the corresponding spectral weights, when
the impurity spacing is less than one lattice distance, the ef-
fective Zeeman splitting initially reflects the Kondo resonance
splitting. As the dynamic RKKY interaction effectively en-
ters, the system is in a crossover region where the spin gap of
the intra-impurity singlet also makes a contribution. When the
impurity spacing decreases further, the splitting is primarily
contributed by the spin gap.

4. Conclusion
In this work, we have applied the AEOM approach to the

TIAM and analytically obtained the single-particle impurity
Green function. In this framework, the whole set of AEOMs
exhibits a clear hierarchical structure, allowing us to explicitly
determine the order of the cut-off approximation. Addition-
ally, we employ the SCA instead of the conventional mean-
field decoupling for the high order Green functions, which
provides a non-perturbative treatment.

Under L = 1 order cut-off approximation, we find that
the Green function consists of high-energy part of the split-
ting upper and lower Hubbard bands due to the non-diagonal
hybridization function, and the splitting widths asymptotically
vanish as the impurity spacing goes far away.

Under L = 2 order cut-off approximation, we incorporate
the high order multiple-point correlation functions by using
the SCA to them, in which the strong correlation effect effec-
tively enters. We find that in addition to the high energy part,
there are additional Kondo and the RKKY self-energies, which
are signaled by the c– f ⟨Ŝ(+)

β
ŝ(−)

αα ⟩ and the f – f ⟨Ŝ(+)
β

Ŝ(−)
α ⟩

static correlation functions, respectively.
We have studied the RKKY interaction in a simple cubic

lattice and found that for impurity spacing smaller than one lat-
tice distance, it manifests as antiferromagnetic. We then inves-
tigate its dependence on the Coulomb interaction U and find
that it is proportional to 1/U , indicating that it is driven by the
charge fluctuations rather than by the Kondo coupling in small
impurity spacing regime. By estimating the static correlation
functions, we qualitatively calculate the spectral weight func-
tions for the Kondo phase and the RKKY phase, discovering
that the RKKY spectral weights rapidly increase to surpass the
Kondo spectral weight after the RKKY interaction effectively
enters. Meanwhile, we argue that the Kondo spectral weight
is strongly suppressed due to the influence of the RKKY inter-
action, leading us to conclude that a crossover occurs in this
small impurity spacing regime. Based on these results, we
have also discussed the origination of the Kondo resonance
splitting. For the RKKY part, the splitting arises from the spin
gap of the intra-impurity singlet, while for the Kondo part, it is
due to the splitting of spin-flip conduction channels, namely,
the effective Zeeman splitting. According to the contributions
to the spectral weights in the above regime, the Kondo reso-
nance splitting is initially attributed to the spin-flip conduction
channels; then as the dynamic RKKY interaction effectively
enters, the system is in a crossover region; when the impurity
spacing decreases further, the splitting is primarily contributed
by the spin gap.

The present study builds a solid foundation for future
study on heavy-fermion systems. Moreover, the generalization
of the AEOM approach to calculate other models, particularly
the spin systems, is straightforward and effective.
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Appendix A: The AEOMs of multiple-point cor-
relation functions

For brevity, all of the AEOMs are written out in frequency
domain. For L = 1 order, we have

(ω − ε f )F
(Z(±)

σ̄
)

γααβσ
(ω)

= δαβ ⟨Z
(±)
γασ̄

⟩+UF
(Z(±)

ā n f σ̄ )

γαααβσ
(ω)+V ∑

i
δiγ F

(X(∓)
σ̄

)

iααβσ
(ω)

−V ∑
i

δiα F
(X(∓)

σ̄
)

iγαβσ
(ω)+V ∑

i
δiα F̃

(Z(±)
σ̄

)

γαiβσ
(ω)

+UF
(n f σ Z(∓)

σ̄
)

γγααβσ
(ω), (A1)

(ωδ jl −h jl)F̃
(X(±)

σ̄
)

iαlβσ
(ω)

= hilF̃
(X(∓)

σ̄
)

lα jβσ
(ω)−UF̃

(n f σ X(∓)
σ̄

)

αiα jβσ
(ω)−V ∑

l
δlα F̃

(Y (∓)
σ̄

)

il jβσ
(ω)

+V ∑
γ

δiγ F̃
(Z(±)

σ̄
)

γα jβσ
(ω)− ε f F̃

(X(∓)
σ̄

)

iα jβσ
(ω)

+V ∑
γ

δ jγ F̃
(X(±)

σ̄
)

iαγβσ
(ω), (A2)

(ωδi j −hi j)F̃
(Z(±)

σ̄
)

γα jβσ
(ω)

= V ∑
δ

δiδ F
(Z(±)

σ̄
)

γαδβσ
(ω)+UF̃

(n f σ Z(∓)
σ̄

)

γγαiβσ
(ω)

+V ∑
l

δlα F̃
(X(∓)

σ̄
)

lγiβσ
(ω)±V ∑

l
δlα F̃

(X(∓)
σ̄

)

lγiβσ
(ω)

−UF̃
(n f σ Z(∓)

σ̄
)

αγαiβσ
(ω), (A3)

where dummy variables γ,δ = {1,2} are assigned to impuri-
ties and l,m to conduction electrons.

For L = 2 order, we only write out following six AEOMs
of the multiple-point correlation functions came from L = 1
order and simply discard the others:

(ωδ jl −h jl)F̃
(n f σ X(±)

σ̄
)

αiαlβσ
(ω)

= δαβ ⟨X
(±)
iασ̄

c jσ f †
ασ ⟩−V ∑

l
δlα F̃

(n f σY (∓)
σ̄

)

αil jβσ
(ω)

+hilF̃
(n f σ X(∓)

σ̄
)

αlα jβσ
(ω)− (ε f +U)F̃

(n f σ X(∓)
σ̄

)

αiα jβσ
(ω)

+V ∑
γ

δ jγ F
(n f σ X(±)

σ̄
)

αiαγβσ
(ω)+V ∑

γ

δiγ F̃
(n f σ Z(∓)

σ̄
)

αγα jβσ
(ω), (A4)

(ωδlm −hlm)F̃
(n f σ̄Y (±)

σ̄
)

αi jmβσ
(ω)

= himF̃
(n f σ̄Y (∓)

σ̄
)

αm jlβσ
(ω)−h jmF̃

(n f σ̄Y (±)
σ̄

)

αimlβσ
(ω)

∓V ∑
γ

δiγ F̃
(n f σ̄ X(∓)

σ̄
)

α jγlβσ
(ω)−V ∑

γ

δ jγ F̃
(n f σ̄ X(∓)

σ̄
)

αiγlβσ
(ω)

+V ∑
γ

δlγ F
(n f σ̄Y (±)

σ̄
)

αi jγβσ
(ω), (A5)

ωF
(n f σ Z(±)

σ̄
)

γγααβσ
(ω)

= δαβ ⟨Z
(±)
γασ̄

fασ f †
γσ ⟩+

U
2

F
(n f σ Z(∓)

σ̄
)

γγααβσ
(ω)

+V ∑
i

δiγ F
(n f σ X(∓)

σ̄
)

γiααβσ
(ω)±V ∑

i
δiα F

(n f σ X(∓)
σ̄

)

γiγαβσ
(ω)

+V ∑
i

δiα F̃
(n f σ Z(±)

σ̄
)

γγαiβσ
(ω), (A6)

where the multiple-point correlation functions with differ-
ent kinds of composite operators have been neglected, e.g.,

F
(X(−)

σ̄
Y (±)

σ̄
)

lαi jαβσ
(ω).

Appendix B: Details of the calculation
B1. Solutions to the SCA for the AEOMs

We apply the SCA to the AEOMs of F̃
(n f σ̄Y (±)

σ̄
)

αi jlβσ
(ω) rather

than themselves. Alternatively, we can make the SCA to

F̃
(n f σ̄ X(∓)

σ̄
)

αmγlβσ
(ω) with m = i, j in Eq. (A5) and similarly restrict

the summation that γ = α . Next, we make an approximation
by discarding high order multiple-point correlation functions

F
(n f σ̄Y (±)

σ̄
)

αi jγβσ
(ω), as their contributions have already been incor-

porated. We also neglect hopping term hlm assumed near the
Fermi surface, after which we take the Fourier transformation
to Eq. (A5) and obtain

F̃
(n f σ̄Y (±)

σ̄
)

α𝑘𝑘′lβσ
(ω)

≈ V
2
√

N
ω

(ω − ε𝑘+ ε𝑘′)(ω + ε𝑘− ε𝑘′)

×
[

e−i𝑘·𝑥α F̃
(X(+)

σ̄
)

𝑘′αlβσ
(ω)− e−i𝑘′·𝑥α F̃

(X(+)
σ̄

)

𝑘αlβσ
(ω)

]
− V

2
√

N
(ε𝑘− ε𝑘′)

(ω − ε𝑘+ ε𝑘′)(ω + ε𝑘− ε𝑘′)

×
[

e−i𝑘·𝑥α F̃
(X(−)

σ̄
)

𝑘′αlβσ
(ω)+ e−i𝑘′·𝑥α F̃

(X(−)
σ̄

)

𝑘αlβσ
(ω)

]
. (B1)

By comparing the Fourier transformed AEOMs of F̃
(Y (±)

σ̄
)

i jlβσ
(ω)

in Eq. (20) in which we still neglect high order terms

F
(Y (±)

σ̄
)

i jαβσ
(ω) contributing to the RKKY interaction, conse-

quently, we obtain

F̃
(n f σ̄Y (±)

σ̄
)

αi jlβσ
(ω)≈ 1

2
F̃
(Y (±)

σ̄
)

i jlβσ
(ω).

Next we substitute the above approximated results into
Eq. (17) and take the Fourier transformation, then substitute

them into Fourier transformed AEOMs of F
(Y (±)

σ̄
)

i jαβσ
(ω) to ob-

tain
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F
(Y (±)

σ̄
)

𝑘𝑘′αβσ
(ω) =

V
4
√

N

(
1

ω − ε f − ε𝑘+ ε𝑘′
∓ 2

ω − ε f + ε𝑘− ε𝑘′
+

1
ω − ε f −U − ε𝑘+ ε𝑘′

)
×
[

e−i𝑘·𝑥α F
(X(+)

σ̄
)

𝑘′ααβσ
(ω)− e−i𝑘′·𝑥α F

(X(+)
σ̄

)

𝑘ααβσ
(ω)

]
− V

4
√

N

(
1

ω − ε f − ε𝑘+ ε𝑘′
± 2

ω − ε f + ε𝑘− ε𝑘′
+

1
ω − ε f −U − ε𝑘+ ε𝑘′

)
×
[

e−i𝑘·𝑥α F
(X(−)

σ̄
)

𝑘′ααβσ
(ω)+ e−i𝑘′·𝑥α F

(X(−)
σ̄

)

𝑘ααβσ
(ω)

]
+

V
4

(
1

ω − ε f − ε𝑘+ ε𝑘′
∓ 2

ω − ε f + ε𝑘− ε𝑘′
+

1
ω − ε f −U − ε𝑘+ ε𝑘′

)
∑

l
δlα F̃

(Y (−)
σ̄

)

𝑘𝑘′lβσ
(ω)

+
V
4

(
1

ω − ε f − ε𝑘+ ε𝑘′
± 2

ω − ε f + ε𝑘− ε𝑘′
+

1
ω − ε f −U − ε𝑘+ ε𝑘′

)
∑

l
δlα F̃

(Y (+)
σ̄

)

𝑘𝑘′lβσ
(ω). (B2)

Then substitute the above AEOMs into Fourier transformed AEOMs of Eq. (20) and after a tedious but straight forward algebra,
we obtain

F̃
(Y (±)

σ̄
)

𝑘𝑘′lβσ
(ω) =

V√
N

ω

(ω − ε𝑘+ ε𝑘′)(ω + ε𝑘− ε𝑘′)

[
e−i𝑘·𝑥α F̃

(X(+)
σ̄

)

𝑘′αlβσ
(ω)− e−i𝑘′·𝑥α F̃

(X(+)
σ̄

)

𝑘αlβσ
(ω)

]
− V√

N
(ε𝑘− ε𝑘′)

(ω − ε𝑘+ ε𝑘′)(ω + ε𝑘− ε𝑘′)

[
e−i𝑘·𝑥α F̃

(X(−)
σ̄

)

𝑘′αlβσ
(ω)+ e−i𝑘′·𝑥α F̃

(X(−)
σ̄

)

𝑘αlβσ
(ω)

]
− V√

N
J

4U

(
1

ω − ε f − ε𝑘+ ε𝑘′
∓ 2

ω − ε f + ε𝑘− ε𝑘′
+

1
ω − ε f −U − ε𝑘+ ε𝑘′

)
×
[

e−i𝑘·𝑥α F̃
(X(+)

σ̄
)

𝑘′αlβσ
(ω)− e−i𝑘′·𝑥α F̃

(X(+)
σ̄

)

𝑘αlβσ
(ω)

]
− V√

N
J

4U

(
1

ω − ε f − ε𝑘+ ε𝑘′
± 2

ω − ε f + ε𝑘− ε𝑘′
+

1
ω − ε f −U − ε𝑘+ ε𝑘′

)
×
[

e−i𝑘·𝑥α F̃
(X(−)

σ̄
)

𝑘′αlβσ
(ω)+ e−i𝑘′·𝑥α F̃

(X(−)
σ̄

)

𝑘αlβσ
(ω)

]
− V

N
J

2U ∑
α

∑
γ

δlα
e−i𝑘′·𝑥α e−i𝑘·𝑥γ

ω − ε f − ε𝑘+ ε𝑘′
F
(Z(−)

σ̄
)

γααβσ
(ω), (B3)

where J = 4V 2/U , 𝒪(J2) terms have been neglected, and
an additional approximation has been made to replace

F
(X(±)

σ̄
)

𝑘ααβσ
(ω) as F

(Z(−)
σ̄

)

γααβσ
(ω),

F
(X(±)

σ̄
)

𝑘ααβσ
(ω)≈ V√

N ∑
γ

e−i𝑘·𝑥γ

ω − ε𝑘
F
(Z(∓)

σ̄
)

γααβσ
(ω), (B4)

where the multiple-point correlation functions F
(Y (±)

σ̄
)

i jαβσ
(ω) and

F̃
(X(±)

σ̄
)

iα jβσ
(ω) in the Fourier transformed Eq. (9) have been ne-

glected because they have a small correction to the RKKY in-

teraction, and the relation F
(Z(−)

σ̄
)

γααβσ
(ω) ≈ F

(Z(+)
σ̄

)

γααβσ
(ω) has been

used (see Eq. (B9)). Here we would like to emphasize that the
appearance of the RKKY interaction, the last term in Eq. (B3),
justify a posteriori the starting point in L = 2 order calculation.

B2. Solutions to correlation functions of the Kondo and the
RKKY

In order to signal and distinguish different poles of the
Green function, we need incorporate static correlation func-
tions of the Kondo and the RKKY from Eqs. (A4) and (A6),

respectively. For simplicity, under L = 2 order cut-off approx-
imation, we only retain the corresponding static correlation
functions and discard other high order multiple-point corre-
lation functions,

ωF̃
(n f σ̄ X(±)

σ̄
)

αiα jβσ
(ω)≈−δαβ ⟨X̂

(±)
iασ̄

f̂ †
ασ ĉ jσ ⟩−

U
2

F̃
(n f σ̄ X(∓)

σ̄
)

αiα jβσ
(ω),

(B5)

ωF
(n f σ Z(±)

σ̄
)

γγααβσ
(ω)≈−δβγ⟨Ẑ

(±)
γασ̄

f̂ †
γσ f̂ασ ⟩+

U
2

F
(n f σ Z(∓)

σ̄
)

γγααβσ
(ω).

(B6)

In terms of definitions of composite operators and in the low
energy limit ω ∼ 0, we obtain

F̃
(n f σ̄ X(±)

σ̄
)

αiα jβσ
(ω)≈∓

2δαβ ⟨Ŝ+α ŝ(−)
i j ⟩

U
, (B7)

F
(n f σ Z(±)

σ̄
)

γγααβσ
(ω)≈−

2δβγ⟨Ŝ
(−)
α Ŝ(+)

γ ⟩
U

. (B8)
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Then substitute F
(n f σ Z(±)

σ̄
)

γγααβσ
(ω) into Eq. (A1) and only retain

F
(Z(±)

σ̄
)

γααβσ
(ω), we obtain

F
(Z(±)

σ̄
)

γααβσ
(ω)≈−

4δβγ⟨Ŝ
(−)
α Ŝ(+)

γ ⟩
U

, (B9)

where due to Ẑ(±)
γασ̄

n̂ f ασ̄ =± f̂ †
γσ̄

f̂ασ̄ , we have used

F
(Z(±)

σ̄
n f σ̄ )

γαααβσ
(ω) =

1
2

F
(Z(±)

σ̄
)

γααβσ
(ω)− 1

2
F
(Z(∓)

σ̄
)

γααβσ
(ω).

B3. Solutions to the multiple-point correlation function

F
(X(±)

σ̄
)

iααβσ
(ω)

In order to substitute F̃
(Y (±)

σ̄
)

i jlβσ
(ω) into F̃

(X(±)
σ̄

)

iα jβσ
(ω), and sub-

sequently substitute F̃
(X(±)

σ̄
)

iα jβσ
(ω) into F

(X(±)
σ̄

)

iααβσ
(ω), we need to

take the Fourier transformation of Eq. (B3). However it is im-

possible to decouple F̃
(Y (±)

σ̄
)

𝑘𝑘′lβσ
(ω) and F̃

(X(±)
σ̄

)

𝑝αlβσ
(ω) (𝑝 = 𝑘, 𝑘′)

during the inverse Fourier transformation because of momen-
tum indices of particle–hole pair (ω − ε𝑘+ ε𝑘′)−1 which cou-

ples with F̃
(X(±)

σ̄
)

𝑝αlβσ
(ω). To this end, we make an approximation

that the energies of the particle ε𝑝 are set to zero and only con-
sider the sum over the holes below the Fermi surface. Later,
we arrive at 4×4 matrix problem,


A B C D
B A D C
C D A B
D C B A




F̃
(X(−)

σ̄
)

iα jβσ
(ω)

F̃
(X(+)

σ̄
)

iα jβσ
(ω)

F̃
(X(−)

σ̄
)

iβ jβσ
(ω)

F̃
(X(+)

σ̄
)

iβ jβσ
(ω)



=


− JR(ω,r)

U ⟨Ŝ(−)
j Ŝ(+)

β
⟩

− JR(ω,r)
U ⟨Ŝ(−)

j Ŝ(+)
β

⟩
− JR(ω,r)

U ⟨Ŝ(−)
j Ŝ(+)

β
⟩+2⟨Ŝ(+)

β
ŝ(−)

i j ⟩
− JR(ω,r)

U ⟨Ŝ(−)
j Ŝ(+)

β
⟩+2⟨Ŝ(+)

β
ŝ(−)

i j ⟩

 , (B10)

where A=ω−∆αα(ω)−2καα(ω)−ζαα(ω), B= ε f +ηαα +

2καα(ω)−ζαα(ω), C =−∆αβ (ω)−2καβ (ω)−ζαβ (ω) and
D = ηαβ (ω) + 2καβ (ω)− ζαβ (ω), and the explicit expres-
sions are put in Appendix C. After solving the above problem,

we substitute F̃
(X(±)

σ̄
)

iα jβσ
(ω) into F

(X(±)
σ̄

)

iααβσ
(ω) to obtain

F
(X(−)

σ̄
)

αααβσ
(ω) =

V ⟨n̂ f ασ̄ ⟩
D(ω,r)

2Γαβ (ω)[
ω − ε f −U −Γαα(ω)−Γαβ (ω)

][
ω − ε f −U −Γαα(ω)+Γαβ (ω)

]
+

V
D(ω,r)

JR(ω,r)
U

(C+D)⟨Ŝ(−)
α Ŝ(+)

β
⟩

(A+B+C+D)(A+B−C−D)
, (B11)

F
(X(−)

σ̄
)

ββββσ
(ω) =

V ⟨n̂ f ασ̄ ⟩
D(ω,r)

2
[
ω − ε f −U −Γαα(ω)

][
ω − ε f −U −Γαα(ω)−Γαβ (ω)

][
ω − ε f −U −Γαα(ω)+Γαβ (ω)

]
+

V
D(ω,r)

2(A−B)⟨Ŝ(+)
β

ŝ(−)
αα ⟩

(A−B+C−D)(A−B−C+D)
, (B12)

where the terms associated with JR(ω,0) that no spacing en-
ters have been neglected, and D(ω,r) is put in Appendix D. Fi-
nally we substitute above results into Eq. (5) and consequently
obtain the single-particle impurity Green function Eq. (20).

Appendix C: Self-energies of the Kondo and the
RKKY

The explicit expressions of self-energies are as follows:

ΣK±(ω,r) = ηαα(ω)±ηαβ (ω)+καα(ω)

±καβ (ω)+∆αα(ω)±∆αβ (ω), (C1)

ΣR±(ω,r) =−ηαα(ω)∓ηαβ (ω)−ζαα(ω)

±ζαβ (ω)+∆αα(ω)±∆αβ (ω), (C2)

where

καβ (ω) =
J2

4N ∑
𝑘

′ e i𝑘·(𝑥α−𝑥β )

ω − ε f − ε𝑘
, (C3)

ηαβ (ω) =
V 2

2N ∑
𝑘

′

(
e i𝑘·(𝑥α−𝑥β )

ω − ε𝑘
− e i𝑘·(𝑥α−𝑥β )

ω + ε𝑘

)
, (C4)

∆αβ (ω) =
V 2

2N ∑
𝑘

′

(
e i𝑘·(𝑥α−𝑥β )

ω − ε𝑘
+

e i𝑘·(𝑥α−𝑥β )

ω + ε𝑘

)
, (C5)

ζαβ (ω) =
J2

8N ∑
𝑘

′

(
e i𝑘·(𝑥α−𝑥β )

ω − ε f −U + ε𝑘
+

e i𝑘·(𝑥α−𝑥β )

ω − ε f + ε𝑘

)
, (C6)

and the prime on sum represents that the summation is below
the Fermi surface (see Appendix B).

Appendix D: The coefficients in spectral weights

For the sake of clarity, we only show the coefficients of
the Kondo and the RKKY components in Eq. (20),

K+(ω,r) =
[

1
k+(ω)

+
1

k−(ω)
− 1

kU
+(ω)

− 1
kU
−(ω)

]
027102-12
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× V 2

8D(ω,r)
⟨Ŝ(+)

β
ŝ(−)

αα ⟩, (D1)

K−(ω,r) =

[
1

k′+(ω)
+

1
k′−(ω)

− 1
k′U+(ω)

− 1
k′U−(ω)

]

× V 2

8D(ω,r)
⟨Ŝ(+)

β
ŝ(−)

αα ⟩, (D2)

R+(ω,r) =
[

1
r+(ω)

− 1
r−(ω)

]
JR(ω,r)

64
⟨Ŝ(+)

β
Ŝ(−)

α ⟩, (D3)

R−(ω,r) =
[

1
r′+(ω)

− 1
r′−(ω)

]
JR(ω,r)

64
⟨Ŝ(+)

β
Ŝ(−)

α ⟩, (D4)

where

k±(ω) = Γαα(ω)±Γαβ (ω)−∆αα(ω)−∆αβ (ω)

−ηαα(ω)−ηαβ (ω)−καα(ω)−καβ (ω), (D5)

k′±(ω) = Γαα(ω)±Γαβ (ω)−∆αα(ω)−∆αβ (ω)

−ηαα(ω)+ηαβ (ω)−καα(ω)+καβ (ω), (D6)

kU
±(ω) = Γαα(ω)±Γαβ (ω)−∆αα(ω)−∆αβ (ω)

−ηαα(ω)−ηαβ (ω)−καα(ω)−καβ (ω)+U, (D7)

k′U±(ω) = Γαα(ω)±Γαβ (ω)−∆αα(ω)−∆αβ (ω)

−ηαα(ω)+ηαβ (ω)−καα(ω)+καβ (ω)+U, (D8)

r±(ω) = Γαα(ω)±Γαβ (ω)−∆αα(ω)−∆αβ (ω)+2ε f

+ηαα(ω)+ηαβ (ω)−ζαα(ω)−ζαβ (ω), (D9)

r′±(ω) = Γαα(ω)±Γαβ (ω)−∆αα(ω)−∆αβ (ω)+2ε f

+ηαα(ω)−ηαβ (ω)−ζαα(ω)+ζαβ (ω), (D10)

D(ω,r) = Ω(ω,r)− V 2

ω − ε f −U −Γαα(ω)−Γαβ (ω)

− V 2

ω − ε f −U −Γαα(ω)+Γαβ (ω)
, (D11)

where

Ω(ω,r) = ω −Φαα(ω)+Φαβ (ω) (D12)

with

Φαβ (ω) =
V 2

2N ∑
𝑘

(
e i𝑘·(𝑥α−𝑥β )

ω − ε f − ε𝑘
+

e i𝑘·(𝑥α−𝑥β )

ω − ε f + ε𝑘

)
. (D13)
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