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The higher-order Kaup—Newell equation is examined by applying the Fokas unified method on the half-line. We
demonstrate that the solution can be expressed in relation to the resolution of the Riemann—Hilbert problem. The jump
matrix for this problem is derived from the spectral matrix, which is calculated based on both the initial conditions and
the boundary conditions. The jump matrix is explicitly dependent and expressed through the spectral functions, which are
derived from the initial and boundary information, respectively. These spectral functions are interdependent and adhere to

a so-called global relationship.
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1. Introduction

In Ref. [1], Abhinav et al. gave coupled equations

@ = iqx — (4B + 1)g*re — 4Bqgsr

+%(1+2ﬁ>(4ﬁ+1)q3r2, (1)
Iy = —1ry — (4ﬁ + 1)V2qx—4ﬁrrxq
—L(142B)(4B + 1)gr, @

when f = —1/2 and r = —¢* the system (1), (2) reduce to
discrete nonlinear Schrodinger equation (DNLS) I

ig+ g —i(g°q")x =0, 3)

the symbol “* is used to indicate the complex conjugate, and
the subscript notation for x (or ) is a way to denote the partial
derivative taken with respect to x (or ¢). Equation (3) is alterna-
tively referred to as the Kaup—Newell (KN) equation, as cited
in Ref. [2]. In recent times, extensive studies have been con-
ducted on the KN equation, focusing on aspects such as spec-
tral issues, exact solutions, Hamiltonian structures, Painléve
properties, and other characteristics, as detailed in Refs. [2-8].
Equation (3) is a classic dispersion relation, originating from
the magnetohydrodynamic equation that includes the Hall ef-
fect. It specifically characterizes the nonlinear Alfvén waves
in the field of plasma physics, as discussed in Refs. [9-11].

While setting § = 0 and r = —g*, the system consisting
of Egs. (1) and (2) simplifies to the DNLS II form

1q; + G — 199" ¢x = 0. )
TCorresponding author. E-mail: skd991310@sdust.edu.cn

CSTR: 32038.14.CPB.ada54e

If B =1/4 and r = —g*, the system composed of Egs. (1) and
(2) is transformed into DNLS III

i+ g — 1°q+ 561361 2=0. 5)

FanB! provided a higher-order generalization of Eqgs. (1) and

2)
1
0 — 3 [2ec = 6(2B — 1)rg; — 6(4B — 1)gq.r«

76(213 - 1)4”‘]xx+6<2ﬁ - 1)(4ﬁ - l)q3rrx
+3(882 — 12B +3)¢*r*qx

+4B(2B —1)(4B —1)g*r’] =0, 6)
T — % [2rxxx —6(28 — 1)qr)2c —6(4B — 1)rgyry

—6(2 — 1)grrc+6(2B — 1)(4B — 1)grq,
+3(882 — 12B +3)¢*r?r,
+4B(2B —1)(4B — 1)g’r*] =0. )

The systems (6) and (7) serve to illustrate the complex non-
linear impacts in the realm of nonlinear optics and similar ar-
eas of study. Equations (6) and (7) also have three important
Schrodinger-type reductions.

Initially, with § = 0, under the transformations x — ix,
t — it, and r = —g*, the systems of Egs. (6) and (7) are trans-
formed into

1 3i 3
qr = _E%cxx'f' <2|512QX>X+ <4Q|4Q)x- (®)
This can be regarded as the higher-order DNLS I or the higher-
order Kaup—Newell equation.

© 2025 Chinese Physical Society and IOP Publishing Ltd. All rights, including for text and data mining, Al training, and similar technologies, are reserved.

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

030203-1


https://doi.org/10.1088/1674-1056/ada54e
https://cstr.cn/32038.14.CPB.ada54e
mailto:skd991310@sdust.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B 34, 030203 (2025)

Given that n = 3 and the parameters are suitably chosen,
Eq. (8) can also be obtained from the generalized KN hierar-
chy.

Next, with B = 1/4, as x approaches ix, ¢t approaches
it, and r is set to the negative of the complex conjugate of
q, Egs. (6) and (7) transform into

qr = _%LIXxx_ %|q|2%¢x— %q*qz‘F%‘QﬁQx- )
The equation can be regarded as the higher-order DNLS II or
higher-order Chen—Lee-Liu (CLL) equation.

Third, when 8 = 1/2 and x — ix, r — it and r = —g*, the
systems (6) and (7) become

4 = —%qxxﬁ%qqxq;— %Iql“qx. (10)
The equation can be considered as the higher-order DNLS III
or higher-order Gerdjikov—Ivanov (GI) equation.

In this article, we employ the Fokas unified approach to
investigate the Riemann—Hilbert (R-H) problem for the higher-

(14-17] analyzed the

order KN equation on the half-line. Lenells
existing literature on the initial boundary value problems and
R-H problems on the half-line. In this research, we apply the
Fokas method to broaden Lenells’ examination of the initial
boundary value problem for the finite interval (—eo,0]. The
structure of this paper is summarized as follows. In Section 2,
we present findings pertaining to the higher-order K-N equa-
tion and decompose the characteristic function to examine the
interplay between its respective components. In Section 3, we
consider the jump matrix G(x,¢) with explicit dependencies,
utilizing the spectral functions f(&),z(&) and F(§),Z(&),
with the initial data go(x) = ¢(x,0), ¢;(x) = ¢*(x,0) and
boundary data ho(z),h(t),h2(z) and go(2),81(¢),82(¢). This
issue involves crossing the boundary ImE® = 0. The spectral
functions show a relationship of interdependence and are tied
together by a uniform condition known as the global relation.

2. Fundamental Riemann-Hilbert problem

In this section, we introduce the Lax pairs for the equa-
tions and the segments situated in the complex plane, as well
as the matrix that facilitates the transition between these sepa-
rate segments.

2.1. Formulas and symbols

(i) The Pauli matrix can be expressed as 03, 03 =

LON o (01N o _ (00N ._(10Y)
o—-1/)"""\oo/) """ \10/)°"+*"\00)’

. (00

=191/
(i) The matrices A and T are both 2 x 2 in size, with A
denoting the commutator of 7'; this means [A,T] = AT — TA.
(iii) The matrix commutator is given by 63, and in this
paper, we compute ¢% as ¢S = e%Se %,

(iv) The complex conjugation of a function is denoted by

a line above the function symbol, such as, s(-).

2.2. Lax pairs

Lax pairs for the higher-order KN equation have been ob-
tained in Ref. [3]. The higher-order KN equation is required to
adhere to the Lax pair criteria for generic parameters, & € C,

as follows:
o) (x,1:8) = M(x,1:8)Y (x,1:&),
9J(x,1;6) =N(x,1;8)Y (x,1:8), (1D
where
Q:<_(;*g>, sz(_‘;;‘{;‘). (12)
Assuming

Yy =Jel @280 o v<0 0<i<T,  (13)

we obtain the corresponding Lax pair
Jo+i8%[03,J] = £QJ, (14)
Ji42iE%03,J] = EPJ. (15)
The Lax pair can be represented as
d (ei(§2x+2§6t)6'3_](x7t;€)> _ ei<€2x+2§6t)6su(x7t;§)17 (16)
where —o <x <0, 0<7r<T,
U(x,1:8) = Ui (x,1:§)dx+ Us(x,1:6)dt,
Ui(x,1;8) =80, Uz(x,1;8) =Ny,
where
P = 208"~ 0’038’ +i030:87 + 0’
1 3.
~5(00:~0:0)¢ - Ji0" 03¢
1 3. 3
—5Qu+51030°0c+ 30%,
N =208 ~iQ%038" +1030:87 + 0°¢7
1 3.
—5(00x—0x0)§? ~ 10" 03¢?
1 3. 3
_EQxxé + 5163Q2Qx§ + ZQS‘gv
and also
Ni = 2(qo+ —q"0-)8 +i(qq 0} —qq* 07 )"
+(ig:0s +igyo-)E’

1 3. .
+ {2(qq§ —q'qy) — 41q2q*2} o} &’

+ {2(qu —qiq)+ Zlqzq 2} crE?

030203-2
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1 3, 3.,
- (—2%— 5999+ Zch 2) o_&

1 * 3i * % 3 2 %3
+(2qm2qq = 444 >6§-

In tackling the inverse spectral problem using the R-H method,
our goal is to derive a spectral solution that converges to the
identity matrix as & — co. As the result does not conform to
the attribute, we apply the Lenells method to Eq. (16) in order

to derive the expected asymptotic behavior.!14-17]

2.3. Analysis of spectra and limiting behavior analysis

Suppose that the following represents the structure of a
solution for Eq. (16):

Dy D, D3 Ds Ds
atpta’s

J(xJ;é‘):Do—i—?—F +ﬁ(%)7
& —> oo,

where Dy, D1,D;,D3,Dy4, D5 are not affected by &. Compari-
son coefficients, we obtain

( 2) : i[Gg,Do] = 07

(&) : i[o3,D1] = QODy,

O(1): Do, +1i[o3,D;2] = 0Dy,

o(s
o(g

where Do denotes a matrix composed solely of diagonal en-

tries. .

Let Dy = (Dg D022 > Utilizing O(&), we obtain the

0
expression
po_ [ 0 3D
1 i sl ’
24Dy 0

where Dgo) is the off-diagonal part of D;. Utilizing O(1), we
obtain

1, 1
Doy = ——030*Dy = —qq* (0" — 6*)D. 17
0x 2163Q 0= 5794 (6 —02)Dyg (17)

Using Eq. (15), the coefficient of comparison, we arrive at

0(£°%) : 2i[o3,D] =0,

O(&°) : 2i[03,D1] = 20Dy,

0(&%) : 2i[o3,D,] = 20D — Q03D

O(&): 2i[03,D3) = 1030:Do + Q* Do
—i0*03D1 420D,

O(8%): 2i[03,Di] = ~ 3 (00~ 2:Q)Do

3. .
- Z1Q40'3D0+163QXD1

+0°D —iQ%*03D, +20Ds3,

. 1 3.
0(51) : 21[(73,D5] = _EQxxDO'i' 5163Q2QxD0
3 5 1
+ ZQ Dy — E(QQ)» —0.0)D)
30 - 3
4lQ 03D +1030:D>+Q°Ds
—iQ%03D;3 +20Dx,
O(1) : Dy =20Ds — iQ*03D4 +1030.D3 + 0’ D3
1 3.
—5(00: = 0:0)D> — 7iQ" 3D
1 3., 3
—=0uD1+ 51030°0'D1 + 0’ D;.
2 2 4
The following relationship can be derived from O(&'):

(0) 1 3 0 3 5
DY = ——630.Do + = 0%0:Do + — 630°D
5 SiGSQxx 0+8Q O 0+16iG3Q o

1 1) 3 o 1 d
57 93(00:~ 0:0)D)" — =0'D" + 2 0.D5"

400 Dy — 22 D&‘ME@QDS1 ), (18)

the off-diagonal element of D3 is represented as D<3°), while

the diagonal element of D, is indicated by ng). By utilizing

Eq. (18) and adopting a computational complexity of O(1), we
can obtain the intended outcome

1 1 7
Do = = -0300uDo + 32030 0Do + §Q3 0Dy

1 ; 1 1
- Dy — —030°Dg + —Q°D,
+863QxQ 0 16iG3Q 0+16Q 0

5 1 i
~20°0,0D) ~ 500,0°Do + i@QﬁDo- (19)

Using Egs. (17) and (19), we arrive at the following definition:

(x7t>
Do(x,1) = exp (1/( )AG3> , (20)

X010

where
A1) = &1 (6, dr+ Ao, 0)d, Ay(et) = 502, QD)
1 1 7 1
Ao(x,1) = =300 — 7 0nQ + - 0°0c03 + - 0.0’
1 e 1 4 5 5
+ 152" — 15 2°0s — 57 2°0:Q0;
1 2 1 2
— 500:0%03 + 1 0%, 22)
8i 4

and (xo,#p) € D simultaneously. In order to simplify calcula-
tions, we select (xo,%) = (0,0). Since the integral in Eq. (20)
is invariant to the path taken, we may define a new function
A(x,1;€) as follows:

cop(xt) oA
J(x,6:8) = 00 2% (x,1,€)Do (x,1),

—eo<x<0, 0<t<T. (23)

030203-3
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Then,

A(n1E) = 1+ﬁ<g>,

Following a direct calculation, we arrive at the Lax pair as

E = . 24)

given in Eq. (16)

d[e! 2N (x 1 E)] =W(x,1E), E€C,  (25)

where
= el EH2ENS (¢ 1 EVA(x, 15 ),
=H (x,1;€)dx+ Hp(x,1; &) dr

(xt) A
e 00A% [y (x, 1 E) — iAGs).

With the provided definitions of U (x,;£) and A, it is feasible
to deduce both H; and H,:

, e
bagt gge Poo?
Hl (xvt;é;) = o) s ’
—grge oot _igy

' H}' H)?
Hng)=| 0
H2 H2

where

1 3 i
Hy' = iqq"& + 3 (aq} — ' 0)8” — T 4°47° 8 — Jana

i, 7, 1 11i
_ZCIqu g‘] q 94— gqq t]x-l-RCI 6]

i 3 %3 5 1 2 % %

16‘] q +8qq q,v‘i‘gq qx49 +4qq )

—2i D) 4 ) . 1
HP2 = 7008 (2685 +iq,83 — q"E — Squé

3 3,
~5 44 9x$ +fq3q 25),

2i [0 4 X
' = 00t (2g" 8 4G 4 agE + 10

~544° %6~ fq q 35)

1
HP? = —igq* &'+ 59" —4q q)E*+ q 222 4 ) et

2 % %

1 11i
46]qu 8‘]4 C]ergqqqx*?qq

i 3 *3_|_5 2 % *_|_1 i *

l6q q 8‘] q 49x 8‘]‘1 ‘Ix 4qq .
Then Eq. (25) for A(x,#;&) can be written as
=HiA, A +2iE%03,A]

A +1E%[03,A] =HA, (26)

where —0 < x<0,0<t<T, & €eC.

2.4. Characteristics functions and their interconnections

We investigate the scenario in which the domain D is
specified as the region {—o < x < 0,0 < < T}, where
T denotes a constant positive quantity. In accordance with
Refs. [12,13], we delineate three particular solutions to
Eq. (25). The functions A;(x,,&) are characterized as 2 x 2

matrix-valued and are established by

/'Lj(x,t;f) =1+

(xjt)
where —o0o < x < 0, 0 <t < T and [ is the identity matrix.
As depicted in Fig. 1, the integral corresponds to a contin-
uous line that links the points (x;,7;) and (x,7), demonstrat-

(x:0)

e IEENGW (2 E), 27)

ing the subsequent values: (x;,t;) — (—eo,1), (x2,52) = (0,0),
(x3,23) = (0, 7).
t
(0,7)
(3,3)
(—oo,t) o (x,t)
(xhtl)
(0,0) z
($27t2)

Fig. 1. Three distinct locations in the (x,#) coordinate space.

The value of the integral remains unaffected by the cho-
sen integration path, according to the principles of mathemat-
ical analysis, while A, A5, and A3 are mutually independent.
The functions A;, A,, and A3 are established through the anal-
ysis of diverse paths within the complex &-plane. Returning
to the idea presented in Ref. [6], we select three separate paths
that converge to the point (x,7), as illustrated in Fig. 2.

Based on the above analysis, we obtain

ll(xJ;é‘):I—i—/x 18 (T8 (12 ) (1,1, € ) d
(7-)83 H[lz)(f,t,&)

- /0 0% (1325)(0,m, ),

0 . .
),3(x,t;€)zl—/ 162955 (1, 43) (7,1, &) d T

Jx
-t [ 0 1,30) 0,1, 8)an
t (28)
The selection of the path yields the following inequality:
(x1,t1) = (x,7) 1 —e0 < T < x,
(x2,12) = (x,1

(x3,23) — (x,t

)ix<t<0,0<n <1,

)ix<1<0,r<n<T.

030203-4
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t

(0,7)
(23:t5)
(_Ooat) .
(‘rlvtl) (J,‘,t)
(0,0) x
(x27t2)
t
(0,7)
(23:t5)
(—oo,t)
(z1,t1) (z,t)
(0,0) x
(%a,t2)
t
(0,7)
(w3,t3)
(_Oo7t) .
(xlvtl) (x’t)
(0,0) x
(%a,ts)

Fig. 2. The A, A2, and A3 in the (x,7)-domain.

It has been found that e~2i¢>(") and e~#i¢°(M~1) are ele-
ments of the first column in the matrix represented by Eq. (27).
By employing the previously mentioned inequality, we can
note that these expressions are constrained. As a result, we
can partition the complex &-plane into six separate sectors:

D (x,158) - (x1,81) = (x,1) - {ImE2 >0},
AV 05E) 1 (v2,12) = (x,1) : {ImE? < 0} ({ImE® > 0},
D (@,18) : (x3,13) = (1) : {ImE? < 0} ({ImE® < 0}.

The second column is the inverse of the first column as indi-
cated in Eq. (27). Consequently, the result of the second col-
umn is the negation of the first column, which is constrained
within
P, 18) : (n,n) = (6,0) : {Im&? <0},
2
AP (5,158) : (2,12) = (x6,0) - {TmE? > 0} ({ImE® < 0},

P, 18) 1 (x3,1) = (0,1) : {Im&? > 0} (){ImE® > 0}

We provide D; (j = 1,2,3,4,5,6) in the complex plane of & as
Dj=¢jU(—¢;), e ={E € Clkn+ i n < Argé <kn+in},
—gj={-EcClEce}, j=1,23,456k=0,+1,+2,...,
(see Fig. 3).

Fig. 3. The £-plane is partitioned into regions D, j =1,2,3,4,5,6.

Next, we obtain
A1 8) = (A (s ), 40P (x,1:8)),
M(x,158) = (A% (x,1:6), 4, (0,13 £)),

A3(x,1:8) = (AP0 (x,1:8), 47193 (x,118)). (29)

The A; functions serve as the critical eigenfunctions required
for constructing a R-H problem within the complex &-plane.
Nevertheless, the functions 1,(0,#;€), A3(0,2;&), A2(x,0;€),
M(x,T;&), 22(0,T; &), and A3(0,0; &) remain bounded within
more extensive regions:

22(0,6:8) = (4173905 (0,1:8), A29P4P5(0,1:8)),
13(0,1:8) = (A2P19P8(0,1:8), A90P3P5(0,1:8)),
Mo (x,0:8) = (A *0P50P0 (x,0:€), A719P29P3 (x,0:€)),
Ma(x, T1€) = (AP Pe (e, 1 8), A01P2P5 (x,T1€)),
22(0,758) = (5 (0,T58), 2527772 (0,75)),
23(0,0:€) = (A72°P4°P0(0,0:€), A71°PP5(0,0:€)). (30)

The A; satisfies the condition that A;(x,7;§) =1+ ﬁ(%)
§— o0, j=123.

2.5. The spectral functions and their propositions

By examining the individual D; (j = 1,2,3,4,5,6) do-
mains and computing the jump matrices that link these re-
gions, one can formulate the R-H problem. The results suggest
that the correlation jump matrix can be specified in terms of
two spectral functions v(&) and V (£), both of which are 2 x 2
matrices. The composition of these matrices is delineated as
follows:

Mo E) = Ma(xE)e E2E0oy ) (31)

030203-5
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Ma(x,158) = Ma(x,1; ) e T EHENGBY () (32)
Calculating Eq. (31) at (x,¢) = (0,0), one obtains
v(§) =241(0,0:8). (33)

When Eq. (31) is evaluated at (x,7) = (0,7), it is indicated that

V(E) = (279 ,(0,7;¢)) ™"
V(€)= (20 (0,T38)). (34)
Furthermore, Egs. (31) and (32) imply
Ma(6,1:8) = M (x,13€) e T EF 200 () 7TV (&), (35)

This will lead to the establishment of the overall relationship.
Subsequently, by assessing the function A (x,0, &) at the point
x = 0 and the function A,(0,z,&) at the instant t = T, we can
derive the functions v(&) and V(&). Additionally, these func-
tions, denoted as A;(x,z;&) (where j = 1,2,3), comply with
the following formulas:

A1 (x,0;8) *I+/
A2(0,1;€) _I+/

(t-x)63 Hlll)(f,o,é)df
*(1-0%3 (Hy2,)(0,1, &) dn,
(= xa’ (H1A2)(7,0,&)dr

% (Hy2)(0,m,§)dn. (36)

We calculate the result of the equation H; at ¢t = 0, and con-
sider go(x) = ¢(x,0) and g(x) =
ues for ¢(x,7) and ¢*(x,t), respectively. Define k(1) = ¢(0,1),
g0lt) = g (0,1), (1) = q:(0,1), and g1 (1) = g3(0,1), h(r) =
qxx(0,1), g2(t) = ¢%,(0,¢) as the boundary values for ¢(x,7) and
q*(x,1), and establish the value of the calculation when x = 0

q*(x,0) as the initial val-

as H,. Taking these findings into account, we can acquire

Lo a0 (x Ee2if5 A
Hy (5,0:8) = 240( )@( ) qo(i)ie 7
—g5(x)& e AT —5q0(x)q5(x)

H}' H)?
HB0.658)=1{ 0 ]
H2 HZ

where
= iho(1)80(1)&* — 2 hol1)g0(1)287 + 1 ho(t) s0(e)
— k(1500 + Tho(0)go(e),
HY? = o0 [0 0)6° — ho(eg0(0)8”
+ 2 ho(0) 201,

13 = P 2g (08 + ho(o)o (127

2 o100,

4

HE = —iho(0)go(1)E* + 2 ho(1) g0 (1)°E

4
— g holt o)} = S0 80(t)* — shol0)eos)

The calculation of H;(x,0;&) and H»(0,7;&) depends solely

q5(x), ho(t), h1(t), go(t), and g1(t),
(). Consequently, the initial conditions specify the

on the functions go(x),
ha(t), g2
integral in Eq. (23) that computes v(& ), and the boundary con-
ditions are employed to establish (), k1 (1), go(t), g1(f) as
well as hy(t), g2(¢) via the integral in Eq. (23), which in turn
determines V(&). The following declaration describes the ana-
lytical properties of the matrices A(x,#;§) (j=1,2,3) derived
from Eq. (23).
Proposition 1 The matrix functions

(e 1:8) = (A (x,1),
11 )’12

A ) = (121 ;Lzz>7 j=123 @D

present the following analytical attributes:

(@) detdj(x,1;§) =1, j=1,2,3.

(i) The analytic characteristics of the function
).l(l)(x,t;é) are evident, and 51511 l](l)(x,t;é) =(1,0)T, & €

{Im&? > 0}.
(iii) The analytic characteristics of the function

Y Peng) =017 &€

7 (x,15&) are evident, and 25lim A
—yo0

{Im&? < 0}.
(iv) The analytic characteristics of the function

Zél)(x,t;é) are evident, and giilzolgl)(x,t;é) = (1,07, £ €
{Im&? < 0} N{Im&® > 0}

(v) The analytic -characteristics of the function

Zéz)(x,t;é) are evident, and giirlcléz)(x,t;é) = (0,1t &€
{Im&?* > 0} N{Im&° < 0}.

(vi) The analytic characteristics of the function
lgl)(x,t;é) are evident, and 5lim 13(1)(x,t;*g') = (1,0)T, & ¢
—yo0

{Img* <0} N{Im&° <0}.

(vii) The analytic characteristics of the function

s wnE) = (0,107, &€

37 (x,1;8) are evident, and ghm A

{Img? > 0} ({ImE® > 0}.

Given that A (x,1;E) =140 (%) as & approaches infinity,
it is understood that A (x,7; &) converges to the identity matrix
as & — oo, Consequently, the first row of the matrix converges
to (1,0), while the second row converges to (0, 1).

For j =1,2,3, A(x,1,§) = Aj(x,1,&) satisfy the symmet-
ric relation:

Proposition 2

A8 =A2(x,1E), A2 (x,nE) =22 (x,1E), (38)
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as well as
ANt =8) =AM (0,1:6), AP (x,1:-8) = AP (x,15),
A2 (x,15-8) = =A% (1,1:€), A2 (x, 15— &) = A2 (1,1 E).
(39)

We have the ability to create matrix functions v(&) and

V(&)

Proposition 3

v<é>—<f<? Fo) (5)>. o)
(@ 1¢) 2() (&)

The definitions of A; and A, have implications that encompass
both v(§) and V (&),

~
N
—~
(T
~—

0 .
W(E) = 21(0,0: ) :1+/_oo 16775 (F, ) (1,0; € ) d T

viig) =e
T e
:I_F(/O o218 1% (HyA2)(0,1;€)dn

72i§6T63)~2 (0’ T: g)
(41)

The subsequent attributes can be deduced based on the condi-
tions of the determinant

FEON L (MN00E
(z‘)_ll R PEIX:
(

)

(é) ( )

Z(g) (2 . - )Lllz 070;5)
( (5)> 000 (A%Z(ao;é) |

F(¢E) (0,7
(—z@ 4i¢6T> 08 - (Zlio r 2)
—4i&oT 12

e _Z(é) :),2(2)(0,]", ):<7‘2 (0,7 é)>,

F(&) A32(0,T;8)

M (x,0;8) + 2120217 (x,0:€) = Hy (x,0;€) A7) (x,0;€),

& € D4\ Ds| JDs, —o0 <x<0;

AP (0,1:6) +4iE0aA (0,1:€) =
& eDy| D4 D6, 0<1<T,

10
where 6 = (0 0>,

H(0,1:6)247(0,158),
(42)

detv(&) =detV (&) =1,
f(=8)=f(8), «(=&) = —z(&),
F(=8)=F(8), Z(-§) = -Z(%),
FEf(E) -=&)xé) =1,

), & — o0, ImE? >0,

1
); 2 (5)=ﬁ’(g

= ﬁ(é), & — o0, ImE® > 0.

f(i)—1+ﬁ(

e \

F(§)=1+ﬁ(g), Z(6)

These characteristics can be inferred from the analytic
and boundedness of A; (x,0;&) and A,(0,7;&), in conjunction
with the necessity for a determinant of one and the limiting be-
havior of these eigenfunctions as & approaches certain values.

2.6. Jump matrix

We show that the spectral functions are interconnected in
a holistic manner, rather than operating independently. The
R-H problem pertaining to the higher KN equations can be in-
ferred from Refs. [18-28]. Equations (31), (32), and (35) must
be expressed in the form of jump matrices.

For the purpose of simplicity, let us suppose that

0(8) = E7x+28"%,
p(&) = FIEIF(E) —2E)Z(E)
B(S) = f(8)Z(8) - F(S)z(S)

Consider the function L(x,; &) defined as follows:

L (1,6) = (Af«*(x,né» f)ws;g)(x’“é)),

S € Ds,

L' (x,1,8) = (A?“l’ﬁ(x,m:) DMSU(Df’)( 5)>,

£ € D4UDsg,

12 (5,1,8) = (’“Dlefg)(x”’@J?lw%x,né)> ,

£ €D UDs,

12 (5,1,8) = (W,wwé)) ,

& eD;. (43)

These definitions show that

detL(x,t;é) =1, L(x,t;é) :I-i-ﬁ(é

Theorem 1 Assume that g(x,#;&) is a smooth function

), & = oo

and L(x,t;&) is given by Eq. (43), which complies with the
conditions of the jump setting

Ly(x1,8) =L (x,1,6)G(x,1,§), ImE®=0,  (44)
where
Gi(x,1,8), Argé =kmorkn+ 7,
G(x,1,§) = ¢ Ga(x,1,8), Arg§ =km+ g orkm+ %, (45)

G3(x,1,€), Argé =km+ 27” or ki + %”,
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with
&) .—2i0(¢)
) 1 GN
1(x,1,8) = _ ) ie(e) L_ ’
f(€) F(E)f(&)
% e_zle(é)z(g)
Ga(x1,&) = G ’
0 p(&)
TR
&)
G3(X7t,§): .p “E pd)
e—219(§)Z(§) %

Proof We formulate Eqs. (31), (32), (35), and (44) as fol-
lows, thereby delineating their interconnections and deducing
the conditions for the jump environment:

AP = f(E)2 +2(8) 0022, )
llDwDSuDﬁ :1(5)67216 ;LzDs —I—f(é)lzDz,

ADaUDs _ p(E Z(E\a2i0(£) 9 D2

PP = PO +2(E)et09n2, )

0 = 2(8)e ORI 1 F(§)1,

)

7L3D4UD6 _ @%DIUDZUM + eZiG(é)@AILMUDSUDo

7L3D]UD3 _ e—2i6(§)ﬁ(§)lll)1U02UDs +p(§)7LlD4UD5UD6.

By employing Egs. (46)—(48) in association with the intercon-
nections between various boundaries, it is possible to infer the
jump matrices G;(x,t; &) fori =1,2,3:

AP““DSUDﬁ(x,n&)]

Ds (.
A n8), =

A2 (x,1,8) | Gi(x,1:8),

DUD,UD3
)L )C,t,é) ADluDg

_ ol (x,1,6)

_ _llDluDzuD3(x,t,§) )LZDZ()CZ‘ 5)

i f(&)

lDS (x,1,8),

Gz(x,t;é),

)UD4UD5UD6 (X ¢ é) ]

f(&)

)LD4 UDsUDg (x é

= [ (x,1,6),
i p(S)
This completes the proof.

Hypothesis 1 Regarding the functions f(&) and p (&), we
postulate the following.

(i) f(&) contains 2s simple zeros {{ ]}251 (2s =251 +
257). We assume that Cj (j=1,2,...,2s1) pertains to Dy U
DsUDg, and &; (j = 2s1 + 1,25 +2,...,
Dy UDs.

Gs(x,1;8). (49

2s) pertains to Dy U

(ii) p (&) contains 27 simple zeros {€ ]}5’: | Qt =211+ 21n).
We assume that €; (j = 1,2,...,2¢) pertains to Dy UD, U D3,
and &; (j =2t; +1,2t1 +2,...,2¢t) pertains to D4 UDs U Dg.

(iii) Differences exist between the elementary zeros of

f(&) and those of p(&).
The solution represented by [L(x,¢

;)] is applied to ad-
dress the R-H problem for the initial column, and [L(x,#;§)]»
is employed for the purposes of the second column. The
residue at the point associated with the function L(x,#; &) can
be computed using Eqgs. (31), (32), and (35). We can write
f(&)=df/dE and p(§) = dp/dE.

We can then derive the following proposition:

Proposition 4

(i) Res{[L(x,1;§)]2, &)} =

1,2,...,25.

(ii) Res{[L(x,1:&)]1, {j} =
2s1+1,2s14+2,...,2s.

(iii) Res{[L(x,t;é‘)bjj} = -
j=2n+1,26142,...,2t.

. eZiG(sj)m

(IV)RCS{[L(X,Z‘;é)]l,Sj}:—T)'/
1,2,...,2t.

Proof Consider the pair

o210 )
e P =

sl g =

) pis.
&P (x158))],

[Llx1:€))]0, j =

25 (.0,8),p 7 AP P (x1,8)]

noting that the zeros {; (j = 1,2,...,2s1) of f(&) correspond
to the poles of p_l(é)lf)4UD5UD6 (x,1,&).
Then, we consider

2,P4UDsUDg X
Res{ ! f(i)( tg)>§j}

)LID4UD5UD6 (x,t,é)

f(&)

= glmgl/(é 9

_ a/ll)4UD5UD6 (.x,t,é)

f(&)

Inputting & = {; into the second part of Eq. (48) generates

AID“UDSUDG (x,1;8) = Z(Cj)?LzDS (x,1;¢5) e 210(5)),
Furthermore,

AIILNDSUDG(XJ;&) 1 Z(Cj)CiZie(gj)lgDs(x’t;Cj)
RCS{ 7@ 6= 7(&) .

The same can be said for others.

2.7. The inverse problem

Equation (44) for the jump relation is identical to

Li(x,t;E)—L_(x,1;&) =L_G(x,1;&), (50)
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where G(x,1;&) = G(x,1;€)
pansion is derived using Proposition 1, Proposition 2 and the

— 1. The function’s asymptotic ex-

asymptotic conditions stated in Eq. (28):

Lnig) =1+ 25 o), g geir n
where I' = {£% = R}. Applying Egs. (50) and (51), one can

obtain the subsequent results

1:8)G(x,1:8")

Lniig) =1+ o [ EAREIGRES g g e,
(52)

then
L) =~ [ LeasE)GnENag. 59

The potential function m(x,t) can be ascertained using the
spectral functions A4;, where j ranges from 1 to 3. We intend
to reconstruct the potential function m(x,). As shown in Sub-
section 2.2, we provide proof that

122
D\ = | X 1 2420 .
1 Zq*DO 0

As & —> oo, the function D(x,t
Dy

;&) can be expressed as Dy +

7 +2 ;;2 +2 §3 + 55 +ﬁ(€6) satisfying Eq. (16). Conse-
quently,
. 2i [0 A
q(x,1) =2im(x,1)e” 007, (54)
where
mj
Alx,1,€) = I+?+ % +§++&§4 + o 65

1
+0(5). €
is the corresponding solution of Eq. (11), we obtain
qg=4ml*, q:q— qq, = 4(mm, — niniy) +16i|m|*.

Next, we can address the inverse problem in the following
manner.

(i) Use any one of the three spectral functions A; (j =
1,2,3) to compute m(x,t) according to

i) = Jim (EA,(x.1:8)n (59

(ii) Determine A (x,t) from Egs. (21) and (22).
(iii) Finally, g(x,?) is given by Eq. (54).

3. Spectral functions and Riemann—-Hilbert prob-
lem

In this part, we delve into the analysis of spectral func-
tions and address the R-H issue. Here are its definitions and
attributes.

3.1. Attributes of spectral functions

Definition 1 [Regarding f(£) and z(&)] We suppose that
qo(x) = ¢(x,0), and define the map

S:{qo(x)} = {f(£),2(8)},

where f(&) and z(§) are spectral functions

28\ _ @ ey (MEE0E)Y | e
(i) ~#7600 = (Grag ) me<o

with

2 (x,0;€) f1+/ (593 (1, 24) (7,0:€ ) d

Hi(x,0;&) is represented in terms of g(x,0;&)

240 * X x)ce ifo A
H1(x,0;.§):< 395 ( )QEF BA qo(i)'g’ 2i f§ A )
~aE I —3a0(x)g5 )

Proposition 5 The key characteristics of f(&) and z(&)
are listed here:

(i) For ImE? <0, £(&) and z(&) are analytical.

(i) f(§) =1+ 0(3).2(8) = O(g) as & — oo, ImE> < 0.

(iii) As Q : {f(&),2(§)} = {qo(x)} and S~ = Q. The

definition of the inverse mapping S for Q is given as

qo0(x) = J(6,8))i2,

m(x) = —21515130(&@) (x,6))a1,

2i lim (ELV

§reo

where LY (x, £ ) meets the following R-H condition (see The-

orem 2).
Theorem 2 Let
D4UDsUDg

(x) D4UDsUDg l1 (X, é)

L ) = ) s ey )
Z(x,8) <7La (x,€) 7©

Imé? <0, & € DyUDsUDg,

L (€)= (Ma’)” (x,@) 7

f(&)
Imé? >0, £ € DyUD,UDs. (56)

Then, LW (x, &) satisfies the following R-H problem:

(x) 2
@) L) = L bos) Ime 20

L9 (x,&), mE2 <0
alytic function.

(i) LY (x,8) = LY (x,£)G (x,€), €% € R, and

is a piecewise an-

o =| 1 , ECER. (57)
B FEFE)
(iii) LW)(T, g)_1+ﬁ(é) & — oo,
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The f(&) contains 2m simple zeros {9;}3", (2m = 2m; +
2my), and we assume that ¥; (j = 1,2,...,2my) is a part of
D4 UDs U Dg and 1§j (j=2m;+1,2m +2,...,2m) is a part
of D{UD,UDs.

[Lgf) (x,&)]1 possesses simple poles at & = ¥¥;, for j rang-
ing from 1 to 2m;. The positions of the simple poles within
[L(,x) (x,€)] are located at & = 0, for j taking values from
2m + 1 to 2m.

The residue requirements are as follows:

(19]) e—liﬂ}x

Res{[L™) (x,&)], 0} = = L (x, 9711,

f(9;)
i=1,2,....2m, (58)
32
_ (19]')62“3/)6 _
Res{[L(x,&)]1, )} = =2 LY (x,B))]a,
! F() !
j=2m+1.2m+2,...,2m. 59)

Proof While substituting ¢+ = 0 into Eq. (47), we obtain
the following expression:

:f(E)A«ZD4UD5UD6+Z(5)62i52x D]UDzUD37

AID4UD5UD6 :Z(é)e_2i§2x12D4UD5UD6 +f(§)2,2D]UD2UD3.

D{UD,UD;3
l1

The jump matrix L) (x,&) satisfies the jump condi-
tions as established by computational analysis. We analyze

L (x, €)1

Res { AP ()

AP0 )

f(&)

7 ’ﬁf} = %

B A,ID4UD5UD6 (.X, 5)

f())

Replacing & = ¥ with the second equation of Eq. (60), we
deduce

A]D4UD5UD6(X7 19/) — efzi‘ﬁjzxz(ﬁj)lzD4UD5UD6()C7 19])

Furthermore,

D4UDsUDg
Res{%wﬁ]}

f(&)
e—szxz(ﬁj) D4UDsUD,
= &7 00 baonsibs gy
() ? !
i=1,2,....2m.

This is equivalent to Eq. (58). The correctness of the formula
in Eq. (59) can be proven by employing an analogous method.

Definition 2 [Regarding F(§) and Z(§)] Take
ho(t),h1(2),hy(t), and define the map

S {ho(t),hi (1), (1)} — {F (€),Z(§)},

where
ZE)\ .o [ 23%(0,¢) ES
(&) =409 () ) me*=0
with

T, N
R0.6) =1 [ TN ) ..
t
H>(0,T;&) is given by

oy (H0.68) HR0.8)
B{0,58) = (H?‘(O,r;@ H§22<o,r;é>>’

HY'(0,68) = iho(1)go(0)E* — 2 ho(tVgo(e €2

+ %ho(tfgo(t)3 - %ho(tfgo(f)3
+ %ho(l)go(t)v

H(0.:8) = & 00 (2h0(0)E5 — ho(r) g0 (1)
+ i) 500)76),

H3(0,1:8) = €00 [ 20 ()" + hofn)gol0) ¢
~ Sho(ePeo(r)’E].

HE(0,:8) = —iho(1)go(1)E* + S ho(tg0(1 €2

11i i
— —ho(1)3g0(t)> = —ho (1)’ g0 (2)?
(1 50(1) = o1 s50(1)
i
— —ho(t t
Jo(0)z000),
5 .3 %3 1 %
PR 0
where A2(0,1) = 899 294 . )
2(0,1m) < 0 —%q3q3—j¢qq*

Proposition 6 The key characteristics of F(&) and Z(&)
are as follows:

(i) For Im&® >0, F(&) and Z(&) are analytical.

(i) F(E) = 14+ 0(2). Z() = O(L) as £ — o, Img0 > 0.

(i) As O : {F(£),Z(§)} — {ho(t),hi(1),h2(t)} and

S§—1 = Q, the definition of the inverse map S for Q is as fol-
lows:
ho(t) = 2im{Y (1) e 1 42(8)d8 61)
. ()
I (0) =4 00 23] —ig o ()2
()
— gt 002V no ) 1 2imPho(r),  (62)

a(r) = ~3ig"ho(e)a (1) + 50 ho(0)?

* * 2i (XJ)A
+ho()q: — g (1)) > 00 22 ()
3i 0 2i (XJ)A !
_ Eho(t)Zq Ze 1,[(070) ngz)
i

s
+2iho(1)g" € 100 23 + dho (1))
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. p(xg)
—8ie” o022y (63)

L® (¢, &) fulfills the subsequent R-H problem (see Theo-
rem 3).
Theorem 3 Let

D{UD;3
L0(1,€) = (Af‘um(z,g),)“z(’vé)),

F(&)
Imé® >0, & €D, UD;,

D4UDg
Lg)(t,é) — <W7%D4UD6(I7§)> ’

IméES <0, & € DyUDs. (64)

Then, L) (¢,&) fulfills the subsequent R-H problem:

(t) 6 >
() L(t>(l‘,€)= Lz;)<t>§), Imé >0

LY(1,£), ImE® <0
alytic function.

(i) LY (1,8) =L (1,£)G1(1,€), €5 € R, and

is a piecewise an-

1 %6)) —4i&Sy
GO E) = —— L EOCER. (65
0O g e | SR 6
F(&) F(E)F(E)
(iii)L<f>(T,aj)—1+ﬁ( ), & — oo,

, (2b = 2by +2by),
and we assume that y; (j = 1,2,...,2b1) is a part of D1 |JDs
and ¥; (j = 2b1 +1,2b1 +2,...,2b) is a part of D4|JDs.

[Lgi)(t,cﬁ)]z possesses simple poles at & = y;, for j =
1,2,...,2b1.
[L@ (t,&)]1 are given by & = ¥;, for j ranging from 2b; + 1
to 2b.

Then, the residue conditions are

F (&) contains 2b 51mple zeros {y;}3°

The positions of the simple poles within

Z(y: —4iy?t
Res([L(1.8). 1} = e )
J
j:1a2a"'72b17 (66)
AT
Res{L (&)1 77} = 2222 (101, 7)o,
F(y))
j=2by+1,2by +2,...,2b. (67)

Proof Having substituted x = 0 into Eq. (47), we arrive at
the following equation:

)L3D4UD()
13131UD3 _

The jump matrix L) (r,&) satisfies the jump conditions,

(E) D1UD; Jr% 4i.§6t)LD4UD()’
Z(E)e —41§6tlD1UDs +F(‘1’:)AD4UD6 (68)

as established by computational investigation.

LY (2,8)]

DUD5
o S o} = pmie

We analyze

201P3 (1,8

F(&)

Py
Fly)
Replacing & = 7y; with the second equation of Eq. (68), we

deduce

2P (1) = e 202 P ().

Furthermore,
D;UD —4iy0t
RGS{AS : (;()tvé) j} _ Z(’}//)(e ) / [L(t)(t },])]1
F b) F /y] b )
j=12,...,2b;.

The equation is equivalent to Eq. (66). The correctness of
Eq. (67) can be established through an analogous method.
Definition 3 [Regarding p(&) and B(&)] We posit that
gr(x) is equivalent to ¢(x, T') and ¢ (x) is the same as ¢*(x, T).
Furthermore, we take into account the spectral functions

(E)F (&) —=(&)z(8),

A
e
N
|
~
o
N~—

We establish the mapping
$:{er(x)} — {p(&).BE)},

2
Mo rsg) =1+ [

H,(x,T;&) is given by

Hl(x,T;§)=<

Proposition 7 The important attributes of p(&) and (&)
are listed here:

ei$ (9% (B 43) (x, T; €) dE.

i *

249141

% 221 [{AG:
,que JoAd3

éqTe—ﬂng(f_g )

—341 4

(i) For Im&? <0, p(&) and B(&) are analytical;

(i) p(&)=1+ (g),ﬁ(é)zﬁ( ) as & — oo, Im&? < 0;
(i) p(£)p(E) ~B(E)B(E) =1, E2 € R;

) p(=€) =p(&).B(~€) = —B(&), Im&> < 0;

() As O: {p(&),B(€)} — {er (x )}andﬁ”zé,thedef-
inition of the inverse map S for Q is as follows:

qr(x) =2i gi_ljc}o(ﬂm (x,8))12, (69)

g () = =2 lim (6L (x,£)an, (70)

where L") (x, &) fulfills the subsequent R-H problem.
Theorem 4 Let

L0(x8) = (wwswﬁ ), ) W”) ,
p(&)
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Imé? <0, € D4UDsUDg,

ADIUD2UD3 X,
L&) = <A§’IUDQUD$ <x,é>71p(§)(5)> ,
Imé? >0,E € D;UD,UDs. (71)

Then, L) (x, &) fulfills the subsequent R-H problem:
) 2
L 1 <0
(i) L7 (x,&) = (,T)(x,é), mg&” < is a piecewise
L+ (X75), Imfézgo

analytic function.
i) L7 (x.&) = L7 (x,)61) (x.8). €2 € R, and

—_
=)

(©) o —2i(E2x+266T)

E2eR. (72)

(i) LT (x,§) =1+ 0(3), & — oo

p (&) contains 2a simple zeros {,uj}?il 2a =2a1 +2ay),
we assume that u; (j=1,2,...,2a1)is apart of Dy D> D3,
and ii; (j =2a;1+1,2a;1+2,...,2a) is a part of D4|JDsJ De.

Simple poles are located in [L(f)(x,é)]g at points where
& = u;, for j taking values from 1 to 2a;. The positions of the
simple poles within [LET)(x, &)1 are at & = fij, for j ranging
from 2a; + 1 to 2a.

The residue requirements are as follows:

S(y2 6
eZl([JjX+2/J,jt)

Res{[L") (x,§)]1, 1} = = L) (x, )],

P (1j)B (1)
j=12,...,2a, (73)
—2i (1 2x+241;51)
Res{[LT) (x,E)]o, i} = o (L) (x, ;)]
p(u;)B (1)
j=2a1+1,2a,+2,...,2a. (74)

Proof After inserting ¢t = T into Eq. (48), we derive the
subsequent formula

ASD4UD5 UDg — mAIDHJDzUD}
+ 62i(52x+256”ﬁ(E)AID“UDSUD(’
T(5
;L3D|UD2LJD3 _ 672i(52x+256T)ﬁ(é)lelUDzU% (72)

+p((§)llD4UD5UD6.

The jump matrix LT)(T,&) complies with the jump condi-
tions, as established via computational analysis. We analyze
LT

Res { AP ()

D1UD,UD3
_ M (

p(&)

x7“j)
p(1)) '

A6

Replacing & = u; with the second equation of Eq. (75), we

deduce
iu®
A{D|UD2UD3 (t IJ,) _ e4 “JTASDIUDZUD3 (ta.u'j)
! " B(uy)

Furthermore,

Res A]D]UDzuDj; (X7§) 'u _ e2i(u}x+2ufT) [L<T) (x u)]z

p&) T p(u)B(ky) e
j=1,2,...,2a;.

This is equivalent to Eq. (73). The accuracy of Eq. (74) can be
verified by following an identical procedure.

3.2. The fundamental Riemann—Hilbert problem

Theorem 5 The matrix functions v(&) and V(&) are de-
termined by the pairs f(&) and z(£), as well as F(&) and Z(&),
respectively. f(&), z(&), F(&), and Z(&) are represented by
the spectral functions go(x), h(t), and h;(¢) in Definitions 1
and 2. Assume that f(&), z(&), F(§), and Z(&) meet the
global relation. Then,

FE)Z(E) —2(E)F (&) = H€°TcT(€), ImE? >0,

where ¢ () is an entire function v(§) = 41(0,0;€), V(&) =
V(T,E) = (e216°T 2,(0,T;&))~". The global relation is trans-
formed into f(£)Z(&) —z(E)F(E) =0 when & — oo. L(x,1,£)
adheres to the R-H problem in the subsequent manner.

(i) The function L(x,7;£) behaves as an analytic func-
tion across slices, consistently holding a determinant value of
unity.

(ii) L(x,; &) meets the jump condition

Li(xt:8) =L (x,::§)G(x,1:§), E° € R. (76)

(iii) The simple poles of [L(x,#;&)]; are positioned at
& = &; for j ranging from 2¢; + 1 to 2¢, and at & = {; for j
varying from 2s; + 1 to 2s. Furthermore, [L(x,#;&)]» exhibits
simple poles at § = €; for j from 1 to 2¢;, and at & = {; for j
from 1 to 2s;.

() L(x,1;6) =1+ 0(3), & — oo.

(V) L(x,1;&) meets the residue condition as specified in
Hypothesis 1.

The function L(x,7; &) not only exists but is also the only
one of its kind

C](.X,I) =2i éliirolo(‘gl‘(xvt;g))uv

q(x,1) = 72i§1im (EL(x,8;€))a1. ()
—o00
Additionally, the solutions of Eq. (8), represented by ¢(x,t)
and g*(x,t), respectively, are given through these equations.
Proof It can be inferred that the (2 x 2) matrix function
L(x,t;€) satisfies a non-singular Riemann—Hilbert problem,
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given that f(&) and F(&) are devoid of zeros. By leverag-
ing the relationship between the jump matrix G(x,,&) and
the symmetry conditions, one can show that this problem pos-
sesses a solution that is valid universally. In the case where
F(&) and F (&) possess only a finite number of zeros, an equiv-
alent scenario without any zeros can be achieved by imposing
an algebraic system of equations that is guaranteed to have a
solution.

Lemma 1 [Vanishing lemma] According to Theorem 5,
the R-H problem possesses exclusively trivial solutions when
the boundary condition is imposed that L(x,7;£) tends to zero

as & — oo,
Proof Define
x+(8) = Ly(§)LT(=§), Im&® >0,
2-(&) =L-(§)LL(=¢), Img® <. (78)

Given that x and ¢ are interdependent, through the utilization
of symmetry properties, we can deduce that

Gi(=§) = Gi(§), Gi(~§) =Ga(%),
G}(~€) = G3(&). (79)
Then,
X (E) =L (E)GELT (), ImE® e R,
2 (&) =L ()G (-ELL(-E), mE® R,  (80)
for IméS € R, x(€) = x_ (&), in accordance with Eqs. (78)

and (79). Consequently, x+(&) and x_ (&) establish a com-
plete function, which is uniformly zero as it approaches infin-
ity.

It is revealed that the matrix G;(it), where 1 belongs to
the set of real numbers, is a positively definite matrix. Consid-
ering that y_ (1) vanishes in a similar manner for 1 in the set
iR, which means

L (i)Gy(iY)L! (i1) =0, 1 € R. (81)

When 1 € R, one can infer that L, (it) = 0. Consequently,
both L (€) and L_ (&) vanish in a consistent fashion.
Proof that g(x,) satisifies the higher KN equation.

4. Conclusion

In this paper, we thoroughly examined the higher KN
equation on the half-line using the Fokas method. Initially, we
divided the equation in the complex plane by utilizing spec-
tral and asymptotic analytical methods. Following this, we
conducted detailed computations to ascertain the jump matrix
across the various partitioned regions, and finally, we arrived
at a solution to the equation by applying the R-H approach.
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