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A thermodynamically complete multi-phase equation of state (EOS) applicable to both dense and porous metals at
wide ranges of temperature and pressure is constructed. A standard three-term decomposition of the Helmholtz free energy
as a function of specific volume and temperature is presented, where the cold component models both compression and
expansion states, the thermal ion component introduces the Debye approximation and melting entropy, and the thermal
electron component employs the Thomas–Fermi–Kirzhnits (TFK) model. The porosity of materials is considered by in-
troducing the dynamic porosity coefficient α and the constitutive P–α relation, connecting the thermodynamic properties
between dense and porous systems, allowing for an accurate description of the volume decrease caused by void collapse
while maintaining the quasi-static thermodynamic properties of porous systems identical to the dense ones. These models
enable the EOS applicable and robust at wide ranges of temperature, pressure and porosity. A systematic evaluation of the
new EOS is conducted with aluminum (Al) as an example. 300 K isotherm, shock Hugoniot, as well as melting curves
of both dense and porous Al are calculated, which shows great agreements with experimental data and validates the effec-
tiveness of the models and the accuracy of parameterizations. Notably, it is for the first time Hugoniot P–σ curves up to
106 GPa and shock melting behaviors of porous Al are derived from analytical EOS models, which predict much lower
compression limit and shock melting temperatures than those of dense Al.
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1. Introduction
The equations of state (EOS), which define the thermo-

dynamic properties of matter over a wide range of tempera-
tures and pressures, play a key role in many fields, includ-
ing aerospace, astrophysics, geophysics, and shock physics.[1]

They are particularly important for predicting the dynamic
behaviors of matters under extreme conditions by solving
the conservation equations for mass, momentum, and energy.
Specifically, physical models of EOS greatly influence the
plausibility and applicability of the simulations, as they de-
scribe how the different matters respond to external or inter-
nal loading. For decades, numerous well-known EOS mod-
els and functionals have been established, such as the Mie–
Gruneisen EOS,[2,3] the quotidian EOS,[4] the Birch potential
based EOS,[5] the LANL Sesame EOS,[6] the wide-regime
EOS,[7] and so on. Among them, the semi-empirical EOS
models, of which functional forms are motivated by physi-
cal insights and the parameters are optimized to experimen-
tal as well as theoretical data,[7] have been proven accurate
in wide ranges of pressure and temperature.[4,6,7] As a re-
sult, these models serve as the foundation for the construc-
tion of various multi-phase EOSs. Based on a comprehensive
understanding of the phase diagrams, high-precision multi-

phase EOSs have been developed for various materials, includ-
ing platinum,[8,9] iron,[10] aluminum (Al),[11] beryllium,[12]

carbon,[13] titanium,[14] and Ti alloys.[15] However, these EOS
models and functionals are only applicable for ideal and dense
matters, while the effects of pre-existing heterogeneities in
materials are neglected.

In recent years, the growing need to understand the re-
lationship between material structure, properties, and perfor-
mance under extreme conditions has highlighted the impor-
tance and urgency of developing wide-range EOS models that
can accurately capture multi-phase characteristics and account
for the heterogeneous nature of practical materials. Specif-
ically, pre-existing voids, one of the most important micro-
structures in materials, have been found to significantly influ-
ence material behaviors under dynamic loading.[16] Thus, it
is important to incorporate porosity characterization into EOS
models to make them applicable for porous materials. Un-
fortunately, the majority of existing porous EOS models are
limited to single-phase models and can only be applied up to a
few hundred GPa.[17–25] As porous materials are more likely to
undergo phase transitions[26,27] and are used in a wide range
of temperature and pressure conditions,[28] it is necessary to
develop multi-phase equations of states that can accommodate
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such materials.
Therefore, in this work, we establish a multi-phase equa-

tion of state applicable for both dense and porous metals at
wide ranges of temperature and pressure. In Section 2, a de-
tailed description of models is provided. In Section 3, sys-
tematic evaluations of the new EOS are conducted with Al as
prototype. Finally, conclusions are presented in Section 4.

2. Models
2.1. EOS models for dense system

In order to construct a thermodynamically complete equa-
tion of state, a standard three-term decomposition of the
Helmholtz free energy as a function of specific volume and
temperature is employed. It is expressed as follows:

F (V,T ) = Fc (V )+Fn (V,T )+Fe (V,T ) , (1)

where Fc (V ), Fn (T,V ), and Fe (T,V ) represent the cold, ther-
mal ion and thermal electron components, respectively. This
model enables the derivation of all additional thermodynamic
quantities of the material systems once the EOS is determined.

For Fc (V ), two functional models are employed to calcu-
late the total energy of the system at the temperature of 0 K.
In the compression situation, where the cold compression ra-
tio σc ≥ 1, a polynomial function is applied, and the cold free
energy is expressed as[29]

Fc1 = 3V0C

5

∑
i=1

ai

i

(
σ

i/3
c −1

)
, (σc ≥ 1) , (2)

where V0C represents the equilibrium volume of the system at
0 K, and ai are the coefficients which need to be fitted. In
the expansion situation, where σc < 1, the Lennard–Jones po-
tential is utilized to characterize the atomic interaction in the
system. Thus, the cold free energy can be written as[29]

Fc2 =V0C

{
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[
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l

σ
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]
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σ
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]}
+Esub,

(σc < 1), (3)

where A, B, k, l, and n are the model parameters, and Esub is
the cohesive energy of the system at ambient conditions. Con-
straint conditions:

F (σc = 0) = Esub, (4)

P(σc = 1) = 0, (5)

Fc1 = Fc2, (σc = 1) , (6)

F ′c1 = F ′c2, (σc = 1) (7)

are employed to make sure the Fc (V ) model physically plau-
sible and numerically continuous and smooth. The parame-
ters of the cold curve component, including ai, A, B, k, l, n

and Esub, are determined through fitting the results from DFT
calculations and the solutions of the Thomas–Fermi–Kirzhnits
(TFK) model.

For Fn (T,V ), solid and liquid phase models are respec-
tively constructed. For the solid phase, a Debye approximation
is employed:[30]

F(S)
n (V,T ) = NKT

[
9
8
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T
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(
1− e−θ/T

)
−D

(
θ

T

)]
, (8)

D(x) =
3
x3

∫ x

0

y3

ey−1
dy, (9)

where θ is the Debye temperature as a function of the specific
volume. Thus, the pressure and energy of the system could be
derived as

E(S)
n (V,T ) = NKT

[
9
8

θ

T
+3D

(
θ

T

)]
, (10)

P(S)
n (V,T ) =

Γ E(S)
n (V,T )

V
, (11)

where Γ = χ+ β

ρ
, χ and β are the parameters to be determined

through Hugoniot experiment data. The approximation model
of Γ employed in this work is referenced in Ref. [54]. As ex-
plained in this reference, this form of the Gruneisen parameter
enables us to satisfy a well-known infinite-compression limit
derived for the one-component plasma if α is chosen to be
1/2. This model has also been successfully utilized in other
works, including the construction of a multi-phase equation of
state for beryllium[55] and carbon.[56]

For the liquid phase, the melting entropy is considered,
thus the free energy contributed by the thermal ions could be
expressed as

F(L)
n (V,T ) = F(S)

n (V,T )+NKT (F0 +F1) , (12)

F0 =
3
2

lnψ +δ1 +
δ2

[ψy (δ3 +ψ1−y)]
+

δ4

[
1− 3

8ψ
1
2

]
ψ

3
2

, (13)

F1 =
0.66

ψ
−0.6. (14)

In this way, the pressure and energy of the liquid system could
be derived as

E(L)
n (V,T ) = E(S)

n (V,T )+NKT (E0 +E1) , (15)

P(L)
n (V,T ) =

[
Γ E(S)

n (V,T )+NKT
(
2Γ − 2

3

)
(E0 +E1)

]
V

,(16)

with

E0 =−
3
2
+

3
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1−1/(2ψ

1
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3
2

+δ2
(
δ3y+ψ

1−y)/[ψy (
δ3 +ψ

1−y)2
]
, (17)

E1 =
0.66

ψ
, (18)

where ψ,y,δ1,δ2,δ3,δ4 are referenced in Ref. [30]. This flu-
idic model smoothly transitions from the liquid phase to the

036401-2



Chin. Phys. B 34, 036401 (2025)

ideal gas phase, with the specific heat monotonically decreas-
ing from approximately 3R to 3R/2 at high temperatures, and
successfully describes the thermodynamic properties of ions
over wide pressure and temperature ranges.

Finally, for the electronic thermal component Fe (T,V ), a
quadratic form expansion of the TFK model is employed at
lower temperatures as follows:[31]

Fs
e (V,T ) =−

1
2

β0K

(
V
V0

) 1
2

T 2, (19)

where β0K is the specific heat coefficient of electrons deter-
mined by the experimental data of specific heat capacity of
crystals; while at higher temperatures, explicit formulas of
TFK model[31] are employed, which could accurately describe
the behavior of thermal electrons by inducing the exchange–
correlation and quantum effects.

2.2. Constitutive models for porous system

Based on the EOS models of dense materials as presented
above, constitutive models of porous materials are introduced,
in order to enable the EOS to be applied for both dense and
porous systems. Ignoring the surface effects of porous mor-
phology, a dynamic porosity coefficient, α , is introduced to
establish a relationship of thermodynamic properties between
dense and porous materials. The dynamic porosity coefficient
could be expressed as follows:

α =
V
Vs

. (20)

Thus, the pressure and energy of the porous materials could be
derived as

P(V,T ) = Ps (Vs,T ) = Ps

(
V
α
,T
)
, (21)

E (V,T ) = Es (Vs,T ) = Es

(
V
α
,T
)
, (22)

where Ps, Es, and Vs are the pressure, energy and molar volume
of the dense system, respectively. Normally, α is a function of
pressure and temperature variables. In this study, we assume
that the dynamic porosity α mainly depends on pressure,

α = α (P,T )≈ α (P) , (23)

then it could be derived by the P–α model, which was devel-
oped by Herrmann and Cornell et al.[32,33] as follows:

α =

{
m, 0 < P < Pe,

1
1−exp(− 3P

2Y )
, Pe < P < ∞, (24)

where m is the initial porosity of the system, Pe is the elastic
Hugoniot limit:

m =
ρs0

ρ0
, (25)

Pe =
2
3

Y ln
(

m
m−1

)
, (26)

where ρs0 and Y are the initial density and the Hugoniot elastic
limit of the dense system, respectively. In this way, by solving
the dynamical porosity coefficient α , the EOS of the porous
system could be derived.

2.3. Phase boundary calculation

The phase boundaries are derived from the EOS model
based on the assumption of pressure equilibrium, temperature
equilibrium and Gibbs free energy equilibrium:

T phase1 = T phase2 = T, (27)

Pphase1 (V1,T ) = Pphase2 (V2,T ) = P, (28)

Gphase1 (P,T ) = Gphase2 (P,T ) . (29)

Then, by using a mixture method, the energy and specific vol-
ume of the system along the phase boundaries could be ex-
pressed as

E (V,T ) = (1−λ ) ·Ephase1 (V1,T )+λ ·Ephase2 (V2,T ) , (30)

V = (1−λ ) ·V1 +λ ·V2, (31)

where λ is the molar fraction of the phase and the subscripts 1
and 2 refer to phases 1 and 2, respectively. Other thermody-
namic properties along the phase boundary could be derived
accordingly.

3. Results and discussion
In this section, a systematic evaluation of the new EOS is

conducted with Al as prototype. Wide range isotherm curves,
shock Hugoniots, and melt curves for both dense and porous
Al are derived based on the new EOS. To validate the models
and parameters of the new EOS, experimental results are also
presented for comparison.

3.1. Isotherm curves

Currently, although the isothermal compression curve at
0 K cannot be directly measured in experiments, the isother-
mal compression curve at 300 K can be precisely measured.
These experiments typically use diamond anvil cells to apply
pressure to the samples and utilize synchrotron radiation fa-
cilities to measure the lattice parameters; thus, the relation-
ship between pressure and density of the samples can be ob-
tained. The pressure measured along the 300 K isothermal
compression curve closely matches that measured along the
0 K isothermal compression curve, making it important refer-
ence data for verifying the validity of cold compression com-
ponent.

The 300 K isotherm curves of dense and porous Al are
derived, as shown in Fig. 1. For the dense Al, the com-
parison of calculations with available experimental data[34,35]
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shows good consistency, confirming the accuracy of the mod-
els and parameterizations of the EOS cold components. For
the porous Al, the isothermal compression curves demonstrate
a three-stage process, starting with the elastic deformation,
followed by the plastic deformation due to void collapse, and
finally exhibiting the volume compression under isotherm con-
ditions. It is worth noting that once densified, all the porous Al
exhibit the same P–ρ isotherm curve as dense Al, indicating
that the dense and porous materials undergo the same quasi-
static process under higher pressures.

2 3 4 5 6 7 8 9 10 11

103

102

101

100

10-1

Experiment (m=1.0)

 Dewaele

 Nellis

Theory
 m/.

 m/.

 m/.

 m/.

P
 (

G
P
a
)

Density (g/cm3)

Fig. 1. The 300 K isotherm curves of dense and porous Al with different
initial porosity m. The lines are results derived based on the new EOS and
dots are published experimental results.[34,35]

3.2. Shock Hugoniots

Experimental shock Hugoniot data is an important refer-
ence for validating the total pressure and energy of the equa-
tion of state. In these experiments, shock wave velocity, parti-
cle velocity, and shock pressure could be measured carefully,
thus the Hugoniot curve of the materials could be obtained.

Theoretically, thermodynamic properties behind the
shock front are calculated with the Rankine–Hugoniot equa-
tion

E−E0 =
1
2
(P+P0)(V0−V ) , (32)

where V0, P0, E0 are the initial volume, pressure, energy of the
material before the shock loading, respectively, while V , P, E
are the final volume, pressure, energy of the material after the
shock loading, respectively. The shock wave velocity (D) and
the particle velocity (u) could be derived as follows:

u =
√

P(V0−V ), (33)

D =V0
√

P/(V0−V ). (34)

The shock Hugoniot D–u curves of dense and porous Al cal-
culated from the new EOS are shown in Fig. 2, along with the
experimental data[36–50] for comparison. The excellent agree-
ment between the new EOS calculations and experimental data
not only validates the models and parameterizations of the

EOS thermal ion and electron components, but also demon-
strates good applicability of the new EOS across wide ther-
modynamic and porosity regimes. Further, the shock Hugo-
niot P–ρ curves of dense and porous Al are calculated and
presented in Fig. 3. For dense Al, the new EOS shows quan-
titative consistency with experimental results up to 106 GPa
and 5-fold compression ratio. Meanwhile, for porous Al, it
is for the first time the shock behaviors at wide pressure and
temperature ranges are derived and presented. Notably, the ini-
tial porosity significantly affects the shock compression limits,
which decrease rapidly as the porosity increases, indicating the
profoundly excess heating effects of porous materials.
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Fig. 2. Hugoniot D–u curves of dense and porous Al, where the lines are
results derived from the new EOS, and dots are published experimental
results.[36–50]
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Fig. 3. Hugoniot P–σ curves of dense and porous Al, where the lines are
result derived from the new EOS, and dots are published experimental
results.[36–50]

3.3. Melting curves

The melting curve is an important reference data for vali-
dating the accuracy of the equation of state. As it is the inter-
section of the solid and liquid phase surfaces, both the models
and parameters of the equation of state must be very accu-
rate to reproduce the melting curve. In experiments, the melt-
ing curve is usually derived by temperature measurement and
empirical models, while in theoretical equation of state, it is
derived by solving the Gibbs free energy of solid and liquid
phases under the same pressure and temperature.
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In this part, the melting curve as well as the shock T –P
curves of dense and porous Al are derived from the new EOS,
as shown in Fig. 4. The melting curve of dense Al exhibits ex-
cellent agreement with experimental data,[51–53] demonstrat-
ing high accuracy of the new EOS. The overlapping of the
melting and Hugoniot T –P curves indicates shock melting be-
haviors. As seen in Fig. 4, the shock-induced melting for dense
Al takes place within a pressure range of 120–133 GPa, which
agrees with the experimental results. As for porous Al, the
shock-induced melting occurs at much lower temperature and
pressure ranges, yet it still aligns with the melting curve of
dense Al. These results are consistent with previous findings
revealed by molecular dynamics simulations, which demon-
strated that the porosity does not change the inherent thermo-
dynamics of materials but shifts the thermodynamically re-
sponse pathways under dynamical loading. The reproducing
of the shock melting behavior of porous Al confirms the phys-
ical correctness of the new EOS.
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Fig. 4. Melting and Hugoniot T –P curves of dense and porous Al, where
the lines are results derived from the new EOS, and dots are experimental
results.[51–53]

4. Conclusion and perspectives
In this work, we presented a thermodynamically com-

plete multi-phase equation of state, which is applicable to both
dense and porous metals at wide ranges of temperature and
pressure.

A standard three-term decomposition of the Helmholtz
free energy as a function of specific volume and temperature
is employed. For the cold component Fc (V ), models describ-
ing compression and expansion states are respectively con-
structed. For the thermal ion component Fn (T,V ), the Debye
approximation is used for the models of solid phase, while the
melting entropy is considered for the models of liquid phase.
For the thermal electron component Fe (T,V ), the database cal-
culated based on the TFK model is employed. These models
enable the EOS applicable and robust at wide ranges of tem-
perature and pressure. Meanwhile, the porosity of materials
is modeled by introducing the dynamic porosity coefficient α

and the constitutive P–α relation, connecting the thermody-

namic properties between dense and porous systems. This al-
lows for an accurate description of the volume decrease caused
by void collapse, while maintaining the thermodynamic prop-
erties of porous systems identical to the dense ones.

A systematic evaluation of the new EOS is conducted
with Al as an example. 300 K isotherm, shock Hugoniots,
as well as melting curves of both dense and porous Al have
been derived from the new EOS. The comparison of calcu-
lations with experimental data demonstrates good agreement,
validating the effectiveness of the models and the accuracy of
parameterizations. Given the applicability of new EOS at wide
ranges of pressure, temperature and porosity, Hugoniot P–σ

curves up to 106 GPa and shock melting behaviors of porous
Al are for the first time derived by analytical EOS models,
which predict much lower compression limit and shock melt-
ing temperatures than those of dense Al, respectively.
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