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In order to avoid the worsening of wealth inequality, it is necessary to explore the influencing factors of wealth
distribution and discuss measures to reduce wealth inequality. We investigate the wealth distribution in the goods exchange
market by using the kinetic theory of rarefied gas. The trading objects are two kinds of commodities (commodities A and
B) and the trading subjects are agents of two groups (dealers and speculators). We deduce the interaction rules according to
the principle of utility maximization and consider the transfer of agents in the Boltzmann equation. The steady solution of
the Fokker—Planck equation for a special case is obtained and the effects of trading strategy and transfer frequency on the
steady distribution are analyzed in numerical experiments. The conclusions illustrate that the transfer of agents is conducive

to reducing the inequality of wealth distribution.
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1. Introduction

Data from the World Inequality Report 2022 show that
76% of the global total wealth is owned by 10% of the popula-
tion and the poorest 50% of the population only own 2% of the
global total wealth, which is enough to state that the inequal-
ity of wealth distribution has become a serious problem.!!! To
a certain extent, it has influenced the political, economic and
social development of countries. Therefore, it is necessary to
utilize appropriate methods to investigate wealth distribution,
explore the corresponding adjustment strategies and prevent
the inequality of wealth distribution from worsening.

In recent years, a large number of scholars have applied
the methods of statistical physics to study economic and social
phenomena. Cordier et al.!’! developed a Cordier—Pareschi—
Toscani (CPT) model to explain the formation of a Pareto tail
in wealth distribution, in which the deterministic exchange of
wealth among agents and the influence of market random fac-
tors are considered. Cordier et al.!> assumed that there is only
one type of agent in the financial market who is free to choose
whether to invest in a stock or a bond and described the forma-
tion mechanism of stock price through a kinetic model. Zhong
et al.'" embedded a suitable value function in the interaction
rule of wealth and used a kinetic model to describe the distri-
bution of wealth between risky and risk-free assets. Maldarella
and Pareschil®! developed a relatively simple kinetic model to
describe the interaction between two different types of agents
and investigated the asymptotic behavior of price formation
and wealth distribution. A dynamical model was also used in
Brugna and Toscani,®! where the formation of the opinions
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for agents is discussed. Utilizing the kinetic model of wealth
distribution, Bertottil”l considered taxation and the process of
redistribution in a closed society, aiming to analyze the evolu-
tion of the wealth density function caused by binary interac-
tions. Meng et al.'8! added a non-Maxwellian collision kernel
to the Boltzmann equation and studied the evolution of the
agent’s wealth distribution. The results show that taxation and
redistribution have the property of changing the Pareto index.
By adding two different value functions to the interaction rule
and introducing a non-Maxwellian collision kernel into the dy-
namic model, Zhao et al.! obtained the steady-state distribu-
tion of call center service time in an exact form.

In the multi-agent market, agent behaviors, including the
knowledge level, opinion, risk appetite and saving propensity
have an important impact on wealth distribution. Pareschi and
Toscani!!l investigated the influence of agents” knowledge on
the inequality of wealth distribution. Toscani!'!l considered
the transmission of opinions and knowledge spillover among
agents and established a kinetic model to depict the mecha-
nism of opinion formation. Dimarco et al.!'?! developed a dy-
namic model to characterize the impact of higher education
on social stratification and found that universal education re-
duces socioeconomic inequality. However, if educational at-
tainment is dependent on social status, education will hinder
social equality. Boudin et al.!'3! discussed the evolution of
opinion formation in a closed market and considered the in-
fluence of both agent interaction and mass media. Assuming
that the interaction between agents is driven by both compro-
mise and self-thinking, Diiring ef al.['*) established a dynamic
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model of opinion formation and proposed an effective optimal
control strategy to break consensus in the process of opinion
formation. Furioli et al.!'>! obtained a Fokker—Planck equa-
tion to discuss socio-economic phenomena such as wealth dis-
tribution, knowledge diffusion and opinion formation. Wang
et al.l' studied the influence of decision-making ability on
wealth distribution in a multi-agent system and summarized
that the imbalance of decision-making ability is one of the rea-
sons for worsening wealth inequality. Hu and Chen!'”! found
that an agent’s psychological factors have both favorable and
unfavorable aspects in terms of investment decision-making,
and the agent’s investment ability helps the agent to increase
returns and reduce losses. Paul et al.!'®! studied the relation-
ship between the inequality index and the saving propensity
and came to the conclusion that with the increase of the sav-
ing propensity, the inequality index decreases, which indicates
that the equality of social wealth distribution increases. Cao
and Motsch!"®! built kinetic models of wealth distribution un-
der unbiased, poor-biased and rich-biased conditions, acquired
the steady-state solutions for the three cases, and proved that
the social Gini coefficient is close to 1 under the rich-biased
condition.

Assuming that agents are motivated to trade to maxi-
mize their own utility levels and the binary interactions be-
tween agents follow the relevant rules of the Edgeworth box,
Toscani et al.’?”! combined the kinetic theory of rarefied
gas with the theory of price in microeconomics to study the
wealth distribution in a goods exchange market. Brugna and
Toscanil?!! constructed a system of kinetic equations to de-
scribe a goods trading market that contains two groups of
agents, each with disparate selection of transaction strategy.
Brugna and Toscani(?! described goods trading based on the
price theory of microeconomics, specifically using the Cobb—
Douglas utility function to rationalize agents’ trading mo-
tives. Hu ef al.??) employed the constant elasticity of substi-
tution utility function to describe the commodity preference of
agents, redefine the transaction strategies of two agent groups
in the market and discuss the impact of the trading strategies
and commodity preference of agents on prices through numer-
ical experiments. Diiring and Toscani?*! discussed a dynamic
model of commodity exchange across multiple countries and
showed that wealth is generally distributed in a bimodal pat-
tern.

Many scholars describe the transition of gases through

241 derived a multi-

Boltzmann equations.  Giovangiglil
component flow model by using the kinetic theory of gases and
studied the symmetric hyperbolic parabolic structure of the
model. Desvillettes et al.!>! developed a kinetic model to de-
scribe the chemical reaction of gas mixtures, which converges
to the Euler equation of reactive multidirectional gas mix-

[26]

tures at the limiting level. Rossani and Spiga'“®! employed the

Boltzmann equation to analyze the interaction of gas mixtures
and the equilibrium state under collision. Dimarco et al.*)
believe that in epidemic transmission, the susceptible popula-
tion may be infected and the infected eventually recover or die.
Namely, the agents’ categories vary. Supposing that wealth ex-
change interacts with infectious disease epidemics, Bernadi et
al.?®! applied dynamic models to assess economic trends dur-
ing epidemics and demonstrated that vaccination helps reduce

1291 proposed a model to describe the in-

wealth inequality. Bisi
ternational trade between agents of different countries, consid-
ered the possibility of agents transferring from one country to
another and characterized the transfer by a Boltzmann opera-
tor. Bisi and Loy[*"! established a general dynamic model with
transfer probability, simulated the evolution of wealth distri-
bution function under the unsteady interaction rate and proved
that the Pareto index of the steady-state distribution depends
on the transfer probability of the agent.

Research on wealth distribution in the existing literature
has achieved significant results and laid a theoretical foun-
dation for subsequent studies. However, there are still some
problems that need to be further investigated. For example,
the inter-group transfer of agents should be considered. Based
on the transfer of agents between two groups, we deduce trad-
ing rules according to the utility theory in microeconomics and
use different trading strategies to distinguish the two groups of
agents (dealers and speculators). Compared with the works in
Refs. [21,22,29], our contributions are as follows.

Firstly, Brugna and Toscani/*!! and Hu er al.!*?! studied
goods exchange between two groups of agents with different
trading strategies. However, their work does not consider the
transfer between different groups of agents. In our paper, we
allow agents to transfer from one group to another.

Secondly, different from the rules of wealth interaction in
Ref. [29], we deduce the rules of binary interaction according
to the principle of utility maximization based on the Cobb—
Douglas utility function.

Thirdly, Bisi/*”! assumed that there is only one com-
modity in the market and studied international trade between
agents of two countries. We assume that there are two differ-
ent commodities A and B in the market. The agent’s trading
tendencies for goods A and B are A4, and A,, respectively. We
allow A, = A and A, # Ay.

This paper is organized as follows. In Section 2, we in-
troduce the basic model of goods exchange and give the up-
dating rules of quantities of each type of goods. In Section 3,
we construct the Boltzmann operators including binary inter-
action and agent transfer. Section 4 aims to deduce the evo-
lution equations for fractions of agents in each group and the
average quantities of each type of goods. We use the “contin-
uous trading limit” process to simplify the Boltzmann equa-
tion and obtain the corresponding Fokker—Planck equation in
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Section 5. Particularly, we find a steady-state solution of the
Fokker—Planck equation for a special case. In numerical ex-
periments, we analyze the effects of trading strategy and trans-
fer frequency on the wealth distribution. The conclusion is
presented in Section 6.

2. Basic model

Based on price theory, this section introduces the theo-
retical framework of goods trading, which lays a theoretical
foundation for the establishment of our model. Suppose that a
market is composed of agents in two groups, with fixed num-
bers N and N, of agents belonging to groups 1 and 2, respec-
tively. All agents possess goods of two different types, denoted
by A and B. At the beginning, the quantities of commodities
A and B owned by an agent in group 1 are a; = a;(0) and
by = b (0), respectively. Therefore, at time ¢ > 0, the total
amounts of commodities A and B traded by agents in group 1
are represented by

N
Y an(t) = Nia(r
=1

Similarly, the initial quantities of commodities A and B for the
= b (0). Attime ¢ > 0,
the total amounts of commodities A and B traded by agents in

Z bi(t) = Nip(t

agents in group 2 are a; = d;(0) and Zk
group 2 are represented by

Np
Z Elvk( NzA Z bk N2B

Assuming that the market is closed, the total number of com-
modities A and B satisfies the following conservation law:

{ N[A(I)—FNzA(l‘)
Nig(t) +Nog (1)

=Nia +MNop =4,
=Nip+Nop =1p

at any subsequent time ¢t > 0.
Consider a situation where agents in two groups adopt
different trading strategies. The agents in group 1 place all
the commodities they own in trade without saving, while
the agents in group 2 have a marked saving propensity
and trade only part of their goods; that is,
(Aadik(t-), Apbi(2-)) when they own (i (t-),bi(t-

0 < Ag,A4p < 1 are fixed constant, relating to the trading

trade only
)), where

propensity of agents in goods A and B. We call the agents
in group 1 dealers and the agents in group 2 speculators, re-
spectively.

Assuming that the price of commodity A is equal to unit
and the price of commodity B is P(¢) > 0. At any subsequent
time t > At, the wealth of the agents in the two groups reads
as

wi(t) = ax(-) + P(0)by(t-),
wi(t) = Agag (1) + P(t) Apby (1),

(1) bkl(t):bkl (l‘)—F(X(bkl
a

where t_ =t — At denotes the last exchange time.

In order to rationalize the motivation of agents for goods
trading, we assume that the agent’s behavior is driven by a util-
ity function and the purpose of each agent is to maximize his
utility. We use the Cobb—Douglas utility function

U(a) = a®(wi(t) —a)P, a+B=1. 2)

In Eq. (2), @ > 0 and 3 > O represent the preference of agents
for goods A and B, respectively. a > 8 denotes that an agent
is more likely to have goods A and vice versa when o < 3.
The choice & = 8 = 1/2 denotes that an agent possesses the
same preference for goods A and B.

Assuming that there is a main counterparty for every
transaction. The main counterparty randomly chooses the ob-
ject of his transaction. In order to explore the evolution of
wealth distribution of the two types of agents, we set the two
types of agents as the main counterparty and give the cor-
responding updating rules of commodity quantities, respec-
tively.

Now, we consider the cases of a dealer k; acting as the
main counterparty. When the dealer k; deals with another
dealer k;, the maximization of Eq. (2) updates the quantities
of goods in the rules

{ Ak, (t> = Qwy, (t)’ P([)bkl (t) = Bwkl (t)a
a, (t) = awy, (1), P(t)bi,(t) = Bwi,(1).
The value of price P(t) is derived from the law of conservation

of the total number of goods A and B at time r — Ar. In this
case, we have

3)

{ OC(WkI (t)—"_wkz(t)):akl(t—)+ak2(t—>7 (4)
ﬁ(wkl (t) +Wk2(t)) = P(t)(bkl (t—) +b/<2(t—))~
Using Eq. (4) yields

Pu(r) = B an () +ag(t) 5)

0 by, (1) + b (1)

where Py (¢) represents the price of goods B when both parties
of the transaction come from group 1. Substituting the price
Py (¢) into Eq. (3), we obtain the new quantities of goods for
the dealer k;
ag, (I,) + ax, ([ )
ay, (t) =ay, (t_)+ B <
1() 1( ) bk](t_)+bk2(f )
by, (1) + by, (¢t
b 0) =iy 1) o (22
ag, () )

1

b 1)~ a,()).
)by 1),

Similarly, when a dealer k; trades with a speculator k5, the up-

t_)+ag(t

dating rules of quantities of goods of the dealer k| are written
as
ay, (t) = ay, (l‘,) +B <ak1 (t,
by, (1
(-
(

[

) + laakz (l )
)+ Apby, (1-)
)+ ;Lbbkz (- )
) ()™

+ Kaakz r_

1
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When A, = A, = A, the above trading rules become

ag, (1) + La
A (t) = Ak, (t-)+p (b]: g_; Ilb]:g ;bkl (t-) — g, (t)) )
b () =iy 1) o (F 72 ) (1))

Then, we discuss the cases of a speculator k; acting as
the main counterparty. When both parties in the transaction
are speculators, the updating rules of quantities of commodity
A and B are written as

ag, (=) +ag, (1—
(1) = i, (1) + B ( :

b0 =1, 1)+

When speculator k; trades with dealer kp, we obtain the fol-
lowing trading rules:

a0 =an 1)+ (AT 1) 1)
bk]( ) bkl( ) Z)(iﬁzil E;-;i(bl/: g_;laakl (t—) 2'bbk] (t—))

akl(t) = ak1( )+B (izllzl Z—;IZZZZ—;I)M (t*> a/q(t)) >
by, (1) = by, (t-) + o (iZ’; E;§ :tzzz Z;akl (t-) — by, (t)>

To sum up, when both parties in the transaction are agents
of the same kind (both parties are dealers or are speculators),
the updating rules of goods of the main counterparty are the
same. Similar expressions for updating rules of goods are also
found in Refs. [21,22]. Using the above rules, we shall build a
Boltzmann system.

3. Boltzmann equation for goods exchange and
agent transfer

In this part, we construct a dynamical model for goods ex-
change for agents in two groups and investigate the possibility
of agents’ transfer from group 1 to group 2 or from group 2 to
group 1. The binary interaction is modelled by the updating
rule for the quantity of goods which is analogous to that pre-
sented in Ref. [22], and transfer is modelled by the Boltzmann
type operator.

The objective of this paper is to study the evolution of
the wealth distributions of agents in two groups. We use
fi(a,b,t) (i =1,2) to represent the wealth distribution of the
agent in group i, which is determined by the quantities of
goods a,b € R, and time ¢t € R. Debt is not allowed in our
model. Thus, we assume that no one has a negative quantity
of goods. More precisely, in order to ensure the continuity of

density function as a,b — 0, we suppose that f;(0,0,) =0
and fi(a,b,t) > 0. The sth moments of wealth distribution
functions are represented by

W) = [, @ fitabir)dadb,
%

) :/2 b fi(a, b,1)dadb,
R+

where i = 1,2 and s > 0. The option s = 0 represents the frac-
tions of agents in each group in the total number of agents

pl(t) = fR%r fl(avbvt)dadbv
p2(r) =

(6)
fR%r fz(avbvt)dadbv
which changes with time due to the agents’ transfer. The total

wealth density function f(a,b,r) satisfies

Flasb,t) = fi(a,b,t) + fa(a,b.1), /R fla,b,r)dadb = 1.

i1
Thus, we have p;(t) + p2(t) = 1 at any time r > 0.

The option s = 1 yields the total quantities of each goods
of groupi (i=1,2)

MlA(l) = fR%— afl(a,b,t)dadb, ;
Mp(t) = IR%_ bfi(a,b,t)dadb, @
Mop(t) = fR%r afr(a,b,t)dadb, g
Man(t) = fr2 bfala.b.r)dadb. ®

The time evolution equation for the wealth distribution func-
tion f;(a,b,t) is expressed as

afi( 2
opab) = L0 f)ab) + QT ()0

i=1,2. ©))

In Eq. (9), Qi(fi, fj)(a,b) is a binary transaction operator, de-
scribing the effect of the transaction between two agents from
group 7 and group j (including the case of i = j). The specific
trading rules are detailed later. The operator O} (f1, f2)(a,b)
denotes cases where dealers change their roles to speculators,
or vice versa.

When two dealers have a binary interaction, the quantities
of goods A and B they own before the transaction are (a,b)
and (aj,by), respectively. After the transaction, the amounts
of goods A and B that the main counterparty owns become
(a*,b*). The trading rules considering market risk are as fol-

lows:
a=a+p a+a1b—a + Ugqa,
b+b
b+b (10)
b*—b+a< 1a—b>+ubb,
a+a

where U, and p, are random variables satisfying (u,) =
(up) = 0 ({-) denotes the mathematical expectation) and

Var(,) = Var(lp) = Yu. Yu is a constant.
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The operator Q;(f1,f1)(a,b) obeys a Boltzmann equa-
tion, which combining with any smooth function ¢(a,b) with
supported set in Rﬁ reads as

/Rz ¢(a,b)Q1(f1, f1)(a,b)dadb

=o(s

+

<<p<a*,b*>—w(a,b»fl<a,b,r>f1<a1,b1,r>dn>,

where o is the interaction probability independent of the quan-
tities of goods and dw = dadbda;db;. When a dealer inter-
acts with a speculator, we consider two cases. If A, # A, the
trading rules are written as

a=a+p <a+laa1b—a> + Ugqa,

b+ Apb
bj—lbbl (i
b =b+a "La—b b.
* (a—|—/1aa1a >+'ub
If A, = A4, = A, the trading rules become
a+7La1
+ﬁ <b+)bb a>+.ulla7
(12)

b+ Ab;
b*=b b b.
+a<a+7t la )—i—ub

The weak form of Boltzmann operator Qi (f1, f2)(a,b) reads
as

/Rz ¢(a,b)Q1(f1, f2)(a,b)dadb

= G</121((P(a*7b*) - (P(%b))fl(“»b»t)fz(m,bl,z)dn>,

When two speculators have a binary interaction, the quantities
of goods A and B of the main counterparty follow rules (10).
The weak form of Boltzmann operator Oz (f2, f2)(a,b) is writ-
ten as

[, 9(@b)os(f. f2)@.b)dadb

= G<./Ri((p(a*,b*)_(p(a’b))fz(a7b’t)f2(alab1,l‘)dﬂ?>.

Assuming that a speculator interacts with a dealer, the trading
rules of the main counterparty become

at=a+ E (’l“a+allbb—laa> + Wqa,

Ao \Apb+b
o lbbibl (13)
b*=b+— [ 2 Aa— Ay b.
+7L;;()Laa+a1 adl b>+l~ib
When A, = A, = A, the trading rules are amended as
. Aa+a;
a*=a+p (MH_blb—a)—Hiaa, .
Ab+ by
b*=b —b b.
+a<la+a1a )—i—,ub

The weak form of Boltzmann operator Qx(f2, f1)(a,b) is ex-
pressed as

/Rz ¢(a,b)02(f2, f1)(a,b)dadb

(],

+

(0(a",b") - 9(a,b)) fala,by1) f <a17b1,r>d7r>.

Now, we construct the operators QY (f1,£2)(a,b) (i =
1,2) that describe the transfer of agents. Assuming that the
transfer occurs after a binary interaction, we have four con-
crete cases

() 14+1—1+2,
(ifi) 142 = 1+1,

(i) 242 — 1+2,
(iv) 1+2 = 242.

The cases (i) and (ii) indicate that the parties in the trans-
action change from the same group to different groups. The
cases (iii) and (iv) represent that the parties in the transaction
change from different groups to the same one.

The Boltzmann operators Q] (f1, f2)(a,b) (i = 1,2) con-
tain the above four cases simultaneously. Hence, we have

le{i,ii,iii,iv}

0! (i, f2)(a;b) = (fi-f2)(ab). (15
We write the construction procedure of the operator
0T (f1,f2)(a,b) in detail. The construction procedure corre-
sponding to operator QY (1, f2)(a,b) is similar.

The occurrence of the transition (i) results in a net
loss for agents of group 1.
QIT(I)(fl,fg)(a,b) is written as

Thus, the Boltzmann operator

0™ (11, £2)(a,b) = / Kfi(a,b,0)fi(ar,by,1)day dby,

where K denotes the transfer frequency between individuals
with quantities of goods (a,b) and (ay,b;), respectively. We
assume that K is a constant and 0 < K < 1. The transition (ii)
leads to a net gain for agents of group 1. We write the operator
Qf(ii) (f1, f2)(a,b) in the form

01" (f1,£2)(a,b) = /R _Kfa(a,b,1) fa(ar, by,1)daydby.
+
For the agents of group 1, we give the specific forms of the
operators Q1 " (f1, f2)(a,b) and Q1 ™ (fi. f2)(a.b) in which
transitions (iii) and (iv) occur

01" (f1,£2)(a,b) = / Kp(ab.1)filar,bi1)dardby,

0" (£, f)(a,b) = / Kfi(a,b,1) foar,br,1)dar dby.

For the sum of the four transfer operators, we obtain

Y 0, 5)(ab)

1e{iji il iv}

01 (fi.f2)(a,b) =
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= —/R2+ K fi(a,b,t)fi(a1,b1,t)da;db,
+,/1;2+ K f>(a,b,t) fr(ay,by,t)da; db,
+/RiKfz(a,b,t)fl(al,bht)daldbl
7/Rz+Kfl(a,b,t)fz(al,bl,t)daldbl- (16)
By exchanging the roles of agents in groups 1 and 2 when

transferring from (i) to (iv), we have the following concrete
form of the operator:

Y oY p)ab)

le{i,ii,iii,iv}

/R2 Kf1(a,b,t)fl(al,bl,t)daldbl
T

03 (f1,2)(a,b)

_/R2+ Kf(a,b,1) fa(ar, br,t)dar dby
—/RiKfz(a,b,t)fl(al,bht)daldbl
+/Rz Kfi(a,b,t) fo(ar,by,t)daydby. (17)
1
In summary, we acquire the following Boltzmann system:

$ Jie @(a.b)fi(a.b.1)dadb

= Jrz 9(a,0)Q1(f1, f1)(a,b)dadb
—"_IRi ¢(a,b)01(f1,f2)(a,b)dadb
+Jr2 @(a,b)01 (f1, f2)(a,b)dadb,

d .
E\/Ri (p(a,b)fz(a,b,t)dadb

= o 9(a,b)Q2(f2, f2)(a,b)dadb
+ fie @(a,b)Qa(f2, f1)(a,b)dadb
+Jr2 0(a,0)Q3(f1,f2)(a,b)dadb.

(18)

4. Macroscopic equations for the number of
agents and each good

In the dynamical model described in the preceding sec-
tion, each transaction leads to the movement of goods and the
transfer of people between the two groups of agents. In this
part, we discuss the evolution of the density of agents in each
group and the average number of goods they own.

We assume that the prices of goods A and B are equal
in all cases; that is, the relative price P;(t) =1 (i,j =
1,2). Therefore, the original trading rules (10)—(12) should
be amended accordingly. For the agents of group 1 (dealers),
the trading rule when they deal with any object is simplified as

{a*:a—ﬁa—i—ab—l—uaa, (19)

b* =b—ab+Ba+ upb,

which states that, for a dealer, the quantity of goods he owns
after a single transaction is linearly dependent on the quantity
before the transaction. In each interaction, the dealer sells o
percentage of commodity B to purchase commodity A, and
a + U, is the relative loss (or gain) of commodity A. Simi-
larly, the dealer sells 3 percentage of goods A in exchange for
goods B, and f3 + , is the relative loss (or gain) of goods B.
For the agents of group 2 (speculators), the trading rule be-
comes

A
a* :a—ﬁa+a—bb+uaa,
Aa

A (20)
b*=b— ab+[3)t—”a+ubb.
b

Speculators only put commodity A with proportion A, and
commodity B with proportion 4, into the market; A,/A, is
the speculators’ trading strategy, which is represented by the
proportion of speculators’ investments in the two goods. At
this point, the proportion of goods B sold by the agent in ex-
change for goods A in a single transaction becomes aA;/A,,
and the proportion of goods A sold by the agent in exchange
for goods B becomes SA,/A,. Obviously, when A, = A, = 4,
Eq. (20) is reduced to Eq. (19). At this time, the updating rules
of the commodity quantities of the two groups of agents are the
same.

By choosing the test function ¢(a,b) = 1, the evolution
equations for fractions of agents in each group are obtained
from the weak form of Boltzmann equation (18). Obviously,
the effect of a binary transaction vanishes at this time and the
change of density of agents in each group depends only on
the transfer operator QY (f1,f2)(a,b) with i = 1,2. Putting
¢(a,b) = 1 in the corresponding Boltzmann equation, we ob-

tain
dpi
Te = K(pZ - pl)v
(2D
2 k(py—p2)
dt 1 )
where p; and p, are the same as in formula (6). When

dp/dt = dpp/dt =0, p; and p; reach a steady-state and
no longer change with time. Combining with the condition
p1+p2 =1, we obtain the unique equilibrium state
(1) = (P2)e = 5.

That is, if agents in groups 1 and 2 transfer to each other with
equal transfer frequency K, each group has the same number
of agents when ¢ — oo. This conclusion is consistent with that
in Ref. [29].

Choosing the test functions ¢(a,b) = a and ¢(a,b) = b,
we explore the evolution of the average number of goods
owned by agents of each group. Now, considering agents
of group 1, the evolution of the number of commodities they
own relies on both the binary transaction and the agent’s trans-
fer. Using the conditions M + Maa = Ia, Mg + Mg = I,
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In+1Ig =1and p; +p> =1 (M;s, and M (i = 1,2) defined in
formulas (7) and (8)), we have

/Rz aQi(f1,f1)(a,b)dadb

= {

+

- 6/4 (atb— Ba)fi(a,b,1)fi (a1, br,1)d
R

+

(a* —a)fl(a,b,l)fl(a1,b1,l)d7f>

= ocaMpp1 —oBMiap1,

/R2 bQ1(f1,f1)(a,b)dadb

:G</R4(b*—

= GA4 (ﬁa_ab)fl(a7bat)fl(alab1,t)dﬂ'
= oM AP

/Rz aQ1(f1,f2)(a,b)dadb

- o

— 6/1;4 (ab—Ba) fi(a,b,t) f>(a1,by,t)dx

M

b) fi (a,b,t)f1(a1,b1,t)d7r>

—ooMpp,

(a* — a)fi(a,b,1) falar bu1)d >

= caMgp2 — oM ap2,

. bQ:(f1, f>)(a,b)dadb

b

— o [ (Ba—ab)filab.0)fs(arbr.0)dr
R+

b)fi(a,b,t)fa(ar,by,t )d”>

= 6fMiap2 —OoQMBp;.

Due to the operator Q1 (f1, f2)(a,b), we obtain

|, Q¥ (71.£2)(a.b)dadb = K15 ~2014),

T

/Rz bOT(f1, 2)(a,b)dadb = K(Ig — 2M1p).

Therefore, the evolution equations for the average number of
goods owned by agents in group 1 become the form

dm
dt“* = caMip — (6B +2K)Mia + IaK,
(22)
dMp
T =oPfMa—(ca+2K)M g+ IgK.
We obtain the unique equilibrium state
ool +2I\K oI+ 2IgK
Mip)eo = ——— 22 (Mig)es = ———2—
(M1a) 2o+ak 0 (M) 26 +4K

At steady state, the average amounts of goods A and B owned
by agents in group 1 depend on the frequency of agents’ trans-
fer.

Similarly, for agents in group 2, the effects of binary in-
teraction on the variation of goods’ quantities are expressed
as

/Rz aQa(f2, f2)(a,b)dadb

:G</Ri
o,

+

(a* —a)fz(cl7b,l‘)f2(a17b1,l‘)dﬂ?>
Ay
(alb_ﬁa> fZ(aabvt)fZ(alvblat)ch

A
)Tszsz — 0 BMapa,

/Rz bQO>(f2, f2)(a,b)dadb

:0</R4(b*

+

— O-/Ri (Btaab) fz(a,b,l)fz(ahbl’[)djr

= 0o
_b)fZ(a7bvt)fZ(a17blat)dn>

Aa
= of )TbMZAP2 —oaMapps,

/Rz aQs(f2, f1)(a,b)dadb

=o{Js

+

- G/Ri (atb—ﬁa> fa(a,b,t)fi(ar,by,t)dm

(a* — a)fz(a7b,t)f1 (a17b1,t)d7t>

_
= O'Otfa

/Rz bQO>(f2, f1)(a,b)dadb

=G</R4(b*

+

— O-/Ri (ﬁia—ab) fZ(aabat)fl(al,bl,l)dTE

Mapp1 — 6 BMaapI,

_b)f2(a7b7t)fl(a17blat)d7r>

Aa
=of )TbMZAPl —ooMBp;.

The effects of agents’ transfer on the variation of quantities of
commodities A and B are given as

/R2 a0 (1, />)(a,b)dadb = K(Ix — 2Man),
/Rz bQ3 (f1, f>)(a,b)dadb = K (I — 2Mag).

Then, the equations for the average number of goods owned
by agents in group 2 become

dM A
d:A /TszB — (0B +2K)Map + InK,
(23)
dM>p
=opf 7M2A —(oa+2K)My + IgK.
dt )vb
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The steady-state solutions of the quantities of goods owned
by agents in group 2 are obtained by solving formula (23).
Namely, we have

Adaoco+ Aplgoot + 24,04 K

(M2)- = 2240 + 42K ’
(M ) ;LbIBGﬁ +A IAGﬁ +2;LbIBK
2B 2050 +4A,K

The quantities of commodities A and B owned by agents in
group 2 at steady state depend on both the speculators’ trad-
ing strategies and the frequency of agent transfer. Consider
the case where the agent has the same propensity to trade for
goods A and B (A, = A, = A). At this time, we have

ool +2I K
20 +4K

oBI+2IgK

M
(Mop)eo = 26 +4K

, (M2B)e =

Obviously, both groups of agents have equal equilibrium state
quantities of goods A and B when A, = A, = A; that is, there
are (Mia)ew = (Maa)eo and (M )e = (M2B ) <o

S. Continuous trading limit and Fokker-Planck

approximation
5.1. The Fokker-Planck equations of the distribution

function

According to Bisi,?”! it is difficult to derive the analytic
expressions of the distribution function from the Boltzmann
equation (18). The usual practice is to use the “continuous
trading limit” methods to derive the Fokker—Planck equation.
The principle of the “continuous trading limit” methods is that
the amount of wealth exchanged each time may be very small;
that is, the difference in the amount of wealth of the agent
before and after the transaction is negligible. Thus, the en-
tire market is viewed as consisting of an infinite number of
small binary transactions and therefore is considered continu-
ous. The “continuous trading limit” is achieved by introducing
the scaling

oa—ea, B—eB, Ua— VEUs, Hp— VEU,

where € is a small positive parameter. Now, we derive the evo-
lution equation of the dealer’s wealth distribution fi(a,b,?).
From the trading rule (19), we acquire

(a" —a)=¢(ab—Pa), (b"—b)=¢e(Ba—ab),
((a* —a)*) = €*(ab— Ba)* + eyua’,
((b* —b)*) = €*(Ba— ab)* + ey, b?,
((a" —a)(b* —b)) = —€*(ab— Ba)*.

The second-order Taylor expansion of the test function
¢(a*,b*) around (a,b) possesses the form

(p(a”,b") — ¢(a,b))

I I
e|(ab—Ba)=—+ (Ba—ab)%
na’ g wb® e
2 da?

2 abz +<R8(a,b)>7 (24)

where Rg(a,b) represents the remainder term including &”
(n>2).

Our goal is to study the long-term behavior of the distri-
bution function. Thus, we scale the time such that T = &¢. The
scaled distribution function g (a,b, T) = fi(a, b,t) satisfies the

Boltzmann equation

= (p(a b)gi(a,b,t)dadb

1 .
B /Rz+ ¢(a,0)Q1(g1,81)(a,b)dadb

1
+E/Ri ®(a,b)Q1(g1,82)(a,b)dadb

+ [, 9@ b0 (s1,82)(@.b)dadh.  (25)

We substitute formula (24) into the Boltzmann equation (25).
The first and second items on the right-hand side of the for-
mula (25) become

i[/,ﬁ ¢(a,b)Q1(81,81)(a,b)daddb
+/Rz+ (P(a’b)Ql(&ﬂz)(a,b)dadb}

99 99
= G/Ri [(ab—ﬁa)aa+([3a—ab)ab

1 e 1 2

—I—E’)/ucﬂ - + iyubZ ab2:|g1(r)g1(‘c)d7r
e dp 1 ,3%

+c7/4 [(ab—ﬁa)&l—&-(ﬁa—ab)ab—kz a2 22
+1 b= i dT+R 26

FTub" 57 181(7)82(7) 7+ Re (@) (26)

where
Re(o) = 2] [ Relaber(Ien(s)ax
€ /R

+ [, (Re(a.b)gi(D)ga(x)dx|.
4
Since R¢(a,b) contains €" (n > 2), when € — 0, Re(¢) — 0.

Meanwhile, the last item on the right-hand side of the for-
mula (25) becomes

/Rz ¢(a,b)Q] (81,82)(a,b)dadb
2
= —/R2 (P(a,b)Kplgl(‘L’)dadb+/R2 ¢(a,b)Kprg>(t)dadb
* +

+ /R ¢la,b)Kpig:()dadb - /R ¢la,b)Kpagi (v) dadb
¥ T
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- / 9(a.b)Kg()dadb + / 9(a.b)Kga(t)dadb. (27)
R R

We substitute Egs. (26) and (27) into Eq. (25), and pass the
derivative of the test function to the distribution function by

using integration by parts and acquire the evolution equation
of 81 (Cl, b l T)

0 0 0
% -0 (ﬁMlA—OCMlB)%"‘(aMIB BMia) ;Z
L P 9%(a’g1) . P17y 9%(b%g1)
2 da? 2 db?
0 J
+(BM1A—OCM]B)%+(O‘M]B BMa) agbz

P 0% (a’g)  pivu 9*(b*g)
2 da? 2 ob?

+Kgr—Kg1.(28)

Using the same method, we obtain the evolution equation
of g2(a,b, 1)

J Ay g J
% =0 (ﬁMzA TaMQB)ai‘F(aMZB ﬁMZA) agbf

L P2 9%(a’g2) | P2Yu 9*(b*g2)

2 da? 2 0b?
A 0 0
+(BMoa — /‘TzaMZB)% + (Mo — ﬁMZA) ;;91
p2Yu 9°(a%g1) | paYu 9% (b°g1) _
+= 5 5 35 +Kg1—Kg>. (29)

The second-order partial derivative terms on the right-
hand side of the Fokker—Planck equations (28) and (29) mea-
sure the diffusion of the quantities of goods due to uncertainty
and are called diffusion terms. The first-order partial deriva-
tive terms are called the drift terms, which cause the quantities
of goods of agents in each group to move towards a suitable
weighted average. According to the statements in Ref. [29],
it is difficult to compute the steady solutions of Egs. (28) and
(29). Therefore, some restrictions need to be placed on the
equations.

In the economic activities of a real society, people often
think that putting all the commodities into the trade increases
the risk. Thus, they have a certain tendency to save. Suppose
that the government encourages agents to save; that is, only
dealers are allowed to become speculators and no transfers are
allowed in the opposite direction. In other words, unlike the
case where there are two-way transfers of agents in the pre-
vious sections, only one-way transfers of agents are allowed
here. Thus, we have (p1)ew =0, (Mija)e =0, (MiB)w =0,
(p2)w = 1 and (Mpa)w + (MaB)e = I. Therefore, the steady
distribution (g1 )e

vanishes when (g2 )« is given by the equa-

tion
9 A d J
% =0 (ﬁMzA—T:OtMQB)%“F(aMZB ﬁM2A) ;;72

A(a,b) =

+'}/7p,(92((12g2) 77;182(17282)
2 da? 2 0db?

} —Kga. (30)

When A, = A, = A, the evolution equation (30) becomes

J J J
22— 0| (BMan— M) 22 + (e — BM2n) 52
yiaZ(aZgz) ,yiaZ(bzgz) B
2 T2 o | K

5.2. A solvable case

In what follows, we consider a case where there is no
random influence (¥, = 0). As a result, the diffusion term in
Eq. (30) disappears and Eq. (30) is simplified to

dgr A dg
= oo St G
+(oM. ﬁM )8 —K
2B — 2A b 82-

When ¢ — oo, we obtain the following partial differential equa-
tion:
98
da
dg _
+ (XMzB— ﬁMzA 2, | ~Ke2=0. (D

The two commodities are homogeneous except that the
agent has different tendencies to trade them (A, # A;). There-
fore, the steady wealth distribution has two symmetrical
forms. According to Polyanin, 3!l we solve Eq. (31) and ac-
quire the steady solution

K
A
o (ﬁMzA - ;OﬂMzs)

(82)- = exp a o @(A(a,b))

K
= exp b

Aa
o (OCMzs — MﬁMZA)

P (A(a,b)),

where @(A(a,b)) is an arbitrary function of A(a,b) and
O (@Mog — 54 BMop)a— o(BMaa — 52 atMog )b. Ob-
viously, the steady-state wealth distribution of the agent in
group 2 (speculator) depends on the trading strategies A,/A,
(the ratio of the trading propensity between two goods) and
transfer frequency K. When A, = 4, = A, the influence of the
trading strategies A,/A, vanishes and the steady-state wealth
distribution only depends on the transfer frequency K. In order
to study the effects of trading strategies on the wealth distribu-
tion of agents, the following work mainly considers the case
Aa # Ap and the case A, = A, = A is easily derived.

To analyze the influence of agent transfer on the evolution
of wealth distribution, we write the Fokker—Planck equation
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that does not involve the agent’s transfer; that is, formula (31)
is reduced to

A g
aMrg — —BM. — | =0. 32
+< 2B Mﬁ 2A> b (32)
According to Polyanin, 3! the steady solution of formula (32)
is

(82)= = ¥ (A(a,D)),

where W(A(a, b)) is an arbitrary function of A(a,b).

To compare (g2) and (g3)w, we take the same form for
®(A(a,b)) and ¥(A(a,b)) and find that the influence of agent
transfer on steady wealth distribution is described by 7j (a) and
T>(b), where T (a) and T5(b) are defined by

Tifa) = 820 —exp T
(&2)- Y (BMZA - ;OCMma)
B(b) = 8= _exp K by, (33)
(82)- c (aMzB - ?LaﬁMZA>
b

The specific effects will be analyzed in the numerical experi-
ments in Subsection 5.3.

5.3. Numerical experiment

In this section, we perform two tests. Test 1 discusses the
effects of trading strategies and transfer frequency on steady
wealth distribution in the above special case (see Subsec-
tion 5.2). We compare the steady wealth distribution of the
speculator by taking different values of 4,, 4, and K. In test 2,
the solution of Eq. (30) at  — oo is acquired through numeri-
cal experiment and the image of the steady wealth distribution
obtained in this case is drawn.

5.3.1. Test 1: The influence of agent transfer on
steady wealth distribution

In this test, we want to observe the change in steady
wealth distribution due to the addition of the agent transfer
operator in the Boltzmann equation. We consider the simpli-
fied case where oMy = caMyg = 1 and K = 0.3 in for-
mula (33). Compared with the case where the agent’s transfer
is not considered, the effects of agent transfer on the steady
wealth distribution are characterized by T (a) and T»(b).

We let A, < A;, and plot the graphs of 7j(a) and T(b) in
Fig. 1. The meaning of A, < A, is that the agent prefers to
trade commodity B and hold commodity A. In other words,
agents believe that goods A have a higher value and they pre-
fer to hold goods A than sell it. Therefore, when A, < 4,

we focus on analyzing the influence of 7j(a) on steady-state
wealth distribution. From Fig. 1, we know that Ti(a) < 1
and 71 (a) decreases with the increase of the quantity of goods
A. When the quantity a — 4o, T1(a) — 0. According to
(g2)e =Ti(a) - (g2)w, we conclude that the tail of steady-state
wealth distribution with agent transfer becomes thinner than
that of wealth distribution without agent transfer at the high
wealth level. In other words, the transfer of individuals re-
duces the probability of the emergence of extremely rich peo-
ple, which is conducive to the equality of wealth distribution.
In addition, when the gap between A, and A, is different, the
influence of agent transfer on steady wealth distribution is also
different. The smaller the gap between A, and A;, the smaller
the value of 77 (a). In the commodity exchange market, allow-
ing agents to transfer helps to improve the unequal distribution
of wealth. Thus, it is required that the gap between agent’s
trading propensities for different commodities is small. When
Aq > Ap, we can easily reach a similar conclusion by analyzing
the influence of T (b) on steady-state wealth distribution.

LOE 0y 1270
a P .
|“ —=X,=0.3, =04 10 T2 =03, 4,=04
0.8k == A,=0.3, A\,=0.6 T 2=03,4,=06 s
S A, =0.3, A, =0.8 s A =03, A,=0.8
i e
5 O5[ s .
<N g6
0.4F 7 L
[ 4 —
N . _L--
0.2r 3 S 2 e T ==
\ NA D
. S~

00 2 4 -6 8 10 12 14—16 18 20 00 0.20.40.60.81.01.21.41.61.82.0
a b

Fig. 1. Test 1: Comparison of the effects of agent transfer on wealth
distribution under different values of A, and A;,. (Blue) A, = 0.3 and
Ay, =0.4. (Red) A, = 0.3 and A, = 0.6. (Green) A, = 0.3 and 4, =0.8.
In each case, we fix cfMs = caMg =1 and K = 0.3.

i (@) —-K=03 (b) --K=03
I --K=0.5 30 -—K=0.5
08} K=0.6 K=0.7
W 25
OREIN 220
= \\ =
& oa \\‘-\‘ 15
\
\\ y 10 ///’
0.2 VN _-7
NN 5 —= =
N T T
0 e S e SRR S A L 1 O —
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Fig. 2. Test 1: Comparison of the effects of agent transfer on wealth dis-
tribution under different values of K. (Blue) K = 0.3. (Red) K = 0.5.
(Green) K = 0.7. In each case, we fix 6fMyy = caMyp =1, 4, = 0.3
and A, =0.5.

According to the expressions of 7j(a) and T»(b), the fre-
quency K of the agent’s transfer also affects the steady-state
wealth distribution. Therefore, holding A, < A;, we take dif-
ferent values of K to plot the corresponding images of Tj(a)
and T»(b) in Fig. 2. It can be seen from the trend of T} (a) that
when the frequency of transfer increases, the speed of decay
of T (a) increases, meaning that the effect of individual trans-
fer on wealth distribution is enhanced. In conclusion, a high
transfer frequency is conducive to the equalization of wealth
distribution.
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5.3.2. Test 2: Steady wealth distribution in the general
case

For Eq. (30), it is difficult to solve the steady solution
when t — . Therefore, we find its numerical solution and
draw a graph of g.(a,b). In this test, we fix 3, = 0.5,
OPBMys = caMr =5, A, =02, A, =0.7 and K = 1. From
Fig. 3, we know that the numerical solution depends on both
variables a and b. As the variables a and b increase, the wealth
distribution g..(a, b) increases first and then decreases. Finally,
the wealth distribution g..(a, b) approaches 0. The trend of the
numerical solution indicates that a small number of people
possess the most wealth. Employing actual data (source: the
World Inequality Database), we plot Fig. 4, where the curves
depict the change of social wealth held by the richest 10% of
the population (blue) and the poorest 50% (red) in the world’s

x10~°

g(a,b)

100

Fig. 3. Test 2: Steady wealth distribution in the general case where we
fix Yu = 1, GﬁMZA =oaMg =5, 2«1 =0.2, )vb =0.7and K =1.
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Fig. 4. Wealth inequality in the world’s major economies (1995-2022).

major economies from 1995 to 2022. The distance between
the blue and red curves in each image represents the degree
of wealth inequality in the economy. It is worth noting that
the gap between the rich and poor is large as shown in Fig. 4.
The level of wealth inequality in China and India has increased
over the past two decades. The actual case in Fig. 4 demon-
strates that the trend of our numerical solution g..(a,b) fits the
real economy.

6. Final remarks

In this work, we utilize the kinetic theory of rarefied gas to
study the wealth distribution in a goods exchange market that
allows agents to transfer between groups 1 and 2. The evolu-
tion of the wealth distribution function of the agent in each
group depends on both binary interactions and agent trans-
fer. Suppose that agents in the market have the same prefer-
ence for two kinds of commodities, which is described by the
Cobb-Douglas utility function. The evolution processes of the
wealth distribution of agents in the two groups are described
by different Boltzmann equations. In the Boltzmann system,
agents are allowed to employ their transaction strategies to im-
prove utilities. Specifically, we suppose that agents in group 1
(dealers) place all their commodities in the trade, while agents
in group 2 (speculators) place only a portion of their commodi-
ties in the trade. In other words, speculators maximize their
utilities by choosing the proportion of commodities they trade.
In addition, the Boltzmann equations also contain the possible
transfer of agents. Starting from the Boltzmann system, we de-
rive macroscopic equations for the fractions of agents of each
group and the average quantities of two goods they own. From
the equilibrium solutions, it is seen that if there are two-way
transfers of agents with equal transfer frequency K, the frac-
tions of agents are the same; that is, we have p; = p, = 1/2
when ¢ — oo. In addition, we acquire the average quantities
of two goods in the two agent groups and find that the aver-
age quantities of dealers rely on transfer frequency, while the
average quantities of speculators rely on trading strategies and
transfer frequency. Finally, we derive equations of Fokker—
Planck type by the “continuous trading limit” process and ob-
tain a steady solution for a special case. In numerical exper-
iments, we perform two tests. Test 1 discusses the effects of
trading strategies and transfer frequency on steady wealth dis-
tribution. Through test 2, we plot the curves of the numerical
solution of the Fokker—Planck equation (30) and find that the
wealth distribution increases first and subsequently decreases
with the increase of variables a and b. This paper draws con-
clusions that the transfer of agents (the adjustment of agent’s
trading strategy) reduces the inequality of wealth distribution.
Narrowing the gap between agents’ trading propensities for
different goods and increasing the frequency of agent transfer
would enhance the equalization of wealth distribution.
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