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Lie symmetry analysis is applied to a (3+1)-dimensional combined potential Kadomtsev—Petviashvili equation with
B-type Kadomtsev—Petviashvili equation (pKP-BKP equation) and the corresponding similarity reduction equations are
obtained with the different infinitesimal generators. Invariant solutions with arbitrary functions and constants for the
(3+1)-dimensional pKP-BKP equation, including the lump solution, the periodic-lump solution, the two-kink solution,
the breather solution and the lump—two-kink solution, have been studied analytically and graphically.
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1. Introduction

Nonlinear evolution equations are widely used in the
fields of fluid dynamics, optical fibers, plasma dynamics,
etc. With the development of soliton theory, scientists have
obtained methods to solve these nonlinear partial differen-
tial equations, such as Darboux transformation, Hirota direct
method, Painlevé analysis method, classical and non-classical
Lie group transformation methods, tanh expansion method and
so on.['=14] The Lie group method is one of the most signif-
icant methods in soliton theory to study the exact solution
of nonlinear equations. The main idea behind the Lie group
method is that when one parameter group of transformation
acts on the space of the independent and dependent variables,
it leaves the partial differential equations in the original state.
In recent decades, the Lie group method has been applied to
obtain exact closed-form solutions of many partial differential
equations, such as the KdV equation, Burgers equation, KP
equation and so on.[15-22!

The well-known KP equation

(uy + Outty + )+ auyy, =0, (1)

describes the evolution of nonlinear, long waves of small am-
plitude with slow dependence on the transverse coordinate, >3]
which is one of the famous integrable equations in soliton the-
ory. Setting u = u, in Eq. (1) and integrating x once, one can

have the potential KP equation
U+ O lyx + Upxrx + Altyy = 0. 2)

Moreover, the (2+1)-dimensional KP equation associated with
B-type infinite dimensional Lie algebra reads

(15(ux)3 + 15uttrn, + Mxxxxx)x
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+5 (uxxxy +3 (uxuy)x) +uy — ity =0, 3)

which describes the interactions between exponentially local-
ized structures and Eq. (3) has been used as a model for the
shallow water wave in fluids and the electrostatic wave poten-
tials in plasmas.?*! In Ref. [25], a combined form of the pKP
Eq. (2) and BKP Eq. (3) is called pKP-BKP equation and given
in the form

ai (1514)3( + 15U ttrx + uxxxxx)x + ap (6uytyy + Uprrr)

+as (uxxxy +3 (uxuy)x) + gty + asuyg + agityy =0, (4)

where a; (i = 1,...,6) are arbitrary constants with as # 0.
This newly proposed Eq. (4) has been studied extensively
to admit multiple soliton solutions, kink wave, lump solu-
tion, M-breather and periodic travelling wave solutions in
Refs. [25-29].

Very recently, the author introduced a combined version
of pKP-BKP equation in (3+1)-dimension

Uyt +a (1514)3( + lSuxuxxx + uxxxxx)x
+p (6quxx + uxxxx) + Y(uxxxy + S(quy)x)
+ Qi + bty + Clty; + Lty = 0, )]

where some additional terms, namely, bu,, and cu,, are added
to the pKP-BKP Eq. (4) with a5 = 1.13% This equation shows
the double effect of both the pKP equation and the BKP equa-
tion, which is used to reveal nonlinear fluctuation phenomena
in nonlinear optics, plasma physics and hydrodynamics.3!-3?!
When pu = —<5, o # 0, it has been demonstrated that Eq. (5)
is integrable in the Painlevé sense and the multiple soliton so-
lutions, lump solutions have been derived by the simplified
Hirota bilinear method.**! Breathing wave solutions, mul-

tiple soliton fission and multiple wave interaction solutions,
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and Y-type soliton solutions have been obtained.?!=** More-
over, two special (3+1)-dimensional pKP-BKP equations are
also studied in Ref. [30] by eliminating some elements from
Eq. (5).

In this paper, we aim to find many different similarity so-
lutions with arbitrary functions and constants of the special
pKP-BKP equation by fixing the constants & = 1/5, 3 = y=
U =a=>b=c=1 for simplicity

5

+ Oyl + Upiry + Uxxy

+3 (txtty )+ tx + thyy + Uy + 1ty = 0. 6)

1
Uy + (314)3; + Bty Uy + uxxxxx)
X

To the best of our knowledge, the Lie group analysis and abun-
dant similarity solutions to Eq. (5) have not been reported in
the literature. We will use the classical Lie group method to
obtain various similarity solutions with arbitrary functions, in-
cluding the lump solution, the lump—kink solution, the lump-
two-kink solution, the two-kink solution, the interaction be-
tween solitary and periodic wave solution, the periodic lump,
the periodic kink and the breather solution in different coordi-
nate planes.

The paper is organized as follows. In Section 2, we derive
the corresponding infinitesimal generators with arbitrary func-
tions through Lie group analysis for the pKP-BKP Eq. (6). In
Section 3, various types of reduction equations for Eq. (6) are
obtained based on different vector fields. Some different sim-
ilarity solutions with arbitrary constants and functions are de-
rived by resolving these reduction equations. Some interesting
similarity solutions are also exhibited graphically by selecting
appropriate arbitrary functions. Finally, summary and discus-
sion are provided in Section 4.

2. Lie symmetry analysis of Eq. (6)

In this section, the classical Lie symmetry method is
applied to Eq. (6) and the corresponding infinitesimal gener-
ators of Eq. (6) are obtained directly. First of all, we make a
one-parameter Lie group transformation for Eq. (6)

x—x+e€, y—>yt+en, z—z+Eeo,

t—>t+€1, u—u+ed, 7

where € is a small parameter. The infinitesimal genera-

tors {&, N, w, T, P} are undetermined functions depending on

x,¥,z,t, and u. The corresponding vector field
d d d 0
V=(— —+T=—+PDP— 8
é Jrn(9 o5 T+ P (®)

is a Lie point symmetry of Eq. (6) if and only if

PrOV (A)|a—0 =0, )

where Pr®V is the sixth prolongation of Eq. (8) as follows:

d d d
() X - XX
VS V@ @ et
0 . 0 o 0 w O
ity +® Juty, +® Er +@

0 e O
Olyrx e

a Uxxx
2 J
dJ Uxxxy

+ oV

dutyy

+ @X}Cx

+ ¢xxxxxx , ( 1 O)

J Uxxxxx

and

1
A = uy+ (3%% + 3ttty + Suxxxxx)
x

+ Ou iy + Uy + Usxxy + 3 (uxuy)x
+ Uy + Uy + Uiy + Uy (11)

Then the Lie invariant condition can be obtained as

l(pxxxxxx + (pxxxy + q)JCXX.X
5

+ (3P 4+ 6D* + 3P + 18D u,) uyy

+ 3D Uiy + 3P Uy + 3P Uy

+ (6™ +3PY + 9Py, + 3Py,

+3P"uy + P+ PV 4+ P PV 4 PV =0, (12)

where (px’ (I)y’ (pxx’ (pxy, (pxz’ @xt’ (Dyy, (pxxx’ (pxxxx’ Py
and @ are invariant coefficients. These coefficients can
be computed by the standard procedure of Lie group method.
Substituting them into the invariant condition (12) and re-
quiring all the different coefficients of u to zero with the
help of Eq. (6), one can derive the determined equations for
{&,n,w,7,D}. Because it is tedious to write down all the de-
termined equations for {&,n,®, T, P}, we only list the final
results below:

1 3
&= gxfz —yfs+fs, Nn= gyfz + fa+zfs,
w:Zf2+f37 T:fl+zf27

y—x 3u+2x

:Tfs— f2+ (f6t+f6z)+f7v (13)

where f1, f2, f3, f4, f5 are five arbitrary functions of # — z and
f6, f7 are two arbitrary functions of z, . The associated vector
fields of the (3+1)-dimensional combined pKP-BKP Eq. (6)
take the form

V =Vi(fi))+Va(fa) +V3(f3)+Va(fa)

+V5(fs)+ Vs (fe) +Va(fr), (14)
where
0 0 0
Vi= 5 Vi=fi—, Vi=f1—,
1=h 3 f38 4 f48y
0
(f6[+f6Z) +f6(9 I W:f7$a
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d 3u+2xd xd
%_f2<zat_1sau+sax

P ek AN A
Vj_fs( 3 du y8x+z8y>'

+ 2o

3y d 0
5dy "0z

15)

That is to say, the (3+1)-dimensional pKP-BKP integrable
Eq. (6) admits the Lie algebra spanned by the vectors V

(j=1,2,....7).

3. Similarity solutions of Eq. (6)

In this section, we will consider the symmetry reduc-
tion and invariant solutions of Eq. (6) by selecting different
vectors. In order to obtain similarity solutions of Eq. (6), we
should solve the associated characteristic equation to obtain
the invariant transformations and then substitute these results
into Eq. (6) to determine the corresponding reduction equa-
tions. Finally, similarity solutions can be obtained by solving
the reduction equations. The characteristic equation of Eq. (6)
is in the form

gzﬂzdz_dt_@7 (16)
& n o T @
where {&, 1, 0,7, D} are given explicitly in Eq. (13). Here we
discuss the following cases.

3.1 Vector field V, = fo (29 — 242 2 4 52 4 32 129
The related characteristic equation of V; is

e _dy_de_dr_du

—r=—=—=—pm (17)
% 3% z z _ 3LtngZx
and we have the similarity form
Fl (Xa Y7 T) X
=" —= 18
Uy 25 3 (18)

where F] is a similarity function of the new variables X =
x/7'3, Y = y/2/5, T =1 —z Substituting Eq. (18) into
Eq. (6), we obtain the reduction equation in terms of Fj

(45F{x + 15Fiy + 15Fixxx — X) Fixx
+(15Fixy + 15Fixxxx —2) Fix —3FixyY

+5F1yy +S5Fixxxy + Fixxxxxx = 0. (19)

Because the coefficients of Eq. (19) have independent
variables X and Y, it is difficult to solve it directly. We will
apply the Lie group method to it again and the corresponding
infinitesimal generators are given below:

Cx=g2, =0, =g, ‘PFI— Y+g3, (20)

15
where g1, g2 and g3 are three arbitrary functions of 7. The

associated vector fields of Eq. (19) take the form

W =Wi(g1)+Wa(g2) + W3(g3), (21)

where

0 Y o 0
Wi=g1== szgz(-i-),

oT’ 150F,  0dX
Wi =g3-—. 22
3=83E (22)
: _ Y 0 d
3.1.1. Vector field W; = ¢ (m—],1 + 37)
The related characteristic equation of W is
dx dy dT dF
— === —. (23)
Y
1 0 0 i
Its similarity form is
XY
Fiy=—+M ,Th), (24)

15
where M| is a similarity function of Y7, 71 with similarity vari-
ablesY;| =Y, T}
Substituting Eq. (24) into Eq. (19), the reduction equation in

=T and Fy; is a similarity solution of Eq. (19).

terms of M; can be found

4Y;
SMiyy, — —o =0, (25)
15
which has the solution
2
My (Y1,T1) = —=Y} +G1Y1 + Gy, (26)

225
with G| and G, being arbitrary functions of 77. Then we can
obtain the similarity solution of Eq. (6) by substituting Eq. (24)
with Eq. (26) into Eq. (18)

xy  x 2y  Gi(t—2)y n Gy(t—2)

_r 27
=S T3 st an a5 @D
3.1.2. Vector field W, +Ws = (s275 +83) 5% + 225%
The related characteristic equation of W5 + W3 is
dx dy dT dF
— === Y717 (28)
& 0 0 epEte
and the similarity reductions are
XY
Fiz="T5+ g3X+M2(Y17T1) Yi=Y, T =T. (29)

Substituting Eq. (29) into Eq. (19), we get the reduction equa-
tion in terms of M,

4 83

SM, —Y—-===0 30
mn =g = =0, (30)

which has the solution

2

M Y3 Y2 +G Y, +G 31
2= 2251+1021+11+ 25 ()
where G| and G, are two arbitrary functions of 7;. Hence,

we can obtain the similarity solution of Eq. (6) by substituting
Eq. (29) with Eq. (31) into Eq. (18)

Xy x 2y xgs—2)

15z 3 22522 25gy(t—2)

ygs(r—2) +)’G1(I—Z)+G2(f—2)
1077/5g5(t — z) 3 25

up =

(32)
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3.1.3. Vector field W, +W; = g3aiFl ta1
The related characteristic equation of Wi + W3 is

dXx dy dT dF

= = . (33)

0 0 g &

It is easy to obatin the similarity function
Fi3=In(g1) + M5 (X1,1), (34)

where M3 is a similarity function of X; = X, Y; =Y, under the
assumption g3 = g|. Substituting Eq. (34) into Eq. (19), we
get the reduction equation in terms of M3

(45M3x, + 15Msy, + 15M3x,x,x, — X1) Mx,x,

+ (15Msx, — 3Y1) M3x,y, +5M3yy,

+ (I5M3x, x,x,x, —2) Mzx,

+Msx,x,x,x, %, 5, +3M3x,x,x,v, =0, (35)

which has a simple solution

1
M5 =X, +§Y12+C1Y1 +C, (36)

where C| and C, are arbitrary constants. Hence we have the
similarity solution of Eq. (6) by substituting Eq. (36) with
Eq. (34) into Eq. (18)

x ¥ Gy G  In(gi(t—2)

wa= o 3tsaEtan tart gm0 4D
3.2. Vector field V4, = f4a%
With characteristic equation of V;
dx _dy dz_dr_du (38)
0 f 0 0 0
one can obtain similarity form of Eq. (6)
MZZFZ(X7Z3T)7 (39)

where F; is a similarity function of X =x, Z =z, T =t¢. Substi-
tuting Eq. (39) into Eq. (6), we deduce the reduction equation
in terms of F>

Foxr + (9F +3Fxxx + 6Fox + 1) Faxx
+ (3Fx + 1) Faxxxx + %szxxxxx +Fxz=0. (40)
Some special solutions of Eq. (40) are given as follows:
F>; = 2tanh (X +Z— 456T> +Cy,
Fp=XG(T-2)+Gy(Z,T), “n

where G, G, are two arbitrary functions and Cj is an arbitrary
constant. Then we can get the similarity solutions of Eq. (6)

46
up1 = 2tanh (x+z St) +Cy,

up =xG1(t —z) + Ga(z,1). (42)

If fixing
Gi(t—2)=t—z
10z4+4t+5
Ga(z,t) = 43
2(2,1) 202 + 417+ 5224+ 2t + 5z +5’ “43)

and substituting Eq. (43) into Eq. (42), we have the exact so-
lution of Eq. (6)

10z +4t+5
202+ Atz 4+ 572+ 2t +5z2+5

U = (t—2)x+ (44)

The detailed structure of Eq. (44) is shown in Fig. 1. And when
x =0, it can be regarded as a lump wave solution of Eq. (6) in
(z,t)-plane.

—40 2

Fig. 1. Lump wave solution (44) for Eq. (6) at x = 0.

3.3. Vector field Vs = f; (y%ai —yZ +Z%)
The related characteristic equation of Vs is

dr _dy_dz_dr_ du

= — 45
-y oz 0o o0 =X “5)
and the corresponding similarity form of Eq. (6) is
F(X.2,T) -2 Y Y (46)
Uz = = L Z
3 3 I3 3z 9Z2 6z )

where F3 is a similarity function of X = x+ % Z=z,T=t.
Substituting Eq. (46) into Eq. (6), we get the reduction equa-
tion in terms of F3

(45ZFjx +30ZFsx + 15ZF3xxx — 5X +5Z) Faxx
+ (152F3X + SZ) Fxxxx

+5Z (F3xz + F3xr) + ZF3xxxxxx = 0. 47
It is easy to see that Eq. (47) has the solution
F3:XG1(T_Z)+G2(27T)v (48)
and the similarity solution of Eq. (6) can be obtained
2 3 2
Y xy Yy Y
= — | G(t— Gy(z,t) ————=5+=—. (49
u3q (XJrZZ) 1(t—2) + Ga(z,1) 3z 922+6Z (49)

While setting the arbitrary function

030501-4
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1 3v/3eV3EH) 1 L 6(z+1) +66
Git—2)=—L o= V3 (z+1) , (50)
3 3eV3(EH)-11 4727 4 60z + 2641 + 322 + (61 + 6)z + 3012
and substituting Eq. (50) into Eq. (49), we can derive the exact solution of Eq. (6)
3\/§e‘/§<z+’)_11+6(z+z‘)+66 x xy )y 51)
w=—~~= "/ @ T EA
© T 3eV3Et)11 £ 727 4 607 + 2641 + 322 + (61 + 6)z+302 3 3z 92
\
and the detailed structure of Eq. (51) is given in Fig. 2. Equa-  Under the assumption fs = e***~2, the similarity solution and
tion (51) can be regarded as a lump-kink wave solution of  similarity variables can be obtained as
Eq. (6) when x =y =0.
2xy
Ug = T +F4 (Y7ZaT)7
Y=y, Z=z, T=t. (53)

Substituting Eq. (53) into Eq. (6), we will derive the reduction
equation in terms of Fy
4y 2

Fiyy + =+ = =0. 54
4yy+3+3 (54)

It is easy to see that Eq. (54) has the solution

20 2y3  y?

0
z —20" —20 9 =G (ZT)Y+G(ZT)-— ——+ 55

t 9 3

Fig. 2. Lump-kink wave solution (51) for Eq. (6) atx =0,y =0. . .
where G| and G, are two arbitrary functions of Z, T and the

3.4. Vector field Vs = % (fo; + fo:) % + fﬁ% corresponding solution of Eq. (6) is given as
In a similar way, the related characteristic equation of Vi 3 9
: 22y 2y Y
18 M4]:T*T*?+G1(Z,t)y+G2(Z,I). (56)
d d d dt d
x_dy _dz_dr _ du 52)

E 0 0 0 % (for + for) Here we list three special exact solutions of Eq. (6):

Case 1:

G = tanh(z+1) +sech’(t —z), Gy =2cos(r+2z—2),
2 213 2
Usg = g — % - y? + (tanh(z+1) +sech?(r — z)) +2cos(t +2z —2). (57)

Case 2:

30Z+8t+5+ eZ+0.1t+0.1 _ e—Z—O‘lt—O.l
= 4t2+8tz+15z2 +5t+5z+10+ez+0~“+0-1 _~_efz70411704]’
zxy 2y3 y2 30z 4+ 845+ ez+0.1t+0.1 _ 67Z70.1t70.1
3 9 3 42 +8iz+ 1522+ 5t + 52+ 104 et 011H01 4 o=z=0.11=0.1

(y+1). (58)

Case 3:
B 2(t+9z) B 4sin(t —z+1)
T 242492410 P el —4et T —dcos(t—z+1)+30’
2xy 290 y? 2(r+9z)y 4sin(r —z+1)
3 9 3 242z4+92+1 elt—de~!—4dcos(t—z+1)+30

(59)

The detailed structures of Egs. (57)—(59) are shown in Fig. 3. It can be regarded as the interaction solution between a solitary
wave and periodic waves of Eq. (6) when x = 2, y = 1 in Fig. 3(a), lump—-two-kink wave solution of Eq. (6) when x =y =0 in
Fig. 3(b) and lump-breather wave solution of Eq. (6) when x = 0, y = 1 in Fig. 3(c).

030501-5
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(a’) r=2,y=1

(b) =

0, y=0

Fig. 3. Similarity solution of Eq. (6): (a) interaction between solitary and periodic wave solution (57) when x =2, y = 1; (b) lump-two-kink
solution (58) when x =y = 0; (c). lump-breather solution (59) when x =0, y = 1.

3.5. Vector field V| +V; = f1 & + f £

We solve the characteristic equation of V; + V7
dr_dy_de_dr_ du
o 0 0 A f
and obtain the similarity solution and similarity variables of
Eq. (6)

(60)

usz/%dHFs(X,KZ), X=x, Y=y, Z=z (61)

Substituting Eq. (61) into Eq. (6) gives the reduction equation
in terms of F5

(9F52X + SFSXXX +6F5X + 3F5y + 1) FSXX

1
+(3Fsx + 1) Fsxxxx + ngxxxxxx

+Fsxxxy + (3Fsx + 1) Fsxy + Fsxz + Fsyy = 0. (62)

It is easy to see that Eq. (62) has the solution
Fs = 4C>tanh |:C2X ~- 4G+ )y
16
C2 +4C2+C2 Z+Ci| +Gs, (63)

where C;, C,, C3 are arbitrary constants. And we can get the
similarity solution of Eq. (6)

us| = /ﬁdt+4C2tanh {ng—(4C§+C2)y
16 X
5 C2+4C2+C2 Z+C1 +C3; (64)

which can be considered as the solitary solution.
In order to find more exact solutions of Eq. (62), we make
the traveling wave transformation

Fs=¢(w), w=mX+nY +kZ, (65)

where m, n, k are constants. Substituting Eq. (65) into Eq. (62),
we obtain the following nonlinear ordinary differential equa-
tion:

6

%¢(6)+3m5(¢(4)¢/+¢///¢//)+m3(m+n)¢(4)

+9m*(¢")2¢" + 6m>(m+n)o'¢"

+(km+m? +mn+n*)¢" = 0. (66)
We suppose that the solution of Eq. (66) can be written in the
form
l .
= Y AH (W), (67)
i=—1
where H(w) should satisfy the Riccati equation
H'(w)=1-H*w), (68)
with the solution
H(w) = tanh(w). (69)

The positive integer / will be determined by the homogeneous
balance method between the highest order derivative and the
highest order nonlinear term appearing in Eq. (66), we can

have / = 1 and so the solution of Eq. (66) is in the form
¢ =A_jtanh~(w)+Ag+ A tanh(w). (70)

Substituting Eq. (70) into Eq. (66) and setting the coefficients
of tanh’(w) to zero, we have three types of exact solutions:

01(w) = Ap + 2mtanh(w), (71)
2m
$2(w) = Ag + m7 (72)

with constants m, n, k constraint Smk + 16m® + 20m* +
20m3n + 5m? 4 5mn+5n> = 0, and

¢(w) =Ap+ + 2mtanh(w), (73)

2m
tanh(w)
where Ao is an arbitrary constant and the constants m,n,k
should satisfy Smk +256m® 4 80m™ + 80m>n + 5m? 4 Smn +
5n? = 0. Then the similarity solutions of Eq. (6) can be ac-
quired as

Usy = /ﬁdt+2mtanh(mx+ny+kz)+f\07

/ 2m YA
Usr —
>3 fi tanh (mx + ny +kz) 0

/ 2m
A tanh (mx+ny+kz)
+2mtanh(mx +ny + kz) + Ao, (74)

with Egs. (71)—(73), respectively.
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3.6. Vector field V3+V; = f3a% + L
Solving the characteristic equation of V3 + V5

de_dy_dz_di_du -
o 0 f 0 f

one can find the similarity solution and similarity variables

MGZ/?dZ+F6(X7Y7T)aX:xaY:y7T:t7 (76)
3

where Fg is a similarity function of X, Y and 7. Substituting
Eq. (76) into Eq. (6), the reduction equation in terms of Fg is
obtained as

Foxr + (9F& + 3Fsxxx + 6Fsx + 3Fer + 1) Foxx

1
+(3Fsx + 1) Foxxxx + §F6XXXXXX
+Fsxxxy + (3Fsx + 1) Fsxy + Foyy = 0. a7

It is easy to see that Eq. (77) has the solitary wave solution
16 5 3
F6 = 4C2 tanh CZX* ?Cz +4C2 +C2 T

— (463 +C2) Y+cl] +Gs, (78)

and the corresponding similarity solution of Eq. (6) has the
form

16
g = /?dz+4C2tanh |:C2x— <SC§+4C§+c2>z
3

— (4c§+cz)y+cl] +Cs. (79)

Case 1:

3.7. Vector field V4+V; = f4a% +f7%

Solving the characteristic equation of V4 + V5

dx dy dz dr du
— === = (80)
0 f& 0 0 f

one can find the similarity solution and new variables

M7:%y+F7(X7sz)7 X:.X,Z:Z, T=t. (81)

Substituting Eq. (81) into Eq. (6), the (3+1)-dimensional pKP-
BKP Eq. (6) can be reduced to

3
F7XT + <9F72X + 3F7XXX +6F7X + % + 1) F7XX
4

+(3Fx +1) Fixxxx

1
+§F7XXXXXX +Fixz=0. (82)

It is easy to see that Eq. (82) has a simple solution
F,=G|(T-2)X+Gy(Z,T), (83)

where G and G, are two arbitrary functions of the indicated
variables. Then we have the similarity solution of Eq. (6)

U = %y+G1(f*Z)x+G2(Z’t)' (84)

Here we list three types of exact solutions of Eq. (6) by select-
ing proper arbitrary functions fa, f7, G1 and G».

falt—z) =cot(t —z), fr(z,t) =—(cot’(t —z)+1), Gi=sech(t—z), G,=3tanh(z+2¢),

1 +cot(t —z)?

y. (85)

50sinh(—50z+2¢ + 1) + 2020201141 50 =202-0-1=1

Cosh(—50z+2t—|—1)+620”0-”“ 4+ e—20z-0.11-14 0 1’

u74 = xsech(r —z) +3tanh(2r +z) — cot(t —2)
Case 2:
fult—2)=Gi =1, fi(z,1)=Gy=—
_ 50sinh(=50z +2¢ + 1) 20200114 90 20011
b osh(—50z + 21 + 1) + e20H 01T 4 ¢-20:-0.1i-1 4 () |
Case 3:

fat=2)=Gi1=1, fi(zt)=

Gy =

(y+1). (86)

2[cos(2(z+1)) —sin(2(z+1))]

~ cos(2(z+1)) +sin(2(z+1)) + 1322+ 5’
2[cos(2(z+1)) —sin(2(z+1))]

Uje =X+

cos(2(z+1)) +sin(2(z+1)) + 1322 +5

(y+1). (87)

The detailed structure of Eq. (85) is shown in Fig. 4 and it can be regarded as the interaction solution between a solitary wave

and a kink wave of Eq. (6). In addition, the detailed structures of Eqs. (86) and (87) are shown in Fig. 5. It can be regarded as

the two-kink wave solution of Eq. (6) when x = y = 0 in Fig. 5(a) and interaction solution between lump and triangular periodic

wave of Eq. (6) when x =y = 0 in Fig. 5(b).
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(a) z=-10,y=0

—101
—151

(b) 2=0,y=0

(c) 2=10,y=0

20 10 0 —10 20 10
t t

0 —10

Fig. 4. The interaction solution between a solitary wave and a kink wave (85) for Eq. (6).

Fig. 5. Similarity solution of Eq. (6): (a) two-kink solution (86) when
x =y = 0; (b) interaction between lump and triangular periodic wave
solution (87) when x =y =0.

3.8. Vector field Vs+V7 = (3 (fo + for) + f7) 5 + fo o

The related characteristic equation of Vg + V7 is

dx dy dz dr du
3 (for + for) + f7°

- = 88
Je 0 0 0 (88)
we will have the similarity solution and similarity variables by

assuming fg = f7 =1,
us=x+KRY,Z,T), Y=y, Z=z, T=t. (89)

Substituting Eq. (89) into Eq. (6), one can derive the reduction
equation in terms of Fg

Fgyy =0. (90)
It is easy to see that Eq. (90) has the solution
FR=G(Z,T)Y+Gy(Z,T), 9D

where G| and G» are arbitrary functions of Z and 7. Then we
have the similarity solution of Eq. (6)

ug) =x+Gi(z,t)y+ Ga(z,1). (92)

We give two special interesting similarity solutions of
Eq. (6) by selecting proper arbitrary functions of G; and G,
in the following cases:
Case 1:
4sin(r—z+1)
el=r —4e~1 —4cos(t —z+1)+30’
4sin(r —z+1)
el=t—4et~1 —4cos(t —z+1)+30

Gi(z,1) = Ga(z,t) = —

(y+1). (93

Uugg = X —

Case 2:
2+/3sinh ( §

6cosh (§ — 3% ) +2cos (%)
2v/3sinh (§ — 5%

6cosh (§ — 5% ) +2cos (%)

Gi(z,t) = Ga(z,t) = —

(94)

ugp =X — (y+1).

Solution (93) can be regarded as the breather wave of Eq. (6)
and solution (94) can be considered as the periodic lump solu-
tion of Eq. (6), which are shown in Fig. 6, respectively.

(b) z=0,y=0

Fig. 6. (a) Breather wave solution (93); (b) periodic lump solution (94).

3.9. Vector field V;3;+V4+Vg = f6% + f3a% + f4a% +
3 (for + foo) 2

From the related characteristic equation of V3 + V4 + Vg

dx dy dz dr du

sl = 5
Ta+ /)’ ©)

fo f o f 0
we can obtain the similarity solution and similarity variables
of Eq. (6) by assuming fs = f3 = f3(t —2)

Uug = Q(X7Y7T)7 X :x+1n(f3)7

Y=y+In(f3), T=t. (96)

Substituting Eq. (96) into Eq. (6), we arrive at the reduction
equation in terms of Q

Oxr + (90% +30xxx +60x +3Qy +1) Oxx

1
+(30x +1) Oxxxx + gQXXXXXX

+Oxxxy + (30x +1) Oxy + Qyy =0. (CH)
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It is easy to see that Eq. (97) has the solution
16
Q = —4C;tanh [ <5C§ +4¢3 +C2) T

—CX + (4c§+cz)y—cl] +G3, (98)

where C, C; and Cs are arbitrary constants. And the similarity
solution of Eq. (6) can be obtained as
16

s Cot

ug; = 4C,tanh ((xyt)C2 —

—4C§(t+y)—4C§1n(f3)+C1) +G. (99)
Selecting the arbitrary function and constants as
fi=sin(t—2)!*, =2, G=-1, G3=1, (100)

and substituting Eq. (100) into Eq. (99), we have the exact so-
lution of Eq. (6)

41
U, = —4tanh (5t —x+In(sin(t —z)) +5y+2) +1.(101)

4. Summary and discussion

In conclusion, Lie group method has been successfully
applied to the (3+1)-dimensional combined pKP-BKP Eq. (6)
to obtain abundant similarity solutions with arbitrary functions
and constants. Various kinds of similarity solutions of Eq. (6)
are obtained by solving different characteristic equations and
many interesting similarity solutions are given analytically and
graphically. Because there are many arbitrary functions in the
solutions of the reduction equations, we can construct more
interesting solutions of Eq. (6) as possible, such as the lump-
kink solution, the lump—two-kink wave solution, the two-kink
wave solution and the periodic lump wave solution. To our
knowledge, these similarity solutions of Eq. (6) are not re-
ported in the literature from the point of Lie symmetry method.
On the other hand, these new similarity solutions are also
plotted directly at different planes to let us know the inter-
nal properties of the high-dimensional integrable wave equa-
tion. Other integrable properties of the (3+1)-dimensional
pKP-BKP equation are worthy of study in future.
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