
 

 

 

Abundant invariant solutions of (3+1)-dimensional combined pKP-BKP equation 

Hengchun Hu(胡恒春)† and Xu Xu(徐旭) 

Citation:Chin. Phys. B, 2025, 34 (3): 030501.   DOI: 10.1088/1674-1056/ada43b 

Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb  

 

What follows is a list of articles you may be interested in  

 

The N-periodic wave solutions to the N =1 supersymmetric Sawada-Kotera-Ramani 

equation 

Pengcheng Xin(辛鹏程), Zhonglong Zhao(赵忠龙), and Yu Wang(王宇) 

Chin. Phys. B, 2025, 34 (2): 020502.   DOI: 10.1088/1674-1056/ad9912 

Excitation threshold of solitons in anharmonic chains 

Yi Ming(明燚) 

Chin. Phys. B, 2025, 34 (2): 020501.   DOI: 10.1088/1674-1056/ad9ff6 

Localized wave solutions and interactions of the (2+1)-dimensional 

Hirota—Satsuma—Ito equation 

Qiankun Gong(巩乾坤), Hui Wang(王惠), and Yunhu Wang(王云虎) 

Chin. Phys. B, 2024, 33 (4): 040505.   DOI: 10.1088/1674-1056/ad1f4c 

Lie symmetry analysis and invariant solutions for the (3+1)-dimensional Virasoro 

integrable model 

Hengchun Hu(胡恒春) and Yaqi Li(李雅琦) 

Chin. Phys. B, 2023, 32 (4): 040503.   DOI: 10.1088/1674-1056/ac9de6 

Lie symmetries and exact solutions for a short-wave model 

Chen Ai-Yong (陈爱永), Zhang Li-Na (章丽娜), Wen Shuang-Quan (温双全) 

Chin. Phys. B, 2013, 22 (4): 040510.   DOI: 10.1088/1674-1056/22/4/040510 

 

-------------------------------------------------------------------------------------------------------------------- 

 

https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ada43b
https://doi.org/10.1088/1674-1056/ada43b
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ad9912
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ad9912
https://doi.org/10.1088/1674-1056/ad9912
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ad9ff6
https://doi.org/10.1088/1674-1056/ad9ff6
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ad1f4c
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ad1f4c
https://doi.org/10.1088/1674-1056/ad1f4c
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac9de6
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac9de6
https://doi.org/10.1088/1674-1056/ac9de6
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/22/4/040510
https://doi.org/10.1088/1674-1056/22/4/040510


Chin. Phys. B 34, 030501 (2025)
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Lie symmetry analysis is applied to a (3+1)-dimensional combined potential Kadomtsev–Petviashvili equation with
B-type Kadomtsev–Petviashvili equation (pKP-BKP equation) and the corresponding similarity reduction equations are
obtained with the different infinitesimal generators. Invariant solutions with arbitrary functions and constants for the
(3+1)-dimensional pKP-BKP equation, including the lump solution, the periodic-lump solution, the two-kink solution,
the breather solution and the lump–two-kink solution, have been studied analytically and graphically.
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1. Introduction
Nonlinear evolution equations are widely used in the

fields of fluid dynamics, optical fibers, plasma dynamics,
etc. With the development of soliton theory, scientists have
obtained methods to solve these nonlinear partial differen-
tial equations, such as Darboux transformation, Hirota direct
method, Painlevé analysis method, classical and non-classical
Lie group transformation methods, tanh expansion method and
so on.[1–14] The Lie group method is one of the most signif-
icant methods in soliton theory to study the exact solution
of nonlinear equations. The main idea behind the Lie group
method is that when one parameter group of transformation
acts on the space of the independent and dependent variables,
it leaves the partial differential equations in the original state.
In recent decades, the Lie group method has been applied to
obtain exact closed-form solutions of many partial differential
equations, such as the KdV equation, Burgers equation, KP
equation and so on.[15–22]

The well-known KP equation

(ut +6uux +uxxx)x +auyy = 0, (1)

describes the evolution of nonlinear, long waves of small am-
plitude with slow dependence on the transverse coordinate,[23]

which is one of the famous integrable equations in soliton the-
ory. Setting u = ux in Eq. (1) and integrating x once, one can
have the potential KP equation

uxt +6uxuxx +uxxxx +auyy = 0. (2)

Moreover, the (2+1)-dimensional KP equation associated with
B-type infinite dimensional Lie algebra reads(

15(ux)
3 +15uxuxxx +uxxxxx

)
x

+5
(
uxxxy +3(uxuy)x

)
+uxt −uyy = 0, (3)

which describes the interactions between exponentially local-
ized structures and Eq. (3) has been used as a model for the
shallow water wave in fluids and the electrostatic wave poten-
tials in plasmas.[24] In Ref. [25], a combined form of the pKP
Eq. (2) and BKP Eq. (3) is called pKP-BKP equation and given
in the form

a1
(
15u3

x +15uxuxxx +uxxxxx
)

x +a2 (6uxuxx +uxxxx)

+a3
(
uxxxy +3(uxuy)x

)
+a4uxx +a5uxt +a6uyy = 0, (4)

where ai (i = 1, . . . ,6) are arbitrary constants with a5 6= 0.
This newly proposed Eq. (4) has been studied extensively
to admit multiple soliton solutions, kink wave, lump solu-
tion, M-breather and periodic travelling wave solutions in
Refs. [25–29].

Very recently, the author introduced a combined version
of pKP-BKP equation in (3+1)-dimension

uxt +α
(
15u3

x +15uxuxxx +uxxxxx
)

x

+β (6uxuxx +uxxxx)+ γ (uxxxy +3(uxuy)x)

+auxx +buxy + cuxz +µuyy = 0, (5)

where some additional terms, namely, buxy and cuxz, are added
to the pKP-BKP Eq. (4) with a5 = 1.[30] This equation shows
the double effect of both the pKP equation and the BKP equa-
tion, which is used to reveal nonlinear fluctuation phenomena
in nonlinear optics, plasma physics and hydrodynamics.[31,32]

When µ =− γ2

5α
, α 6= 0, it has been demonstrated that Eq. (5)

is integrable in the Painlevé sense and the multiple soliton so-
lutions, lump solutions have been derived by the simplified
Hirota bilinear method.[30] Breathing wave solutions, mul-
tiple soliton fission and multiple wave interaction solutions,
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and Y-type soliton solutions have been obtained.[31–34] More-
over, two special (3+1)-dimensional pKP-BKP equations are
also studied in Ref. [30] by eliminating some elements from
Eq. (5).

In this paper, we aim to find many different similarity so-
lutions with arbitrary functions and constants of the special
pKP-BKP equation by fixing the constants α = 1/5, β = γ =

µ = a = b = c = 1 for simplicity

uxt +

(
3u3

x +3uxuxxx +
1
5

uxxxxx

)
x

+6uxuxx +uxxxx +uxxxy

+3(uxuy)x +uxx +uxy +uxz +uyy = 0. (6)

To the best of our knowledge, the Lie group analysis and abun-
dant similarity solutions to Eq. (5) have not been reported in
the literature. We will use the classical Lie group method to
obtain various similarity solutions with arbitrary functions, in-
cluding the lump solution, the lump–kink solution, the lump–
two-kink solution, the two-kink solution, the interaction be-
tween solitary and periodic wave solution, the periodic lump,
the periodic kink and the breather solution in different coordi-
nate planes.

The paper is organized as follows. In Section 2, we derive
the corresponding infinitesimal generators with arbitrary func-
tions through Lie group analysis for the pKP-BKP Eq. (6). In
Section 3, various types of reduction equations for Eq. (6) are
obtained based on different vector fields. Some different sim-
ilarity solutions with arbitrary constants and functions are de-
rived by resolving these reduction equations. Some interesting
similarity solutions are also exhibited graphically by selecting
appropriate arbitrary functions. Finally, summary and discus-
sion are provided in Section 4.

2. Lie symmetry analysis of Eq. (6)
In this section, the classical Lie symmetry method is

applied to Eq. (6) and the corresponding infinitesimal gener-
ators of Eq. (6) are obtained directly. First of all, we make a
one-parameter Lie group transformation for Eq. (6)

x→ x+ εξ , y→ y+ εη , z→ z+ εω,

t→ t + ετ, u→ u+ εΦ , (7)

where ε is a small parameter. The infinitesimal genera-
tors {ξ ,η ,ω,τ,Φ} are undetermined functions depending on
x,y,z, t, and u. The corresponding vector field

𝑉 = ξ
∂

∂x
+η

∂

∂y
+ω

∂

∂ z
+ τ

∂

∂ t
+Φ

∂

∂u
(8)

is a Lie point symmetry of Eq. (6) if and only if

Pr(6)𝑉 (∆)|∆=0 = 0, (9)

where Pr(6)𝑉 is the sixth prolongation of Eq. (8) as follows:

Pr(6)𝑉 = 𝑉 +Φ
x ∂

∂ux
+Φ

y ∂

∂uy
+Φ

xx ∂

∂uxx

+Φ
xy ∂

∂uxy
+Φ

xz ∂

∂uxz
+Φ

xt ∂

∂uxt
+Φ

yy ∂

∂uyy

+Φ
xxx ∂

∂uxxx
+Φ

xxxx ∂

∂uxxxx

+Φ
xxxy ∂

∂uxxxy
+Φ

xxxxxx ∂

∂uxxxxxx
, (10)

and

∆ = uxt +

(
3u3

x +3uxuxxx +
1
5

uxxxxx

)
x

+6uxuxx +uxxxx +uxxxy +3(uxuy)x

+uxx +uxy +uxz +uyy. (11)

Then the Lie invariant condition can be obtained as

1
5

Φ
xxxxxx +Φ

xxxy +Φ
xxxx

+ (3Φ
xxx +6Φ

x +3Φ
y +18Φ

xux)uxx

+3Φ
xuxxxx +3Φ

xuxy +3Φ
xxuxxx

+ (6Φ
xx +3Φ

xy +9Φ
xxux +3Φ

xxxx)ux

+3Φ
xxuy +Φ

xx +Φ
xy +Φ

xz +Φ
xt +Φ

yy = 0, (12)

where Φx, Φy, Φxx, Φxy, Φxz, Φxt , Φyy, Φxxx, Φxxxx, Φxxxy

and Φxxxxxx are invariant coefficients. These coefficients can
be computed by the standard procedure of Lie group method.
Substituting them into the invariant condition (12) and re-
quiring all the different coefficients of u to zero with the
help of Eq. (6), one can derive the determined equations for
{ξ ,η ,ω,τ,Φ}. Because it is tedious to write down all the de-
termined equations for {ξ ,η ,ω,τ,Φ}, we only list the final
results below:

ξ =
1
5

x f2− y f5 + f6, η =
3
5

y f2 + f4 + z f5,

ω = z f2 + f3, τ = f1 + z f2,

Φ =
y− x

3
f5−

3u+2x
15

f2 +
y
3
( f6t + f6z)+ f7, (13)

where f1, f2, f3, f4, f5 are five arbitrary functions of t− z and
f6, f7 are two arbitrary functions of z, t. The associated vector
fields of the (3+1)-dimensional combined pKP-BKP Eq. (6)
take the form

𝑉 = 𝑉1 ( f1)+𝑉2 ( f2)+𝑉3 ( f3)+𝑉4 ( f4)

+𝑉5 ( f5)+𝑉6 ( f6)+𝑉7( f7), (14)

where

𝑉1 = f1
∂

∂ t
, 𝑉3 = f3

∂

∂ z
, 𝑉4 = f4

∂

∂y
,

𝑉6 =
y
3
( f6t + f6z)

∂

∂u
+ f6

∂

∂x
, 𝑉7 = f7

∂

∂u
,
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𝑉2 = f2

(
z

∂

∂ t
− 3u+2x

15
∂

∂u
+

x
5

∂

∂x
+

3y
5

∂

∂y
+ z

∂

∂ z

)
,

𝑉5 = f5

(
y− x

3
∂

∂u
− y

∂

∂x
+ z

∂

∂y

)
. (15)

That is to say, the (3+1)-dimensional pKP-BKP integrable
Eq. (6) admits the Lie algebra spanned by the vectors 𝑉 j

( j = 1,2, . . . ,7).

3. Similarity solutions of Eq. (6)
In this section, we will consider the symmetry reduc-

tion and invariant solutions of Eq. (6) by selecting different
vectors. In order to obtain similarity solutions of Eq. (6), we
should solve the associated characteristic equation to obtain
the invariant transformations and then substitute these results
into Eq. (6) to determine the corresponding reduction equa-
tions. Finally, similarity solutions can be obtained by solving
the reduction equations. The characteristic equation of Eq. (6)
is in the form

dx
ξ

=
dy
η

=
dz
ω

=
dt
τ

=
du
Φ

, (16)

where {ξ ,η ,ω,τ,Φ} are given explicitly in Eq. (13). Here we
discuss the following cases.

3.1. Vector field V2 = f2

(
z ∂

∂ t −
3u+2x

15
∂

∂u +
x
5

∂

∂x +
3y
5

∂

∂y + z ∂

∂ z

)
The related characteristic equation of 𝑉2 is

dx
x
5

=
dy
3y
5

=
dz
z

=
dt
z

=
du

− 3u+2x
15

, (17)

and we have the similarity form

u1 =
F1(X ,Y,T )

z1/5 − x
3
, (18)

where F1 is a similarity function of the new variables X =

x/z1/5, Y = y/z3/5, T = t − z. Substituting Eq. (18) into
Eq. (6), we obtain the reduction equation in terms of F1(

45F2
1X +15F1Y +15F1XXX −X

)
F1XX

+(15F1XY +15F1XXXX −2)F1X −3F1XYY

+5F1YY +5F1XXXY +F1XXXXXX = 0. (19)

Because the coefficients of Eq. (19) have independent
variables X and Y , it is difficult to solve it directly. We will
apply the Lie group method to it again and the corresponding
infinitesimal generators are given below:

ξX = g2, ηY = 0, τT = g1, ΦF1 =
g2

15
Y +g3, (20)

where g1, g2 and g3 are three arbitrary functions of T . The
associated vector fields of Eq. (19) take the form

𝑊 =𝑊1(g1)+𝑊2(g2)+𝑊3(g3), (21)

where

𝑊1 = g1
∂

∂T
, 𝑊2 = g2

(
Y
15

∂

∂F1
+

∂

∂X

)
,

𝑊3 = g3
∂

∂F1
. (22)

3.1.1. Vector field W2 = g2

(
Y
15

∂

∂F1
+ ∂

∂X

)
The related characteristic equation of 𝑊2 is

dX
1

=
dY
0

=
dT
0

=
dF1

Y
15

. (23)

Its similarity form is

F11 =
XY
15

+M1 (Y1,T1) , (24)

where M1 is a similarity function of Y1, T1 with similarity vari-
ables Y1 =Y , T1 =T and F11 is a similarity solution of Eq. (19).
Substituting Eq. (24) into Eq. (19), the reduction equation in
terms of M1 can be found

5M1Y1Y1 −
4Y1

15
= 0, (25)

which has the solution

M1 (Y1,T1) =
2

225
Y 3

1 +G1Y1 +G2, (26)

with G1 and G2 being arbitrary functions of T1. Then we can
obtain the similarity solution of Eq. (6) by substituting Eq. (24)
with Eq. (26) into Eq. (18)

u11 =
xy
15z
− x

3
+

2y3

225z2 +
G1(t− z)y

z4/5 +
G2(t− z)

z1/5 . (27)

3.1.2. Vector field W2 +W3 =
(
g2

Y
15 +g3

)
∂

∂F1
+g2

∂

∂X

The related characteristic equation of 𝑊2 +𝑊3 is

dX
g2

=
dY
0

=
dT
0

=
dF1

g2
Y
15 +g3

, (28)

and the similarity reductions are

F12 =
XY
15

+
g3

g2
X +M2 (Y1,T1) , Y1 = Y, T1 = T. (29)

Substituting Eq. (29) into Eq. (19), we get the reduction equa-
tion in terms of M2

5M2Y1Y1 −
4

15
Y1−

g3

g2
= 0, (30)

which has the solution

M2 =
2

225
Y 3

1 +
g3

10g2
Y 2

1 +G1Y1 +G2, (31)

where G1 and G2 are two arbitrary functions of T1. Hence,
we can obtain the similarity solution of Eq. (6) by substituting
Eq. (29) with Eq. (31) into Eq. (18)

u12 =
xy
15z
− x

3
+

2y3

225z2 +
xg3(t− z)

z2/5g2(t− z)

+
y2g3(t− z)

10z7/5g2(t− z)
+

yG1(t− z)
z4/5 +

G2(t− z)
z1/5 . (32)
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3.1.3. Vector field W1 +W3 = g3
∂

∂F1
+g1

∂

∂T

The related characteristic equation of 𝑊1 +𝑊3 is

dX
0

=
dY
0

=
dT
g1

=
dF1

g3
. (33)

It is easy to obatin the similarity function

F13 = ln(g1)+M3 (X1,Y1) , (34)

where M3 is a similarity function of X1 = X , Y1 =Y , under the
assumption g3 = g′1. Substituting Eq. (34) into Eq. (19), we
get the reduction equation in terms of M3(

45M2
3X1

+15M3Y1 +15M3X1X1X1 −X1
)

M3X1X1

+ (15M3X1 −3Y1)M3X1Y1 +5M3Y1Y1

+ (15M3X1X1X1X1 −2)M3X1

+M3X1X1X1X1X1X1 +5M3X1X1X1Y1 = 0, (35)

which has a simple solution

M3 = X1 +
1
5

Y 2
1 +C1Y1 +C2, (36)

where C1 and C2 are arbitrary constants. Hence we have the
similarity solution of Eq. (6) by substituting Eq. (36) with
Eq. (34) into Eq. (18)

u13 =
x

z2/5 −
x
3
+

y2

5z7/5 +
C1y
z4/5 +

C2

z1/5 +
ln(g1(t− z))

z1/5 . (37)

3.2. Vector field V4 = f4
∂

∂y

With characteristic equation of 𝑉4

dx
0

=
dy
f4

=
dz
0

=
dt
0

=
du
0
, (38)

one can obtain similarity form of Eq. (6)

u2 = F2 (X ,Z,T ) , (39)

where F2 is a similarity function of X = x, Z = z, T = t. Substi-
tuting Eq. (39) into Eq. (6), we deduce the reduction equation
in terms of F2

F2XT +
(
9F2

2X +3F2XXX +6F2X +1
)

F2XX

+ (3F2X +1)F2XXXX +
1
5

F2XXXXXX +F2XZ = 0. (40)

Some special solutions of Eq. (40) are given as follows:

F21 = 2tanh
(

X +Z− 46
5

T
)
+C1,

F22 = XG1 (T −Z)+G2 (Z,T ) , (41)

where G1, G2 are two arbitrary functions and C1 is an arbitrary
constant. Then we can get the similarity solutions of Eq. (6)

u21 = 2tanh
(

x+ z− 46
5

t
)
+C1,

u22 = xG1(t− z)+G2(z, t). (42)

If fixing

G1(t− z) = t− z,

G2(z, t) =
10z+4t +5

2t2 +4tz+5z2 +2t +5z+5
, (43)

and substituting Eq. (43) into Eq. (42), we have the exact so-
lution of Eq. (6)

u2a = (t− z)x+
10z+4t +5

2t2 +4tz+5z2 +2t +5z+5
. (44)

The detailed structure of Eq. (44) is shown in Fig. 1. And when
x = 0, it can be regarded as a lump wave solution of Eq. (6) in
(z, t)-plane.

1.0

0.5

0

-0.5

-1.0

40
20

20
40

-20
-20

-40

0
0

z

t

u

Fig. 1. Lump wave solution (44) for Eq. (6) at x = 0.

3.3. Vector field V5 = f5

(
y−x

3
∂

∂u − y ∂

∂x + z ∂

∂y

)
The related characteristic equation of 𝑉5 is

dx
−y

=
dy
z

=
dz
0

=
dt
0

=
du
y−x

3

, (45)

and the corresponding similarity form of Eq. (6) is

u3 = F3 (X ,Z,T )− xy
3z
− y3

9z2 +
y2

6z
, (46)

where F3 is a similarity function of X = x+ y2

2z , Z = z, T = t.
Substituting Eq. (46) into Eq. (6), we get the reduction equa-
tion in terms of F3(

45ZF2
3X +30ZF3X +15ZF3XXX −5X +5Z

)
F3XX

+ (15ZF3X +5Z)F3XXXX

+5Z (F3XZ +F3XT )+ZF3XXXXXX = 0. (47)

It is easy to see that Eq. (47) has the solution

F3 = XG1 (T −Z)+G2 (Z,T ) , (48)

and the similarity solution of Eq. (6) can be obtained

u31 =

(
x+

y2

2z

)
G1(t− z)+G2(z, t)−

xy
3z
− y3

9z2 +
y2

6z
. (49)

While setting the arbitrary function

030501-4
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G1(t− z) =−1
3
, G2 =

3
√

3e
√

3(z+t)−11 +6(z+ t)+66

3e
√

3(z+t)−11 +727+60z+264t +3z2 +(6t +6)z+30t2
, (50)

and substituting Eq. (50) into Eq. (49), we can derive the exact solution of Eq. (6)

u3a =
3
√

3e
√

3(z+t)−11 +6(z+ t)+66

3e
√

3(z+t)−11 +727+60z+264t +3z2 +(6t +6)z+30t2
− x

3
− xy

3z
− y3

9z2 , (51)

and the detailed structure of Eq. (51) is given in Fig. 2. Equa-
tion (51) can be regarded as a lump-kink wave solution of
Eq. (6) when x = y = 0.

1.0

1.5

0.5

0

-0.5

-1.0

20

20

-20 -20

0
0

z
t

u

Fig. 2. Lump-kink wave solution (51) for Eq. (6) at x = 0, y = 0.

3.4. Vector field V6 =
y
3 ( f6t + f6z)

∂

∂u + f6
∂

∂x

In a similar way, the related characteristic equation of 𝑉6

is
dx
f6

=
dy
0

=
dz
0

=
dt
0

=
du

y
3 ( f6t + f6z)

. (52)

Under the assumption f6 = ez+t−2, the similarity solution and
similarity variables can be obtained as

u4 =
2xy
3

+F4 (Y,Z,T ) ,

Y = y, Z = z, T = t. (53)

Substituting Eq. (53) into Eq. (6), we will derive the reduction
equation in terms of F4

F4YY +
4Y
3

+
2
3
= 0. (54)

It is easy to see that Eq. (54) has the solution

F4 = G1 (Z,T )Y +G2 (Z,T )−
2Y 3

9
− Y 2

3
, (55)

where G1 and G2 are two arbitrary functions of Z, T and the
corresponding solution of Eq. (6) is given as

u41 =
2xy
3
− 2y3

9
− y2

3
+G1(z, t)y+G2(z, t). (56)

Here we list three special exact solutions of Eq. (6):

Case 1:

G1 = tanh(z+ t)+ sech2(t− z), G2 = 2cos(t +2z−2),

u4a =
2xy
3
− 2y3

9
− y2

3
+ y
(
tanh(z+ t)+ sech2(t− z)

)
+2cos(t +2z−2). (57)

Case 2:

G1 = G2 =
30z+8t +5+ ez+0.1t+0.1− e−z−0.1t−0.1

4t2 +8tz+15z2 +5t +5z+10+ ez+0.1t+0.1 + e−z−0.1t−0.1 ,

u4b =
2xy
3
− 2y3

9
− y2

3
+

30z+8t +5+ ez+0.1t+0.1− e−z−0.1t−0.1

4t2 +8tz+15z2 +5t +5z+10+ ez+0.1t+0.1 + e−z−0.1t−0.1 (y+1). (58)

Case 3:

G1 =
2(t +9z)

t2 +2zt +9z2 +1
, G2 =−

4sin(t− z+1)
e1−t −4et−1−4cos(t− z+1)+30

,

u4c =
2xy
3
− 2y3

9
− y2

3
+

2(t +9z)y
t2 +2zt +9z2 +1

− 4sin(t− z+1)
e1−t −4et−1−4cos(t− z+1)+30

. (59)

The detailed structures of Eqs. (57)–(59) are shown in Fig. 3. It can be regarded as the interaction solution between a solitary
wave and periodic waves of Eq. (6) when x = 2, y = 1 in Fig. 3(a), lump–two-kink wave solution of Eq. (6) when x = y = 0 in
Fig. 3(b) and lump–breather wave solution of Eq. (6) when x = 0, y = 1 in Fig. 3(c).

030501-5



Chin. Phys. B 34, 030501 (2025)

1.0

0.5

0

-0.5

-1.0

40
40

-40

-40

0
0

z

t

uu

u




↩




↩





↩

↩
↩









↩

↩

↩

40 40

-40
0 0

zt
z

t

(a) x/↪ y/ (b) x/↪ y/ (c) x/↪ y/

Fig. 3. Similarity solution of Eq. (6): (a) interaction between solitary and periodic wave solution (57) when x = 2, y = 1; (b) lump–two-kink
solution (58) when x = y = 0; (c). lump–breather solution (59) when x = 0, y = 1.

3.5. Vector field V1+V7 = f1
∂

∂ t + f7
∂

∂u

We solve the characteristic equation of 𝑉1 +𝑉7

dx
0

=
dy
0

=
dz
0

=
dt
f1

=
du
f7
, (60)

and obtain the similarity solution and similarity variables of
Eq. (6)

u5 =
∫ f7

f1
dt +F5(X ,Y,Z), X = x, Y = y, Z = z. (61)

Substituting Eq. (61) into Eq. (6) gives the reduction equation
in terms of F5(

9F2
5X +3F5XXX +6F5X +3F5Y +1

)
F5XX

+(3F5X +1)F5XXXX +
1
5

F5XXXXXX

+F5XXXY +(3F5X +1)F5XY +F5XZ +F5YY = 0. (62)

It is easy to see that Eq. (62) has the solution

F5 = 4C2 tanh
[
C2X−

(
4C3

2 +C2
)

Y

−
(

16
5

C5
2 +4C3

2 +C2

)
Z +C1

]
+C3, (63)

where C1, C2, C3 are arbitrary constants. And we can get the
similarity solution of Eq. (6)

u51 =
∫ f7

f1
dt +4C2 tanh

[
C2x−

(
4C3

2 +C2
)

y

−
(

16
5

C5
2 +4C3

2 +C2

)
z+C1

]
+C3, (64)

which can be considered as the solitary solution.
In order to find more exact solutions of Eq. (62), we make

the traveling wave transformation

F5 = φ(w), w = mX +nY + kZ, (65)

where m, n, k are constants. Substituting Eq. (65) into Eq. (62),
we obtain the following nonlinear ordinary differential equa-
tion:

m6

5
φ
(6)+3m5(φ (4)

φ
′+φ

′′′
φ
′′)+m3(m+n)φ (4)

+9m4(φ ′)2
φ
′′+6m2(m+n)φ ′φ ′′

+(km+m2 +mn+n2)φ ′′ = 0. (66)

We suppose that the solution of Eq. (66) can be written in the
form

φ(w) =
l

∑
i=−l

AiH i(w), (67)

where H(w) should satisfy the Riccati equation

H ′(w) = 1−H2(w), (68)

with the solution

H(w) = tanh(w). (69)

The positive integer l will be determined by the homogeneous
balance method between the highest order derivative and the
highest order nonlinear term appearing in Eq. (66), we can
have l = 1 and so the solution of Eq. (66) is in the form

φ = A−1 tanh−1(w)+A0 +A1 tanh(w). (70)

Substituting Eq. (70) into Eq. (66) and setting the coefficients
of tanhi(w) to zero, we have three types of exact solutions:

φ1(w) = A0 +2m tanh(w), (71)

φ2(w) = A0 +
2m

tanh(w)
, (72)

with constants m, n, k constraint 5mk + 16m6 + 20m4 +

20m3n+5m2 +5mn+5n2 = 0, and

φ3(w) = A0 +
2m

tanh(w)
+2m tanh(w), (73)

where A0 is an arbitrary constant and the constants m,n,k
should satisfy 5mk+ 256m6 + 80m4 + 80m3n+ 5m2 + 5mn+
5n2 = 0. Then the similarity solutions of Eq. (6) can be ac-
quired as

u52 =
∫ f7

f1
dt +2m tanh(mx+ny+ kz)+A0,

u53 =
∫ f7

f1
dt +

2m
tanh(mx+ny+ kz)

+A0,

u54 =
∫ f7

f1
dt +

2m
tanh(mx+ny+ kz)

+2m tanh(mx+ny+ kz)+A0, (74)

with Eqs. (71)–(73), respectively.
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3.6. Vector field V3+V7 = f3
∂

∂ z + f7
∂

∂u

Solving the characteristic equation of 𝑉3 +𝑉7

dx
0

=
dy
0

=
dz
f3

=
dt
0

=
du
f7
, (75)

one can find the similarity solution and similarity variables

u6 =
∫ f7

f3
dz+F6(X ,Y,T ), X = x, Y = y, T = t, (76)

where F6 is a similarity function of X , Y and T . Substituting
Eq. (76) into Eq. (6), the reduction equation in terms of F6 is
obtained as

F6XT +
(
9F2

6X +3F6XXX +6F6X +3F6Y +1
)

F6XX

+(3F6X +1)F6XXXX +
1
5

F6XXXXXX

+F6XXXY +(3F6X +1)F6XY +F6YY = 0. (77)

It is easy to see that Eq. (77) has the solitary wave solution

F6 = 4C2 tanh
[
C2X−

(
16
5

C5
2 +4C3

2 +C2

)
T

−
(
4C3

2 +C2
)

Y +C1

]
+C5, (78)

and the corresponding similarity solution of Eq. (6) has the
form

u61 =
∫ f7

f3
dz+4C2 tanh

[
C2x−

(
16
5

C5
2 +4C3

2 +C2

)
t

−
(
4C3

2 +C2
)

y+C1

]
+C5. (79)

3.7. Vector field V4+V7 = f4
∂

∂y + f7
∂

∂u

Solving the characteristic equation of 𝑉4 +𝑉7

dx
0

=
dy
f4

=
dz
0

=
dt
0

=
du
f7
, (80)

one can find the similarity solution and new variables

u7 =
f7

f4
y+F7(X ,Z,T ), X = x, Z = z, T = t. (81)

Substituting Eq. (81) into Eq. (6), the (3+1)-dimensional pKP-
BKP Eq. (6) can be reduced to

F7XT +

(
9F2

7X +3F7XXX +6F7X +
3 f7

f4
+1
)

F7XX

+(3F7X +1)F7XXXX

+
1
5

F7XXXXXX +F7XZ = 0. (82)

It is easy to see that Eq. (82) has a simple solution

F7 = G1(T −Z)X +G2(Z,T ), (83)

where G1 and G2 are two arbitrary functions of the indicated
variables. Then we have the similarity solution of Eq. (6)

u71 =
f7

f4
y+G1(t− z)x+G2(z, t). (84)

Here we list three types of exact solutions of Eq. (6) by select-
ing proper arbitrary functions f4, f7, G1 and G2.

Case 1:

f4(t− z) = cot(t− z), f7(z, t) =−
(
cot2(t− z)+1

)
, G1 = sech(t− z), G2 = 3tanh(z+2t),

u7a = xsech(t− z)+3tanh(2t + z)− 1+ cot(t− z)2

cot(t− z)
y. (85)

Case 2:

f4(t− z) = G1 = 1, f7(z, t) = G2 =−
50sinh(−50z+2t +1)+20e20z+0.1t+1−20e−20z−0.1t−1

cosh(−50z+2t +1)+ e20z+0.1t+1 + e−20z−0.1t−1 +0.1
,

u7b = x− 50sinh(−50z+2t +1)+20e20z+0.1t+1−20e−20z−0.1t−1

cosh(−50z+2t +1)+ e20z+0.1t+1 + e−20z−0.1t−1 +0.1
(y+1). (86)

Case 3:

f4(t− z) = G1 = 1, f7(z, t) = G2 =
2 [cos(2(z+ t))− sin(2(z+ t))]

cos(2(z+ t))+ sin(2(z+ t))+13z2 +5
,

u7c = x+
2 [cos(2(z+ t))− sin(2(z+ t))]

cos(2(z+ t))+ sin(2(z+ t))+13z2 +5
(y+1). (87)

The detailed structure of Eq. (85) is shown in Fig. 4 and it can be regarded as the interaction solution between a solitary wave
and a kink wave of Eq. (6). In addition, the detailed structures of Eqs. (86) and (87) are shown in Fig. 5. It can be regarded as
the two-kink wave solution of Eq. (6) when x = y = 0 in Fig. 5(a) and interaction solution between lump and triangular periodic
wave of Eq. (6) when x = y = 0 in Fig. 5(b).
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3.8. Vector field V6+V7 =
( y

3 ( f6t + f6z)+ f7
)

∂

∂u + f6
∂

∂x

The related characteristic equation of 𝑉6 +𝑉7 is

dx
f6

=
dy
0

=
dz
0

=
dt
0

=
du

y
3 ( f6t + f6z)+ f7

, (88)

we will have the similarity solution and similarity variables by
assuming f6 = f7 = 1,

u8 = x+F8(Y,Z,T ), Y = y, Z = z, T = t. (89)

Substituting Eq. (89) into Eq. (6), one can derive the reduction
equation in terms of F8

F8YY = 0. (90)

It is easy to see that Eq. (90) has the solution

F8 = G1(Z,T )Y +G2(Z,T ), (91)

where G1 and G2 are arbitrary functions of Z and T . Then we
have the similarity solution of Eq. (6)

u81 = x+G1(z, t)y+G2(z, t). (92)

We give two special interesting similarity solutions of
Eq. (6) by selecting proper arbitrary functions of G1 and G2

in the following cases:
Case 1:

G1(z, t) = G2(z, t) =−
4sin(t− z+1)

e1−t −4et−1−4cos(t− z+1)+30
,

u8a = x− 4sin(t− z+1)
e1−t −4et−1−4cos(t− z+1)+30

(y+1). (93)

Case 2:

G1(z, t) = G2(z, t) =−
2
√

3sinh
(

t
3 −

√
3z
3

)
6cosh

(
t
3 −

√
3z
3

)
+2cos

( 2t
3

) ,
u8b = x−

2
√

3sinh
(

t
3 −

√
3z
3

)
6cosh

(
t
3 −

√
3z
3

)
+2cos

( 2t
3

) (y+1). (94)

Solution (93) can be regarded as the breather wave of Eq. (6)
and solution (94) can be considered as the periodic lump solu-
tion of Eq. (6), which are shown in Fig. 6, respectively.
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Fig. 6. (a) Breather wave solution (93); (b) periodic lump solution (94).

3.9. Vector field V3+V4+V6 = f6
∂

∂x + f3
∂

∂ z + f4
∂

∂y +
y
3 ( f6t + f6z)

∂

∂u

From the related characteristic equation of 𝑉3 +𝑉4 +𝑉6

dx
f6

=
dy
f4

=
dz
f3

=
dt
0

=
du

y
3 ( f6t + f6z)

, (95)

we can obtain the similarity solution and similarity variables
of Eq. (6) by assuming f6 = f4 = f ′3(t− z)

u9 = Q(X ,Y,T ), X = x+ ln( f3),

Y = y+ ln( f3), T = t. (96)

Substituting Eq. (96) into Eq. (6), we arrive at the reduction
equation in terms of Q

QXT +
(
9Q2

X +3QXXX +6QX +3QY +1
)

QXX

+(3QX +1)QXXXX +
1
5

QXXXXXX

+QXXXY +(3QX +1)QXY +QYY = 0. (97)
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It is easy to see that Eq. (97) has the solution

Q = −4C2 tanh
[(

16
5

C5
2 +4C3

2 +C2

)
T

−C2X +
(
4C3

2 +C2
)

Y −C1

]
+C3, (98)

where C1, C2 and C3 are arbitrary constants. And the similarity
solution of Eq. (6) can be obtained as

u91 = 4C2 tanh
(
(x− y− t)C2−

16
5

C5
2t

−4C3
2(t + y)−4C3

2 ln( f3)+C1

)
+C3. (99)

Selecting the arbitrary function and constants as

f3 = sin(t− z)1/4, C1 = 2, C2 =−1, C3 = 1, (100)

and substituting Eq. (100) into Eq. (99), we have the exact so-
lution of Eq. (6)

u9a =−4tanh
(

41t
5
− x+ ln(sin(t− z))+5y+2

)
+1. (101)

4. Summary and discussion
In conclusion, Lie group method has been successfully

applied to the (3+1)-dimensional combined pKP-BKP Eq. (6)
to obtain abundant similarity solutions with arbitrary functions
and constants. Various kinds of similarity solutions of Eq. (6)
are obtained by solving different characteristic equations and
many interesting similarity solutions are given analytically and
graphically. Because there are many arbitrary functions in the
solutions of the reduction equations, we can construct more
interesting solutions of Eq. (6) as possible, such as the lump–
kink solution, the lump–two-kink wave solution, the two-kink
wave solution and the periodic lump wave solution. To our
knowledge, these similarity solutions of Eq. (6) are not re-
ported in the literature from the point of Lie symmetry method.
On the other hand, these new similarity solutions are also
plotted directly at different planes to let us know the inter-
nal properties of the high-dimensional integrable wave equa-
tion. Other integrable properties of the (3+1)-dimensional
pKP-BKP equation are worthy of study in future.
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tions: Geometry and Modern Applications in Soliton Theory (New
York: Cambridge University Press)

[2] Hirota R 2004 The Direct Method in Soliton Theory (New York: Cam-
bridge University Press)

[3] Gardner C S, Greene J M, Kruskal M D and Miura R M 1967 Phys.
Rev. Lett. 19 1095

[4] Matveev V B and Salle M A 1991 Darboux Transformations and Soli-
tons (Berlin: Springer)

[5] Weiss J, Tabor M and Carnevale G 1983 J. Math. Phys. 24 522
[6] Lou S Y and Hu X B 1997 J. Math. Phys. 38 6401
[7] Gao X N, Lou S Y and Tang X Y 2013 J. High Energy Phys. 2013 1
[8] Zhang Y Q and Hu H C 2022 Mod. Phys. Lett. B 36 2250059
[9] Chen J C, Lin J and Lou S Y 2020 Eur. Phys. J. Plus 135 1

[10] Lou S Y 2015 Stud. Appl. Math. 134 372
[11] Hu H C and Zhang Z Y 2021 Mod. Phys. Lett. B 35 2150108
[12] Shao C L, Yang L, Yan Y S, Wu J Y, Zhu M T and Li L F 2023 Scientific

Reports 13 15826
[13] Clarkson P A and Kruskal M D 1989 J. Math. Phys. 30 2201
[14] Liu Q S, Zhang R G, Yang L G and Song J A 2019 Phys. Lett. A 383

514
[15] Wang M L 1996 Phys. Lett. A 213 279
[16] Clarkson P A 1995 Chaos Soliton. Fract. 5 2261
[17] Doyle J and Englefield M J 1990 IMA J. Appl. Math. 44 145
[18] Bright T A 1997 Int. J. Nonlinear Mech. 32 303
[19] Khalique C M and Moleleki L D 2019 Results Phys. 13 102239
[20] Moleleki L D, Simbanefayi I and Khaique C M 2020 Chin. J. Phys. 68

940
[21] Hu H C and Sun R L 2022 Mod. Phys. Lett. B 36 2150587
[22] Hu H C and Li Y Q 2023 Chin. Phys. B 32 040503
[23] Kadomtsev B B and Petviashvili V I 1970 Dokl. Akad. Nauk. SSSR 192

753
[24] Date E, Jimbo M, Kashiwara M and Miwa T 1981 J. Phys. Soc. Jpn. 50

3813
[25] Ma W X 2021 J. Geom. Phys. 165 104191
[26] Feng Y Y and Bilige S 2021 J. Geom. Phys. 169 104322
[27] Ma Z Y, Fei X J, Cao W P and Wu H L 2022 Results Phys. 35 105363
[28] Tariq K U, Wazwaz A M and Tufail R N 2022 Eur. Phys. J. Plus 137

1100
[29] Ma H C, Yue S P and Deng A P 2022 Mod. Phys. Lett. B 36 2250069
[30] Wazwaz A M 2023 Chin. Phys. Lett. 40 120501
[31] Wazwaz A M 2024 Chaos Soliton. Fract. 182 114886
[32] Zhang L H, Zhao Z L and Zhang Y F 2024 Phys. Scr. 99 075220
[33] Saifullah S, Ahmad S, Khan M A and Rahman M U 2024 Phys. Scr. 99

065242
[34] Luo H Y, Guo C X, Guo Y F and Cui J Y 2024 Nonlinear Dyn. 112

20129

030501-9

https://doi.org/10.1103/PhysRevLett.19.1095
https://doi.org/10.1103/PhysRevLett.19.1095
https://doi.org/10.1063/1.525721
https://doi.org/10.1063/1.532219
https://doi.org/10.1007/JHEP05(2013)029
https://doi.org/10.1142/S0217984922500592
https://doi.org/10.1140/epjp/s13360-019-00059-2
https://doi.org/10.1111/sapm.2015.134.issue-3
https://doi.org/10.1142/S0217984921501086
https://doi.org/10.1038/s41598-023-42845-0
https://doi.org/10.1038/s41598-023-42845-0
https://doi.org/10.1063/1.528613
https://doi.org/10.1016/j.physleta.2018.10.052
https://doi.org/10.1016/j.physleta.2018.10.052
https://doi.org/10.1016/0375-9601(96)00103-X
https://doi.org/10.1016/0960-0779(94)E0099-B
https://doi.org/10.1093/imamat/44.2.145
https://doi.org/10.1016/S0020-7462(96)00063-7
https://doi.org/10.1016/j.rinp.2019.102239
https://doi.org/10.1016/j.cjph.2020.10.023
https://doi.org/10.1016/j.cjph.2020.10.023
https://doi.org/10.1142/S0217984921505874
https://doi.org/10.1088/1674-1056/ac9de6
https://doi.org/10.1143/JPSJ.50.3813
https://doi.org/10.1143/JPSJ.50.3813
https://doi.org/10.1016/j.geomphys.2021.104191
https://doi.org/10.1016/j.geomphys.2021.104322
https://doi.org/10.1016/j.rinp.2022.105363
https://doi.org/10.1140/epjp/s13360-022-03301-6
https://doi.org/10.1140/epjp/s13360-022-03301-6
https://doi.org/10.1142/S0217984922500695
https://doi.org/10.1088/0256-307X/40/12/120501
https://doi.org/10.1016/j.chaos.2024.114886
https://doi.org/10.1088/1402-4896/ad5149
https://doi.org/10.1088/1402-4896/ad482b
https://doi.org/10.1088/1402-4896/ad482b
https://doi.org/10.1007/s11071-024-10062-7
https://doi.org/10.1007/s11071-024-10062-7

	1. Introduction
	2. Lie symmetry analysis of Eq. (6)
	3. Similarity solutions of Eq. (6)
	3.1. Vector field V2=f2(zt-3u+2x15u+x5x+3y5y+zz)
	3.1.1. Vector field W2=g2(Y15 F1+X)
	3.1.2. Vector field W2+W3=(g2Y15+g3)F1+g2 X
	3.1.3. Vector field W1+W3=g3F1+g1T

	3.2. Vector field V4=f4y
	3.3. Vector field V5=f5(y-x3u-yx+zy)
	3.4. Vector field V6=y3(f6t+f6z)u+f6x
	3.5. Vector field V1+V7=f1 t+f7 u
	3.6. Vector field V3+V7=f3 z+f7 u
	3.7. Vector field V4+V7=f4y+f7 u
	3.8. Vector field V6+V7=(y3(f6t+f6z)+f7)u+f6x
	3.9. Vector field V3+V4+V6=f6x+f3 z+f4 y+y3(f6t+f6z)u

	4. Summary and discussion
	References

