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Under investigation is the n-component nonlinear Schrödinger equation with higher-order effects, which describes the
ultrashort pulses in the birefringent fiber. Based on the Lax pair, the eigenfunction and generalized Darboux transforma-
tion are derived. Next, we construct several novel higher-order localized waves and classified them into three categories:
(i) higher-order rogue waves interacting with bright/antidark breathers, (ii) higher-order breather fission/fusion, (iii) higher-
order breather interacting with soliton. Moreover, we explore the effects of parameters on the structure, collision process
and energy distribution of localized waves and these characteristics are significantly different from previous ones. Finally,
the dynamical properties of these solutions are discussed in detail.
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1. Introduction
Recently, the field of localized waves has been the area

of extremely animate research in mathematical physics and
nonlinear science. Soliton, a well-known localized wave,
has displayed the capability of propagating waves without
losing the shape for a long distance.[1–3] Accordingly, soli-
ton has attracted much research interest.[4–11] Breathers prop-
agate steadily and are localized in either time or space,
namely, Akhmediev breather (AB) and the Kuznetsov–Ma
(KM) soliton.[12–17] The AB is developed from a weak peri-
odic modulation, which is localized in the longitudinal dimen-
sion as it undergoes growth and decay. By contrast, the KM
soliton undergoes periodic evolution with propagation. Rogue
wave, an outlandish doubly localized wave packet, features a
peaked hump three times the plane wave height and two side
holes that appear as a result of energy conservation. More-
over, due to breathers’ localized properties, rogue wave can be
seen as the limiting case of AB and KM.[18,19] Breather and
rogue wave are also widely investigated in many fields, such
as nonlinear optics, oceanography, hydrodynamics, magnetics,
plasma physics and so on.[20–26] In fact, it should be empha-
sized that interactions between localized waves lead to more
rich novel wave structures and dynamic behaviors.[28–33]

As far as we know, due to the nonlinear superposition ef-
fect, interactions between localized waves may arouse waves
with higher energy. To deeply understand the properties of lo-
calized waves in distinct fields, several approaches (e.g. the
Bell polynomial,[34,35] KP hierarchy reduction method[36–38]

and Darboux transformation (DT)[39–44]) are applied to ex-
plore localized waves of various nonlinear physical models.
Among these models, one of the most concerned models
is the nonlinear Schrödinger (NLS) equation which can ex-
plain many nonlinear phenomena and experimental results in
erbium-doped fibre,[45] plasma,[46] and atmosphere.[47] Ow-
ing to the mutual influence of relative velocities between di-
verse component fields and the common coupling effect of
cross-phase modulation, multi-component nonlinear models
can derive more profuse physical phenomena than single-
component models.[48–51] Besides, another notable character-
istic is that multi-component models can abstract and show
complicated physical wave propagations by means of concise
mathematical formulas. Therefore, it is worthwhile to exam-
ine the n-component NLS equations

i𝑢t +
1
2
𝑢xx +𝑢𝑢†𝑢= 0, (1)

where 𝑢 = (u1,u2, . . . ,un)
T, u j(x, t) ( j = 1,2, . . . ,n) are com-

plex functions and ‘†’ denotes the Hermite conjugation.
Nevertheless, it can be seen that the NLS equation can-

not explain the propagation of soliton-type pulses in the fem-
tosecond range. For high-intensity ultrashort pulses in the
femtosecond range, it is necessary to incorporate the higher-
order effect such as the third-order dispersion (TOD), self-
steepening (SS) and stimulated Raman scattering (SRS).[52–57]

The effect of TOD is a splitting of higher-order solitons. SS
gives the plus a very narrow width in the course of the propa-
gation because the peak of the pulse will travel slower than the
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wings. The self-frequency shift is a self-induced redshift in the
pulse spectrum arising from SRS. The long wavelength com-
ponents of the pulse experience Raman gain at the express of
the short wavelength components, leading to a increasing red-
shift as the pulse propagates. Considering the impact of the
coupling terms and higher-order effects, one mainly studies
the n-component nonlinear Schrödinger equation with higher-
order effects

i𝑢t +
1
2
𝑢xx +𝑢𝑢†𝑢

+γ

(
1
2
𝑢xxxx +𝑢(𝑢†

x𝑢)x +𝑢x𝑢
†
x𝑢+2(𝑢xx𝑢

†𝑢+𝑢𝑢†𝑢xx)

+3(𝑢x𝑢
†𝑢x +𝑢(𝑢†𝑢)2)

)
= 0, (2)

where γ is a real parameter which measures the strength
of higher-order linear and nonlinear effects. As we know,
there have been various works on Eq. (2).[58–64] Therefore,
one pays attention to succeed it and gets some novel local-
ized waves, which can be classified into three categories:
(i) higher-order rogue waves interacting with bright/antidark
breathers, (ii) higher-order breather fission/fusion, (iii) higher-
order breather interacting with soliton. To our knowledge,
there is no report of these three kinds of localized waves of
any n-component nonlinear Schrödinger equation with higher-
order effects.

The outline of the study is organized. In Section 2, based
on the Lax pair, the eigenfunction and generalized DT of
Eq. (2) are constructed. In Section 3, by using the generalized
DT, we get three types of novel localized waves for Eq. (2).
Then we take 2-component and 3-component as examples and
perform the dynamical analysis of these solutions. The con-
clusion is given in Section 5.

2. Generalized Darboux transformation
The Lax pair of Eq. (2) is

Φx =UΦ , U = iλσ + iP,

Φt =V Φ , V =
4

∑
j=0

λ
jVj, (3)

with

P =

(
0 𝑢†

𝑢 0n×n

)
, σ =

(
1 01×n

0n×1 −In

)
,

V4 = −4iγσ , V3 =−4iγP,

V2 = 2γ(iP2
σ −σPx)+ iσ ,

V1 = γ(iPxx +2iP3−PPx +PxP)+ iP,

V0 =
γ

2
[σ(Pxxx− iPPxx− iPxxP−3iP4 +3P2Px

+3PxP2)+ iP2
x σ ]+

1
2

σ(Px− iP2),

where In is a n× n identity matrix and λ is a spectral pa-
rameter. It is easy to see that the compatibility condition
Ut −Vx +[U,V ] = 0 can lead to Eq. (2).

After that, one can construct the DT of Eq. (2) as follows:

D[1] = In+1−
λ1−λ ∗1
λ −λ ∗1

Φ0Φ
†
0

Φ
†
0 Φ0

, (4)

where Φ0 = (φ1,φ2, . . . ,φn)
T solves the Lax pair (3) with

λ = λ1. Then the new functions can be written as

u j = u j[0]+
2i(λ1−λ ∗1 )φ

∗
1 φ j+1

|φ1|2 + |φ2|2 + |φ3|2
, j = 1,2, . . . ,n. (5)

Theorem 1 Let Φ [λ1(1+ε)] be a solution of Eq. (3) with
λ = λ1(1+ ε) and an initial solution u j[0] ( j = 1,2, . . . ,n). If
Φ [λ1(1+ ε)] can be expanded at ε = 0,

Φ [λ1(1+ ε)] = Φ0 +Φ1ε +Φ2ε
2 + · · · , (6)

then

Φ [N] = (φ1[N],φ2[N], . . . ,φn[N])T

= λ1Φ [N−1]+D[N−1]Ξ [N], N = 2,3, . . . ,

Φ [0] = (φ1[0],φ2[0], . . . ,φn[0])T = Φ0,

Ξ [N] = Φ [N](Φ j+1→Φ j+2), j = 0,1,2, . . . (7)

with

D[l] = (λ −λ
∗
1 )In+1 +(λ ∗1 −λ1)

Φ [l−1]Φ [l−1]†

Φ [l−1]†Φ [l−1]
,

l = 1,2, . . . ,N−1 (8)

are solutions of Eq. (3) with respect to the same spectral pa-
rameter λ1.

Then the solutions u j[N] ( j = 1,2, . . . ,n) read

u j[N] = u j[N−1]

+
2i(λ1−λ ∗1 )φ

∗
1 [N−1]φ j+1[N−1]

|φ1[N−1]|2 + |φ2[N−1]|2 + |φ3[N−1]|2
. (9)

To present three different kinds of localized waves for
Eq. (2), we take the following initial solutions:

u j[0] = a j e iθ t , θ = 2ω
2 +6γω

4,

ω
2 =

n

∑
j=1

a2
j , j = 1,2, . . . ,n, (10)

where a j are real constants. Introducing a gauge transforma-
tion

Φ = AΨ , A = diag(1, e iθ t In) (11)

can generate

Ψx = ŨΨ , Ψt = ṼΨ , (12)

with

Ũ = iλσ +Ũ0,
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Ṽ = i(4γλ
2−3γω

2−1)Ũ2 +2λ (4γλ
2−2γω

2−1)Ũ

+4iγλ
4 + iγλ

2
ω

2−6iγω
4 + iλ 2−2iω2,

Ũ0 =

(
0 𝑎
𝑎 0n×n

)
, 𝑎= (a1,a2, . . . ,an)

T.

Hence, the solution for system (3) can be written as

Φ = AFGZ, (13)

where

F = eŨx, G = eṼ t ,

and Z is a free vector.

After complicated calculations, F can be written by

F =
1
ξ

(
Γ0 −Γ T

1
Γ1 Γ2

)
, (14)

with

Γ0 = ξ cosh(ξ x)+ iλ sinh(ξ x),

Γ1 = [a1 sinh(ξ x),a2 sinh(ξ x), . . . ,an sinh(ξ x)]T,

Γ2 =


a2

1ω−2ϑ +(ω−a2
1)ξ ω−2 e−iλx a1a2ω−2Λ . . . a1anω−2Λ

a1a2ω−2Λ a2
2ω−2ϑ +(ω−a2

2)ξ ω−2 e−iλx . . . a2anω−2Λ

...
...

. . .
...

a1anω−2Λ a1anω−2Λ . . . a2
nω−2ϑ +(ω−a2

n)ξ ω−2 e−iλx

 ,

Λ = ϑ −ξ e−iλx, ϑ = ξ cosh(ξ x)− iλ sinh(ξ x), ξ = i
√

λ 2 +ω2.

In the same token, G can be expressed as

G =
1
ξ

e−
iθ t
2

(
Ξ0 −Ξ T

1
Ξ1 Ξ2

)
, (15)

with

Ξ0 = ξ cosh(ηt)+ iλ sinh(ηt),

Ξ1 = [a1 sinh(ηt), a2 sinh(ηt), . . . , an sinh(ηt)]T,

Ξ2 =


a2

1ω−2ρ +(ω−a2
1)ξ ω−2 e−iνt a1a2ω−2Ω . . . a1anω−2Ω

a1a2ω−2Ω a2
2ω−2ρ +(ω−a2

2)ξ ω−2 e−iνt . . . a2anω−2Ω

...
...

. . .
...

a1anω−2Ω a1anω−2Ω . . . a2
nω−2ρ +(ω−a2

n)ξ ω−2 e−iνt

 ,

Ω = ρ−ξ e−iνt , ρ = ξ cosh(ηt)− iλ sinh(ηt), η = (4γλ
3− (2γω

2 +1)λ )ξ , ν = 3γω
4 +ω

2 +2λ
2−8γλ

4.

Theorem 2 Taking into account a Taylor series expan-
sion in Eqs. (5) and (13), one gets the following formulas:

F |λ=λ1(1+ε) =
∞

∑
n=0

Fnε
n, G|λ=λ1(1+ε) = e−

iθ t
2

∞

∑
n=0

Gnε
n, (16)

where Fn and Gn represent the nth coefficient matrix of ε . And
Z reads

Z =
∞

∑
j=0

Z jε
j, (17)

where Z j are constant vectors. Consequently, we have

Φ =
∞

∑
n=0

Φnε
n, Φn = e−

iθ t
2 A

n

∑
k=0

n

∑
j=0

FkG jZn−k− j. (18)

3. Dynamical analysis and localized waves of
Eq. (2)
In this section, we will exhibit three kinds of higher-

order localized waves. The structure, collision process and

energy distribution of these solutions depend on the values
of a1,a2, . . . ,an and Z j ( j = 0,1,2, . . .). In order to make
the results of this paper more meaningful, we will construct
some novel localized waves which were never reported for
Eq. (2). By examining (i) Im(λ1) = ω , (ii)−ω < Im(λ1)< ω ,
(iii) Im(λ1)> ω , we can divide the solutions into three kinds.
Next, we will take the 2-component and 3-component Eq. (2)
as examples to discuss the results of three cases respectively.

3.1. Dynamical analysis and localized waves of 2-
component Eq. (2)

In view of Theorems 1 and 2, we can attain the first-order
localized waves of 2-component Eq. (2) as follows:

u1[1] = u1[0]+2i(λ1−λ
∗
1 )

φ ∗1 [0]φ2[0]
|φ1[0]|2 + |φ2[0]|2 + |φ3[0]|2

, (19)

u2[1] = u2[0]+2i(λ1−λ
∗
1 )

φ ∗1 [0]φ3[0]
|φ1[0]|2 + |φ2[0]|2 + |φ3[0]|2

, (20)
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with

(φ1[0],φ2[0],φ3[0])T = AF0G0Z0. (21)

Case A: Im(λ1) = ω

For N = 1, we take λ1 = iω which results in the following
expressions:

F0 =

1−ωx −a1x −a2x
a1x a2

1ω−2 f0 + eωx a1a2ω−2 f0
a2x a1a2ω−2 f0 a2

2ω−2 f0 + eωx

 , G0 =

1+ iω2g0t ia1ωg0t ia2ωg0t
−ia1ωg0t a2

1ω−2g1 + e i(5iγω2)ω2t a1a2g1

−ia2ωg0t a1a2g1 a2
2ω−2g1 + e i(5iγω2)ω2t

 ,

f0 = 1+ωx+ eωx, g0 = 1+6γω
2, g1 = 1−6iγω

4t− iω2t− e i(5iγω2)ω2t .

It can be observed that the first-order localized wave consists
of rogue wave and breather in Fig. 1. If a1 = a2 = 1, the struc-
tures of the breathers in the u1 and u2 components are simi-
lar. If a1 or a2 is not equal to 1, the structures of breathers in
Figs. 1(c) and 1(d) are extremely distinct. Figure 1(c) shows
the antidark breather whose amplitudes on the plane are lower
than the ones under the plane while Fig. 1(d) shows the oppo-
site.

For N = 2, one works out the second-order rogue waves
interacting with two breathers in Figs. 2 and 3. It is remarkable
that with the values of z11 and z31 increasing simultaneously,

the second-order rogue wave in u1 component moves along

the negative direction of the x-axis from the origin of the coor-

dinate, while the second-order wave in u1 component travels

toward the positive direction (see Figs. 2(c), 2(d), 3(c), and

3(d)). On the other hand, we find that increasing the values of

z11 and z31 leads to the amplitude of the second-order rogue

wave being small. The reason is that the energy producing

the rogue wave is transformed into the kinetic energy that pro-

motes the movement of the rogue wave. It can be seen that the

energy of the process is conserved.
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Fig. 1. The first-order rogue wave interacts with breather with (a), (b) a1 = 1, a2 = 1, γ = 1/10, z10 = 1, z20 = 2, z30 = 3; (c), (d) a1 = 1,
a2 = 1/2, γ = 1/10, z10 = 1, z20 = 1, z30 = 1.
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Fig. 2. The second-order rogue waves interact with breathers with a1 = 1, a2 = 1, γ = 1/10, z10 = 1, z20 = 2, z30 = 1, (a), (b) z11 = 1, z21 = 0,
z31 = 1; (c), (d) z11 = 1000, z21 = 0, z31 = 1000.
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Fig. 3. The second-order rogue waves interact with breathers with a1 = 1, a2 = 1/2, γ = 1/10, z10 = 1, z20 = 1, z30 = 1, (a), (b) z11 = 1,
z21 = 0, z31 = 1; (c), (d) z11 = 1000, z21 = 0, z31 = 1000.

Case B: −ω < Im(λ1)< ω

For N = 1, by considering −ω < Im(λ1)< ω , the elements of matrices F0 and G0 can be obtained as

F0 =


−
√

3
3

f0 −2
√

3
3

a1ω−1 sin
(√

3
2

x
)

−2
√

3
3

a2ω−1 sin
(√

3
2

x
)

2
√

3
3

a1ω−1 sin
(√

3
2

x
) √

3
3

a2
1ω−2( f1−

√
3eωx)+ eωx

√
3

3
a1a2ω−2( f1−

√
3eωx)

2
√

3
3

a2ω−1 sin
(√

3
2

x
) √

3
3

a1a2ω−2( f1−
√

3eωx)

√
3

3
a2

2ω−2( f1−
√

3eωx)+ eωx


,
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G0 =



√
3

3
g0

2
√

3
3

ia1ω−1 sinh(µt)
2
√

3
3

ia2ω−1 sinh(µt)

−2
√

3
3

ia1ω−1 sinh(µt) −
√

3
3

ω−2(a2
1g1 +

√
3(a2

1−ω2)e−
i (1+5γω2)ω2

2 t) −
√

3
3

ω−2a1a2(g1 + e−
i (1+5γω2)ω2

2 t)

−2
√

3
3

ia2ω−1 sinh(µt) −
√

3
3

ω−2a1a2(g1 + e−
i (1+5γω2)ω2

2 t) −
√

3
3

ω−2(a2
2g1 +

√
3(a2

2−ω2)e−
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We achieve the fission/fusion phenomenon of the breather in
Figs. 4 and 5. It can be noticed that the breather propagates
stably at the beginning, while it divides into two breathers
at x = 0 in Fig. 4. Moreover, after fission, the shape of the
breather becomes larger and the amplitude becomes smaller.
Because the energy producing one breather is divided into two
parts which means the total energy of the fission process is
conserved. The breather fusion is shown in Fig. 5. We can

observe that two breathers converge to one antidark breather
at x = 0. Obviously, the total energy of the fusion process is
also conserved. More importantly, it is apparent that different
values of a2 cause the structures of breather fission or fusion
changing a lot. Comparing breather fission with breather fu-
sion, we find that the fission phenomenon of breather presents
the bright breather, while the fusion phenomenon of breather
presents the antidark breather.
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Fig. 4. The first-order breather fission with (a), (b) a1 = 1, a2 = 1, γ = 1/10, λ1 = i
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Fig. 5. The first-order breather fusion with (a), (b) a1 = 1, a2 = 1, γ = 1/10, λ1 =−i
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2/2, z10 = 1, z20 = 2, z30 = 3; (c), (d) a1 = 1, a2 = 1/2,
γ = 1/10, λ1 =−i
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Fig. 6. The second-order breather fission with a1 = 1, a2 = 1, γ = 1/10, z10 = 1, z20 = 2, z30 = 3, (a), (b) z11 = 1, z21 = 0, z31 = 1; (c),
(d) z11 = 1000, z21 = 0, z31 = 1000.
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Fig. 7. The second-order breather fission with a1 = 1, a2 = 1/2, γ = 1/10, z10 = 1, z20 = 1, z30 = 1, (a), (b) z11 = 1, z21 = 0, z31 = 1; (c),
(d) z11 = 1000, z21 = 0, z31 = 1000.

For N = 2, we explore the second-order breather fission/fusion in Figs. 6 and 7. Especially, when the values of a1, a2 and
free vectors Z0, Z1 change, the second-order breather fission/fusion possess distinct dynamical behaviors. Interestingly, as the
values of z11 and z31 gradually increase, the distance between the two breathers gradually increases during the fission or fusion
process of the breather. In addition, we also find that changing a2 in the second-order solutions has a more obvious effect on the
structures of breathers.
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Case C: Im(λ1)> ω

For N = 1, we take λ1 =
3
2 iω which can generate the following F0 and G0:
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4
.

This case yields the breather interacting with soliton in Fig. 8.
Compared with the previous two cases, we can see that the
breather in Fig. 8 is quite small. It is shown that the propaga-
tion directions of the breather and soliton are coincident. For
analyzing clearly the explicit collision process in this solution,
the plane evolution plots are displayed in Fig. 9. It is found that
if t < 0, the soliton is a bright soliton. However, when t = 0,
the bright soliton decreases rapidly to zero and the breather

appears. Then, when t > 0, the breather disappears.
For N = 2, we derive the second-order breather interact-

ing with bright/dark soliton which has more complicated dy-
namical behaviors in Figs. 10 and 11. Notably, with the values
of z11 and z31 increasing, the soliton is almost invisible. In
other words, the energy to generate the soliton is small. Be-
sides, compared with the condition of a1 = a2 = 1, the soliton
under the condition of a1 6= a2 is more obvious.
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Fig. 8. The first-order breather interacts with soliton with (a), (b) a1 = 1, a2 = 1, γ = 1/10, z10 = 1, z20 = 2, z30 = 3; (c), (d) a1 = 1, a2 = 1/2,
γ = 1/10, z10 = 1, z20 = 1, z30 = 1.
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Fig. 11. The second-order breather interacts with soliton with a1 = 1, a2 = 1/2, γ = 1/10, z10 = 1, z20 = 1, z30 = 1, (a), (b) z11 = 1, z21 = 0,
z31 = 1; (c), (d) z11 = 1000, z21 = 0, z31 = 1000.

3.2. Dynamical analysis and localized waves of 3-
component Eq. (2)

Likewise, resorting to Theorems 1 and 2, one will give
three kinds of localized waves of 3-component Eq. (2). The
derivation process of the explicit expressions is similar to the
case of 2-component and is too lengthy and hence omitted.

Case A: Im(λ1) = ω

For N = 1, fixing λ1 = iω , we gain the first-order rogue
wave interacting with breather in Fig. 12. When a1 = a2 =

a3 = 1, we notice that the breathers in u1 and u3 components
show the bright breather, while the breather in u2 component
shows the dark breather in Figs. 12(a)–12(c). When one of a1,
a2, a3 is not equal to 1, Figs. 12(d)–12(f) show that the struc-
tures and amplitudes of the breathers in u1, u2, u3 components

are very different. That is, the values of a1, a2, a3 can af-
fect the structures, amplitudes and energy distributions of the
breathers.

For N = 2, one can get the second-order rogue waves in-
teracting with breathers in Fig. 13. Similarly, when a1 = a2 =

a3 = 1, two breathers in u1 and u3 components present two
bright breathers, while two breathers in u2 component present
one bright breather and one dark breather. Furthermore, as
the free vector Z1 changes, the amplitudes of rogue waves
and breathers change simultaneously. The reason for this phe-
nomenon is that the energy of the second-order rogue waves
and the energy of the breathers are converted to each other.
Therefore, the total energy of this process is conversed.
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Fig. 12. The first-order rogue wave interacts with breather with (a)–(c) a1 = 1, a2 = 1, a3 = 1, γ = 1/10, z10 = 1, z20 = 2, z30 = 3, z40 = 4;
(d)–(f) a1 = 1, a2 = 1/2, a3 = 1/2, γ = 1/10, z10 = 1, z20 = 1, z30 = 1, z40 = 4.
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Fig. 13. The second-order rogue waves interact with breathers with a1 = 1, a2 = 1, a3 = 1, γ = 1/10, z10 = 1, z20 = 2, z30 = 3, z40 = 4,
(a)–(c) z11 = 1, z21 = 0, z31 = 1, z41 = 1; (d)–(f) z11 = 1, z21 = 5, z31 = 10, z41 = 100.

Case B: −ω < Im(λ1)< ω

For N = 1, suppose λ1 = iω/2, the breather fission/fusion

are obtained in Fig. 14. It is obvious that breathers propagate

stably at t < 0, while them divide at x = 0. At the same time,

the shapes of breathers become larger and the amplitudes be-

come smaller. It can be understood that the total energy of the
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process is conserved.
For N = 2, we explore the second-order breather fis-

sion/fusion in Fig. 15. With the values of z31 and z41 increas-
ing, the distance between the two breathers increase during the
fission or fusion process.

Case C: Im(λ1)> ω

For N = 1, setting λ1 = 3
2 iω yields the breather inter-

acting with soliton in Fig. 16. In particular, the breather is
extremely different from the breather of Cases A and B. In

Figs. 16(a)–16(c), we can observe that the breather in u1 and
u2 components presents the characteristics of low amplitude
in the middle and high on both sides, while the breather in
u3 component is just the opposite. This phenomenon is very
readable which was never reported for multi-component equa-
tion (2). In like wise, Figs. 16(d)–16(f) are the plane evolution
plots. If t < 0, the soliton is a bright soliton. Nevertheless,
when t = 0, the bright soliton decreases rapidly to zero and
the breather appears. When t > 0, the breather disappears.

(a) (b) (c)

0

2
1

u
1


0

0
-10

-10

10
10

x

t 0

2

1
u
2


0

0

-10

-10

10
10

x

t 0

2
3

1u
3


0

0

-10

-10

10
10

x

t

0

2

1

u
1


0

0
-10

-10

10
10

x

t 0

2

1

u
2


0

0

-10

-10

10
10

x

t 0

2

1

u
3


0

0

-10

-10

10
10

x

t

(d) (e) (f)

Fig. 14. The first-order breather fission with (a)–(c) a1 = 1, a2 = 1, a3 = 1, γ = 1/10, z10 = 1, z20 = 2, z30 = 10, z40 = 100; (d)–(f) a1 = 1,
a2 = 1, a3 = 1/2, γ = 1/10, z10 = 1, z20 = 2, z30 = 10, z40 = 100.

0

2
3

1u
1


0

0

-10

-10

10
10

x

t 0

2
3

1u
2


0

0

-10

-10

10
10

x

t 0

2

1

u
3


0

0

-10

-10

10
10

x

t

0

2
3

1u
1


0

0

-10

-10

10
10

x

t 0

2

1

u
2


0

0

-10

-10

10
10

x

t 0

2

1

u
3


0

0

-10

-10

10
10

x

t

(a) (b) (c)

(d) (e) (f)

Fig. 15. The second-order breather fission with a1 = 1, a2 = 1, a3 = 1, γ = 1/10, z10 = 1, z20 = 2, z30 = 3, z40 = 4, (a)–(c) z11 = 1, z21 = 0,
z31 = 1, z41 = 1; (d)–(f) z11 = 1, z21 = 5, z31 = 10, z41 = 100.

(a)

0

5

u
1


0

0

-10

-5

10 5
x

t

(b)

0

5

u
2


0

0

-10

-5

10 5
x

t

(c)

0

5

u
3


0

0

-10

-5

10 5
x

t

(d)

u
1


t/↩
t/
t/

0







0-10 10
x

(e)

u
2


t/↩
t/
t/

0







0-10 10
x

(f)

u
3


t/↩
t/
t/

0







0-10 10
x

Fig. 16. The first-order breather interacts with breather with (a)–(c) a1 = 1, a2 = 1, a3 = 1, γ = 1/10, z10 = 1, z20 = 2, z30 = 3, z40 = 4.
(d)–(f) The plane evolution plots of the interactional process in the soliton interacting with breather with the same parameters.
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Fig. 17. The second-order breathers interact with soliton with a1 = 1, a2 = 1, a3 = 1, γ = 1/10, z10 = 1, z20 = 2, z30 = 3, z40 = 4,
(a)–(c) z11 = 1, z21 = 0, z31 = 1, z41 = 1; (d)–(f) z11 = 1, z21 = 5, z31 = 10, z41 = 100.

For N = 2, the second-order breathers interacting with
bright/dark soliton are derived in Fig. 17. When a1 = a2 =

a3 = 1, the soliton in u1 component exhibits the bright soli-
ton, while the solitons in u2 and u3 components exhibit dark
solitons. When one of a1, a2, a3 is not equal to 1, the soliton
in u1 and u2 components exhibits the bright soliton, while the
soliton in u3 component exhibits dark soliton.

4. Potential implications for fiber optics experi-
ments and applications

4.1. Pulse manipulation and signal processing

Firstly, the discovery of various types of higher-order lo-
calized waves, such as the interaction of higher-order rogue
waves with bright/antidark breathers, offers new possibilities
for pulse shaping and signal processing in fiber optics. By
precisely controlling the parameters that influence the forma-
tion and behavior of these waves (as demonstrated in the de-
tailed analysis of different cases in Subsections 3.1 and 3.2),
it becomes possible to engineer pulses with specific charac-
teristics. For example, in optical communication systems, the
ability to generate and manipulate rogue waves could poten-
tially be used for high-speed data encoding. The unique wave-
form of rogue waves, with their peaked humps and side holes,
might allow for more efficient packing of information. This
could lead to an increase in the transmission capacity of fiber-
optic communication links. Secondly, the breather fission and
fusion phenomena observed in the study could also find ap-
plications in signal processing. For instance, in wavelength
division multiplexing (WDM) systems, the controlled fission
and fusion of breathers could be utilized to manage the distri-
bution of optical power among different channels. This could
help optimize the performance of the WDM system by reduc-
ing crosstalk and improving the overall signal-to-noise ratio.

4.2. Fiber device design and optimization

The solutions gained can be directly applied to the design
and optimization of fiber-optic devices. For example, the un-
derstanding of how higher-order effects influence the propaga-

tion of localized waves can be used to develop more efficient
fiber amplifiers. By taking into account the self-steepening
and stimulated Raman scattering effects, it may be possible to
design amplifiers that can better handle high-intensity ultra-
short pulses without significant distortion. The study of the
interaction between solitons and breathers could also inspire
the design of new types of optical switches. These switches
could operate based on the controlled interaction between dif-
ferent types of localized waves, allowing for faster and more
precise switching of optical signals. This would be beneficial
in applications such as optical networking and optical comput-
ing.

4.3. Nonlinear fiber characterization and measurement

The results provides a theoretical framework for more ac-
curate characterization and measurement of nonlinear effects
in fibers. By analyzing the behavior of Eq. (2) and compar-
ing it with experimental observations of the localized waves,
it becomes possible to develop more precise methods for mea-
suring parameters such as the strength of the third-order dis-
persion and self-steepening. This is crucial for ensuring the
quality and performance of fiber-optic communication sys-
tems. Besides, the detailed study of the energy distribution and
collision processes of the localized waves can also be used to
develop new diagnostic tools for fiber-optic systems. For ex-
ample, by monitoring the changes in the energy distribution of
the waves during propagation, it may be possible to detect and
locate faults or impairments in the fiber.

4.4. Advanced fiber-optic communication systems

The advent of new types of localized waves and their as-
sociated properties may prove to be a source of inspiration
for the development of more advanced fibre-optic communi-
cation systems. The capacity to generate and regulate higher-
order breather fission/fusion could be employed to facilitate
dynamic optical routing in optical networks. By modifying
the parameters that regulate the behavior of the breather, it is
possible to direct the optical signals to different destinations in
accordance with the characteristics of the network traffic and
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the specific requirements. Furthermore, an enhanced compre-
hension of the interrelationship between the various compo-
nents within Eq. (2) could facilitate the advancement of more
resilient and efficient space-division multiplexing (SDM) sys-
tems. By leveraging the coupling effects between disparate
spatial modes or polarization states, it may be feasible to aug-
ment the number of independent data channels within a fibre,
thereby enhancing the transmission capacity of the system.

5. Conclusion
At present, with the development of nonlinear opti-

cal fiber technology, the nonlinear effect of optical fibers
is of great importance to restrict the bandwidth and in-
crease the transmission distance in modern optical commu-
nication. Therefore, we focus on the n-component nonlin-
ear Schrödinger equation with higher-order effects, which de-
scribes the ultrashort pulses in the birefringent fiber. With
the aid of the Lax pair, we construct the eigenfunction and
the generalized DT. By employing the generalized DT, we
arrive at some novel higher-order localized waves for the 2-
component and 3-component equations (2). These results
can be divided into three cases: (i) Im(λ1) = ω: higher-
order rogue waves interacting with bright/antidark breathers,
(ii) −ω < Im(λ1) < ω: higher-order breather fission/fusion,
(iii) Im(λ1) > ω: higher-order breather interacting with soli-
ton. After that, we find that the values of a j ( j = 1,2, . . . ,n)
and the free vector Z in diverse cases have a great effect on the
structure, collision process and energy distribution of localized
waves. By means of three-dimensional figures, we discuss the
dynamical behaviors of these solutions in detail. These novel
results will help us understand and analyze more complicated
dynamical behaviors and physical phenomena of coupled non-
linear evolution equations.
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