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Based on Ginzburg–Landau theory, we investigate the electromagnetic properties of two-band superconductors with
broken time-reversal symmetry. We propose an apparatus of a superconducting ring integrated with a microbridge structure
to probe the peculiar topological excitations in the chiral system. The phase difference of two order parameters in the
superconductor satisfies the double sine-Gordon equation, and a linear relationship between the phase difference at the
two ends of the junction and the total magnetic flux in the ring can be obtained. Then with the Josephson current–phase
relation, we establish the dependence of the circulating current and magnetic flux on the applied external magnetic field.
Our results show that this single-junction system will exhibit the irreversible behaviors and two different types of fractional
flux transitions can clearly manifest the time-reversal symmetry breaking in two-component superconductors.
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flux
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1. Introduction
The discovery of the superconducting F-doped LaFeAsO

with Tc ≈ 26 K has raised a boom of the scientific re-
search on iron-based superconductivity.[1] As the second high-
temperature superconductor family, the coexistence of super-
conductivity and magnetism makes the Fe-based compounds
of great value in the exploration of microscopic pairing mech-
anism and spintronic applications.[2–4] One of the highly in-
teresting problems in these materials is to explore multiband
structures and exotic states with broken time-reversal symme-
try (BTRS). For example, with the analysis of the supercon-
ducting gap evolution, an intermediate s+ is state in which
the relative phase of order parameters on two hole pock-
ets differs from 0 or π might occur in strongly hole-doped
Ba1−xKxFe2As2.[5] In addition, this simplest BTRS extension
of the most abundant s-wave state is also expected to arise
in stoichiometric compound LiFeAs and multiband Josephson
junction systems.[6,7]

Up to now, there exist three main experimental probes
which can directly indicate the presence of spontaneous mag-
netization in a superconducting system, so as to detect the
BTRS state in a superconductor. The first one is the muon-
spin relaxation (µSR) instrument, which can carry out the lo-
cal measurement of extremely small magnetic field in a sample
(down to ∼ 10−5 T).[8–11] A particular advantage of this tech-
nique is that the presence of the BTRS state can be measured
in both single crystals and polycrystalline samples. The opti-

cal Kerr effect is another very sensitive apparatus for detecting
the spontaneous field inside a superconductor by means of the
polar Kerr angle.[12–16] However, the reliable determination of
the BTRS signal with this method generally requires single
crystals, rather than polycrystalline samples. Finally, the su-
perconducting quantum interference device (SQUID) can also
be used to discover the BTRS superconducting state, and this
approach has already been successfully employed to observe
a net magnetization in LaNiC2.[17] But based on the symme-
try consideration of the order parameters, the homogeneous
s+ is state is expected to exclude the spontaneous magnetiza-
tion in the bulk system, the unequivocal determination of the
BTRS signature in unconventional superconductors is still a
very challenging problem nowadays.

In this paper, we construct a device consisting of a su-
perconducting ring and a microbridge to detect the BTRS sig-
nal in two-band superconductors. The microbridge structure is
that two relatively large superconducting regions are linked by
a narrow bridge, and such a weak link will behave as a Joseph-
son element whenever the dimensions of the bridge linking the
two large superconducting regions are smaller than or at least
comparable with the temperature dependent coherence length
of the bridge. We study the electromagnetic properties of this
combination system based on Ginzburg–Landau (GL) theory.
With two types of soliton solutions in the ring and the Joseph-
son current–phase relation in the two-band microbridge,[18]

we are able to find the simple analytical expressions for the
circulating current and the total magnetic flux as functions of
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applied external magnetic field. Our results show that the ob-
servation of two different types of fractional flux transitions
in this single-junction system will provide direct evidence for
the time-reversal symmetry breaking in two-band supercon-
ductors.

The paper is organized as follows. The theoretical formal-
ism is presented in Section 2. Then in Section 3, we discuss
the electromagnetic properties of a two-band superconducting
ring with a microbridge. We provide our results and discus-
sion in Section 4. Finally, Section 5 gives the conclusion of
the paper.

2. Theoretical formalism
The GL free energy functional for the s+ is supercon-

ducting state can be written as[5,19–23]

F = ∑
µ=1,2

[
1

2mµ

∣∣𝛱Ψµ

∣∣2−αµ

∣∣Ψµ

∣∣2 + βµ

2

∣∣Ψµ

∣∣4]
+γ1

[
(Ψ ∗1 Ψ2)

2 + c.c.
]

+γ2 |Ψ1|2 |Ψ2|2 + γ3 [(𝛱Ψ1)
∗ ·𝛱Ψ2 + c.c.]+

𝐵2

8π
. (1)

Here Ψµ represents the superconducting order parameter and
mµ is the effective mass for each band. The coefficient αµ is
a function of temperature, while βµ is independent of temper-
ature. The quartic coupling coefficients γ1 and γ2 are positive
phenomenological constants, and γ3 represents the gradient in-
teraction between these two bands. We define the covariant
derivative operator 𝛱 = (∇− 2ie𝐴) with the vector poten-
tial 𝐴 and the magnetic field 𝐵 = ∇×𝐴. We already set
h̄ = c = 1.

Based on an orthogonal transformation between Ψ1 and
Ψ2, we can actually eliminate the gradient coupling γ3-term.
But the price to pay is that a new Josephson interaction
(Ψ ∗1 Ψ2 + c.c.) has to be introduced into the system. As a re-
sult, the GL functional Eq. (1) can be transformed into the
equivalent form

F = ∑
µ=1,2

[
1

2mµ

∣∣𝛱Ψµ

∣∣2−αµ

∣∣Ψµ

∣∣2 + βµ

2

∣∣Ψµ

∣∣4]
−γ (Ψ ∗1 Ψ2 + c.c.)+ γ1

[
(Ψ ∗1 Ψ2)

2 + c.c.
]

+γ2 |Ψ1|2 |Ψ2|2 +
𝐵2

8π
. (2)

As we know, the GL free energy functional in Eq. (1) can
be self-consistently obtained from the three-band Eilenberger
equations.[22] Due to the equivalence between the free energy
functionals in Eqs. (1) and (2), the theoretical model in Eq. (2)
can be derived from the quasiclassical Eilenberger theory as
well.

As the distance to the boundary is much greater than the
magnetic penetration depth, we can take the London limit and

treat the modulus of the order parameter Ψµ =
∣∣Ψµ

∣∣ e iθµ as
constant. For simplicity, we also set the magnetic field 𝐵=B𝑧̂
in the 𝑧̂-direction and choose a transverse gauge with the vec-
tor potential 𝐴= A𝑥̂. In this circumstance, the GL functional
in Eq. (2) for the one-dimensional system can be written as

F =
n1n2

m1n2 +m2n1

[
1
2

(
dϕ

dx

)2

+V (ϕ)

]

+
m1n2 +m2n1

2m1m2

(
dθ̄

dx
−2eA

)2

+ ∑
µ=1,2

(
−αµ nµ +

βµ

2
n2

µ

)
+ γ2n1n2 +

B2

8π
. (3)

Here we set nµ =
∣∣Ψµ

∣∣2 and define ϕ = θ2 − θ1 and θ̄ =

(1−κ)θ1+κθ2 with κ = m1n2/(m1n2+m2n1). The potential
energy takes the form

V (ϕ) =
1

λ 2 (−cosϕ +ηcos2ϕ) (4)

with

1
λ 2 = 2γ

(√
n2

n1
m1 +

√
n1

n2
m2

)
,

η = 2λ
2
γ1 (m1n2 +m2n1) . (5)

Note that we are free to redefine the sign of the first term in
the potential V (ϕ) by shifting the variable ϕ → ϕ +π .

By minimizing the free energy with ϕ , we can get the
double sine-Gordon (DSG) equation for the phase difference

d2ϕ

dx2 −
1

λ 2 (sinϕ−2ηsin2ϕ) = 0. (6)

It is a natural extension of the sine-Gordon model because
it amounts to adding a second term in the Fourier expan-
sion of a periodic function. The topology of DSG poten-
tial changes qualitatively with the value of the parameter η ,
which leads to unconventional ground state and quasiparticle
excitation modes. According to Refs. [24,25], only for the
case of η > 1/4, we have two degenerate ground states at
ϕ0 = cos−1 (1/4η) and 2π −ϕ0 between 0 and 2π as shown
in Fig. 1(a). Since the phase difference in either ground state
is not located at 0 or π , it tells us that the DSG model will
manifestly break the time-reversal symmetry for η > 1/4.
Meanwhile, due to different pathways connecting degenerate
ground states, i.e., from −ϕ0 to ϕ0 and from ϕ0 to 2π −ϕ0,
the DSG equation allows for two elementary topological ex-
citations in the system. The solutions of type I and type II
solitons (antisolitons) can be explicitly written down as[24,25]

ϕI(x) =±2tan−1

√4η +1
4η−1

tanh

√16η2−1
16ηλ 2 x

 , (7)

ϕII(x) = π±2tan−1

√4η−1
4η +1

tanh

√16η2−1
16ηλ 2 x

 , (8)
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where (+) refers to soliton and (−) to antisoliton. Type I
soliton solution describes a topological excitation where the
phase difference crosses the secondary maximum of the po-
tential, while type II soliton solution represents an excitation
that crosses the global maximum to connect the ground states.
As shown in Fig. 1(b), in a broad x range, the phase changes of
type I and type II solitons are 2ϕ0 and 2π−2ϕ0, respectively.

Note that the αµ , βµ and γ2 terms in Eq. (3) are only func-
tions of the amplitude nµ and independent of the phase differ-
ence ϕ . From the discussion above, we can see that these terms
have no effect on the phase excitations of the superconducting
order parameters in our problem.

2π−ϕ0

 Type I soliton
 Type II soliton

x
−2
π

−π 2ππ

−2
π+

ϕ0

2π
−ϕ

0
−ϕ

0 ϕ0 ϕ0

0

2π

π

ϕ0

−ϕ0

ϕ↼x↽V↼ϕ↽(a) (b)

Fig. 1. The schematic illustration of (a) potential energy and (b) two
types of soliton excitations in the DSG model for η > 1/4.

3. Electromagnetic properties of the two-band
superconducting ring with a microbridge

Now we discuss a two-band superconducting ring in
which a single microbridge is inserted as shown in Fig. 2(a).
The geometry of the superconducting microbridge is schemat-
ically plotted in Fig. 2(b). The length l and diameter d of the
microbridge are assumed to be small as compared to the co-
herence length of the two-band superconductor. We have the
cross section of microbridge σ ∝ d2.

Ψ1↼↽/Ψ1eiθP

Ψ2↼↽/Ψ2eiθP

Ψ1↼l↽/Ψ1eiθQ

Ψ2↼l↽/Ψ2eiθQ

P Q

l

d
σ

(a)

(b)

Fig. 2. The schematic illustration of (a) two-band superconducting ring
with a microbridge and (b) the geometry of two-band superconducting
microbridge.

By minimizing the free energy in Eq. (3) with the vector
potential A and combining this formula with the Ampère’s law
in the Maxwell equations, we can obtain the supercurrent as

j = 2e
m1n2 +m2n1

m1m2

(
dθ̄

dx
−2eA

)
. (9)

In the part of the superconducting ring, by integrating the su-
percurrent in Eq. (9) along the ring, we get∫ Q

P
jdx = 2e

m1n2 +m2n1

m1m2
×
[
(1−κ)(θ1Q−θ1P)+

κ(θ2Q−θ2P)−2π
Φ

Φ0

]
= 0 (10)

with Φ0 = π/e the magnetic flux quantum. Here the path of
integration is situated at a distance larger than the penetration
depth from the ring surface and the supercurrent will vanish in
this circumstance. Note that the magnetic flux in the ring is
approximated as

Φ ≈
∫ Q

P
Adx, (11)

we then get the following relation from Eq. (10):

(1−κ)(θ1Q−θ1P)+κ(θ2Q−θ2P) = 2π
Φ

Φ0
, (12)

which relates the phase difference across the junction to the
magnetic flux in the system.

Now with soliton solutions of the DSG equation in this
superconducting structure, we also have

θ2Q−θ1Q = (θ2P−θ1P)+2ϕ0N1 +(2π−2ϕ0)N2. (13)

Here N1 and N2 are integers and denote type I and type II
soliton numbers, respectively. Combining this relation with
Eq. (12), we can obtain

(θ1Q−θ1P)+2ϕ0κN1 +(2π−2ϕ0)κN2 = 2π
Φ

Φ0
. (14)

At this stage, we also note that when an external field
is applied, it produces a geometrical flux Φe inside the ring
and a circulating supercurrent i will be induced which tends to
screen the applied flux Φe. With the introduction of the induc-
tance of the superconducting ring as L, the total magnetic flux
Φ in Eq. (14) is given by

Φ = Φe−Li. (15)

In the part of the microbridge structure, we can solve
the one-dimensional GL equations inside the channel with the
rigid boundary conditions for the order parameters at both
ends.[26] Following Ref. [18], we can neglect all except the
gradient terms and solve the equations

d2Ψ1

dx2 = 0 and
d2Ψ2

dx2 = 0 (16)
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with the boundary conditions

Ψ1(0) =
√

n1 e iθ1P and Ψ1(l) =
√

n1 e iθ1Q , (17)

Ψ2(0) =
√

n2 e iθ2P and Ψ2(l) =
√

n2 e iθ2Q . (18)

Then from the supercurrent expression (5) in Ref. [18], we can
obtain the current density in the channel as

i = i1 + i2 (19)

with the currents from both bands as

i1 =
2eσn1

m1l
sin(θ1Q−θ1P), (20)

i2 =
2eσn2

m2l
sin(θ2Q−θ2P). (21)

With Eq. (13), we can rewrite i2 in Eq. (21) as

i2 =
2eσn2

m2l
sin [θ1Q−θ1P +2ϕ0(N1−N2)] . (22)

Then in the presence of external field, plugging Eqs. (14)
and (15) into Eqs. (19)–(22), we get the dimensionless forms
of circulating current i and total magnetic flux Φ as

Li
Φ0

=
βe

2π

{
sin
[

2π

(
Φe

Φ0
− Li

Φ0

)
−2ϕ0κN1− (2π−2ϕ0)κN2

]
+

κ

1−κ
sin
[

2π

(
Φe

Φ0
− Li

Φ0

)
−2ϕ0κN1

−(2π−2ϕ0)κN2 +2ϕ0(N1−N2)

]}
, (23)

Φe

Φ0
=

Φ

Φ0
+

βe

2π

{
sin
[

2π
Φ

Φ0
−2ϕ0κN1− (2π−2ϕ0)κN2

]
+

κ

1−κ
sin
[

2π
Φ

Φ0
−2ϕ0κN1

−(2π−2ϕ0)κN2 +2ϕ0(N1−N2)

]}
(24)

with the definition of βe = 4πeσLn1/(m1lΦ0). Note that with
this framework, we are able to numerically calculate the de-
pendence of circulating current and total magnetic flux on the
applied external magnetic field according to Eqs. (23) and
(24), respectively. Then we can systematically discuss the
fractional flux transitions in this combination system.

4. Results and discussion
In this section, we will set the parameters κ = 0.8, ϕ0 =

π/4 and βe = 1 to explore the peculiar magnetic flux transi-
tions in two-band single-junction superconductors with time-
reversal symmetry breaking. Since the elementary soliton ex-
citations will be represented by (N1,N2) = (0,0), (1, 0) and
(0, 1), we will focus on these three branches in our numerical
computations.

From Eqs. (23) and (24), we plot the circulating current
and the total magnetic flux as functions of external magnetic
flux Φe in Figs. 3 and 4, respectively. It can be seen that all
the curves are multivalued and periodic functions with the pe-
riod Φ0. From Figs. 3 and 4, we can see that with the gradual
increase of Φe, the current and total magnetic flux will first
increase along the (0,0) branch to arrive the point A. Then
due to the irreversibility, this combination structure will un-
dertake the magnetic flux transition. In this case, the super-
conducting ring produces a type I soliton and the system will
overcome minimum current difference to reach point B on the
(1,0) branch as shown in Fig. 3. Then as the external mag-
netic field continuously increases, the system will sequentially
jump from point C on the (1,0) branch to point D on the (0,1)
branch and an extra type II soliton can be induced in this pro-
cess.

 . . . .

↩.

↩.



.

.

.

L
i/
Φ
0

A

B

C

D

Φe/Φ0

 N1/↪ N2/
 N1/↪ N2/
 N1/↪ N2/

Fig. 3. The dependence of circulating current i on external magnetic
flux Φe at κ = 0.8, ϕ0 = π/4 and βe = 1.

Φe/Φ0

Φe/Φ0

 . .

.

. .

.

.

.

.

.

. . .

.

.

.

.

Φ
/
Φ
0

Φ
/
Φ
0

A

B C

D

A
B

C

D

 N1/↪ N2/
 N1/↪ N2/
 N1/↪ N2/

Fig. 4. The dependence of total magnetic flux Φ on external magnetic
flux Φe at κ = 0.8, ϕ0 = π/4 and βe = 1.

In order to clearly show the peculiar topological excita-
tions in the two-band BTRS superconductor, we also plot the
changing curve of total magnetic flux Φ with the gradual in-
crease of Φe in the inset of Fig. 4. It can be easily found that
there exhibit two types of magnetic flux transitions in the sys-
tem with flux differences of 0.16Φ0 and 0.32Φ0, respectively.
The ratio of these flux transitions is 1/2, which is consistent
with the theoretical estimate of ϕ0/(π−2ϕ0) with the chosen
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parameter ϕ0 = π/4. Therefore, two different types of mag-
netic flux transitions generated in the single-junction system
will provide direct evidence for the time-reversal symmetry
breaking in the two-band superconductor.

5. Conclusion
In summary, we study the electromagnetic characteris-

tics of superconductors with time-reversal symmetry breaking
based on the two-band GL theory. We propose a combination
device consisting of a superconducting ring and a microbridge
to investigate the distinct topological excitations in the chiral
system. With the DSG equation, our numerical calculations
give two different types of fractional flux transitions with the
increase of external magnetic field, and thus manifest the exis-
tence of BTRS superconductivity in this single-junction struc-
ture. We hope that our theoretical results will inspire further
research on better understanding of the BTRS states and un-
conventional phase transitions in two-band superconductors.
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