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black holes surrounded by quintessence fluid in Rastall gravity
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We apply the WKB approximation method, matrix method, and finite difference method to study the gravitational
quasi-normal modes of charged spherically symmetric black holes surrounded by quintessence fluid in Rastall gravity. By
comparing the spherically symmetric spacetime metric of charged black holes surrounded by quintessence fluid in Rastall
gravity with that of general relativity, we can find that the modifications to general relativity in this modified gravity theory
can be described by parameters such as λ , Q, and Ca, etc. In four-dimensional spacetime, we investigate the impact of
charge Q and parameter Ca on the gravitational quasi-normal modes of charged black holes surrounded by quintessence
field in Rastall gravity. The aim is to search for observational evidence of such black holes in astrophysical observations and,
consequently, test the validity of Rastall theory. In five-dimensional (5D) spacetime, we study the impact of the parameter
Ca on the gravitational quasi-normal modes of Rastall black holes surrounded by quintessence field and summarize the
corresponding variation patterns.
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1. Introduction

Experimental detection of gravitational waves originated
in 1960 when Joseph Weber designed and built the first grav-
itational wave detector.[1] After decades of effort by scien-
tists, in September 2015, humanity achieved its first direct
detection of gravitational waves using the Laser Interferom-
eter Gravitational-Wave Observatory (LIGO).[2] This marked
the beginning of the era of gravitational wave astronomy. The
event not only directly confirmed the existence of gravitational
waves but also demonstrated the presence of black holes in the
universe. The direct observation of gravitational waves has
advanced the development of gravitational wave theories[3–5]

and detection technologies.[6–8] The gravitational wave signal
was generated during the merger of two massive black holes.
Gravitational waves can arise not only from binary compact
star mergers but also during the inspiral and ring-down phases
of binary compact stars. The ring-down signal holds valuable
information about the properties of compact stars and gravi-
tational theories, making it an area of significant research in-
terest. In this article, we investigate the ring-down gravita-
tional waves of charged spherically symmetric black holes sur-
rounded by quintessence fluid in Rastall gravity theory. The
ring-down phase of gravitational waves can be studied and
computed using quasi-normal modes (QNMs) theory.

General relativity successfully explained the perihelion
precession of Mercury[9] and made correct predictions, such

as black holes[10] and gravitational waves,[2] etc. However,
recent research has revealed that general relativity cannot
account for dark matter and dark energy observed through
observations.[11–15] Additionally, it is non-renormalizable,
making it challenging to quantize using traditional quantum
physics methods. One solution to these issues is to intro-
duce modified gravity theories. Some notable modified grav-
ity theories include: Rastall gravity,[16,17] f (R) gravity,[18,19]

Gauss–Bonnet gravity,[20–24] f (T ) gravity,[25,26] Einstein–
Aether gravity,[27] Horava–Lifshitz gravity,[28–30] Kaluza–
Klein gravity,[31,32] brane world gravity,[33,34] and scalar-
tensor gravity.[35,36] These theories explore different avenues
to address the challenges posed by dark matter, dark energy,
and the limitations of general relativity.

In 1972, Peter Rastall proposed a modified theory of
gravity based on Einstein’s gravitational theory. According
to Rastall’s theory, in curved spacetime, the divergence of
the energy–momentum tensor is proportional to the gradi-
ent of the Ricci scalar.[16] This theory is known as Rastall
gravity. In recent years, Rastall gravity has been exten-
sively studied and applied to various astrophysical contexts.
It has been used in neutron star research,[37] wormhole
studies,[38] and black hole investigations.[39–41] Additionally,
Rastall gravity performs well in stellar model theories.[42,43]

Researchers have explored its thermodynamics,[44] shadow
and observation appearance,[45] quintessence anisotropic
stellar models,[46] spherically symmetric gravitational col-
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lapse of a homogeneous perfect fluid,[47] and even its La-
grangian formulation.[48,49] Furthermore, Rastall gravity al-
lows for accelerated cosmic expansion and supports cosmic
inflation.[50–55]

The ring-down process can be described by the quasi-
normal oscillations of black holes. During this phase, the
behavior is solely determined by the black hole’s intrinsic
properties. The waveform exhibits a distinct feature: space-
time oscillations can be characterized by a fixed complex fre-
quency. The real part of this complex frequency corresponds
to the oscillation frequency, while the imaginary part is typi-
cally negative, indicating the rate of amplitude decay. These
oscillations are known as QNMs in the narrow sense. In
1970, Vishveshwara conducted pioneering research on QNMs
of Schwarzschild black holes.[56] The initial perturbation of
a black hole becomes a decaying oscillation dominated by
a certain frequency after a period of time. The frequency
and decaying of oscillation depend only on some parameters
of the black hole, such as mass, charge, and angular mo-
mentum, etc., and are independent of the initial perturbation
that excited this oscillation. Common methods for study-
ing QNMs include finite difference methods,[57] continued
fraction methods,[58] WKB approximation methods,[59–63] and
matrix methods.[64–66] Among the methods used for study-
ing gravitational waves during the ring-down phase, the WKB
approximation methods is computationally efficient and rela-
tively good accuracy. Finite difference methods allow visual-
ization of amplitude changes throughout the entire perturba-
tion process, applicable not only to static black holes but also
to dynamic ones. Additionally, matrix methods offer a versa-
tile approach for computing QNMs in various spacetime sce-
narios and are highly effective for studying gravitational waves
associated with ring-down phases.

Studying gravitational waves during the ring-down phase
provides valuable insights into the structure and properties of
compact stars. Gravitational waves exist not only in four-
dimensional (4D) spacetime but theoretically also in higher-
dimensional spacetime. High-dimensional theories have been
extensively explored within string theory.[67–69] In experi-
mental contexts, researchers have focused on detecting ex-
tra dimensions using high-energy experiments, with indica-
tions that high-dimensional black holes could be produced in
colliders.[70] Observing gravitational waves offers a new av-
enue for detecting extra dimensions. Studying the gravita-
tional QNMs of black holes in higher-dimensional spacetimes
can help us understand the properties of higher-dimensional
black holes.

In the second section, we review the solutions of higher-
dimensional charged black holes surrounded by quintessence

fluid in Rastall gravity and the master equations for gravi-
tational perturbations of spherically symmetric black hole in
higher dimensions. In the third section, we study the gravi-
tational QNMs of charged Rastall black holes surrounded by
quintessence fluid in 4D spacetime using the WKB approxi-
mation methods, matrix methods, and finite difference meth-
ods. In the fourth section, we investigate the gravitational
QNMs of Rastall black holes surrounded by quintessence fluid
in 5D spacetime, in the fifth section, we summarize the article.

2. Charged black hole solutions in Rastall grav-
ity and gravitational perturbation in higher
dimensions
In 1972, Perer Rastall proposed that in curved space-

time, the conservation of the energy–momentum tensor does
not necessarily manifest as a vanishing covariant derivative.
In fact, existing experiments only support the conclusion of a
zero ordinary derivative in flat spacetime. The conservation
in curved spacetime could take on more complex forms; for
instance, one possible scenario is that the divergence of the
energy–momentum tensor is proportional to the gradient of the
Ricci scalar,[16]

T ν
µ;ν = λR;µ , (1)

where R is the Ricci scalar and λ is the Rastall parameter. Un-
der this assumption, we can rewrite the Einstein equations with
a cosmological constant as follows:

Rµν −
1
2

gµν R+gµνΛ = κ(Tµν −λgµν R), (2)

where Λ represents the cosmological constant, κ is a constant,
and Tµν takes the form

Tµν = Eµν +T *
µν . (3)

The Eµν is the energy–momentum tensor of the electromag-
netic field, which can be expressed as

Eν
µ =−(−ξ )s(ℱ)s−1

(
2sFηµ Fην − 1

2
δ

ν
µ ℱ
)
. (4)

From an electrodynamic perspective, the self-energy of a
point-like charge diverges at the origin. To address this sin-
gularity, Born and Infeld introduced a novel form of nonlinear
electrodynamics in 1934.[71] In 1935, Hoffmann coupled non-
linear electrodynamics with gravity.[72] Power Maxwell field
is a type model of nonlinear electrodynamics. An appealing
aspect of the power Maxwell theory is its ability to maintain
conformal invariance when the exponent of the Maxwell in-
variant equals one-fourth of the spacetime dimensions.[73] The
action for the electromagnetic field can be described by a non-
linear form[74]

ℒF =−(−ξℱ)s, (5)
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where ℱ = Fµν Fµν , Fµν = Aµ;ν −Aν ;µ is the Faraday tensor,
Aµ is the vector potential, and ξ and s are constants. In this
article, we only consider the case of s = 1.

To address the problem of dark energy, the simplest
model is to describe dark energy using the cosmological con-
stant, known as the ΛCDM model (including vacuum en-
ergy and cold dark matter), with the corresponding equation
of state being w = p/ρ = −1.[75] In addition to introducing
the cosmological constant, dark energy can be described us-
ing a slowly evolving scalar field, such as quintessence,[76] k-
essence,[77] tachyon,[78] phantom,[79] or quintom.[80] Besides
the ΛCDM cosmological model, another option is the QCDM
model, which incorporates quintessence and cold dark matter.
From Ref. [81], the components of the quintessence fluid T *

µν

can be expressed as

T *t
t = T *r

r =−ρ(r), (6)

T *θ1
θ1

= T *θ2
θ2

=
1

D−2
ρ(r)

[
(D−1)wq +1

]
, (7)

where D represents the dimension of spacetime, ρ is the den-
sity of the quintessence fluid, and the relationship between
the pressure p and the density ρ is given by p = wqρ , where
wq is the state parameter of quintessence, with a range of
−1 < wq < 0.

In 2019, the black hole solutions in higher-dimensional
spacetimes with the presence of the power-Maxwell field,
surrounded by quintessence, are investigated in Rastall
gravity.[17] The solution takes the following form:

f (r) = 1−
8Γ (D−1

2 )Ma

π
D−3

2 (D−2)rD−3
+

2Λr2

(D−1)
[
2κλD−D+2

] + 4Q2Γ (D−1
2 )(2s−1)

D−1−2s
1−2s r

2(D−4)s+2
1−2s

π
D−3

2 (D−2)s(D−1−2s)

−
2κCa

{
(D−1)

[
2κλ (wq +1)−1

]
+1
}2

(D−2)(D−1)
[
2κλD−D+2

] r
− (D−2)[(D−1)(wq+1)(2κλ−1)+2]

(D−1)[2κλ (wq+1)−1]+1

(D−2)wq −2κλ (wq +1)
, (8)

ρ =Car
(D−1)[2κλ (wq+1)−1]+1
(D−1)(wq+1)[2κλD−D+2] −

8λπ
3−D

2 Q2(D−4s)(2s−1)
D−1−2s

1−2s −2
Γ (D−1

2 ){
(D−1)

[
(2s−1)wq −1

]
+2s

}
r

2(D−2)s
2s−1

, (9)

where Ma is related to the mass of the black hole. The presence
of Ca is associated with the consideration of the quintessence
fluid. Ca represents the structure parameter of the quintessence
fluid.

In 1957, Regge and Wheeler investigated gravitational
perturbations in the Schwarzschild spacetime using metric per-
turbations and analyzed the stability of Schwarzschild black
holes.[82] Subsequently, Zerilli and Moncrief contributed
to the study of gravitational perturbations.[83,84] Teukol-
sky further explored gravitational perturbations in the Kerr
spacetime.[85] In 2010, in Ref. [86], the authors studied the
gravitational field perturbations of higher-dimensional spheri-
cally symmetric black holes and obtained the master equations
for tensor-type, vector-type, and scalar-type gravitational per-
turbations. For spherically symmetric black holes, the pertur-
bation equations can be cast into a Schrodinger-like form

− d2Ψ

dr2
*
+V (r(r*))Ψ = ω

2
Ψ , (10)

where r* represents the tortoise coordinate defined as r* ≡∫
1/ f (r)dr.

In the solution of tensor-type gravitational field perturba-
tions, the metric perturbation has the following form:

δgµν =

 0 0 0
0 0 0
0 0 r2ϕTi j

 , (11)

where ϕ corresponds to the master variable, and Ti j is the ten-
sor harmonics. The effective potential for tensor-type gravita-
tional perturbations is given by[86]

Vt(r) =
(2κ + γt) f
(D−4)r

d lnT ′

dr
+

1
r
√

T ′
f

d
dr

(
f

d
dr

r
√

T ′
)
, (12)

where γt = L(L+D−3)−2, (L = 2,3,4, . . .),

T (r) =
∫

rD−4 dr. (13)

With the choice of the Regge–Wheeler gauge, the metric per-
turbation takes the following form:

δgµν =

 0 0 vi
0 0 wi
vi wi 0

 . (14)

In this expression, vi and wi satisfy the condition: ∇ivi =

∇iwi = 0. For vector-type perturbations, the effective potential
is[86]

Vv(r) = r
√

T ′ f ∂r

(
f ∂r

1
r
√

T ′

)
+

(
γv

D−3
−κ

)
f T ′

rT
, (15)

where γv = L(L+D−3)−1, (L = 2,3,4, . . .).
After choosing the Zerilli gauge, the metric perturbation

has the following form:

δgµν =

 f H H1 0
H1 H/ f 0
0 0 r2Kγ i j

 , (16)
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all perturbation variables H, H1, H, and K are related to the
master function φ . For scalar-type perturbations, the effective
potential is[86]

Vs(r) = 2γs f
(rNT )′

(D−2)NTr2 − f
N

∂r( f ∂rN)+2 f 2 N′2

N2

− f
T

∂r( f ∂rT )+2 f 2 T ′2

T 2 +2 f 2 N′T ′

NT
, (17)

where γs = L(L+D−3), (L = 2,3,4, . . .),

N =
A

r
√

T ′
, A(r) =−2(D−2) f +2γs +(D−2)r f ′. (18)

Next, we will investigate the gravitational QNMs of Rastall
black holes surrounded by quintessence fluid in 4D and 5D
spacetimes.

3. Numerical results in 4D spacetime
Using the WKB approximation method, matrix method,

and finite difference method, we first investigate the impact
of charge Q on the gravitational QNMs of the charged black
hole surrounded by quintessence fluid in Rastall gravity. In
4D spacetime, D = 4, we take Λ = 0, κ = 1, Ca = 1, s = 1,
wq =−2/3, λ = 4. The metric simplifies to

f (r) = 1− 2Ma

r
+

Q2

r2 +
1

10r3 . (19)

When the metric takes the form of Eq. (19), we find that there
are two positive real roots and one negative root in the solu-
tions of f (r) = 0. The metric f (r) has the following form:

f (r) =
(

1−
rp

r

)(
1−

Crirp

r

)(
1+

A

r

)
, (20)

where A and Cri are respectively

A =
−1−10Q2rp +

√
40r3

p +(1+10Q2rp)2

20r2
p

,

Cri =
1+10Q2rp +

√
40r3

p +(1+10Q2rp)2

20r3
p

, (21)

rp is the event horizon, ri ≡ Crirp is the inner horizon. The
condition 0 <Cri < 1 restricts the range of charge Q to

−

√
−1+5r3

p√
5rp

< Q <

√
−1+5r3

p√
5rp

.

The WKB approximation methods is a semi-analytical
method. According to this method, the eigenvalue of the com-
plex frequencies are given by

i(ω2 −V )√
−2V ′′ |r=x0= n+

1
2
+ ∑

j=2
Λ j, (22)

x0 corresponds to the coordinate where the potential V reaches
its maximum, and Λ j is the correction term of the WKB ap-
proximation methods.

To ensure the accuracy of the calculations, we also utilize
matrix methods to compute QNMs frequencies. With matrix
methods, we can assume that the function Ψ(r) in Eq. (10) has
the following form:

Ψ(r) = (r− rp)
−iωrp e iω(r−rp)r2iωrpΦ(r). (23)

As a result, Φ(r) is regular both at the event horizon and at
infinity. Next, we introduce the transformation: x = 1− rp/r.
Thus, at the event horizon, x = 0, and at infinity, x = 1. Then,
by selecting N points in the interval x ∈ [0,1] and utilizing
high-precision difference methods, we can express the field
equation as a matrix equation

𝒢(ω)ℱ = 0, (24)

where 𝒢(ω) is an N ×N matrix, and ℱ is an N × 1 column
matrix representing the values of Φ(xi) at N selected points xi.
Finally, by calculating the determinant

det
(
𝒢(ω)

)
= 0. (25)

The eigenvalues ω can be determined by computing the de-
terminant. Clearly, to improve accuracy, one simply needs to
increase the number of sample points N within the interval
x ∈ [0,1].

(a)
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Q

ω
R

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

ω
R

Polar
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Matrix, L=2

Matrix, L=3
Matrix, L=4

Axial (b)

Fig. 1. The real part of the polar (a) and axial (b) gravitational QNMs
as functions of parameter Q with rp = 1 and n = 0.

We used the third-order WKB approximation methods
and the matrix method for the case of N = 22 to calculate
the polar and axial gravitational QNMs of charged black holes
surrounded by quintessence fluid in Rastall gravity when the
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metric takes the form of Eq. (19) (where scalar-type pertur-
bations in higher-dimensional spacetime correspond to polar
gravitational perturbations in 4D spacetime, and vector-type
perturbations in higher-dimensional spacetime correspond to
axial gravitational perturbations in 4D spacetime). The results
are shown in Figs. 1 and 2, where figure 1 shows the real part
of the QNMs as a function of the charge Q, and figure 2 shows
the absolute value of the imaginary part of the QNMs as a
function of the charge Q. From these results, we can see that
as the charge Q increases, both the real part and the absolute
value of the imaginary part of the QNMs decrease. This means
that when the metric takes the form of Eq. (19), as the charge
Q of the black hole increases, the oscillation frequency de-
creases, and the amplitudes decay more slowly. Additionally,
as the angular quantum number L increases, both the real part
and the absolute value of the imaginary part of the QNMs fre-
quency increase.

|ω
I|

|ω
I|

.

.

.

.

.

 . . . .
Q

0.06

0.08

0.10

0.12

0.14

0.16 (b)Axial

 . . . .

Q

(a)Polar

WKB, L=2

WKB, L=3
WKB, L=4

Matrix, L=2

Matrix, L=3
Matrix, L=4

WKB, L=2

WKB, L=3
WKB, L=4

Matrix, L=2

Matrix, L=3
Matrix, L=4

Fig. 2. The absolute value of the imaginary part of the polar (a) and
axial (b) gravitational QNMs as functions of parameter Q with rp = 1
and n = 0.

Next, we used finite-difference methods to compute the
gravitational QNMs of Rastall black holes surrounded by
quintessence fluid. By introducing coordinate transformations
u = t − r*,v = t + r*. The main equation becomes

4
∂ 2Ψ

∂u∂v
+V (r)Ψ = 0, (26)

which we discretize from a differential equation into a differ-
ence equation. The above equation is reduced to

ΨN ≈ΨE +ΨW −ΨS −∆u∆v
ΨE +ΨW

8
V (r), (27)

where Ψ represents the value at the discretized point (a,b),
and we can denote the Ψ on this point as Ψa,b. Then the above

equation

ΨN =Ψa+1,b+1, ΨS =Ψa−1,b−1,

ΨE =Ψa+1,b−1, ΨW =Ψa−1,b+1,
(28)

∆u ≈ uN −uE = uW −uS,

∆v ≈ vN − vE = vW − vS.
(29)

If we know the values of Ψ at points E, W , and S, we can
compute the value of Ψ at point N by solving the difference
equation. The initial conditions and boundary conditions are
given by

Ψ(u = u0,v) = exp
[
− (v− vc)

2

2σ2

]
,

Ψ(u,v = v0) = 0, (30)

where u0, v0, σ , and vc correspond to specific forms of the ini-
tial Gaussian waveform and the boundary. In this article, all
the finite difference method images are plotted based on the Ψ

values along the r*− t diagonal.
The results of the finite difference method are shown in

Fig. 3. We can see that as the charge Q increases, the os-
cillation frequency decreases, and the amplitude decays more
slowly. This is consistent with the results calculated using the
WKB approximation method and the matrix method.
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Fig. 3. Wave function images for the polar (a) and axial (b) gravitational
perturbation with rp = 1 and L = 2.

Subsequently, we studied the effect of the parameter Ca

on the QNMs. In 4D spacetime, D = 4, we take Λ = 0, κ = 1,
wq =−2/3, λ = 2, Q = 0. The metric simplifies to

f (r) = 1− 2Ma

r
+

Ca

28r5 . (31)

We divide the solutions into two different cases based on the
properties of the horizons which are governed by f (r) = 0.
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Case 1 The solution of f (r) = 0 has only one positive
real root as the event horizon rp, and f (r) has the following
form:

f (r) = (1−
rp

r
)

(
1+

B

r
+

C

r2 +
D

r3 +
E

r4

)
, (32)

where B, C , D , and E are parameters, given by

B =− Ca

28r4
p
, C =− Ca

28r3
p
, D =− Ca

28r2
p
,

E =− Ca

28rp
, Ma =

Ca +28r5
p

56r4
p

. (33)

To ensure that

1+
B

r
+

C

r2 +
D

r3 +
E

r4 = 0

has only negative and complex roots, we need the condition
Ca < 0.

Case 2 The solution of f (r) = 0 has two positive real
roots: one at the event horizon rp and the other at the inner
horizon ri ≡Crirp. In this case, f (r) has the following form:

f (r) =
(

1−
rp

r

)(
1−

Crirp

r

)(
1+

F

r
+

G

r2 +
H

r3

)
, (34)

where F , G , and H are parameters, given by

F =
Cri(1+Cri +C2

ri)rp

1+Cri +C2
ri +C3

ri
, G =

C2
rir

2
p

1+C2
ri
,

H =
C3

rir
3
p

1+Cri +C2
ri +C3

ri
,

Ca =
28C4

rir
5
p

1+Cri +C2
ri +C3

ri
,

Ma =
rp +Crirp +C2

rirp +C3
rirp +C4

rirp

2(1+Cri +C2
ri +C3

ri)
, (35)

where 0 < Cri < 1. When Cri = 1, the black hole becomes an
extreme black hole. In this case, from Eq. (35) we can obtain
Ca > 0. We found that scenarios with three or more horizons
do not exist for this black hole.

We performed calculations using third-order WKB ap-
proximation methods and the matrix method for the case of
N = 22. Specifically, for Case 1 with L values of 2, 3, and
4, we investigated the polar and axial gravitational QNMs of
Rastall black holes surrounded by quintessence fluid. The re-
sults are shown in Figs. 4 and 5. Figure 4 displays the real part
of the QNMs as a function of the parameter Ca, while figure 5
shows the absolute value of the imaginary part of the QNMs
as a function of the parameter Ca. From these results, we can
observe that as the parameter Ca increases (the absolute value
of Ca decreases), both the real part and the absolute value of
the imaginary part of the QNMs frequencies decrease.
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Fig. 4. The real part of the polar (a) and axial (b) gravitational QNMs
as functions of parameter Ca for Case 1 with rp = 1 and n = 0.
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Fig. 5. The absolute value of the imaginary part of the polar (a) and
axial (b) gravitational QNMs as functions of parameter Ca for Case 1
with rp = 1 and n = 0.

Additionally, the real part and the absolute value of
the imaginary part of the gravitational QNMs for the black
hole in this modified gravity theory are larger than those of
Schwarzschild case. This indicates that black holes in this
modified gravity theory exhibit higher oscillation frequencies
and faster amplitude decay compared to the Schwarzschild
black holes. Furthermore, as the angular quantum number L
increases, the real part and the absolute values of imaginary
part of the QNMs frequencies increase.

The finite difference results are shown in Fig. 6. We can
observe that as the parameter Ca increases, the oscillation fre-
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quency decreases, and the amplitudes decay more slowly. This
behavior is consistent with the results obtained using the WKB
approximation method and the matrix method. And it can be
observed that in this modified gravity, the late-time tail occurs
earlier compared to the Schwarzschild case. Furthermore, as
the absolute value of the parameter Ca increases, the tail ap-
pears even earlier.
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Fig. 6. Wave function images for the polar (a) and axial (b) gravitational
perturbation for Case 1 with rp = 1 and L = 2.
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In Case 2, we discuss the impact of changes in the black
hole’s inner horizon on the QNMs. The QNMs calculations

for polar and axial gravitational perturbations are shown in
Figs. 7 and 8, respectively. Figure 7 displays the real part
of the QNMs as the black hole’s inner horizon varies, while
figure 8 shows the absolute value of the imaginary part of the
QNMs as the black hole’s inner horizon varies.

From Fig. 7, we observe that the oscillation frequency de-
creases as the inner horizon of the black hole increases. Fig-
ure 8 reveals that the amplitudes decay more slowly as the
inner horizon increases. Additionally, as the angular quantum
number L increases, both the real and the absolute value of the
imaginary part of the QNMs frequency increase.
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Table 1. The polar gravitational QNMs obtained by WKB approximation methods and matrix method for extreme black holes of Case 2 with rp = 1.

L n ω (third-order WKB) ω (sixth-order WKB) ω (matrix method)

2 0 0.648358−0.116561i 0.634191−0.127887i 0.651180−0.117843i
1 0.597538−0.354919i 0.612024−0.359254i

0 0.998516−0.128158i 0.999259−0.128049i 0.999140−0.128155i
3 1 0.969468−0.388532i 0.972186−0.386637i 0.971364−0.387808i

2 0.916278−0.658826i 0.91884−0.651902i 0.931725−0.638131i

0 1.33385−0.133313i 1.33417−0.133333i 1.334180−0.133339i
4 1 1.31082−0.402191i 1.31199−0.402028i 1.311712−0.401241i

2 1.26695−0.677064i 1.26794−0.67698i 1.168848−0.687223i

0 1.66163−0.135952i 1.66181−0.135959i 1.661829−0.135917i
5 1 1.64284−0.409327i 1.64348−0.409255i 1.641696−0.412062i

2 1.60647−0.686775i 1.60704−0.686761i 1.627788−0.618024i

Table 2. The axial gravitational QNMs obtained by WKB approximation methods and matrix method for extreme black holes of Case 2 with rp = 1.

L n ω (third-order WKB) ω (sixth-order WKB) ω (matrix method)

2 0 0.605292−0.127964i 0.610867−0.126464i 0.608348−0.128210i
1 0.548157−0.395547i 0.571645−0.376145i 0.560691−0.391766i

0 0.97593−0.134973i 0.976711−0.134973i 0.976684−0.134996i
3 1 0.942941−0.409435i 0.945744−0.408719i 0.946225−0.409118i

2 0.882478−0.694771i 0.884941−0.694425i 0.868508−0.660779i

0 1.31835−0.137548i 1.31867−0.137547i 1.318687−0.137560i
4 1 1.2941−0.415126i 1.29525−0.414886i 1.293751−0.413852i

2 1.24809−0.69923i 1.2489−0.69915i 1.074494−0.708515i

0 1.64964−0.138775i 1.64981−0.138775i 1.649814−0.138706i
5 1 1.6303−0.417909i 1.6309−0.417807i 1.630556−0.423072i

2 1.59296−0.701393i 1.59336−0.701368i 1.594879−0.609336i

We also plot the wave function images for the inner hori-
zon ri at values of 0.1 · rp, 0.6 · rp, and 0.9 · rp, as shown in
Fig. 9. From the figure, we observe that as the inner horizon
increases, the oscillation frequency decreases, and the ampli-
tudes decay more slowly. This result is consistent with the cal-
culations obtained using the third-order WKB approximation
method and the matrix method.

We further calculate the QNMs for extreme black holes
using the WKB approximation methods and matrix methods,
as summarized in Tables 1 and 2. Table 1 presents the QNMs
for polar gravitational perturbations, while Table 2 shows the
QNMs for axial gravitational perturbations. We found that
the oscillation frequency decreases with increasing overtone n,
and the amplitudes decay more rapidly with increasing over-
tone n.

4. Numerical results in 5D spacetime

In this section, we investigate the gravitational QNMs of
5D Rastall black holes surrounded by quintessence fluid. We
employ the WKB approximation methods, matrix methods,
and finite difference methods to study the QNMs.

In the five-dimensional spacetime with D = 5, we take

Λ = 0, κ = 1, wq = −2/3, λ = 51/16, Q = 0, which simpli-
fies the metric to

f (r) = 1− 8Ma

3πr2 +
8Ca

189r5 . (36)

We divide the solutions into two different cases based on the
properties of the horizons which are governed by f (r) = 0.

Case A The solution of f (r) = 0 has only one positive
real root as the event horizon rp, and f (r) has the following
form:

f (r) =
(

1−
rp

r

)(
1+

I

r
+

J

r2 +
K

r3 +
L

r4

)
, (37)

where I , J , K , and L are parameters, given by

I = rp, J =− 8Ca

189r3
p
, K =− 8Ca

189r2
p
,

L =− 8Ca

189rp
, Ma =

8πCa +189πr5
p

504r3
p

. (38)

To ensure that

1+
I

r
+

J

r2 +
K

r3 +
L

r4 = 0

has only negative and complex roots, we need the condition
Ca < 0.

Case B There are two positive real roots in the solution
of f (r) = 0, one of which is the event horizon rp, and the other
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is the inner horizon ri ≡ Crirp. In this case, f (r) has the fol-
lowing form:

f (r) =
(

1−
rp

r

)(
1−

Crirp

r

)(
1+

M

r
+

N

r2 +
O

r3

)
, (39)

where M , N , and O are parameters, given by

M = rp +Crirp, N =
Cri(1+Cri)

2r2
p

1+Cri +C2
ri

,

O =
C2

ri(1+Cri)r3
p

1+Cri +C2
ri
, (40)

Ca =
189C3

ri(1+Cri)r5
p

8(1+Cri +C2
ri)

,

Ma =
3(1+Cri +C2

ri +C3
ri +C4

ri)πr2
p

8(1+Cri +C2
ri)

, (41)

where 0 <Cri < 1, and when Cri = 1, the black hole becomes
an extreme black hole. In this case, from Eq. (40) we can ob-
tain Ca > 0. We found that black holes with three or more
horizons do not exist.

Case A We present the results of calculating the gravita-

tional QNMs frequencies of Rastall black holes surrounded by

quintessence fluid using both the third-order WKB approxima-

tion method and the matrix method for the case of N = 22. The

results are shown in Figs. 10 and 11, where figure 10 shows the

real part of the QNMs as a function of the parameter Ca, and

figure 11 shows the absolute value of the imaginary part of the

QNMs as a function of the parameter Ca. From Fig. 10, we can

see that the oscillation frequency decreases with the increase

of the parameter Ca. From Fig. 11, we can see that the ampli-

tude decay of the oscillation slows down with the increase of

the parameter Ca.

Case A The finite difference results are shown in Fig. 12.

We observe that as the parameter Ca increases, the oscillation

frequency decreases, and the amplitudes decay more slowly,

which is consistent with the results of the WKB approxima-

tion method and the matrix method.

ω
R

Ca

WKB, L=3
WKB, L=4
WKB, L=5

Matrix, L=3
Matrix, L=4
Matrix, L=5»

WKB, L=3
WKB, L=4
WKB, L=5

Matrix, L=3
Matrix, L=4
Matrix, L=5»

WKB, L=3
WKB, L=4
WKB, L=5

Matrix, L=3
Matrix, L=4
Matrix, L=5»

-2.0 -1.5 -1.0 -0.5 0
1.0

1.5

2.0

2.5

3.0 Scalar (a)

ω
R

Ca

-2.0 -1.5 -1.0 -0.5 0

1.5

2.0

2.5

3.0 (b)

ω
R

Ca

-2.0 -1.5 -1.0 -0.5 0

1.5

2.0

2.5

3.0
(c)Vector Tensor

Fig. 10. The real part of the scalar-type (a), vector-type (b), and tensor-type (c) gravitational QNMs as functions of parameter Ca for Case A
with rp = 1 and n = 0.
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Fig. 12. Wave function images of the scalar-type (a), vector-type (b), and tensor-type (c) gravitational perturbation for Case A with rp = 1 and L = 2.

Case B We further analyze the behavior of the gravita-

tional QNMs concerning variations in the inner horizon po-

sition. We calculate the QNMs using the WKB approxima-

tion methods and matrix methods for scalar-type, vector-type,

and tensor-type gravitational perturbations. Figure 13 dis-

plays the real part of the QNMs as the black hole’s inner hori-

zon varies, while figure 14 shows the absolute value of the

imaginary part of the QNMs as the black hole’s inner hori-
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zon varies. From Fig. 13, we observe that the real part of the
QNMs decreases as the inner horizon increases. This behav-
ior indicates that the oscillation frequency decreases with an
increasing inner horizon. Figure 14 shows that the absolute
value of the imaginary part of the QNMs decreases as the
inner horizon increases. This indicates that the amplitudes

decay more slowly with an increasing inner horizon of the
black hole. As the angular quantum number L increases, the
real part of the QNMs frequency increases. We find that the
absolute value of the imaginary part of the tensor-type
gravitational QNMs is not significantly sensitive to changes
in L.
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Fig. 13. The real part of the scalar-type (a), vector-type (b), and tensor-type (c) gravitational QNMs varies with the parameter Cri for Case B with rp = 1 and
n = 0.
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Table 3. The scalar-type gravitational QNMs obtained by WKB approximation methods and matrix method for extreme black holes of case B with rp = 1.

L n ω (third-order WKB) ω (sixth-order WKB) ω (matrix method)

2 0 0.82011−0.153007i 0.885497−0.174472i

0 1.36932−0.204358i 1.3991−0.182496i 1.368079−0.201033i

3 1 1.32832−0.626066i 1.43246−0.488i 1.315202−0.612388i

2 1.26639−1.07372i 1.06781−1.00237i 1.078321−1.023714i

0 1.82006−0.218233i 1.82143−0.217137i 1.820628−0.217876i

4 1 1.77181−0.66187i 1.77859−0.650632i 1.771613−0.660262i

2 1.68389−1.12332i 1.69839−1.07108i 1.711764−1.055638i

0 2.25672−0.22704i 2.25732−0.226994i 2.257210−0.227067i

5 1 2.21255−0.685351i 2.2147−0.684371i 2.220545−0.683964i

2 2.1281−1.15512i 2.12927−1.15198i 2.026350−1.046163i
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Table 4. The vector-type gravitational QNMs obtained by WKB approximation methods and matrix method for extreme black holes of case B with rp = 1.

L n ω (third-order WKB) ω (sixth-order WKB) ω (matrix method)

2 0 0.907365−0.228664i 0.898659−0.222089i 0.912287−0.223176i
1 0.774508−0.718504i 0.707265−0.727503i 0.788703−0.683480i

0 1.38874−0.230199i 1.3927−0.229234i 1.391606−0.230247i
3 1 1.30371−0.702421i 1.32097−0.690864i 1.313412−0.698207i

2 1.14771−1.20404i 1.17321−1.16276i 1.293748−1.101238i

0 1.8389−0.235482i 1.84024−0.235467i 1.840099−0.235504i
4 1 1.77756−0.713189i 1.7831−0.711803i 1.786581−0.717272i

2 1.66182−1.20856i 1.66879−1.20547i 1.631257−1.053548i

0 2.27276−0.238643i 2.27346−0.23865i 2.273340−0.238827i
5 1 2.22371−0.720379i 2.22648−0.719867i 2.234107−0.709720i

2 2.1296−1.21422i 2.13248−1.21345i 1.909996−1.067888i

Table 5. The tensor-type gravitational QNMs obtained by WKB approximation methods and matrix method for extreme black holes of case B with rp = 1.

L n ω (third-order WKB) ω (sixth-order WKB) ω (matrix method)

2 0 1.20874−0.247474i 1.21354−0.24798i 1.213607−0.247831i
1 1.10753−0.765545i 1.12283−0.761169i 1.124900−0.755233i

0 1.61401−0.246924i 1.61612−0.247049i 1.616142−0.247008i
3 1 1.54033−0.752116i 1.54776−0.750364i 1.541467−0.752439i

2 1.40754−1.28391i 1.41231−1.2838i 1.491306−1.144148i

0 2.01792−0.246645i 2.01902−0.246689i 2.018902−0.246636i
4 1 1.96019−0.746643i 1.96421−0.745845i 1.973650−0.752631i

2 1.85196−1.26391i 1.85496−1.26344i 1.780672−1.076500i

0 2.42146−0.246484i 2.42209−0.246504i 2.421931−0.246749i
5 1 2.37398−0.743891i 2.37637−0.743487i 2.385457−0.727910i

2 2.28311−1.25329i 2.28505−1.25295i 2.020183−1.083491i

Case B We also performed numerical simulations using
the finite difference method for different inner horizon posi-
tions: ri taken at 0.1 · rp, 0.6 · rp, and 0.9 · rp. The resulting
waveforms are shown in Fig. 15. As expected, with an increas-
ing inner horizon, the oscillation frequency decreases, and the
amplitudes decay more slowly. This is consistent with the re-
sults calculated using the WKB approximation method and the
matrix method.

Case B Additionally, we applied the WKB approxima-
tion methods and matrix methods to extreme black holes. The
results, summarized in Tables 3, 4, and 5, correspond to scalar-
type, vector-type, and tensor-type gravitational QNMs. We
found that the real part of the QNMs decreases as the overtone
n increases, and the absolute value of the imaginary part in-
creases as n increases. This behavior indicates that the oscilla-
tion frequency decreases with increasing n, and the amplitudes
decay more rapidly as n increases.

5. Conclusion
In this article, we investigated the gravitational QNMs of

charged Rastall black holes surrounded by quintessence fluid
in both 4D and 5D spacetimes. In the 4D case, we first con-
sider the impact of charge Q on the QNMs. We find that as

the charge Q of the black hole increases, the gravitational os-
cillation frequency decreases, and the amplitudes decay more
slowly. Next, we consider the effect of the parameter Ca on
the QNMs. We divide the solutions into two different cases
based on the properties of the horizons which are governed by
f (r) = 0. When the black hole with only one event horizon,
we find that the oscillation frequency decreases as the param-
eter Ca increases, and the amplitude decay more slowly as the
parameter Ca increases. When the black hole has two hori-
zons, we find that the oscillation frequency decreases as the
inner horizon increases, and the amplitude decay more slowly
as the inner horizon increases. We also explored extreme black
holes and found that the oscillation frequency decreases with
the overtone n increases, while the amplitudes decay more
rapidly with increasing n. In the 5D spacetime, we consider
the impact of the parameter Ca on the QNMs. We find that the
behavior of gravitational QNMs for Rastall black holes sur-
rounded by quintessence fluid in 5D spacetime is similar to
that in 4D spacetime.
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