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A new type of localized oscillatory pattern is presented in a two-layer coupled reaction—diffusion system under condi-
tions in which no Hopf instability can be discerned in either layer. The transitions from stationary patterns to asynchronous
and synchronous oscillatory patterns are obtained. A novel method based on decomposing coupled systems into two as-
sociated subsystems has been proposed to elucidate the mechanism of formation of oscillating patterns. Linear stability
analysis of the associated subsystems reveals that the Turing pattern in one layer induces the other layer locally, undergoes
a supercritical Hopf bifurcation and gives rise to localized oscillations. It is found that the sizes and positions of oscillations
are determined by the spatial distribution of the Turing patterns. When the size is large, localized traveling waves such as
spirals and targets emerge. These results may be useful for deeper understanding of pattern formation in complex systems,

particularly multilayered systems.
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1. Introduction

Pattern formation is ubiquitous in a remarkable variety
of natural and living systems, from chemical reactions to liv-
ing cells to environmental patterns.!'=®! Tt is well known that
symmetry-breaking bifurcations of a homogeneous state are
responsible for the emergence of spatiotemporal patterns.’]
Generally, the primary oscillatory (Hopf bifurcation or wave)
bifurcation breaks the temporal symmetry of a system and
gives rise to oscillations, while the stationary (Turing) bifur-
cation breaks the spatial symmetry and generates stationary
spatial periodic patterns.!3°! A combination of oscillatory and
stationary bifurcations gives rise to various oscillatory Turing
patterns.[lo‘lsl

Recently, attention has turned toward oscillations in spa-
tially extended systems in which neither Hopf nor wave in-
stabilities of homogeneous states are present.[!®>*] These
oscillations may arise from secondary instabilities of non-
uniform states or other mechanisms that the standard linear
stability analysis cannot discern. For instance, Aragon et
al. revealed that a series of secondary bifurcations of Tur-
ing patterns caused by nonlinear effects could generate time
oscillations and chaos in the Barrio—Varea—Aragon—Maini
model.['®) Ward and Wei emphasized that the Hopf bifurca-
tion of spike solutions is also responsible for the emergence
of oscillations.!!”] Recently, it was demonstrated that cross
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diffusion is able to induce a subharmonic destabilization of
the fundamental subcritical Turing mode and leads to complex
dynamic behaviors, including out-of-phase oscillatory Turing

[18,19

patterns. ! Vanag and Epstein reported a new type of out-

of-phase oscillation in a spatially extended bistable system

5.1201 More recently, Krause et

with no oscillatory instabilitie
al.'?31 stated that oscillatory behavior could also be caused by
the destabilization of a steady spike pattern induced by a sim-
ple spatial heterogeneity.

Coupled systems, as a special variation of classical
reaction—diffusion systems, have received broad attention not
only from the perspective of fundamental theory but also for
their vast applications in many fields of physics, biology,

5.12-21 In the past two

ecology, networks and other science
decades, a variety of oscillatory patterns have been found in
coupled systems, arising from interactions of two or more dif-
ferent instabilities including Turing—Hopf instabilities*°! or
Turing-wave instabilities.!! Moreover, it is surprising that
oscillatory patterns can also be obtained from the interaction
of Turing—Turing instabilities in both linearly and nonlinearly
coupled reaction—diffusion systems.*>341 Coupling-induced
rhythmogenesis may be responsible for the emergence of these
oscillations. 32!

Here we report a new type of localized oscillatory pattern
induced by Turing instability in a reaction—diffusion system

with two coupled layers, one of which supports Turing pat-
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terns while the other exhibits homogeneous steady states. A
novel method based on decoupling coupled systems into sep-
arate subsystems that influence each other has been proposed
to elucidate the mechanism of formation of these oscillating
patterns.

2. Model description

To explore the mechanism of formation of oscillations
in coupled reaction—diffusion systems with no Hopf bifurca-
tion in either layer we begin with two identical coupled layers,
each of which can be described by a two-component reaction—
diffusion Brusselator model. The two-layer coupled model is
governed by the following set of equations:

% :fl(ulavl)'i‘a(uz—u1)+[)ulv2u1’

d
% :gl(ul,vl)—FDvl Vzvl,

Z]I

5 % = fo(uz,v2) + 0 (ug — u2) + Dy V2, 0
2.
% = g2(u2,v2) + Dy, V?vy,

where u and v refer to the dimensionless concentrations of the
activator and inhibitor in layer 1 (X;) and layer 2 (X;), D, and
D, denote the corresponding diffusion coefficients of species
u and v, respectively, and « is the coupling strength of verti-
cal diffusion between these two layers. The functions fand g
specifying the kinetic behavior of the Brusselator model are
given by

) @)

fia(u,v) =a—(bia+ Du+u?y,
g12(u,v) =byou—u*v,

where a and b are the control parameters determining the
local dynamics of the system. The coupled system (1)
has only one homogeneous steady state (u19,Vv10,,420,V20) =
(a,by/a,a,by/a). The linear stability of this homogeneous

steady state can be calculated from the equation
|A—Dk*—AI| =0,

where A is the Jacobian matrix and D is the diffusion matrix.
The Hopf bifurcation line [Im(A) # 0, Re(A) =0 at k = 0] and
the Turing bifurcation line [Im(A) # 0, Re(A) =0 at k # 0]
intersect at a two codimension—two bifurcation point. These
two bifurcation lines separate the parametric space into four
distinct regions: the stable steady state region, the pure oscilla-
tory (Osc) region, the pure Turing region, and the oscillatory—
Turing (Osc-Turing) region, in which both Hopf and Turing
instabilities occur. Unless specified otherwise, the parameters
are chosen as a = 3, by = 9.4, b, =9.5, D,, = D,, = 8.33,
D,, =46.0,D,, =120.0 and a = 0.4.

Figure 1(a) shows the bifurcation diagram for individual
layers deduced from the standard linear stability analysis. It is

noticeable that layer 1 locates in the steady state region while
layer 2 is in the Turing region. In order to avoid Turing insta-
bility in layer 1, we set D,,, = D,,, = D throughout this paper.
The dispersion curve of the coupled system (1) is illustrated in
Fig. 1(b). Since the real part of the most positive eigenvalue
Re(A) < 0 at k = 0, no Hopf bifurcations is present. Simi-
larly, wave instability also does not exist. There is an unstable
Turing band with the most unstable mode located at (kr,st).
Here kt = 0.215 is the wave number of the Turing mode (the
most unstable mode), and its corresponding real part of the
eigenvalue ht = 0.345 stands for the linear growth rate of the
Turing mode.

20

15}

Osc—Turing

Osc

0o ol 02 03 04

Fig. 1. Phase diagram for individual layers (a) and dispersion relation
curve for coupled system (1) with & = 0.4 (b). In (a), the solid and
dashed lines stand for the Turing (T) and Hopf (H) bifurcation curves,
respectively. In (b), the solid and dashed lines stand for the real part and
imaginary part of eigenvalues, respectively. Other parameters are a = 3,
by =94,b,=9.5,D; =833,D,, =46.0 and D,, = 120.0.

3. Results and discussion

In all our simulations, equation (1) is integrated on a
square lattice with 256 x 256 space units by utilizing the
Peaceman—Rachford variant of the alternating direction im-
plicit method®3 with periodic boundary conditions. A grid
spacing of one unit and a time step of 0.01 are used and similar
results are obtained with smaller grid spacings and time steps.
A random perturbation drawn from a normal distribution with
mean 0 and standard deviation 1 is added to the uniform steady
state as the initial conditions. In order to ensure the stability of
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simulation results, the integration time of all simulation results
in this paper exceeds 2000 time units.

Fig. 2. Oscillatory hexagonal patterns in the coupled system (1). Panels
(a) and (b) are snapshots of activators (#; and uy) in layer 1 and layer 2,
respectively; (c) and (d) are the corresponding amplitude distributions of
oscillatory hexagonal patterns in (a) and (b). (e) Time variation of u;
and u at the center of any spot in a hexagonal pattern. (f) The Fourier
spectrum of time variation of u; at the center of an arbitrary spot a in
hexagonal pattern. (g) Phase distribution diagram of the harmonic mode
with frequency fy = 0.4. (h) Phase distribution diagram of the higher
harmonic mode with frequency f; = 2fy. The parameters are the same as
those in Fig. 1(a).

Figure 2 shows the simulated oscillatory hexagonal pat-
terns in the coupled system. All the points in both layers are
oscillating with the same period 7 = 2.52 but different am-
plitudes, giving rise to different appearances of the patterns
in different layers. Generally, layer 1 exhibits a spot hexag-
onal pattern while layer 2 exhibits a honeycomb hexagonal
pattern, as shown in Figs. 2(a) and 2(b), respectively. It should
be noted that the corresponding patterns are steady state and
stationary stripe patterns when these two layers are uncoupled.
Figures 2(c) and 2(d) give the corresponding spatial distribu-
tions of oscillating amplitudes. The amplitude in layer 1 is
much larger than in layer 2. It manifests as a hexagonal lattice
with the intrinsic wave number k; = 0.19, which is slightly
lower than the most unstable Turing mode kt = 0.215 pre-
dicted by the linear stability analysis in Fig. 1(a). The ampli-
tude peaks are located at the center of the spots in the hexago-

nal pattern, which also corresponds to the valley center of the

honeycomb pattern in layer 2. This implies that the oscillating
amplitude of u; is inversely related to the concentration of ac-
tivator up. Figure 2(e) gives an example of oscillations at the
center of an arbitrary spot in the hexagonal pattern. Obviously,
uy are oscillating synchronously with the same period as «; but
at a small amplitude. There is also a small phase lag, which
implies that oscillations of u, should be attributed to the os-
cillations of u;. Figure 2(f) shows the power spectrum of the
time series of u; in Fig. 2(e). The fundamental mode with
frequency fo = 0.4 and its harmonic mode f; = 2 fp emerges,
giving rise to relaxation-type oscillations. Moreover, the phase
distributions of these two modes are demonstrated in Figs. 2(g)
and 2(h), respectively. It can be seen that they both exhibit
white-eye-like patterns with an abrupt phase between cen-
tral spots and their surrounding rings. This pattern resembles

the mixed mode pattern in the vicinity of the codimension-2
[36]

Turing—Hopf point in reaction—diffusion systems.
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Fig. 3. Transition from static to oscillatory hexagonal patterns with in-
creasing bp: (a) static hexagonal pattern, by = 7; (b) asynchronous oscil-
lating hexagonal pattern, b; = 9.2; (c) synchronous oscillating hexagonal
pattern, b; = 9.5. The panels from top to bottom show snapshots of u;
and u, the corresponding amplitude distributions of u;, and time series of
u; and uy at the center of an arbitrary spot, respectively. Other parameters
are the same as those in Fig. 1(a).

The parameter b; in layer 1 plays an important role in the
formation of the oscillatory patterns. Figure 3 shows the tran-
sition from static hexagonal patterns to oscillatory hexagonal
patterns as parameter b is increased. At by =7, layer 1 ex-
hibits the same static honeycomb hexagonal pattern as layer 2,
as shown in Fig. 3(a). When b, is increased to a critical value
b, = 8.8, the valleys of the honeycomb pattern become unsta-
ble and oscillations emerge at these positions. Near the onset,

these oscillations are out of phase with each other and result
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in an asynchronous oscillating hexagonal pattern (Fig. 3(b)).
However, as b; increases far above onset, all oscillations are
in phase and a synchronous oscillating hexagonal pattern ap-
pears, as shown in Fig. 3(c). No matter whether the oscil-
lating hexagonal pattern is synchronous or not, its amplitude
distribution exhibits a simple pattern with spots arranged in a
hexagonal lattice. The maximum amplitude is located at the
core of each spot.

In Fig. 4, we present the angular frequency @ = 2xn/T
and the maximum amplitude A, of oscillations in layer 1 as
functions of by. For convenience, we introduce € = b; — b. as
the distance exceeding a critical value. It is obvious that the
angular frequency @ is in a linear relationship with &, which
satisfies = 2.9 — 0.5¢. At onset € = 0, the frequency ap-
proximately equal to characteristic frequency @y = a is close
to Hopf bifurcation. This behavior is reminiscent of bulk os-
cillations induced by supercritical Hopf bifurcation.!”3”) The
dependence of the maximum amplitude value Ay, on € can be
represented as Apax = 5.961/€ +0.148 — 1.1. It is slightly dif-
ferent from that of bulk oscillations, whose amplitude is pro-
portional to 1/£.171 This discrepancy can be interpreted by the
effects of lateral diffusion and inter-layer coupling. Consider-
ing that the Brusselator model always has a supercritical Hopf

bifurcation, 38!

it is reasonable to speculate that the formation
of these oscillations can be attributed to the presence of local
Hopf bifurcation in the region with a lower concentration of
uy. In this sense, the oscillatory hexagonal pattern in layer 1
can be regarded as local oscillations induced by the Turing
pattern in layer 2, while oscillating Turing patterns with small

amplitude in layer 2 are caused by coupling-induced rhythmo-

genesis.
3.0 6
e w data
—— Linear fit of w
\ o A

2.7+ 14,
<
3 g
<
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Fig. 4. The period and the maximum amplitude of oscillatory hexagonal
pattern in layer 1 as a function of b;. The parameters are the same as
those in Fig. 3.

0 2 4 6 0 10 20 30 40

t t

Fig. 5. Transition from oscillating to static hexagonal patterns with increasing D : (a) asynchronous hexagonal pattern, D = 1.6; (b) synchronous
hexagonal pattern, D = 8.0; (c) twinkling hexagonal pattern, D; = 13.5; (d) static hexagonal pattern, D; = 20.0. The panels from up to bottom
show snapshots of u;, and u,, the corresponding amplitude distributions of u;, and time series of u; and u, at the center of an arbitrary spot,
respectively. Other parameters are a = 3, by = 9.4, b, =9.5, D,, = 46.0, D,, = 120.0 and a = 0.4.
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Note that these localized oscillations separated by sur-
rounding non-oscillating regions interact with each other via
the diffusion process, and the diffusion coefficient has a signif-
icant impact on the characteristics of these oscillations. Fig-
ure 5 illustrates the effect of diffusion coefficient D on the
resulting patterns. It exhibits a transition from oscillating
When

the diffusion is small enough (e.g., D; = 1.6), the interac-

patterns to a stationary pattern with increasing Dj.

tion between the localized oscillations is so weak that each
localized oscillation oscillates independently and an asyn-
chronous hexagonal pattern appears, as shown in Fig. 5(a).
As Dj is increased, this asynchronous hexagonal pattern first
evolves into a synchronous hexagonal pattern (Fig. 5(b)) and
then into a twinkling hexagonal pattern (Fig. 5(c)) in which
three subgroups oscillate with phase difference 27/3. Sim-
ilar twinkling-eye patterns have been reported in both un-
coupled and coupled reaction—diffusion systems. 3?3136 Note
that each oscillation is surrounded by a non-oscillating region;
the interaction between oscillations and their background is
increased as well with the increase of D, this makes the am-
plitude of oscillations become smaller and smaller. The maxi-
mum amplitude A, and angular frequency @ of oscillations
in layer 1 as functions of diffusion coefficient D; are depicted
in Fig. 6. The maximum amplitude is Ay = 3.8v/14.72 — € —
13.89, while the angular frequency is w = 2.88 — 0.045¢.
In this case, the distance is defined as € = D. — Dy, where
D. = 16 stands for the critical value for onset of oscillation.
When the diffusion coefficient D, is larger than D, the oscil-
lations disappear and a stationary hexagonal pattern forms, as
demonstrated in Fig. 5(d). It is worth noting that D, is posi-
tively correlated with the diffusion coefficients in layer 2. To
spontaneously form oscillatory patterns, the diffusion coeffi-
cients in layer 1 must be much smaller than those in layer 2.

3.0 e w data
) —— Linear fit of w 17
Amax ‘/
o
o*

2.7F 15
%
3 E
<

2.4f //‘ 13

o
2.1} "
1 5 9 13 17
D,

Fig. 6. The period and the maximum amplitude of oscillating hexagonal
patterns in layer 1 as functions of D;. Other parameters are the same as
those in Fig. 5.

In order to gain further insight into the relation between
synchronization and pattern formation, we calculate the syn-
chronization factor by using mean field theory, which is writ-

ten as39-41

| N N
F=3 X X xij,
j=1i=1
<F2>—<F>2 (3)
N N ’
wLX (<"z‘2,./>‘<"i-f>2)

j=li=1

R =

where N is number of nodes of the system and x is the system
variable. The symbol (x) represents the average value of the
variable over time.

0.6
(a)
—e— Layer 1
—e— Layer 2
0.4
~
0.2
O -
8.8 9.1 9.4 9.7
by

T 4 7 10 13 16

Fig. 7. (a) and (b) The relationship between the synchronization factor R
vs. by and Dy, respectively.

The dependence of the synchronization factors R for
each layer on the tunable parameters b; and D is shown in
Figs. 7(a) and 7(b), respectively. As depicted in Fig. 7(a), it is
obvious that the synchronization factor takes a value around 0
near the onset, indicating non-synchronization. All the oscil-
lations are out of phase with each other in this case. The syn-
chronization factor R gradually increases when the parameter
by is increased to 9.1 and reaches the maximum at b| = 9.4. In
this situation, all oscillations are in phase and a synchronous
oscillating hexagonal pattern appears. With further increase
in b1, the synchronization factor R will decrease slightly. The
reason for this decrease may be attributed to the emergence
of the Hopf mode as the system moves towards the Hopf bi-
furcation point b = 14 a? = 10. Tt should be noted that the
synchronization factor R in layer 2 is always larger than that
in layer 1. Comparing Fig. 7(b) with Fig. 5, one can see that
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the parameter region where a synchronous oscillating hexag-
onal pattern appears is nearly the same region in which the
synchronization factor R has a relatively large value. When
D is small enough, the lateral diffusion is too weak to support
synchronization, resulting in the synchronization factor R de-
creasing gradually to a value around zero. However, when D
is large, the synchronization factor R also decreases dramati-
cally to zero due to the attenuation of oscillations.

The hypothesis put forward for the origin of localized os-
cillations in a hexagonal pattern can be verified by analyzing
the dynamics of layer 1 while adding an external term pro-
portional to the Turing pattern from layer 2. Intuitively, the
two-layer coupled system (1) can be viewed as two associ-
ated subsystems, each of which behaves as an external envi-
ronment. In this sense, each subsystem in coupled system (1)
can be rewritten as

%:a—(b—|—1)u+u2v+oc(u’—u)—|—DuV2u, A

% = bu—u?v+D,V?y, @
where the notation is the same as in Eq. (1) while #' is the con-
centration of activator in the other subsystem (layer). Strictly
speaking, system (4) should be viewed as a spatially heteroge-
neous reaction—diffusion system with heterogeneous steady-
state states. Therefore, linear stability analysis at a heteroge-
neous steady-state state should be carried out. However, the
standard procedure of stability analysis is not easily extend-
able to the case with a heterogeneous steady state. A recent
advance in the study of pattern formation in spatially heteroge-
neous reaction—diffusion systems was made in Refs. [42,43].
Unfortunately, the exact function of the spatially dependent
coefficient #’ could not be obtained because it is coupled with
the other subsystems. Therefore, as a first step, we treat the
coefficient u as a constant in the local region, and perform the
stability analysis of the homogeneous steady state (ug,vy) =
((a+aw)/(1+a),b(1+a)/(a+ au')) of this subsystem. It
goes through a Hopf bifurcation if b > bl = 14+ a + u%, evolv-
ing then into a bulk oscillation characterized by an intrinsic
frequency wy = a. The steady state may also undergo a Turing
bifurcation when b > b;r = [\/m + ug \/M] 2, giving
rise to a stationary spatial pattern with an intrinsic wave num-
ber kt.

For a = 3 and o = 0.4, the critical value b? for onset of
Hopf bifurcation as a function of «’ is shown in Fig. 8. The
smaller « is, the smaller bl is. As far as subsystem 1 (layer 1)
is concerned, u’ = uy(x,y) determines the local critical value
b?, and vice versa. That is, the sizes and positions of oscilla-
tions are determined by the spatial distribution of the Turing
pattern u' = uy(x,y). Taking the oscillating hexagonal pattern
in Fig. 2 (b = 9.4 here) as an example, the corresponding value
for the onset b!! = 9.4 is u’ = 2.4. Consequently, in the region
where u/(x,y) is lower than 2.4, the subsystem 1 undergoes

Hopf bifurcation and gives rise to oscillations. In other words,
oscillations arise in the region where u; is lower than 2.4 in
layer 2, as depicted in Fig. 2(b). If b is small enough, the cor-
responding value of «’ is too low to be achieved in layer 2, so
no oscillation takes place. This is the case in Fig. 3(a), where
the critical value u’ = 0.8 for b = 7 is lower than the minimum
of uy in layer 2. It should be emphasized that the localized os-
cillations here are essentially different from those in systems
arising from subcritical Hopf or wave instabilities, in which
appropriate initial conditions must be satisfied.[!41]

Fig. 8. The linear stability analysis of homogeneous state (ug,vo) =
((a+aw')/(1+a),b(1+a)/(a+au')) in two-variable reaction—
diffusion systems with a source described by Eq. (2). The critical value
for Hopf bifurcation a =3, b = 1+ o+ u3, a =0.4.
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Fig. 9. Effect of Turing structures on localized oscillations: (a) static hon-
eycomb hexagonal pattern, D,, = 110; (b) oscillating honeycomb hexag-
onal pattern, D,, = 123; (c) oscillating stripe pattern, D,, = 145; (d) os-
cillating spot hexagonal pattern, D,, = 240. The first column shows a
snapshot of u;, the middle column is a snapshot of u,, and the last col-
umn is the corresponding amplitude distribution of u;. Other parameters
area=3,b;=79,0,=95,D,=1,Dy, = 46.0 and o = 0.4.

Depending on the spatial configuration and magnitude of
Turing patterns in layer 2, various localized oscillating pat-
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terns can be obtained. Figure 9 gives several examples of lo-
calized oscillating patterns in layer 1. Here the Turing pattern

is varied by the diffusion coefficient D,, while keeping other

V2
parameters unchanged. At D,, = 110, the growth rate of the
Turing mode is small (At = 0.312). Hence, the amplitude of
the Turing patterns is too small to make the minimum of u;
lower than the critical value «/, resulting in the absence of local
Hopf bifurcation. In this situation, a Turing hexagonal pattern
appears in both layers, as shown in Fig. 9(a). As D,, is in-
creased, the growth rate as well as the amplitude of the Turing
mode increase gradually. When the minimum of u, reaches the
critical value «’, localized oscillations form and the system ex-
hibits localized oscillating patterns, including the honeycomb
hexagonal pattern, stripe pattern and spot hexagonal pattern,
as shown in Figs. 9(b)-9(d) respectively.

The frequency and maximum amplitude of these oscillat-
ing patterns as functions of D,, are given in Fig. 10. On varying
the control parameter D,, the sequence honeycomb hexagons
(region I) — honeycomb hexagon—stripe mixture (region II)
— stripes (region III) —spot hexagon—stripe mixture (region
IV) — spot hexagons (region V) is observed. The pattern se-
lection of Turing patterns in layer 2 is responsible for the tran-
sition between these oscillating patterns. The same sequence
of Turing patterns has been observed both numerically and
theoretically in the classical two-variable Brusselator model

44431 For mixture pat-

as the control parameter is increased. !
terns in region 2, a few localized oscillations are embedded in
a stationary stripe pattern (not shown here). For each oscillat-
ing pattern, there is a negative correlation between its angular

frequency w and its maximum amplitude Ap,y.
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Fig. 10. The period and the maximum amplitude of the oscillating pattern
in layer 1 as a function of D,,. The parameters are the same as those in
Fig. 9.

The size of each localized oscillating region in an oscil-
lating pattern is proportional to the wavelength A = 27 /kr of
the Turing patterns. If the size is large, traveling waves can
be formed in the localized oscillating region. Figure 11 gives
an example of isolated spirals or target waves arranged on a

hexagonal lattice. In each local region there is a localized spi-
ral wave or target wave, as shown in Fig. 11(a). From the
amplitude distributions in Fig. 11(b), one can see that the core
of the spiral wave is a topological defect whose amplitude is
zero. This isolated spiral pattern is remarkably similar to that
in the two-layer coupled reaction—diffusion model induced by
wave instability.3!] This indicates that the same patterns may
originate from different mechanisms.

Fig. 11. Isolated spirals or targets on a hexagonal array of Turing spots:
(a) snapshot of activator (u1) in layer 1; (b) the corresponding ampli-
tude distribution. Parameters are a = 3, by = 9.4, b, = 9.5, D; = 0.5,
D,, =110, D,, =260.87 and ot = 0.4.

4. Conclusion

In summary, a novel type of localized oscillatory pattern
is reported in a reaction—diffusion system with two coupled
layers, one of which supports Turing patterns while the other
exhibits homogeneous steady states. Contrary to the localized
structures arising from subcritical instabilities in which a nec-
essary finite amplitude localized perturbation is required, the
localized oscillatory pattern here is attributed to a supercriti-
cal Hopf bifurcation occurring in the local region where the
concentration of Turing patterns in the other layer is below
a critical value. A novel approach by decomposing coupled
systems into separate subsystems is proposed to analyze the-
oretically the underlying mechanism of pattern formation in
coupled systems via standard linear analysis. The predicted re-
sults are in good agreement with numerical simulations. This
work provides a step towards a deeper understanding the for-
mation of spatiotemporal patterns in multilayered systems and
other complex systems.
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