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Two types of bound states in continuum (BICs), symmetry-protected and Brillouin zone folding driven, are identified
in hollow Si nanorod arrays. By modulating the direction and distance of the air holes from the center of the nanorods, it
is possible to achieve either a single quasi-BIC or three quasi-BICs. The transmission spectra exhibit ultra-narrow lines,
and the quasi-BICs demonstrate ultra-high Q factors. Additionally, efficient third-harmonic generation occurs at low pump
intensities. The results indicate that the proposed nanostructures of two types of BICs with a flexible modulation hold great
potential applications for nonlinear photonic devices.
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1. Introduction
Third harmonic generation (THG), three photons of fre-

quency ω converting into one photon of frequency 3ω ,
has important applications in frequency conversion,[1] op-
tical communication,[2] spectral analysis,[3,4] and optical
imaging.[5–7] In recent years, significant attention has been
devoted to the exploring of subwavelength resonators which
possess ultra-high quality factors (Q-factor) to enhance the
THG process.[8–12] The advent of bound states in the contin-
uum (BICs) gives a groundbreaking way to attain unparalleled
Q-factor levels and local field enhancement.[13–22] Quasi-BIC
is an optical mode partially bound to the structure yet coupled
to the continuum, typically characterized by finite Q-factors
and non-zero linewidths for practical applications.[13]

Recently, silicon (Si) photonic devices have exhib-
ited attractive properties in ultra-large-scale monolithic op-
toelectronic integration, as well as high-speed modulation
and switching.[23–25] Si, renowned for its compatibility
with the existing complementary metal–oxide–semiconductor
(CMOS) processes,[26–30] possesses unique characteristics, in-
cluding high refractive index and strong third-order optical
nonlinearity.[31–34] Consequently, Si emerges as an ideal can-
didate for achieving quasi-BICs and leveraging its attributes
for nonlinear optics applications.[33,35,36]

In this paper, we investigate the BICs and the corre-
sponding efficient THG optical responses of periodically ar-
ranged arrays of hollow Si nanorods. Two types of BICs, i.e.,
symmetry-protected BIC and Brillouin zone folding (BZF)

driven BIC, are both obtained within these nanostructures.
One quasi-BIC mode resulting from the symmetry breaking
and two BZF driven BICs are observed when the air holes are
shifted away from the center of nanorods. The efficient THG is
achieved at low pump intensities, facilitated by the ultra-high
Q-factor and significant local field enhancement of the quasi-
BICs. The results indicate that the proposed nanostructures
are promising in applications for integrated nonlinear photonic
devices.

2. Designed structures and numerical simula-
tion
The structure of the hollow Si nanorods arrays is schemat-

ically depicted in Fig. 1. Figure 1(a) shows the primary hollow
Si nanorod array with air holes at the center of Si. The radius
of the Si nanorod is R = 350 nm, the gap width is d = 280 nm,
and the radius of the air hole is r = 100 nm. The period
P = 2R+ d is 980 nm. For the two adjacent nanorods, the
shifts of the left and right air holes are denoted as δl and δr, re-
spectively. Figure 1(b) presents all the air holes shifted in the
same direction with δl = δr or δl 6= δr. Figure 1(c) depicts the
left and right air holes in the adjacent nanorods shifted in the
opposite directions. The proposed nanostructures are proba-
bly fabricated experimentally. First, a layer of photoresist is
coated on the Si substrate, and an electron beam lithography
technique along with the lift-off process is used to fabricate
the desired hollow nanostructure array on it. Second, an Au
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layer is thermally evaporated onto the Si substrate with the de-
sired hollow photoresist array. Finally, the sample is placed
in a mixed solution of H2O, HF and H2O2 at room tempera-
ture for etching. Due to the significantly higher etching rate
of Si substrate covered by Au compared to those that are not
covered,[37] hollow Si nanowires are achieved after removing
the photoresist and Au. Such structures of extreme aspect ra-
tios can be realized experimentally.[38–42]
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Fig. 1. Schematic of (a) hollow Si nanorod array with air holes at the
center of Si. Air holes shift away from the center of Si nanorods (b) in
the same direction and (c) in the opposite directions. (d) The settings of
the numerical model in Comsol Multiphysics. PML and PBC indicate the
perfect matching layer and periodic boundary condition, respectively.

The electric field 𝐸 of light is along with the x-axis di-
rection, i.e., transverse electric (TE) polarization of light is
considered. Unless otherwise specified, the amplitude of the
electric field of the light is set as E = 105 V/m, and the corre-
sponding intensity is around 2.65 kW/cm2. The wave equation
of the fundamental and THG fields in the frequency domain
(time-harmonic factor exp(−iωt)) under the undepleted pump
approximation can be described as[1,13]

∇×∇×𝐸(ω)− k2
1𝐸(ω) = µ0ω

2𝑃 (1)(ω), (1)

∇×∇×𝐸(3ω)− ε3k2
3𝐸(3ω) = µ0(3ω)2𝑃 (3)(3ω), (2)

where 𝐸(ω) and 𝐸(3ω) are fundamental and THG elec-
tric fields, k1 = ω/c and k3 = 3ω/c are the wave vec-
tors of the fundamental and TH beams, respectively. c is
the speed of light in a vacuum. µ0 is the vacuum per-
meability. ε3 is the relative permittivity of material at TH
frequency. 𝑃 (1)(ω) = ε0χ(1)(ω)𝐸 (ω) and 𝑃 (3)(3ω) =

ε0χ(3)(3ω)
...𝐸 (ω)𝐸 (ω)𝐸 (ω) are linear polarization at the

fundamental frequency and nonlinear polarization at the THG
frequency. ε0 is the vacuum permittivity. For tensor compo-
nents of the third-order susceptibility χ(3) of Si, only χ

(3)
zzzz is

considered of the value χ
(3)
zzzz = 2.45×10−19 m2/V2, and then

𝑃
(3)
z (3ω) = ε0χ

(3)
zzzz𝐸z (ω)𝐸z (ω)𝐸z (ω).

Numerical simulations are conducted using the finite el-
ement method via the commercial software Comsol Multi-
physics. The band structures are first conducted using the
eigenfrequency analysis. Then, the linear transmittance and
THG are obtained by solving the coupled Eqs. (1) and (2).
Detailed settings can be referred to Ref. [13], as shown in

Fig. 1(d). Briefly, the top and bottom boundaries of the air do-
main containing the silicon nanorods are assigned to be port 1
and port 2, respectively. The perfectly matched layers (PMLs)
are attached to the outside of two ports. Periodic boundary
conditions (PBCs) are applied to the left and right sides of the
simulation domain. The Floquet periodicity vector kF is set to
0 at the normal incidence. The refractive index of air is 1. The
refractive index of Si at the FW and THG wavelengths are 3.42
and 3.8+ 0.014i, respectively.[43,44] The linear permittivities
are 11.6964 and 14.4398+ 0.1064i, respectively. The phase
mismatch of colinear FW and THG waves is ∆k = k3−3k1.
The coherent length Lcoh = π/∆k ranges from 0.83 µm to
0.95 µm at the FW wavelength from 1900 nm to 2160 nm,
which is larger than the thickness of nanostructures. In our
simulation, the transmitted THG power is obtained by integrat-
ing the Poynting vector of THG waves along port 2. The phase
mismatch of FW and THG is involved. The whole model in-
cludes two steps: first, the linear properties of the nanostruc-
ture are calculated, including the transmittance of the funda-
mental wave, the electric field 𝐸 (ω) at the resonance modes,
and the Q-factor. The Q-factor is defined as Q = λ/∆λ , where
λ represents the resonance wavelength, and ∆λ is the differ-
ence in wavelength between the peak and valley;[45] second,
the nonlinear optical properties of the nanostructures are cal-
culated by using the fundamental electric field calculated in
the first step, including the THG conversion efficiency η and
the electric field 𝐸 (3ω) distribution at the resonance modes.
The conversion efficiency is defined as η = P(3ω)/Pin, where
Pin and P(3ω) denote the power of fundamental light and trans-
mitted THG light from port 2.

3. Results and discussion
The band structure of nanostructures with the air holes

centered in the Si nanorods (i.e., δl = δr = 0 nm) by eigen-
frequency analysis is shown in Fig. 2(a). Four bands are pre-
sented with dots when a single hollow Si nanorod is chosen
as a unit cell with the period P. The corresponding Q-factors
are given as dotted line-circles in Fig. 2(b). It is worth noting
that there are three BIC modes of infinite Q-factor at bands
1 (kx = 0), 2 (kx =±π/P) and 4 (kx =±π/P). The BIC at
band 1 when kx = 0 (Γ point) corresponds to the symmetry-
protected BIC. The BICs at bands 2 and 4 when kx =±π/P
is below the light line, and thus have no coupling with the
environment. When two adjacent hollow Si nanorods are cho-
sen as a unit cell with period 2P, four bands are depicted with
solid lines. As the period is doubled, the first BZ is folded,
as shown in the lower inset of Fig. 2(a). The bands will also
be folded. Bands 1 and 3 both in the single unite cell BZ and
period-doubled BZ are exactly overlapped. Bands 2 and 4 in
the single unite cell BZ in the range of −π/P to −π/(2P) and
π/(2P) to π/P fold into the period doubled BZ (−π/(2P) to
π/(2P)). The BICs at kx = ±π/P fold to the kx = 0, and the
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BICs are both above the light line and below the folded light
line, as shown in the upper inset of Fig. 2(a). The BICs thus
become quasi-BICs. The corresponding Q-factors are given
as solid lines in Fig. 2(b). The eigenfrequencies of the four
modes at kx = 0 in the box A (Fig. 2(a)) are 154.52 THz,
151.1 THz, 145.93 THz, and 138.68 THz, respectively. The

corresponding electric field distributions of the four modes are
presented on the right-hand side of Fig. 2(a).

In the following sections, we will investigate the BICs
transformed into quasi-BICs with the shift of air holes away
the center of Si nanorods and the corresponding THG re-
sponses.
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Fig. 2. (a) The band structure of nanorod arrays calculated under a single- (circles) and double-cycle (solid lines). The upper insets show zooms
of boxes A and B, and the lower inset shows the Brillouin zone. The normalized field distribution at the four resonances is shown on the right-hand
side. (b) The Q-factors of the four bands in (a) under a single- (dotted line-circles) and double-cycle (solid lines), respectively.

3.1. Air holes shifted in the same direction of the same dis-
tance

Under such geometry, only symmetry-protected BIC
mode becomes the quasi-BIC mode since the period is not
changed. The linear transmittance of nanostructures of dif-
ferent δl = δr is shown in Fig. 3. The transmittance of the
primary nanostructure of δl = δr = 0 nm is also given as a ref-
erence. The broad Fano resonance at 145.93 THz corresponds
to band 3 in Fig. 2(a) of low Q-factor at kx = 0 (Fig. 2(b)). It
is always a radiation mode. The quasi-BIC modes at around
154.52 THz appear when the δl = δr 6= 0 nm due to the sym-
metry breaking. The mode is just from the BIC at band 1
when kx = 0. The detailed resonance of the two modes un-
der different δl = δr, along with the corresponding field dis-
tribution in the nanostructure δl = δr = 40 nm, are shown in
Figs. 3(b) and 3(c), respectively. The field distributions agree
with those obtained by eigenfrequency analysis (Fig. 2). The
line shape becomes broader as the increase of asymmetry as
predicted. The dependence of Q-factors of the two modes
on the δl = δr is given in Fig. 3(d). The Q-factor at quasi-
BIC mode reaches up to 1.87×105 at δl = δr = 10 nm and
2.21×104 at δl = δr = 30 nm. Such large Q-factor enables
the efficient nonlinear optical response in the nanostructures.

The THG response in such the nanorod arrays is then
investigated, as shown in Fig. 4(a). It can be observed that
THG conversion efficiency at the quasi-BIC I decreases with
the increase of δl = δr. The maximum conversion efficiency
occurs at δr = 10 nm of 1×10−6. The dependence of third
harmonic conversion efficiency on the fundamental intensity
in the nanostructure of δl = δr = 40 nm at the two resonant

modes is given in Fig. 4(b). The slope is 2, as expected. The
corresponding distributions of THG electric field are presented
in Figs. 4(c) and 4(d), respectively.

3.2. Air holes in the two adjacent nanorods are shifted in
the same direction of different distances

Under such geometry, besides the symmetry breaking of a
single nanorod, the period is doubled, and thus the symmetry-
protected BIC and two BZF driven BICs can transform into the
quasi-BICs. Without loss of generality, we fix the δl = 50 nm
and change the δr ranging from 0 nm to 90 nm. The linear
transmittance of different nanostructures is shown in Fig. 5(a).
The three quasi-BICs are obviously observed except when
δl = δr = 50 nm, which returns to the above geometry, and
only the BIC I. The two BZF driven BICs at around 151.1 THz
and 138.68 THz are denoted as BIC II and BIC III, respec-
tively. Figures 5(b)–5(e) show the transmittance around the
four modes in the different nanostructures. The distributions
of the local fields in the δr = 40 nm nanostructure are given
at the corresponding resonant modes, and also agree well with
those obtained by eigenfrequency analysis (Fig. 2). The de-
pendence of Q-factors of the four modes on the δr is shown in
Fig. 5(f). The Q-factor of BIC I decreases with the increase of
δr. The two quasi-BZF driven BICs have the infinite Q-factor
as δr = 50 nm, since the nanostructures return to be the above
configure of the single period when δr = 50 nm. The Q-factor
decrease as δr far away 50 nm. The Q-factor of quasi-BIC III
mode is the highest among different geometrical parameters,
and reaches around 3×106 for δr = 60 nm.
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Fig. 3. (a) The transmission spectra of Si nanorods array as the air holes shift away the center in the same direction of the same amounts, i.e.,
δl = δr. The dashed line represents the transmission spectrum as δl = δr = 0 nm. (b) and (c) The transmission spectra around the two resonance
modes. The inset shows the field distribution of the unit V/m in the nanostructure of δl = δr = 40 nm at the corresponding resonant modes.
(d) Dependence of Q-factors on offset δr. Peak 1 and peak 2 represent the BIC I and Fano resonances, respectively.
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The THG response in such configurations is then numeri-
cally calculated, as shown in Fig. 6(a). The highest THG con-
version efficiency occurs at the quasi-BIC III mode when the
δr is close to 50 nm among the four resonant modes. It reaches
a value of 9.6×10−2 in the nanostructure of δr = 60 nm. The
dependence of THG conversion efficiency on the fundamen-
tal intensity in the nanostructure of δr = 40 nm at the four
resonant modes is given in Fig. 6(b). The corresponding dis-
tributions of THG electric field are shown in Figs. 6(c)–6(f),
respectively.

3.3. Air holes in the two adjacent nanorods are shifted in
the opposite directions

Finally, we study the optical phenomena in the nanorods
array when the air holes are shifted in the opposite directions.
Under such configuration, as the structure in Subsection 3.2,

the symmetry of a single nanorod is broken and the period is
also doubled, and thus three quasi-BICs can be formed from
the symmetry-protected BIC and two BZF driven BICs.

The band structure and Q-factor diagrams are first ana-
lyzed by eigenfrequency analysis, as shown in Fig. 7. The
band structures in the nanostructure when the two adja-
cent air holes have the same (δl = δr = 50 nm) and differ-
ent (δl = 50 nm, δr = 20 nm) shifts are shown in Figs. 7(a)
and 7(f), and the corresponding Q-factors of the four bands
in each geometry of nanostructure are given in Figs. 7(b)
and 7(g), respectively. The first two bands (eigenfrequencies
around 154.77 THz and 151.53 THz) have infinite Q-factor at
kx = 0 in the nanostructure of the same amount of shift besides
δl = δr = 50 nm, and only band 4 becomes quasi-BIC of the fi-
nite Q-factor. This can be explained from the electric field dis-
tribution, as shown in Figs. 7(c)–7(e). When the two adjacent
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air holes are shifted the same amount, the two nanorods have
a mirror symmetry about the y-axis. At an eigenfrequency
around 154.77 THz (Fig. 7(c)) and 151.53 THz (Fig. 7(d)),
there is no net polarization along y-axis and no radiation as
BICs, while at the eigenfrequency 138.82 THz (Fig. 7(e)), the
net polarization along y-axis is not zero, and thus has the ra-
diation of finite Q-factor, i.e., quasi-BICs. So the BICs are
formed at kx = 0 in the first two bands. While when δl 6= δr,
the two symmetry-protected BICs transform into quasi-BICs
due to the symmetry breaking, and three quasi-BICs of finite
Q-factor appear (Fig. 7(g)). We fix the δl = 50 nm to the right
direction and the δr of values 0 to 90 nm to the left direction.
The linear optical transmission in such a structure is illustrated
in Fig. 8(a). The transmission spectra around the four modes
in the nanostructures of different δr are shown in Figs. 8(b)–
8(e). When δl = δr = 50 nm, only quasi-BIC III is observed,
while when δl 6= δr, the three quasi-BICs appear and the line-
shape becomes broader as δr is far away from 50 nm. The

dependence of Q-factors of the four modes on the δr is shown
in Fig. 8(f). The results obey the conclusions arrived from the
eigenfrequency analysis.

The THG response in such configurations is shown in
Fig. 9(a). The highest THG conversion efficiency occurs at
the quasi-BIC I mode when the δr is close to 50 nm. It reaches
a value of 5.5×10−3 in the nanostructure of δr = 60 nm. The
dependence of THG conversion efficiency on the fundamen-
tal intensity in the nanostructure of δr = 40 nm at the four
resonant modes is given in Fig. 9(b). The corresponding dis-
tributions of THG electric field are shown in Figs. 9(c)–9(f),
respectively.

We present the reported data about the third harmonic
conversion efficiency of other Si structures in Table 1. The re-
sults show that the third harmonic conversion efficiency of our
designed hollow silicon nanostructures is significantly higher
than that of other Si nanostructures.

Table 1. Third harmonic conversion efficiency of other nanostructures prepared in Si.

Structure TH wavelength (nm) Pump intensity Conversion efficiency Ref.

Silicon nanophotonic waveguide 509 65.93 GM/cm2 1.93×10−6 [46]
Silicon nanophotonic waveguides 514 39.04 GM/cm2 1.36×10−6 [46]

Silicon dimer-hole membrane metasurfaces 503.3 ∼ 1 GM/cm2 3.6×10−6 [47]
Thin Si metasurfaces 309 13.3 GM/cm2 6.12×10−5 [48]

Metal–silicon hybrid metasurface 467.3 ∼ 42.5 MW/cm2 5.2×10−11 [49]
Crystalline silicon metasurface 280 15 GW/cm2 5.2×10−6 [50]

C-shaped Si nanoantenna-based metasurface 467 ∼ 33 GW/cm2 1.1×10−4 [51]
2D silicon photonic crystal slabs (PCSs) 661 5.3 GW/cm2 2.1×10−6 [52]

Nano-cuboid metasurface of the amorphous silicon 343 0.7 GW/cm2 1.13×10−5 [53]
Si metasurface on a gold mirror 417 0.4 GW/cm2 1.8×10−6 [54]

Si nanorod arrays with hole 719.8 2.65 kW/cm2 9.6×10−2 this work

4. Conclusion
We numerically demonstrate the quasi symmetry-

protected and Brillouin zone folding driven BICs, along with
the efficient THG in the symmetry-broken hollow Si nanorod
arrays. Two kinds of quasi-BICs are observed when the air
holes are shifted away from the center of nanorods in differ-
ent directions and distances. The THG conversion efficiency
reaches a maximum of 10−2, representing an increase of ap-
proximately 14 orders of magnitude compared to that in the
structure with air pillars positioned at the center of the Si pil-
lars. The results are crucial for comprehending nonlinear op-
tical phenomena and designing nonlinear photonic devices.
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