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Quantum error-correcting codes are essential for fault-tolerant quantum computing, as they effectively detect and
correct noise-induced errors by distributing information across multiple physical qubits. The subsystem surface code with
three-qubit check operators demonstrates significant application potential due to its simplified measurement operations and
low logical error rates. However, the existing minimum-weight perfect matching (MWPM) algorithm exhibits high compu-
tational complexity and lacks flexibility in large-scale systems. Therefore, this paper proposes a decoder based on a graph
attention network (GAT), representing error syndromes as undirected graphs with edge weights, and employing a multi-
head attention mechanism to efficiently aggregate node features and enable parallel computation. Compared to MWPM, the
GAT decoder exhibits linear growth in computational complexity, adapts to different quantum code structures, and demon-
strates stronger robustness under high physical error rates. The experimental results demonstrate that the proposed decoder
achieves an overall accuracy of 89.95% under various small code lattice sizes (L = 2,3,4,5), with the logical error rate
threshold increasing to 0.0078, representing an improvement of approximately 13.04% compared to the MWPM decoder.
This result significantly outperforms traditional methods, showcasing superior performance under small code lattice sizes
and providing a more efficient decoding solution for large-scale quantum error correction.

Keywords: quantum error correction, graph attention network, subsystem surface code, circuit-level noise
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1. Introduction

As quantum computing advances, the sensitivity of qubits
to environmental noise and errors has become a major bottle-
neck for large-scale quantum computing (Refs. [1-4]). The
collapse of the wave function during measurement leads to ir-
reversible loss of quantum state information, rendering tradi-
tional error correction methods ineffective in the quantum do-
main. Therefore, quantum error correction codesP! (QECCO)
have become crucial for ensuring the stability of quantum
computing. QECC distributes the information of logical qubits
across multiple physical qubits, allowing the recovery of orig-
inal data even when some qubits are affected by noise. In
fault-tolerant quantum computing, QECC not only corrects er-
rors but also maintains the continuity and accuracy of com-
putation in high-noise environments, ensuring stable system
operation. [®]

However, as the complexity of quantum computing archi-
tectures increases, the demands on quantum error correction
codes have become increasingly stringent. In 1997, Kitaev
proposed the surface code,!’! which became a core quantum
error correction scheme due to its topological protection, high
noise resistance, and scalability. However, its measurement
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process is complex, and in large-scale systems, it can easily in-
crease operational error rates. To address this issue, Bravyi et
al. proposed the subsystem surface code (SSC)!®! with three-
qubit check operators in 2013. By using XXX and ZZZ opera-
tions, they simplified the four-qubit checks to three-qubit mea-
surements, reducing implementation difficulty and measure-
ment complexity while retaining the advantages of topological
protection. In recent years, SSC has been widely applied to su-
perconducting qubits and ion trap platforms (Refs. [9-11]), re-
ducing the coupling requirements between qubits, improving
error correction efficiency, and enhancing hardware compati-
bility, demonstrating promising application potential.

Despite the advantages of SSC, existing decoding meth-
ods face challenges. The current SSC decoding relies mainly
on the minimum weight perfect matching (MWPM) algori-
thm,®) but it has limitations: the computational resource de-
mand grows exponentially with code distance, reducing cor-
rection efficiency; MWPM depends on fixed codeword shapes,
making it difficult to adapt to different quantum code struc-
tures; and its global search nature significantly increases com-
putational complexity in large-scale quantum systems, limit-
ing practical use (Refs. [12-15]).

To address these challenges, this paper proposes a de-
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coder based on the graph attention network (GAT) (Refs. [16—
18]) for decoding SSC. Compared to traditional graph neural
networks (GNN) (Refs. [19-21]), the GAT offers greater flex-
ibility and expressive power due to its attention mechanism.
The decoder transforms the error syndrome data into an undi-
rected graph with edge weights and uses the attention mech-
anism to dynamically adjust node weights while leveraging

[22] The com-

GPU parallel processing to accelerate decoding.
putational complexity of GAT grows linearly with the num-
ber of nodes and edges, and although the multi-head attention
mechanism slightly increases complexity, it remains within
a manageable range. Experimental results show that under
circuit-level noise, the GAT decoder outperforms MWPM
in terms of logical error rate and accuracy across different
code lattice sizes (L = 2,3,4,5) and error models, particularly
demonstrating stronger robustness under high physical error
rates, with the error threshold increased to 0.0078.

The main content of this paper is as follows: Section 2
introduces the basic concepts of the subsystem surface code
and graph neural networks; Section 3 discusses the input and
overall architecture of the GAT decoder; Section 4 evaluates
the performance of the decoder; and Section 5 summarizes the
research findings and proposes future research directions.

2. Background and related works
2.1. Subsystem surface code

In the field of quantum error correction, topological quan-
tum codes (Refs. [23-26]) utilize global topological properties
to identify and correct local errors through non-local features.
The surface code is a typical example, arranging qubits on a
two-dimensional (2D) lattice and detecting errors using stabi-
lizer operators (Refs. [27-29]). The subsystem surface code
(SSC)[1 is a variant of the surface code, which simplifies op-
erational complexity by measuring the parity of XXX and ZZZ
Pauli operators on three qubits.

In the present work, we encode a logical qubit using the
SSC under open boundary conditions. The topological struc-
ture of the SSC includes rough and smooth boundaries, defined
on an L x L square lattice, containing a total of 3L> +4L + 1
qubits. The stabilizers of the SSC consist of internal weight-6
X®% and Z%° stabilizers, as well as boundary weight-2 XX and
Z7 stabilizers. Each lattice cell contains four weight-3 triangu-
lar gauge generators, and errors are detected by measuring the
qubits (black dots) as shown in Fig. 1. The X-type gauge gen-
erators are oriented in the NE and SW directions, labeled as
A and A’, while the Z-type generators are oriented in the NW
and SE directions, labeled as B and B’. The weight-6 stabiliz-
ers are formed by combining two same-type gauge generators
within the lattice, i.e., A(X®® = AA’) and A(Z®° = BB),
and errors are detected through virtual qubits (white dots) to
determine the error condition.
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Fig. 1. Structures of the subsystem surface code. In panel (a), yellow dots
represent qubits, and blue and orange triangles represent X and Z gauge gen-
erators, respectively. The red dashed box marks four different types of sta-
bilizers. The horizontal red line on the boundary indicates a logical Z error,
and the vertical green line indicates a logical X error. Panel (b) displays the
detailed configuration of the stabilizers, with white dots representing virtual
qubits used for stabilizer measurement. The measurement outcomes of the
two weight-2 stabilizers are directly provided by the measurement qubits.

In SSC, the logical operators (Refs. [30-32]) commute
with the stabilizers but are not part of the stabilizers, allowing
logical operations to be performed directly within the encoded
space without the need for stabilizer measurements to moni-
tor state changes. The logical operators X1, and Z,, as shown
by G and R in Fig. 1, are defined by the sets of qubits along
the horizontal and vertical directions, respectively, and can be
expressed as

X' =[xz =[]z X =]]x zZ=[]z. O
i€R icG icG i€R

The logical operators on the boundary of the SSC only include
the horizontal X1, and the vertical Z;, due to the presence of
weight-2 stabilizers on the boundary. The code distance d is
defined as the minimum length of an error chain required to
perform a non-trivial logical operation**! and is typically pro-
portional to the lattice size L, i.e., d = L,!® which determines
the system’s error-correcting capability.

2.2. Graph neural networks

Graph neural network (GNN) (Refs. [34-37]) is a deep
learning architecture designed to handle graph-structured data.
Unlike convolutional neural networks (CNN) (Refs. [38-40])
and recurrent neural networks (RNN) (Refs. [41-43]), GNN
can process data with dynamic topology. The input is the
structure of the graph, represented as G = (V,E), where i, j €
V ={1,2,...,m} represent the set of nodes, and ¢;; € E repre-
sents the set of edges. Each node has a feature vector X with a
dimension of B", where n is the number of features. The main
components of GNN are the graph convolutional layer and the
pooling layer.

The graph convolutional layer is the core of GNN, updat-
ing node representations by integrating features from neigh-
boring nodes. It operates using the adjacency matrix and fea-
ture matrix, often combined with a nonlinear activation func-
tion. The corresponding formula can be found in the PyTorch
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Geometric library:

X/“:o( Y eijMU)Xj(l)+M1(1)X,-(’)>, )

JEN()

where XjU) is the feature vector of node j at layer I, N (i)
represents the set of neighboring nodes of node i, M is the
weight matrix, ¢ is the nonlinear activation function.
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The pooling layer is used to simplify the graph struc-
ture in GNN by reducing the number of nodes, abstracting the
graph while retaining key features. Mean pooling is a common
method (Refs. [44,45]), the formula is

1 m
x (+1) — 72 x.() 3
m i—1 L ) ( )
where m represents the number of nodes in the input graph.

Graph
convolutional

Fig. 2. The “input” on the left represents the input data, where each node and edge represents the structure of the graph. The input graph passes
through a graph convolutional layer, which aggregates the features of neighboring nodes to update the current node’s features. Then, pooling
operations are applied to reduce computational complexity and extract global information. Finally, the processed graph is passed through a

fully connected layer for task prediction.

3. Graph attention network decoder model de-
sign
3.1. Extracting syndrome process

When performing quantum error correction using SSC,
the most critical step is syndrome extraction. For stabiliz-
ers located at the boundaries, it is sufficient to determine the
eigenvalue of the measurement operator. However, for weight-
6 stabilizers, the measurement process is more complex and
must be conducted in two steps.The first step involves measur-
ing and recording the eigenvalues of the two triangular gauge
generators corresponding to the stabilizer. To measure a single
gauge generator, we implement it using a quantum circuit, as
shown in Fig. 3(b). This circuit employs three CNOT gates
and an ancillary qubit to extract the eigenvalue of the gauge
generator over five measurement rounds. The eigenvalue can
be expressed as A(J) = 1, where J € (A, A',B,B’), with
A(J) = —1 indicating the presence of an error. This mea-
surement step lays the groundwork for the subsequent error
correction process.

The second step requires the introduction of a virtual
qubit, which is controlled by the eigenvalues of the two di-
agonal gauge generators in the lattice. The specific formula is
as follows:

A(X®) = A(A)A(A), @)
A(ZB0) = A(B)A(B). (5)
A defect is generated on the stabilizer only when the error anti-

commutes with the stabilizer. For the virtual qubits we assess,
if it is an X stabilizer, the measurement result is placed at the

position of gauge generator A; otherwise, it is placed at the
position of gauge generator 3. Figure 3 illustrates the detailed
process of measurement and syndrome extraction.
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Fig. 3. Panel (a) shows the syndrome extraction process of the subsystem
surface code. At the bottom layer, E represents the X error chain, and the
red circles indicate the measurement qubits and virtual qubits where errors
have occurred. The middle diagram shows the measurement positions of the
gauge generators and the error locations, with the dashed box highlighting the
area used to determine stabilizer errors. The top diagram illustrates the types
of stabilizers and the error locations. Panel (b) shows the measurement cir-
cuits for the ZZZ and XXX gauge generators. The yellow circles represent
data qubits, and the black circles represent measurement qubits, with black
numbers indicating the measurement sequence. The circuit on the top is used
to measure the ZZZ gauge generator, with the measurement qubit initialized
in the (0| state, while the circuit on the bottom is used to measure the XXX
gauge generator, with the measurement qubit initialized in the (4| state. Both
circuits contain three CNOT gates.

In quantum error correction, when the probability of er-
ror for each qubit is independent and equal to p, the goal is to
find a recovery operator E’ corresponding to the error operator
E, in order to restore the quantum state from the error state
back to the code space. This can be achieved by using the syn-
drome as input to the decoder. Through a series of decoding
processes, E’ can be determined, allowing the quantum state
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to be recovered from the error state to the correct state in the
code space.

3.2. Graphing syndromes and extracting edge weights
process

To input syndrome data into the GAT, it first needs to be
converted into the structure of an undirected graph, as shown
in Fig. 4. The black dots represent detection events, indicat-
ing stabilizer positions that differ from the previous round of
measurements. Each detection event corresponds to a vertex in
the graph, and each vertex is connected to all other vertices in
the graph, forming a complete graph. In this complete graph,
each vertex contains five features, which can be represented
by the vector X = (a,b,x,y,t). Here, (a,b) are mutually ex-
clusive binary labels (using one-hot encoding), where (1,0)
represents an X-type stabilizer, and (0, 1) represents a Z-type
stabilizer; (x,y,t) represent the spatiotemporal coordinates of
the vertex. The edge weights in the graph are calculated based

| —

oot A9

on the temporal and spatial Euclidean distances between ver-
tices, thereby indicating the relative importance of each edge.
The formula is as follows:

-2

e = @i—x)?+ G-y P H -2 ()

where i, j represent the set of detector events, 0 < x,y < d,
1 <t <d;+1. When only X errors occur, the X stabiliz-
ers undergo d; + 1 measurement rounds, while the Z stabiliz-
ers undergo d; — 1 measurement rounds. By introducing edge
weights, the influence between errors is clearly depicted, fa-
cilitating the pruning of the graph. Each vertex retains only
its heaviest edges until a preset maximum node degree of 5
is reached, thereby reducing the graph complexity and im-
proving computational efficiency. This results in an undirected
graph and corresponding data structure that are input into the

graph neural network.

(0;3,1,1,3)

( 3195*3"
(1,0/4:5,2

antini

—— ==

Fig. 4. After d; = 3 measurement rounds, the syndrome is extracted based on the memory experiment design of the subsystem surface code, and
the process of generating an undirected graph is depicted. The orange squares represent Z stabilizers, the blue squares represent X stabilizers,
and the black dots indicate stabilizer positions where the measurement results differ from the previous round, i.e., error locations. The red
edges connect two errors, and the edge weights are calculated based on the positions of these errors. The first layer represents the syndrome
corresponding to the initialized data qubits, the middle three layers represent the syndromes from the stabilizer measurement rounds, and the

last layer represents the syndrome measured on the data qubits.

The generation of the above undirected graph relies on
the memory experiment design based on the subsystem surface
code. At the beginning of the experiment, the quantum system
is initialized to a known initial state. To effectively reduce
measurement errors caused by noise, especially circuit-level
noise, multiple rounds of stabilizer measurements are intro-
duced, with each round recording the corresponding syndrome
information. After the multiple measurement rounds, the final
logical state is measured and compared with the initial state to
determine logical errors. The final result is represented by the
logical labels (Ax, A7), with the specific formulas as follows:

1
Az = §|<Uz>t=0 —(Uz)y=g, 111 @)

1
Ax = §|<UX>1=0 —(Ux)r=ag,+11: (®)

where (Ax,Az) € {0,1}, indicating whether an X or Z logical
error has occurred. When A = 1, it means a logical error has
occurred; otherwise, no logical error has occurred. (Uz);—o

and (Ux );—o represent the measurement results of the logical
Z or X stabilizers at the initial moment ¢ = 0, while (Uz),—4,+1
and (Ux);=4,+1 represent the measurement results of the logi-
cal Z or X stabilizers at the final measurement round t =d; + 1.

In physical experiments, due to the non-commutativity of
Uz and Uy, only one type of logical error can be detected in
each experiment, meaning that each data point corresponds to
a single label (Ax or Az). For example, in a memory-X ex-
periment, the logical label Ay indicates whether a logical bit
has flipped, and this label is determined by measuring the dif-
ference between the initial and final states of Uy. However, it
is important to note that each data point is assigned only one
label, and the two labels (Ax and A7) never appear simultane-
ously. Therefore, although the detectors provide information
about both labels (Ax and A7), each data point is marked with
only one of them. This leads to the training data being partially
labeled.

Since each data point has only one label and these labels
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do not fully match all the available information, the neural net-
work decoder must learn to effectively decode based on the
partially labeled data. In this setting, the decoder not only
needs to learn how to predict Ay or Az, but also to extract use-
ful information from the unlabeled detector data. Thus, this
work adopts a semi-supervised learning framework, leverag-
ing both the partially labeled data and a large amount of unla-
beled data to improve the decoder’s performance and accuracy
in practical applications.

3.3. Designing multi-head graph attention mechanism
process

After converting the error syndrome into an undirected
graph, the next step is to input it into the GNN for processing.
However, while traditional GNN are effective at handling re-
lationships between nodes, they can face high computational
complexity, particularly when dealing with large graph struc-
tures. The high computational complexity of traditional GNN
arises because, in each layer, GNN need to perform weighted
averaging or aggregation over all neighboring nodes, and the
computational load typically scales with the size of the graph
(the number of nodes and edges). Additionally, when updat-
ing node features, GNN assign the same weight to all neigh-
boring nodes, which may ignore the differences in relation-
ships between neighbors, thus failing to accurately capture the
complex local structural information within the graph. As the
graph size increases, the computational complexity and mem-
ory requirements of traditional GNN grow significantly, pos-
ing challenges to the efficiency when processing large-scale
graph structures.

In contrast, convolutional neural networks (CNN), while
excelling at processing image-like regular grid structures, are
not suitable for graph data, which is a non-Euclidean struc-
ture. Specifically, CNN assume the data is structured in a reg-
ular grid, and the relationships between nodes are fixed and
local. This assumption makes CNN limited in handling graph
data, where connections between nodes are dynamic and irreg-
ular. For tasks like quantum error correction, CNN have strict
requirements on the codeword structure, and are not a general-
purpose decoder. Thus, CNN are unable to flexibly adapt to
different graph structures and are ineffective at capturing the
complex and varying relationships between nodes in a graph.

Therefore, to more flexibly handle the structural proper-
ties of graph data and efficiently capture the complex relation-
ships between nodes, we introduce the GAT as the core archi-
tecture of the decoder. Compared to traditional GNN, GAT in-
corporates an attention mechanism, allowing each node to dy-
namically calculate the weights of its neighboring nodes when
updating its features. This mechanism effectively reduces the
computation of less important neighbors, thereby lowering
the overall computational complexity, especially when dealing

with large-scale graphs. Specifically, when updating node fea-
tures, GAT no longer assigns the same weight to all neighbors
but adapts the weights based on the relative importance of each
neighbor, ensuring that each node only focuses on the most
relevant neighbors and thus reducing the computation on irrel-
evant nodes. As an enhanced version of GNN, GAT dynami-
cally calculates the weights between nodes, providing a more
accurate representation of the complex relationships within the
graph structure, and effectively improving the efficiency of the
decoder when handling complex graph structures.

The GAT dynamically adjusts the influence of neighbor-
ing nodes on the target node during the feature update process
using an attention mechanism. It is an improvement based
on the graph attention convolutional layer from the PyTorch
geometric library. The formula for the graph attention convo-
lutional layer is as follows:

Xt = cr(a,-j< Yy M“)X.,-(”er(l))), 9)
JEN (i)

where, @;; is the attention coefficient, representing the influ-
ence of node j on node i. It allows the model to focus on the
neighboring nodes that are more relevant to the current node
when updating the node’s features. The specific working prin-
ciple is as follows: first, an unnormalized attention score o'; j
is computed for the connected nodes j and i

o;; = LeakyReLU(a! [(M " X;(!

+H |10 X, 4 b)), (10)

Then, the unnormalized attention score ¢'; ;18 normalized into

the attention weight ¢;; using the softmax function
exp(e;j)

el e
7 Ykenn exp(oi)

(1)
where, @ is a learnable weight vector, and (M (I)Xi(l) +
b |[(MDX j<l) + b)) represents the concatenation of
MO X;D 4 p(D) and M(I)Xj(l) +p0,

Building on this, this paper introduces the calculation
of edge weights, allowing the model to not only perform
weighted aggregation using the attention weights of neighbor-
ing nodes but also to further adjust the features of neighboring
nodes using the edge weight e;;. That is

)(iH_1 = G<(X,‘j( Z e,'jM(l)Xj(l) +b(1))) (12)
JEN ()

Furthermore, although the single-head attention mecha-
nism can capture important relationships between nodes by
assigning different weights to each node, its limitation lies in
potentially insufficient expressive power and vulnerability to
noise or outlier data. Therefore, to enhance the model’s ex-
pressive capability and stability, we introduce a multi-head at-
tention mechanism. The specific formula can be expressed as

XM = concat(o( Z OCkijekij(Mk(l)Xj(l)+bk(l))>>a
JeN()
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ke (1,2....n), (13)

where k represents the number of attention heads. It allows the
model to compute multiple independent attention distributions
in parallel at the same layer, with each head capturing differ-

ent relationship patterns or features. When the outputs of these
attention heads are combined, the model can not only capture
richer information but also improve overall robustness. The

specific attention architecture is shown in Fig. 6.
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Fig. 5. A schematic diagram of a multi-head graph attention mechanism. The upper part of the diagram shows a typical multi-head attention
mechanism with 8 heads (‘Head=8’). Each head calculates different attention weights (such as e;;, &;;), which are then combined through

a concatenation (concat) operation to form the updated node representation X;

+1 " The lower part of the diagram demonstrates how each

attention head calculates attention scores. Initially, the input feature vectors X' are processed through a LeakyReLU activation function,
followed by a normalization using the Softmax function to produce the attention coefficients ¢;;. These coefficients indicate the attention

weights given to the features of each neighboring node.
3.4. Designing decoder process

In GAT model, we first apply a 7-layer multi-head graph
attention architecture as described above. The first 6 layers use
8 attention heads to aggregate local neighbor features, while
the final layer uses 1 head to generate the final node represen-
tations. Through the multi-head attention mechanism, GAT
dynamically adjusts the weight relationships between nodes,
effectively capturing both local and global error propagation
patterns. Each graph attention layer dynamically calculates
the influence of neighboring nodes on the current node based
on edge weights, ensuring that feature updates flexibly reflect
the interactions between errors.

After the graph convolution operation, the output of the
GAT is passed through a global mean pooling layer, aggre-
gating all node features into a global graph embedding vector.
This embedding vector is then fed into two four-layer fully
connected classifiers, which are used to predict logical X and
logical Z errors, respectively. Each layer of the classifier incor-
porates batch normalization to stabilize the training process,
and LeakyReLU activation functions are employed to intro-
duce non-linearity. Batch normalization serves to standardize
the neuron activations in each mini-batch, ensuring the mean
is 0 and the variance is 1, followed by a linear transformation.

The mini-batch represents the input from the previous layer.

This process is mathematically expressed as

X —Up

)’i:')’<+ﬁ)7 (14)

\/ O3 +E€

where ug and Gé represent the mean and variance of the mini-
batch, respectively, x; is the feature value of the i-th sample,
7Y is the scaling parameter that controls the degree of feature
amplification, f3 is the offset parameter that adjusts the feature
shift, and € is a constant used to prevent division by zero. The
formulas for calculating the mean up and variance 6132 are as
follows:

1 wm
=— ; 15
up ’”,; Xi, (15)
1
o =—Y " (xi—up)?, (16)
m;3

where m is the number of samples in the mini-batch. Through
this standardization process, batch normalization effectively
stabilizes the input distribution for each layer, promoting faster
model convergence and reducing the risk of vanishing or ex-
ploding gradients. The model optimization uses binary cross-
entropy loss to measure the error between the predicted results
and the target values, and the Adam optimizer is employed
to update the model’s weights, ensuring efficient convergence
and prediction accuracy.
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The GAT decoder, through the multi-head attention
mechanism and edge weight adjustment, can efficiently han-
dle complex error propagation patterns, making it especially
suitable for environments with high physical error rates. The
final output of the decoder is the logical error category, de-

L—

Ak A

00 ©

LeakyReLU

termining whether a logical error has occurred in the system.
Each time the GAT decoder runs, its output can only be one
of the two binary labels (A,,4,), indicating whether a logical
X or logical Z error has occurred. The detailed architecture is

shown in Fig. 6.

Ax

Fig. 6. Structure of the graph attention mechanism and the decoder architecture diagram. The decoder first passes through seven layers of graph
attention layers to analyze the data features. Then, the feature data is input into an average pooling layer, which outputs a vector. Finally, depending
on the type of errors produced, the data is analyzed by one of two identical four-layer fully connected networks, resulting in an output of 0 or 1,
indicating whether a logical error has occurred. The blue section describes the specific steps of the graph attention layer. First, the input node features

are linearly transformed to generate query and key vectors, which are used

to calculate the attention scores between nodes. These scores are then

processed by a LeakyReLU activation function and normalized using the Softmax function to obtain the attention weights. The features of each
neighboring node are weighted and aggregated according to these weights, updating the node’s feature vector.

3.5. Training process

The training and testing of the GAT decoder are imple-

146 with an

mented based on the PyTorch geometric library,
optimization strategy introduced for edge weight computa-
tion. The experiments were conducted in a Linux operating
system environment using Python version 3.10. To simulate
the noise environment in practical quantum computing, we
used the stim!*’) tool to generate experimental data contain-
ing circuit-level noise. These data were generated by intro-
ducing Pauli errors with equal probability after Clifford gate
operations, before the start of each round, and before and after
measurements. In all experiments, the primary focus was on
evaluating the decoder’s error correction performance when X
errors occurred.

The GAT decoder model aims to achieve an error rate be-
low the threshold, thereby improving decoding efficiency and
accurately correcting errors. Due to the complexity of circuit-
level noise, particularly in high-noise conditions, the model’s
training faces significant challenges. Therefore, during train-
ing, we used error rate data close to the threshold to optimize
the model, ensuring it could effectively handle complex noise

environments. This strategy helps improve the decoder’s ac-
curacy and robustness across different error rates.

To prevent overfitting and improve the model’s general-
ization ability, we replaced 20% of the training data after each
training cycle to simulate a larger dataset and ensure model
robustness. Specifically, the experimental data were generated
using the stim tool, simulating Pauli-X and Pauli-Z stabilizer
errors, and represented as 3D syndrome grids. The data in-
cluded Pauli errors under different noise conditions, and the
resulting syndrome data were converted into a graph structure
for training the decoder model.

To enhance the model’s generalization ability and robust-
ness under various noise conditions, we adopted a dynamic
data buffer strategy. After each training cycle, the training data
were updated according to a specified buffer size of 5 x 10°
and a batch size of 103. This training strategy ensured that
the model could effectively learn in a circuit-level noise envi-
ronment, adapt to different noise levels, and avoid the risk of
overfitting. This approach not only improved the training effi-
ciency of the GAT decoder but also demonstrated exceptional
decoding performance and stability under complex noise con-
ditions.
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Furthermore, to efficiently generate training data for
larger-scale quantum systems, we propose a comprehensive
strategy that integrates Monte Carlo simulation, adaptive data
generation, and incremental training to optimize the training
of quantum error correction decoders. Firstly, Monte Carlo
simulation approximates the target distribution P(e) through
random sampling, dynamically generating syndrome data with
a focus on representative non-trivial error patterns. The sam-
pling distribution strictly adheres to the error rate P(e) and em-
ploys importance sampling to enhance the coverage of samples
under high-noise conditions, thereby significantly improving
data diversity and relevance.

Secondly, adaptive data generation dynamically produces
the most challenging samples based on the model’s learning
progress, avoiding redundant data and overfitting, and ensur-
ing that the decoder is thoroughly trained on complex error
patterns. In this process, the logical error rate is dynami-
cally estimated to assess decoder performance. Meanwhile,
incremental training divides the training process into multi-
ple stages, enabling the model to gradually expand the train-
ing dataset from an initial small-scale sample set to a fully
comprehensive dataset. This phased approach significantly
reduces the computational cost of full-data training in large-
scale quantum systems. This comprehensive strategy enables
real-time estimation of logical error rates and a thorough eval-
uation of the decoder’s robustness and generalization capabil-
ity using validation sets under different noise conditions. Al-
though this method demonstrates great theoretical potential,
further optimization and experimental validation are needed
to support efficient training for large-scale quantum systems.

For comparison, the MWPM decoder is implemented us-
ing the Pymatching library,[*3! with experiments also con-
ducted using Python version 3.10. The experimental data are
similarly generated using the stim tool. MWPM is a classical
quantum error correction algorithm aimed at predicting the er-
ror configuration of qubits by minimizing the total weight of
the matching edges, ensuring that this configuration is con-
sistent with the measurements of the detectors. Specifically,
the MWPM algorithm maps quantum detectors to the nodes
of a graph, with edges between the nodes representing poten-
tial matchings. The weight of each edge corresponds to the
probability of an error occurring in the corresponding stabi-
lizer. By minimizing the total weight of all matching edges,
the algorithm selects the most likely error configuration for
correction, thus achieving error correction.

The key of MWPM lies in finding the optimal error con-
figuration through the minimum perfect matching in the graph,
that is, by pairing qubits and minimizing the weighted sum of
the error probabilities in each pair. The algorithm is fast, es-
pecially when the number of qubits and the scale of the ex-
periment increase, as its runtime scales approximately linearly

with the size of the graph, making it suitable for large-scale
quantum systems. However, as the code distance increases,
the computational resource demands of MWPM grow expo-
nentially, which reduces its error correction efficiency. Addi-
tionally, MWPM relies on a fixed codeword structure, making
it difficult to adapt to different quantum code architectures. Its
global search nature significantly increases the computational
complexity in large-scale quantum systems, limiting its scala-
bility in practical applications.

In this paper, we compare the MWPM decoder with the
GAT decoder. The MWPM decoder relies on classical graph-
based matching methods, while the GAT decoder uses graph
attention networks for error prediction. Although the MWPM
decoder is fast, its adaptability to complex quantum error pat-
terns, especially in high-error-rate and large-scale systems,
may not be as strong as that of the GAT decoder.

4. Experimental results
4.1. Training accuracy analysis

After training our GAT decoder, we evaluated its perfor-
mance. Starting with the trend of training accuracy, figure 7
shows the changes in training and validation accuracy under
different code lattice sizes conditions as the number of training
epochs increases in the GAT network architecture. Accuracy
represents the proportion of correctly predicted samples to the
total number of samples, which can be expressed mathemati-
cally as

1y
Accuracy = N Z 13 =yi), a7
i=1

where N denotes the number of samples, §; represents the pre-
dicted value for the i-th sample, and y; is the true label for the

Training and validation accuracy for different code distances

1.00
0.981
5, 0.96¢ ‘ / Y WN\M
g h 3
£ 0-94f MWWMWWW qies
<U 0.92 W 1 I L =2 training
: L =3 training
0.90 —— L =4 training
L =5 training
0.88} L =2 validation|
L =3 validation
A =
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Epochs

Fig. 7. The figure illustrates the trend of training and validation accuracy for
different code lattice sizes (L =2, L =3, L=4, L=>5) under the GAT network
architecture as the number of training epochs progresses. The horizontal axis
represents the training epochs, indicating the number of times the model has
been trained. After each epoch, the model updates its parameters to enhance
its learning capability. The vertical axis denotes the training and validation
accuracy, which measures the model’s prediction accuracy on the training and
validation datasets. Different lines and dots in the figure correspond to the
training and validation results for different code distances. The solid lines
represent the training accuracy for each code distance, while the dotted lines
indicate the validation accuracy for the corresponding code distance.
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i-th sample. It can be observed that as the code lattice sizes de-
creases, the overall accuracy of the model shows a declining
trend. However, with the increase in training epochs, the ac-
curacy of models for all code lattice sizes gradually improves

and stabilizes, achieving over 0.88 accuracy in most cases.

4.2. Training performance at different repetition counts

To further analyze the performance of the decoder
under different conditions, figure 8 presents the training
process of the decoder with different repetition counts of
(d; =3,5,7,9,11). In Fig. 8(a), we observe that as the num-
ber of training epochs increases, the decoding accuracy for all
repetition counts gradually improves. During the first 100 to
350 training epochs, the accuracy for smaller repetition counts
(d; = 3,5) improves more rapidly, while for larger repetition
counts (d; = 9,11), the improvement is relatively slower. This
is because the input graph increases in size not only with code
lattice sizes but also with the increase in repetition count, d;.
Fewer repetitions mean that the system is dealing with simpler
noise patterns, allowing the model to learn these patterns more
quickly, leading to a faster increase in accuracy. However, in
the later stages of training (Fig. 8(b), between 350 and 600
epochs), we observe that systems with larger repetition counts

" (a) Training accuracy over epochs
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Fig. 8. The trend of training accuracy over training epochs under code lat-
tice sizes L = 4 and different repetition counts d;. Each curve represents the
training accuracy for a different repetition count (ranging from 3 to 11). The
x-axis represents the number of training epochs, and the y-axis represents
accuracy. Subfigure (a) displays the early training phase (100-350 epochs),
while subfigure (b) illustrates the later training phase (350-600 epochs).
From these figures, it can be observed that the GAT decoder demonstrates
high accuracy across various repetition counts, although there are some fluc-
tuations due to the complexity of the noise in the data.

start to show more significant performance improvement. As
the training progresses, the decoder adapts better to the com-
plex noise and error patterns encountered with larger repeti-
tion counts, resulting in a gradual increase in accuracy. Even-
tually, the accuracy stabilizes and approaches the level of the
smaller repetition counts. This indicates that with more train-
ing epochs, larger repetition counts provide more noise infor-
mation, enabling the model to effectively capture and correct
more complex error patterns, thereby enhancing overall ro-

bustness and accuracy.

4.3. Comparison and analysis of GAT and MWPM de-
coders

To further evaluate the performance of the GAT decoder,
we compared it with the traditional MWPM decoder, with the
results shown in Fig. 9. The figure presents a comparison
based on the logical error rate, which indicates the probabil-
ity that the logical state of the qubit undergoes an error after
multiple rounds of stabilizer measurements. The logical error

rate is calculated as follows:

Nogical

gical errors

Plogical = 5 (18)
N, total trials

where Fogical represents the logical error rate, Mogical errors d€-
notes the number of logical errors, and Ny, trials indicates the
total number of trials. A lower logical error rate implies better
performance of the error correction code, which is more effec-
tive in preserving the integrity of quantum information. In the
following, we will provide a detailed analysis of the figure.

At smaller repetition counts (d; = 3,5,7), the perfor-
mance of MWPM and GAT is shown in Figs. 9(a) and 9(b).
We can see that as the repetition count and code lattice sizes
increase, the logical error rate of the MWPM decoder gradu-
ally rises. In contrast, the GAT decoder’s logical error rate is
significantly lower than that of MWPM. This result indicates
that the GAT decoder is better at capturing the complex cor-
relations between error chains, leading to more efficient error
correction.

The experimental results for larger repetition counts (d; =
7,9, 11) are shown in Figs. 9(c) and 9(d). Compared to smaller
repetition counts, the logical error rate of MWPM exhibits a
significant upward trend at higher repetition counts, further in-
dicating that as d; increases, the graph becomes more complex,
and the network’s convergence becomes increasingly difficult.
In contrast, under the same conditions, the logical error rate of
the GAT decoder remains at a lower level. This demonstrates
that the GAT decoder can maintain its efficient error correction
performance when dealing with larger-scale quantum systems,

further validating its robustness and generalization capability.

020309-9



Chin. Phys. B 34, 020309 (2025)
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Fig. 9. The figure compares the logical error rates of the GAT decoder and MWPM decoder under different repetition counts d;. Subfigures
(a) and (c) show the performance of the MWPM decoder, while subfigures (b) and (d) present the performance of the GAT decoder. The x-axis
represents the code lattice sizes, and the y-axis represents the logical error rate. It can be seen from the figure that the GAT decoder outperforms
the MWPM decoder in terms of logical error rate, with the superiority being more prominent at higher repetition counts (d; =9,11).

4.4. Threshold analysis

To evaluate the performance of the GAT decoder under
different physical error rates, we performed threshold analysis
to calculate and determine the decoder’s threshold. The thresh-
old is defined as the maximum physical error rate at which the
decoder can effectively reduce the logical error rate as the code
distance increases. It is an important metric for evaluating the
performance of the decoder. Specifically, we conducted mul-
tiple experiments or simulations, measuring the logical error
rate of the decoder at different physical error rates p and code
lattice sizes L, and calculated the corresponding Fogical for
each physical error rate and code lattice sizes. At low phys-
ical error rates, the logical error rate is typically low, but as the
physical error rate increases, the logical error rate gradually
rises until reaching a critical point. This critical point is the
threshold of the decoder.

In Fig. 10, the threshold typically appears as the intersec-
tion point of the error curves for different code lattice sizes. To
determine this threshold, we simulated quantum systems un-
der various noise conditions and measured the performance of
the decoder at different physical error rates. By fitting the error
curves and finding their intersection points, we determined the
maximum error rate that the decoder can tolerate at different
physical error rates p and code lattice sizes L. This threshold
is usually represented as a distinct turning point in the graph,
indicating that the decoder maintains a low logical error rate
below this threshold, but once the physical error rate exceeds
this point, the logical error rate begins to rise significantly.

Particularly in large-scale quantum systems, such as the
L =5 quantum code, where a large number of qubits and more

complex noise models are involved, the simulation and com-
putation complexity increases significantly. To address this
challenge, we propose a strategy that combines random sam-
pling, data buffering, and incremental training to optimize the
training of quantum error correction decoders. By generat-
ing syndrome data and observable flip data through random
sampling, and leveraging the characteristics of the error rate
distribution P(e), we focus on covering non-trivial error pat-
terns that are more likely to occur. Additionally, we employ
a filtering mechanism to remove empty syndromes, retaining
only the more informative non-trivial error patterns, thereby
significantly enhancing data diversity and effectiveness. Un-
der the assumption of an independent error model, the error
rate distribution P(e) can be expressed mathematically as

Ple) =[] p'(1 — p)' .

i=1
where n is the total number of qubits, e¢; = 1 indicates that the
i-th qubit has an error, ¢; = 0 indicates no error, and p; is the
error rate of the i-th qubit. This formula describes the probabil-
ity of each error pattern under the assumption of independent
errors.

To avoid overfitting and adapt to different noise condi-
tions, we dynamically update a portion of the data buffer in
each training iteration, replacing older data with newly gen-
erated syndrome data. This dynamic updating mechanism al-
lows the decoder to gradually adapt to the error pattern dis-
tributions under various noise conditions. Furthermore, to en-
sure the generalization ability and robustness of the model, we
periodically evaluate its performance on an independent val-
idation set. The validation set covers different noise levels,
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and the decoder’s performance is assessed using logical error
rates. This strategy, which integrates random sampling, dy-
namic data updating, and incremental training, not only opti-
mizes the threshold calculation of the decoder but also signif-
icantly improves its decoding performance and stability under
complex noise conditions, providing strong support for effi-
cient training in large-scale quantum systems.

Through these experiments and analyses, we compared
the thresholds of the GAT decoder and the MWPM decoder
under different physical error rates. The results show that
the threshold of the GAT decoder is significantly higher than
that of the MWPM decoder. Specifically, the threshold of the
MWPM decoder is approximately 0.69%, while the thresh-
old of the GAT decoder is approximately 0.78%. When the
physical error rate is below the threshold, the logical error rate
Pogical of the GAT decoder decreases significantly as the code
lattice sizes increases, and its behavior can be approximately

described by
Plogical (p,L)y=C- pk’

where C is a constant related to the error correction code,
and k is a parameter that increases with the code lattice sizes
L. This indicates that at low physical error rates, increasing
the code lattice sizes can significantly reduce the logical error
rate, demonstrating that the GAT decoder has stronger error-
correction capability in low physical error rate environments.

When the physical error rate exceeds the threshold, the
logical error rate increases with the physical error rate. How-
ever, the rate of increase for the GAT decoder is significantly
smaller than that of the MWPM decoder. This indicates that
even in high physical error rate environments, the GAT de-
coder is able to maintain a lower logical error rate, demonstrat-
ing stronger noise resilience, and further proving its significant
advantage in complex noise environments.

MWPM and GAT logical failure rates versus error rate

MWPM L=2 020 % :
0.40 F MWPM L=3 018 7 ] H40.40
o MWPML =4 g ¢ i
L MWPML=>5 2016 ]
g 0351 \IWPM threshold = 0.0069 I § 0.33 2
o GATL=2 E] S e
R i 3 0.30 :
=) —a— GATL=4 =
ﬁ 025+ GATéZS 048050 0.0065 D076 150075 40.25 &
e o , &
gb 020k GAT threshold = 0.0078 & 020 3
- 2
= 015 10.15 :
- :
0.10 | 10.10 O
>
0.05F oo 10.05
0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.010
Error rate

Fig. 10. The relationship between the logical error rate (left axis in blue for MWPM, right axis in red for GAT) and the physical error rate for
different lattice sizes L = 2, 3, 4, 5. As the physical error rate increases, the logical error rate for both methods gradually rises. The dashed
lines indicate the thresholds for the MWPM and GAT decoders, where the threshold for MWPM is 0.0069 and for GAT is 0.0078, indicating
that GAT can maintain a lower logical error rate at higher physical error rates compared to MWPM, with a higher threshold.

In conclusion, the experimental results demonstrate that
the GAT decoder outperforms the traditional MWPM decoder
in terms of logical error rate, decoding accuracy, and noise re-
sistance. Through the use of a multi-head attention mechanism
and edge weight adjustment, the GAT model can flexibly han-
dle complex quantum error chains, showing significant perfor-
mance improvement, particularly in large-scale quantum sys-
tems. Additionally, the GAT decoder has relatively lower com-
putational complexity and is well-suited for large-scale paral-
lel computation, making it a potential solution for quantum
error correction in future large-scale quantum computing sys-

tems.

5. Conclusion

We proposed a GAT decoder for decoding SSC with
three-qubit check operators. Experimental results demonstrate

that the GAT decoder performs exceptionally well in handling
circuit-level noise in quantum computing. Compared to tradi-
tional MWPM decoders, the GAT decoder not only improves
decoding efffciency but also, in some cases, increases the logi-
cal error threshold, showing higher decoding accuracy and re-
liability. By incorporating attention mechanisms and a multi-
layer graph attention structure, the GAT decoder effectively
captures and utilizes the complex relationships in error syn-
dromes, achieving efffcient decoding across different code lat-
tice sizes and error rates.

In future work, the GAT decoder has broad prospects for
practical quantum computing applications. Its parallel compu-
tation capabilities and ffexibility make it well-suited for han-
dling large-scale quantum error correction tasks. Additionally,
the architecture of the GAT decoder is highly scalable and can
be adapted to other types of quantum error correction codes,
such as color codes and hexagonal stabilizer codes, laying a
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foundation for its application in a wider range of quantum
computing tasks. Future research will continue to optimize the
performance of the GAT decoder and explore its application in
different quantum computing platforms and larger-scale sub-
system codes to advance the development of quantum comput-
ing technology.
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