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The three-dimensional (3D) synthetic space offers a platform for exploring the valley Hall insulator, which is usually
constructed in graphene lattice. Here, based on the valley transports in the square lattice, we construct a synthetic space by
treating the rotation angle as the third dimension and observe the emergent Weyl points in this synthetic space. Since the
construction of synthetic Weyl points results in the formation of edge states between the phononic crystal (PC) and the hard
boundary, and the factors of rotation angle and the distance from the PC to the hard boundary affect the frequency of these
edge states, we can construct topological rainbow concentrator based on the above principles. We conduct a comprehensive
numerical and experimental study to explore the characteristics of topological rainbow concentrators. This work may play

a driving role in the development of topological rainbow devices.

Keywords: topological rainbow concentrator, edge states, square lattice
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1. Introduction

Rainbow trapping is a phenomenon in which waves
of different frequencies can be captured at different spa-
tial positions, and it has been implemented in optical,!!~¢]
acoustic,[”11! and mechanical wave systems.[12‘14] Recently,
researchers have combined topological states!'>~2" with rain-
bow trapping, so that the manipulated waves have the ad-
vantages of robustness and unidirectionality. The synthetic
dimension is one of the methods to achieve rainbow trap-
ping, which alters the dispersion relation of topological edge
states. The research on acoustic topological rainbow trapping
has driven the development of innovative acoustic materials.
These materials are capable of controlling the propagation of
sound waves and effectively channeling and focusing acoustic
energy, thereby transcending the constraints of conventional
materials.

Weyl points denote the special points that arise when
the non-degenerate conduction and valence bands of a Weyl
semimetal intersect in the vicinity of the Fermi level within the
3D momentum space.*-33 And Weyl points possess a host
of unique properties, including chiral anomalies, topological
Fermi arcs and edge states. Recently, scholars have delved
into the topological characteristics of Weyl points within an
artificial 3D parameter space.3**31 In this context, the syn-
thetic space is engineered by incorporating one extra structural
parametric dimension alongside the conventional physical di-
mension. Also, synthetic Weyl points possess such a prop-
erty that they can induce topological edge states at the bound-
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ary between the phononic crystal (PC) and rigid boundaries or

[38-43] Wang et

photonic crystals and any reflection substrates.
al. have utilized this property to probe two different types of
topological rainbow concentrators related to the acoustic val-
ley Hall insulator.!®) However, the research on synthetic Weyl
points has mostly been conducted in two-dimensional (2D)
graphene lattices and one-dimensional (1D) system, with rela-
tively few studies in 2D square lattices. And the realization of
synthetic Weyl points is based on square-lattice valleylike ma-
terials, which helps to deepen the research on valleylike mate-
rials. Additionally, certain past studies may have drawbacks,
such as insufficient bandwidth. So, it is highly desirable to ex-
tend the implementation of these research to a broader range
of lattice structures.

It is well established that in 2D graphene-lattice PC, de-
generate points exist at the K and K l points within the first Bril-
louin zone.*4-?1 However, for 2D square lattices, degeneracy
points may not necessarily occur at high-symmetry points due
to accidental degeneracies, and the degeneracies are lifted to
establish a comprehensive band gap upon the height of not
equivalent resonators.>3-38] We treat the rotation angle as an
additional dimension and observe synthetic Weyl points in the
3D synthetic space. Within a specific range of angular vari-
ation, we observe that the frequency of the topological edge
states exhibits a monotonic shift. Apart from the angle, the
distance between the sample and the hard boundary also af-
fects the frequency of topological edge states. Over a defined
range of distances, the frequency of the topological edge states
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undergoes a monotonic variation. Based on the above two dis-
coveries, we can design two different types of topological rain-
bow concentrators. The topological rainbow concentrators we
fabricated possess a wide frequency range and the ability to
utilize both the upper and lower boundaries for transmission,
which exhibits high flexibility.

2. Methods and experiment

2.1. Synthetic Weyl points and the corresponding edge
states

As shown in Fig. 1(a), we construct a square-latticed
PC by embedding four-legged polymeric scatterers (white re-
gions) in an air medium (blue region). The lattice constant
a = 4.8 cm, and other parameters of the scatterer are a length /
of 3.12 cm and a width b of 1.44 cm. A rotational angle is de-
noted by the angle 0 with respect to y axis, which can control
the spatial symmetry and band gap of the system. The rotation
of the scatter in a clockwise direction is denoted by 6 < 0,
whereas a counterclockwise rotation is indicated by 8 > 0.
The region outlined in red is the unit cell, which can be de-
scribed by an effective Hamiltonian to characterize the energy
of the scattering system. In our work, the simulations are per-
formed by the finite-element commercial software COMSOL
MULTIPHYSICS. The mass density and the wave velocity of
the air are 1.21 kg/m> and 343 m/s, respectively.

We only consider 6 € [—45°,45°], where 90° is the pe-
riod of the scatterers. Figure 1(b) depicts the dispersion re-
lationship of the PC when the rotation angle 6 = 0°. In the
PC, two Dirac cones emerge at the lines M-I and X—M of the
Brillouin zone respectively between the fourth and fifth bands.
According to the effective Hamiltonian and group theory, the
emergence of the Dirac point is attributed to the unavoidable
band crossing which is intrinsically protected by the mirror
symmetry. When the scatterer rotates clockwise or counter-
clockwise, the mirror symmetry is broken, thus resulting in
the emergence of bandgap. As the rotational angle 6 can con-
trol the dispersion relation of the square-latticed PC and ex-
hibit periodicity, it can be considered as an additional degree of
freedom. A combination of structural parameter 6 and Bloch
wave vector ky, ky, forms a 3D linear synthetic space (ky, ky, 0).
This system possesses both time-reversal symmetry and space-
inversion symmetry simultaneously, therefore the Berry curva-
ture can be written as

Q (k) = Zl’l,’?’C(s (kf — k,’).

Here, k is the momentum of a state, 6(k — k;) are the delta
functions which are known as Berry fluxes.>®! For this system,
the Berry fluxes can take the value of 0 and 7. If a Dirac point
emerges, the Berry flux is 7. When the structural parameters
are altered, the Dirac point shifts in the Brillouin zone. Dis-
tributions of the Weyl points in the synthetic space (ky,k,,0)

are shown in Fig. 1(c). The red solid sphere represents that the
topological charge carried by the Weyl point is +1 (more de-
tails can be found in Appendix A). The blue markers indicate
the positions of the high-symmetry points M and X located
within the Brillouin zone. When the structural parameters are
at appropriate values, the Dirac points on the Brillouin zone
boundary will move to the M point, resulting in the formation
of a Weyl point with a topological charge of 2 at the M point in
the synthetic space. Figures 1(d) and 1(e) show the 3D band
structures in the synthetic space. To be specific, figure 1(d)
depicts the relationship between frequency and k, as well as
angle when k, = m/a. Figure 1(e) illustrates how frequency
varies with angle and k, when k, = 0.2757 /a. In this structure,
the position of the Weyl point occurs at (7/a,0.2757/a,0) at
the frequency of 8004 Hz. The band around the Weyl point is
linear along all directions, so the degenerate point is a single
Weyl point with topological charge +1.
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Fig. 1. Weyl points synthesized by 2D square-lattice PC. (a) Schematic di-
agram of the 2D square-latticed PC. (b) The dispersion relations of the PC
with @ = 0°. The inset shows the first Brillouin zone. (c¢) Distributions of the
Weyl points in the synthetic space (ky, ky, ). The red solid sphere represents
that the topological charge carried by the Weyl point is +1. (d) Relation-
ship between frequency and k, as well as 8 whenk, = 7/a. (e) Relation-
ship between frequency and k, as well as 8 when k, = 0.2757/a. (f) The
pressure-field distributions of two edge states in 1 x 13 supercell of the upper
and lower boundaries. Left half: the eigenfrequencies of the upper and lower
boundary states are 8317.4 Hz and 8270.3 Hz, respectively, with a rotation
angle 6 = 10°. Right half: the eigenfrequencies of both the upper and lower
boundary states are identical (8299.3 Hz) in the case of 6 = 10°.
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Previous works[*3~#!l have revealed the existence of edge
states between PC and hard boundaries in this system. Fig-
ure 1(f) depicts the supercell we designed, which we utilize
to investigate the topological properties of edge states. The
supercell includes 13 unit cells with 6 = 10°. We consider
the position where y = 0 as the lower boundary and the po-
sition where y = 13a as the upper boundary. As depicted in
Fig. 1(a), L is the distance from the center of the first unit
cell to the lower boundary. The upper and lower boundaries
of the supercell are subjected to hard boundary conditions,
while the left and right boundaries are subjected to periodic
boundary conditions. The right panel of Fig. 1(f) illustrates
the acoustic pressure of the supercell edge state when the scat-
terer is equidistant from the upper and lower boundaries, that
is, the distance from the center of the first unit cell to the lower
boundary is the same as the distance from the center of the
last unit cell to the upper boundary. As the distance is reduced
from 2.16 cm to 1.96 cm, the acoustic pressure of the super-
cell edge state transforms to that as shown on the left side of
Fig. 1(f), with distinct eigenfrequencies for the edge state. As

upper edge states are positive (right ward) and the projected
band structure of the supercell is included in the Appendix B.

2.2. Two methods for constructing topological rainbow
concentrators

The frequency of the boundary state within the super-
cell depends on both the rotation angle and the distance be-
tween the scatterer and the hard boundary, which reminds us
to design two different rainbow concentrators. As shown in
Fig. 2(a), we design a gradient PC structure to study the rain-
bow trapping. The PC has 16 periods in the x direction and 13
periods in the y direction, where the rotation angle 6 decreases
from 20° in the first column to 5° in the last column. The ro-
tational interval AG = —1° and the distance L from the center
of the first primitive cell to the lower boundary of the super-
cell is 2.16 cm. A point sound source with frequency ranges
from 8000 Hz to 8500 Hz, is applied on the left side of the
structure (red star in Fig. 2(a)). In addition, the hard boundary
condition is applied on the upper and lower boundaries of the
PC structure while the left and right boundaries are radiative

shown in Fig. 1(f), the group velocity of the both lower and  boundaries.
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Fig. 2. A topological rainbow concentrator based on rotation gradient. (a) Schematic diagram of the topological rainbow concentrator. The
rotation angle 6 of the scatterer decreases in a gradient from 20° in the first column to 5° in the last column. The orange stars represent
point sound sources. (b) Dispersion relations of the edge states at the lower boundary corresponding to seven different 6. (c) Pressure-field

distributions of the edge states corresponding to different frequencies.

We now focus on topological edge states at the lower
boundary of the 1 x 13 supercell. As the rotational angle
Ochanges, the frequency of the edge state on the lower bound-
ary monotonously varies. For our system, the dispersion re-
lation is symmetric about k, = 0, thus we only need to study
the left half or the right half of the dispersion relation. At
ky = —m/a, with an increase in the angles, the frequencies of
the edge states on the lower boundary monotonously increases,
as shown in Fig. 2(b). Here, the rotational angles 8 are cho-
sen as 5°, 7°, 10°, 13°, 15°, 18°, and 20°, respectively. The
characteristic of monotonic variation in the frequency of edge
states on the lower boundary plays a crucial role in the design

of topological rainbow concentrators. At k, = 0, the frequency
of the artificial Weyl point is 8004 Hz, which is less than the
frequency of the edge state and close to the frequency of the
bulk band. As the angle decreases, the eigenfrequency of the
supercell edge state decreases, and eventually approaches the
frequency of the Weyl point.

Figure 2(c) shows the sound pressure field distribution
around the lower boundaries of the PC at four different fre-
quencies. By observing the sound pressure at these frequen-
cies, we can see the topological rainbow. The first panel in
Fig. 2(c) shows the sound pressure at the Weyl point frequency,
and it can be observed that the acoustic wave can propagate
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from the left boundary to the right boundary. However, as the
frequency of acoustic source signal increases, the propagation
distance of the acoustic waves decreases. It is noted that when
acoustic waves pass through the sample, the acoustic pressure
in the vicinity of the point where wave propagation ceases is
slightly higher than that at locations further upstream, indicat-
ing a mild concentration of energy at this site. As a result,
the rotation angle 6 can be used to manipulate the edge states
propagation of the supercell.

Another method to alter the frequency of edge states is
to adjust the distance L from the center of the first unit cell
to the lower boundary of the supercell. In Fig. 3(a), the other
gradient PC structure is designed to study the rainbow trap-
ping. The size of this structure is identical to the previous
one, with 13 rows and 16 columns. We set the rotation angle
6 at 10°. The distance L increases from 1.86 cm in the first
column to 2.16 cm in the last column, and the interval of the
boundaries between the two closest columns AL = 0.02 cm.
Over this specific distance interval, the group velocities of the
lower edge states within the supercell are consistently oriented
in a uniform direction, proceeding to the right. We denote the
distance in the n-th column as L, = 1.86 + AL(n—1). The
boundary conditions and the position of the sound source are
the same as the previous structure.

We continue to focus our attention on the frequencies of
the edge state at the lower boundary. Six distinct distances
L are selected to demonstrate the frequency shift of the edge
states. When the distance L increases, the frequency of the
edge state on the lower boundary monotonously decreases at
ky = —m/a as shown in Fig. 3(b). The frequency range of six
edge states monotonously decreases from 8300 Hz to 8190 Hz,
so we can design a rainbow collector within this frequency
range based on this property.

In Fig. 3(c), four frequencies are selected to show the
topological rainbow concentrator and we can see that the
edge state at different frequencies stops at different positions.
Moreover, as the frequency increases, the position where the
sound stops shifts monotonously to the left of the right bound-
ary. Consequently, the distance L can also manipulate the
transmission of the supercell edge states. By comparing these
two methods, we find that the device obtained from the first
method has a broader frequency range, whereas the device
from the second method exhibits less concentrated energy (the
sound pressure field of the edge states are more widely dis-
tributed in the vertical direction). Additionally, we can utilize
the upper edge states to design topological rainbow concentra-
tors, with the proviso that the direction of the group velocity
must be considered during the design process.
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Fig. 3. A topological rainbow concentrator based on different L. (a) Schematic diagram of the topological rainbow concentrator. The value
of L in each column decreases by AL compared to the previous column. (b) Dispersion relations of the edge states at the lower boundary
corresponding to seven different L. (c) Pressure-field distributions of the edge states corresponding to different frequencies.

2.3. Experimental observation of topological rainbow con-
centrators

In order to experimentally observe the topological rain-
bow, we conducted experiments using the first method. The
experimental setup is illustrated in Fig. 4(a). The four-legged
rods in the PC are precisely manufactured using 3D printing
and are connected to rigid thin plates. The sample consists of
16 x 13 periods of unit cells, which the rotational angle 6 re-

duces from 20° to 5°. The rotational interval A@ = —1° and
the distance L = 2.16 cm. In order to make the experimental
conditions consistent with the simulation conditions, we set
the height of the rigid rod to 1.5 cm and covered the top of the
sample with a 5-mm thick polymethyl methacrylate (PMMA)
plate. To meet the hard boundary condition, the upper and
lower ends of the scatterer are connected to cuboids made of

the same material, with the height of 1.5 cm and the thick-
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ness of 5 mm. We drilled 30 holes in the PMMA plate close to
the lower boundary to insert microphones for measuring sound
pressure. The sound source is placed at the star position in
Fig. 4(a).

1
8500
) ‘i
8400
N
z
5. 8300 ‘ \
Q
a
g .
8200
g +
€
8100
8000 " 1
20 15 10 50

0 (%)
Fig. 4. Experimental observation of topological rainbows formed by an-
gular gradients. (a) Photograph of PC, where the orange line indicates
the measurement position. (b) Normalized intensity distributions along
the lower boundary.

We have scanned the frequencies from 8000 Hz to
8500 Hz and the responses along the lower boundary (red line)
of the sample are obtained as shown in Fig. 4(b), where the
abscissa represents the angle decreasing from 20° to 5°, which
indicates the transition from the first to the last column of the
scatterers. It is observed that as the frequency increases, the

2
B, 2
C2 +QB232Kf szAlyKy
2
w
* Al 2
— K — K
H— DPBoa, %y o2 tqa4
*
0 P, By, K
E3
PB4y, Kx 0

propagation distance of the sound wave decreases. The exper-
imental data are in good agreement with the simulation results.
Acoustic waves at a frequency of 8419.4 Hz can be effectively
trapped at the location corresponding to 6 = 16°, which rep-
resents the point of the shortest wave propagation distance.

3. Conclusion

In summary, based on the valley-like transport properties
in the square lattice, we construct a 3D synthetic space by ro-
tating angles and observe synthetic Weyl points within it. By
modulating the rotation and the distance, we propose two types
of 2D gradient PC structures to realize topological rainbow
concentrators for acoustic waves, and experimentally verify
one of them. The results show that acoustic waves of different
frequencies will stop at different positions at the lower bound-
ary of the PC. This work presents an alternative approach for
precise manipulation of acoustic waves in the frequency and
spatial domains.

Appendix A: Calculation of the topological
charge of the Weyl points

In this section, we calculate the topological charge of the
Weyl points. We use the k - p perturbation to derive the Hamil-
tonian of the system. Near the crossing point, the effective
Hamiltonian is

Hegr (kH ,kJ_) = VOkH oo+ vik | O+ VykJ_Gy + vzk“ O,

where k| and k, represent the vector component parallel and
perpendicular to the mirror reflection line, respectively. We
use ¥ = (W, Wa, W, Wa,) as the basis wave function, which
corresponds to the eigenfunction for the third, fourth, fifth, and
sixth bands respectively. Then the effective Hamiltonian can
bel53]

O _pBZAlx KX

—PA By, Kx 0
)
o3
— + K - K
> 1488 PB4y Ky
C
2
Ay 2
C2 + qaA K

*
TPBa, K

where k = k — ko, c is the speed of sound, @; is the eigen frequency at M. The coefficient is

@2n)? [, d (2m)?
Pljx = 1%/%% (1) 25 Wiko(r)dr, pijy = I(T)/

d

(2m)’ [
Vi, ()23 Wiy (r)r, ;=100 [ i, (1) e ().

Here (2 is the area of the unit cell. Basis wave function can be extracted from COMSOL Multiphysics, and the data processing

is conducted using COMSOL with MATLAB. Then, we integrate the Berry curvature over an enclosing surface, this enclosing
surface is a cube that encapsulates the Weyl point. C = 5 [F(k) - dS, where F (k) = i(Viu(k)| x |Viu(k)). In our case,

u (k) = yp,. Our calculations show that C = 1 of the fifth band.
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Appendix B: Projected band of the supercell

In this section, we show in Fig. B1 the projected band of
the supercell in Fig. 1(f). It can be seen that when the scatterer
is equidistant from the upper and lower boundaries, the group
velocities of the upper and lower edge state have the same di-
rection and magnitude. When the distance changes, the group
velocities of the edge state maintain the same direction but dif-
fer in magnitude.
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Fig. B1. Projected band of the supercell. (a) Projected band of the supercell
shown in the left panel of Fig. 1(f). (b) Projected band of the supercell shown
in the right panel of Fig. 1(f).
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