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SPECIAL TOPIC — Moiré physics in two-dimensional materials
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Moiré superlattices provide a new platform to engineer various many-body problems. In this work, we consider
arrays of quantum dots (QD) realized on semiconductor moiré superlattices with a deep moiré potential. We diagonalize
single QD with multiple electrons, and find degenerate ground states serving as local degrees of freedom (qudits) in the
superlattice. With a deep moiré potential, the hopping and exchange interaction between nearby QDs become irrelevant,
and the direct Coulomb interaction of the density–density type dominates. Therefore, nearby QDs must arrange the spatial
densities to optimize the Coulomb energy. When the local Hilbert space has a two-fold orbital degeneracy, we find that a
square superlattice realizes an anisotropic XY model, while a triangular superlattice realizes a generalized XY model with
geometric frustration.
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1. Introduction

The lattice mismatch due to different lattice constants
or a relative twist of two 2D material layers leads to the
moiré superlattice.[1–3] Thanks to the highly adjustable en-
ergy band structure, e.g., by twist angle, strain, and ex-
ternal fields,[4,5] moiré superlattices have provided a new
platform to engineer flat bands, where abundant correlated
phases can be studied.[6–11] Recently, there is a focus on
semiconductor moiré materials (SMS). In WX2/MoX2 (X =

S,Se), the Hubbard model is studied[12] theoretically, and 2D
triangular-lattice Hubbard model has been realized in aligned
WSe2/WS2 experimentally.[13] Kane–Mele–Hubbard physics
is identified in twisted MoTe2.[14] Recently, the fractional
quantum anomalous Hall states in twisted MoTe2 have been
experimentally found,[15–18] which drew great attention.

While the correlation in the topological flat bands has
been a focus in SMS,[14,16,19] atomic flat bands can be intrigu-
ing as well. These SMS can realize arrays of quantum dots
(QD), and new correlated phenomena can occur inside each
QD, or arise from inter-QD couplings. In twisted bilayer WS2,
Li et al. have observed the formation of three-lobed “Wigner
molecules” in each QD at ν = 3 electrons per QD, which
align into a Wigner molecule crystal on the superlattice.[20]

The condition for the Wigner molecules to form is system-
atically studied by Ref. [21], and the ground states at more
general fillings are investigated by Refs. [22,23]. The manip-

ulation of internal blockage in triangular triple quantum dots
has been studied by Qi et al.[24] The results demonstrated vast
opportunities in designing and manipulating the QD ground
states. Therefore, it will be natural to ask whether new corre-
lated physics can be explored when multiple QDs are coupled
in the superlattice.

In this article, we focus on SMS with a deep moiré poten-
tial, whose modulation amplitude V far exceeds the character-
istic kinetic energy, V ≫ h2

2ma2
M

, where m is the effective mass,

aM is the moiré period, and h = 2π h̄ is the Planck constant. In
such a limit, QDs form at the periodic minima of the moiré po-
tential, and the N-fold degenerate ground states in each QD ef-
fectively realize a “qudit” with an N-dimensional local Hilbert
space. In general, N depends on the occupation number ν ,
and is protected by symmetry. Below the gap to the QD ex-
cited states h̄ω⋆, the lattice problem effectively reduces to a
model of the qudits, with the model parameters determined by
the inter-QD couplings.

In general, inter-QD couplings include kinetic hopping
and Coulomb interactions, which can be either of the direct-
type (density–density) or the exchange type. Let us denote the
characteristic spatial spread of each qudit as ξ , beyond which
the qudit wave-functions decay exponentially. For cosine-like
moiré potentials, up to O(1) factors, ξ

aM
∝ ( h2

2ma2
MV

)1/4 ≪ 1

in the deep moiré potential limit. Since both the kinetic hop-
ping and exchange-type Coulomb interactions are proportional
to the inter-QD overlap, the inter-QD couplings they induce
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must be exponentially small in aM/ξ . On the contrary, the di-
rect Coulomb interactions take the form of multipole moment
interactions, hence decay in powers of ξ/aM. Therefore, the
direct Coulomb interaction dominates in the deep moiré poten-
tial limit. As the direct Coulomb interaction only acts on the
spatial densities, the leading couplings in the effective qudit
model will be in the orbital degrees of freedom.

To be concrete, we investigate the SMS with negligi-
ble spin–orbit couplings (SOC), and focus on filling ν = 3,
where the QD ground states can be 4-fold degenerate, with
a 2-fold orbital “qubit” carrying opposite orbital angular mo-
menta L = ±1, times a 2-fold spin “qubit” with ζ =↑,↓. By
neglecting the subleading hopping and exchange Coulomb in-
teractions, we focus on the direct Coulomb interaction that acts
on the orbital qubit, and show that for a square lattice with D4

symmetry, the effective Hamiltonian must be an anisotropic
XY model (which includes XX and YY interactions with dif-
ferent amplitudes). We identify the favored orbital order at
the mean-field level. For a triangular lattice model with D6

symmetry, on the other hand, a generalized XY model (which
also contains XY interactions) is realized. We show that, at the
mean-field level, the energy of all the nearest-neighbor bonds
cannot be optimized simultaneously, hence the model is geo-
metrically frustrated.

Finally, we expect that the general principle of design-
ing effective qudit models using the moiré QD array is appli-
cable to more moiré systems, e.g., with strong SOC, or with
non-parabolic low-energy dispersions such as graphenes. The
effects of the subleading hopping and exchange Coulomb in-
teraction are also discussed.

2. Semiconductor moiré superlattices
For simplicity, we consider a semiconductor band with

an isotropic effective mass m subject to a cosine moiré
potential.[21,25] Assuming no SOC at this stage, we have the
free Hamiltonian

H0 = ∑
ζ

∫
d2𝑟ψ

†
ζ
(𝑟)H0(𝑟)ψζ (𝑟),

H0(𝑟) =− h̄2

2m
∇

2
𝑟 −V

n

∑
i=1

cos(𝐺i ·𝑟), (1)

where ψ
†
ζ
(𝑟) creates an electron with spin ζ =↑,↓ at 𝑟. V > 0

measures the moiré potential strength, and 𝐺i (i= 1, . . . ,n) are
moiré reciprocal lattice vectors depending on the lattice type.
For a square lattice, n = 4, 𝐺1 =

2π

aM
(1,0), and for a triangular

lattice, n = 6, and 𝐺1 =
4π√
3aM

(1,0). Other 𝐺i vectors can be

generated by spatial rotation, 𝐺i = Ci−1
nz 𝐺1. We also denote

the positions of the periodic minima of the moiré potential as
𝑅. Besides Eq. (1), the SMS is also subject to a chemical po-
tential that fixes the total filling. The electrons are also subject

to a long-range Coulomb repulsion,

Hint = ∑
ζ ,ζ ′

1
2

∫
d2𝑟d2𝑟′ψ†

ζ
(𝑟)ψ†

ζ ′(𝑟
′)

×U(𝑟−𝑟′)ψζ ′(𝑟′)ψζ (𝑟). (2)

Here, we take U(𝑟−𝑟′) = e2

ε|𝑟−𝑟′| ,
[21,22] where ε = ε0εr and

εr is the dielectric constant. Due to the absence of SOC, the
SMS model (including Eqs. (1) and (2)) is invariant under the
global spin SU(2)ζ (subscript ζ denotes spin, distinguished
from subscript L for angular momentum) rotation, and the or-
bital part obeys the (spinless) wallpaper group P4mm (P6mm)
for the square and triangular lattices, respectively. Without
external magnetic fields, the SMS also enjoys Kramer’s time-
reversal symmetry 𝒯 , which can be combined with a spin
π-rotation to generate the spinless time-reversal symmetry
(T 2 = 1).

When the periodic potential dominates over the kinetic
energy, V ≫ h2

2ma2
M

, the low-energy single-electron wave-

functions will localize at the periodic minima of the poten-
tial, forming effective quantum dots. The inter-site hopping
becomes negligible, leading to flat single-electron bands with
trivial topology. It is thus convenient to work with the Wannier
orbitals of these low-energy bands,

ψ
†
𝑅αζ

=
∫

d2𝑟ψ
†
ζ
(𝑟)wα(𝑟−𝑅), (3)

where α labels the orthonormal Wannier orbitals located at 𝑅.
As the periodic potential is parabolic near each minimum, ef-
fectively forming a 2D isotropic harmonic oscillator (HO), we
will show in Subsection 2.1 that α for the low-energy bands
can be understood as the 2D HO single-particle levels.

On the Wannier basis, the SMS Hamiltonian [Eqs. (1) and
(2)] reads

H0 = ∑
𝑅1𝑅2

∑
αβ

∑
ζ

t𝑅1α,𝑅2β ψ
†
𝑅1αζ

ψ𝑅2βζ ,

Hint =
1
2 ∑

𝑅1𝑅2
𝑅3𝑅4

∑
αβα ′β ′

∑
ζ ζ ′

U𝑅1α ′,𝑅2β ′

𝑅3α,𝑅4β

×ψ
†
𝑅1α ′ζ ψ

†
𝑅2β ′ζ ′ψ𝑅4βζ ′ψ𝑅3αζ , (4)

where

t𝑅1α,𝑅2β =
∫

d2𝑟ω
*
α(𝑟−𝑅1)H0(𝑟)ωβ (𝑟−𝑅2), (5)

U𝑅1α ′,𝑅2β ′

𝑅3α,𝑅4β
=
∫

d2𝑟1

∫
d2𝑟2ω

*
α ′(𝑟1 −𝑅1)

×ω
*
β ′(𝑟2 −𝑅2)U(𝑟1 −𝑟2)

×ωβ (𝑟2 −𝑅4)ωα(𝑟1 −𝑅3) (6)

are the hopping and interaction integrals in the Wannier rep-
resentation. Due to the translation symmetry, the hopping in-
tegral t𝑅1α,𝑅2β will depend on the difference 𝑅1 −𝑅2, rather

than 𝑅1, 𝑅2 separately. And U𝑅1α ′,𝑅2β ′

𝑅3α,𝑅4β
will be independent
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of the center of mass coordinates 𝑅1 +𝑅2 +𝑅3 +𝑅4. The
Wannier orbitals center at the 1a Wyckoff positions, which
obey the (spinless) point group 4mm (6mm) for square and tri-
angular lattices, respectively, which are generated by Cnz and
My actions. We work in such a basis that each Wannier orbital
α is an eigenstate of the Cnz rotation,

Cnzψ
†
𝑅αζ

C−1
nz = ψ

†
(Cnz𝑅)αζ

e−i 2π
n Lα , (7)

where Lα is an integer defined up to n that indicates the an-
gular momentum of orbital α . We also dub the spinless time-
reversal counterpart of the α orbital as α , so that

T ψ
†
𝑅αζ

T−1 = ψ
†
𝑅αζ

. (8)

Note that Lα =−Lα as T reverses the angular momentum. Fi-
nally, as in the problem of 2D harmonic oscillators (see Sub-
section 2.1), we are always able to choose the gauge of the
Wannier orbitals so that

Myψ
†
𝑅αζ

M−1
y = ψ

†
(My𝑅)αζ

. (9)

For later convenience, we also introduce Kramer’s spinful
time-reversal 𝒯 that obeys 𝒯 2 = (−1)F , where F denotes the
fermion parity,

𝒯 ψ
†
𝑅αζ

𝒯 −1 = ∑
ζ ′

ψ
†
𝑅αζ ′(−iσy)ζ ′ζ . (10)

2.1. Single quantum dot

We first focus on the QD at 𝑅, e.g., 𝑅 = 0, hence the 𝑅

subscripts will be kept implicit unless specified. With the co-
sine potential expanded to the quadratic order of |𝑟/aM|, the
(first-quantized) single-particle Hamiltonian reads

H0(𝑟) =− h̄2

2m
∇

2
𝑟 +

V
2

[
Zn

(
2π

aM

)2
]
𝑟2, (11)

up to a constant term that can be absorbed in the chemi-
cal potential. Here, Zn = 2 for square lattices (n = 4) and
Zn = 4 for triangular lattices (n = 6). Equation (11) cor-
responds to a 2D harmonic oscillator with frequency h̄ω =

h
aM

√
ZnV
m , with a characteristic spatial expansion ξ =

√
h̄

mω
=

( aMh̄
π

)1/2( 1
4ZnmV )

1/4. In Eq. (11), the parabolic potential is
isotropic, thus the QD enjoys a continuous SO(2)L rotation
symmetry around the z-axis. The angular momentum operator
can be correspondingly defined as L̂ = x(−ih̄∂y)− y(−ih̄∂x).
Note that, higher order expansions generically break SO(2)L

to the realistic discrete Cnz symmetries, but do not split the
L =±1 states, as they are still protected by My.

We first focus on the solution of the 2D harmonic os-
cillators, which serves as the single particle basis in our
problem. Define two groups of ladder operators â± =

1
2

(
x∓iy

ξ
+ξ (∂x ∓ i∂y)

)
. Then n̂± = a†

±a± will be two com-
muting operators with non-negative integer eigenvalues, n± =

0,1, . . .. The single-particle Hamiltonian is expressed as

H0(𝑟) = h̄ω(n̂++ n̂−+1), (12)

and the angular momentum reads

L̂ = h̄(n̂+− n̂−). (13)

By defining N = n+ + n−, all the single-particle levels can
be labeled in one-to-one correspondence by N = 0,1, . . . and
L =−|N|,−|N|+2, . . . , |N|−2, |N|, as shown in Fig. 1.

Notably, the degeneracy of all single-particle levels of the
same N is protected by an enlarged symmetry group SU(2)L ⊃
SO(2)L, which is generated by L̂, h̄â†

+â−, and h̄â†
−â+. The de-

generacy from the lowest energy levels to higher is N + 1 =

1,2,3, . . ., respectively. We denote the s-orbital as (N,L) =
(0,0), and the p±-orbitals as (N,L) = (1,±1), respectively.
The wave-functions of each level can be chosen as[21]

ω(N,L)(𝑟) =
(−1)

N−|L|
2

ξ

√√√√ (N−|L|
2 )!

π(N+|L|
2 )!

× e iLθ (r/ξ )|L|

×L|L|
N−|L|

2
((r/ξ )2)× e−

(r/ξ )2
2 , (14)

where r and θ represent the length and azimuthal angle of
𝑟, and L|L|

N−|L|
2

is the generalized Laguerre polynomial. For

both the s-orbital with (N,L) = (0,0) and the p-orbitals with
(N,L) = (1,±1), the generalized Laguerre polynomials are
trivial, L0

0(x) = L1
0(x) = 1.

In adjacent QDs, as the overlap between the low-
energy single-particle levels will be exponentially small

(∼ e−
(aM /ξ )2

2 ), the Wannier orbitals can be well approxi-
mated by the 2D HO wave-functions Eq. (14). We henceforth
denote α = (Nα ,Lα). It can be directly verified that equa-
tion (14) realizes the gauge-fixing of the symmetry represen-
tations Eqs. (7)–(9).

Within the single-particle basis Eq. (14), the full QD
Hamiltonian takes the following form:

H = ∑
α

∑
ζ

(h̄ω(Nα +1))ψ†
αζ

ψαζ

+
1
2 ∑

αβα ′β ′
∑
ζ ζ ′

Uα ′β ′

αβ
ψ

†
α ′ζ ψ

†
β ′ζ ′ψβζ ′ψαζ , (15)

where Uα ′β ′

αβ
is given by Eq. (6). In particular, U ss

ss = e2

εξ

√
π

2
serves as a characterization scale of the on-site repulsion, and
we introduce the dimensionless parameter λC = U ss

ss /(h̄ω)

to characterize its relative strength to the 2D HO frequency.
We treat λC as the second tunable parameter, as the overall
strength of the Coulomb interaction can vary with the relative
screening εr.
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Without interaction, electrons fill the single-particle lev-
els sequentially. We especially focus on ν = 3, which is the
lowest filling with ground state degeneracy. The many-body
ground states are 4-fold degenerate, with a 2-fold spin degen-
eracy and a 2-fold orbital degeneracy (Fig. 1),

|L,ζ ⟩= ψ
†
(1,L)ζ ψ

†
s↑ψ

†
s↓ |0⟩ , (16)

where L = ±1 and ζ =↑,↓, and |0⟩ is the vacuum. The first
excited states are separated by an energy gap of h̄ω , which
are 18-fold degenerate, corresponding to moving the p-orbital
electron (6-fold) or the s-orbital electron (12-fold) to one level
above. With interaction gradually turned on, the many-body
levels are perturbed. Importantly, since the interaction does
not obey the enlarged SU(2)L symmetry, accidental degenera-
cies among excited states will be removed. However, the four
ground states remain degenerate, as the orbital degeneracy of
L =± is protected by point group 4mm (6mm), while spin de-
generacy ζ =↑,↓ is protected by spin SU(2)ζ .

L/

L/ L/↩

L/ L/ L/↩

s

p

d

Fig. 1. The ground state configuration of three electrons in the non-
interaction limit.

It is important to examine whether the many-body gap
remains large with finite interaction. On the one hand, the ex-
citation energy to ν = 2 and ν = 4 sectors can be estimated
as on the order of ∆2 = h̄ω and ∆4 = λCh̄ω , respectively. On
the other hand, the excitation energy within the ν = 3 sector is
obtained by direct diagonalization, and plotted in Fig. 2. We
find that the gap to the ground states ∆ decreases with λC, and
becomes weak (∆ . 0.1h̄ω) for λC & 2.4, which is shown in
Fig. 2(a). Therefore, we define h̄ω⋆ = min{∆2,∆ ,∆4} to char-
acterize the overall many-body gap. It is thus desirable for
λC to be around 1.0, where the strength of the Coulomb in-
teraction is moderate, and there is a sufficient energy gap be-
tween the ground state and the first excited state. We also note
that, for λC = 1.0, the non-interacting ground states Eq. (16)
remain the dominating component of the interacting ground
states (≈ 90%). For a realistic second-order multi-scale sys-
tem (SMS), such as twisted transition metal dichalcogenides
(tTMD), we consider parameters m = 0.2me, aM = 15 nm, and
εr = 5[23] to simulate realistic systems like WSe2/MoSe2 and
WSe2/WS2.[25,26] We vary the potential V from 30 meV to
80 meV and calculate the ratio of the 2D harmonic oscilla-
tor characteristic length to the lattice constant, given by ξ/aM .
The behaviors of ξ/aM and λC are illustrated in Fig. 2(b).

Finally, we fix the representation of the (spinless) crys-
talline and time-reversal symmetries on the many-body ground
states the same as the non-interacting one Eq. (16). They are
characterized by the following 2×2 matrices:

[D(g)]L′,L = ⟨L′,ζ ;g𝑅|g|L,ζ ;𝑅⟩, (17)

which is a linear map from the orbital degrees of freedom at
site 𝑅 to those at 𝑅′ = g𝑅. It can be directly verified from
Eqs. (7)–(9) that the non-interacting ground states Eq. (16) sat-
isfy

D(My) = X , (18)

D(Cnz) = e−i 2π
n Z , (19)

D(T ) = X . (20)

Here, 1,X ,Y,Z denote the identity and Pauli matrices on the
orbital degrees of freedom.

(a)

↼L↪S↽/↼↪/↽

↼L↪S↽/↼↪/↽

↼L↪S↽/↼↪/↽

↼L↪S↽/↼↪/↽

↼L↪S↽/↼↪/↽↼L↪S↽/↼↪/↽

(b)

1.0

0.8

0.6

0.4

0.2

0

∆
/
h
ω

0 1 2 3 4
λC

λ
C

0.155

0.145

0.135

0.125

ξ/
a

M

30 40 50 60 70 80

V (meV)

2.5

2.4

2.3

2.2

2.1

2.0

1.9

1.8

Fig. 2. (a) The evolution of the energy gap ∆/(h̄ω) between the excited
states and ground states with λC. These states are labeled by (|L|,S). (b)
The evolution of ξ/aM and λC =U ss

ss /(h̄ω) for square lattice when moiré
potential V varies from 30 meV to 80 meV, with parameters m = 0.2me,
aM = 15 nm, and εr = 5.

2.2. Inter-quantum-dot couplings

On the original lattice, for an energy scale lower than h̄ω⋆,
it suffices to include the ground states of each QD at 𝑅, which
we dub as |L,ζ ⟩𝑅. We now analyze the scaling behavior of
various inter-QD couplings in the limit of V ≫ h2

2ma2
M

.

To begin with, according to Eq. (5), inter-site hopping el-
ements t𝑅α,𝑅′β involve an overlap of the two Wannier func-
tions, which is exponentially small. To be concrete, the Gaus-
sian factors in the product of w*

α(𝑟) and wα(𝑟−𝑅) can be
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written as

e
− |𝑟|2

2ξ 2 e
− |𝑟−𝑅|2

2ξ 2 = e
−

|𝑟−𝑅
2 |2

ξ 2 e
− R2

4ξ 2 , (21)

which is upper bounded by the exponentially small factor

e
− R2

4ξ 2 . The hopping t can be much smaller than on-site U in

the limit of V ≫ h2

2ma2
M

, which has the ξ dependence as e
−𝑅2

ξ 2

and 1/ξ , respectively. Since the inter-site hopping changes
the on-site occupation, it does not induce perturbative cou-
plings in the low-energy space at the first order of hopping.
By inducing virtual processes that exchange an electron be-
tween adjacent sites, a super-exchange can be induced at the
second order of hopping. As a second order process, the
super-exchange amplitude must also decay exponentially as

e
− R2

2ξ 2 . Next, we examine the Coulomb interactions. For inter-
site interaction in the low energy space, there must be either
𝑅1 =𝑅3, 𝑅2 =𝑅4, which we term as the direct interaction,
or 𝑅1 =𝑅4, 𝑅2 =𝑅3, which we term as the exchange inter-
action. The exchange interaction elements are given by

Jα ′β ′

αβ
(𝑅) =U𝑅α ′,0β ′

0α,𝑅β

=
∫

d2𝑟1

∫
d2𝑟2ω

*
α ′(𝑟1 −𝑅)ωα(𝑟1)

× e2

ε|𝑟1 −𝑟2|
×ω

*
β ′(𝑟2)ωβ (𝑟2 −𝑅), (22)

which also involves the overlap of Wannier functions at differ-
ent sites, ω*

α ′(𝑟1 −𝑅)ωα(𝑟1) and ω*
β ′(𝑟2)ωβ (𝑟2 −𝑅). Simi-

lar to the hopping and super-exchange strengths, the exchange

interaction elements must also decay exponentially as e
− R2

2ξ 2 .
Finally, we turn to the direct interaction elements,

W α ′β ′

αβ
(𝑅) =U𝑅α ′,0β ′

𝑅α,0β

=
∫

d2𝑟1

∫
d2𝑟2 ω

*
α ′(𝑟1 −𝑅)ωα(𝑟1 −𝑅)

× e2

ε|𝑟1 −𝑟2|
×ω

*
β ′(𝑟2)ωβ (𝑟2). (23)

The integrand is Coulomb repulsion between two charge den-
sity profiles ω*

α ′(𝑟1)ωα(𝑟1) and ω*
β ′(𝑟2)ωβ (𝑟2) centered at

𝑅 and 0, respectively. Since the spatial extension of each
charge density distribution is characterized by ξ ≪ aM , equa-
tion (23) can be computed through the multipole moment de-
composition (Appendix A), whose asymptotic behavior scales

in the power law e2

εR

(
ξ

R

)M
, where the power M is determined

by the leading order of multipole moments. For example, if
α = α ′,

∫
d2𝑟|ωα(𝑟)|2 = 1, the leading order (M = 0) will

be the total (complex) charge, hence W αβ

αβ
(𝑅) ∼ e2

ε|𝑅| . How-
ever, as will be shown in Sections 3 and 4, these elements
only contribute to a constant energy to the subspace of QD
ground states, instead of inducing inter-QD couplings. The

inter-QD couplings will be induced by matrix elements with
the forms of W p+p+

p−p− (𝑅) and W p+p−
p−p+ (𝑅). It can be seen from

Eq. (14) that w*
p+(𝑟)wp−(𝑟)∼ e−i2θ , which has vanishing to-

tal charge, vanishing dipole, but finite quadrupole. The inte-
gral corresponds to an interaction between two quadrupoles,

which scales as e2

ε|𝑅|

(
ξ

R

)4
. Thus, in the considered limit of

V ≫ h2

2ma2
M

, ξ ≪ aM , the direct interaction elements dominate

over the hopping elements and the exchange interaction ele-
ments, which decay exponentially with (aM/ξ ).

For the parameters presented in Subsection 2.1, we
estimate the nearest neighbor elements W p+p+

p−p− (𝑅) and
W p+p−

p−p+ (𝑅). In comparison, Jss
ss (𝑅) and Jp+p−

p−p+ (𝑅) are plotted
in Fig. 3. When V varies from 30 meV to 80 meV, Jss

ss (𝑅) and
Jp+p−

p−p+ (𝑅) decay faster than W p+p+
p−p− (𝑅) and W p+p−

p−p+ (𝑅). And
the condition W p+p+

p−p− (𝑅)>W p+p−
p−p+ (𝑅) is satisfied.
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Fig. 3. The nearest interaction elements W p+p+
p−p− (aM ), W p+p−

p−p+ (aM ),
Jss

ss (aM ) and Jp+p−
p−p+ (aM ) as a function of moiré potential V . The parame-

ters chosen are the same as those in Fig. 2(b).

For later convenience, we re-write the direct interaction
as follows:

Hd =
1
2 ∑

𝑅𝑅′
∑

αβα ′β ′
ρα ′,α(𝑅)W α ′β ′

αβ
(𝑅−𝑅′)ρβ ′,β (𝑅

′), (24)

and ρα ′,α(𝑅) = ∑ζ ψ
†
𝑅α ′ζ ψ𝑅αζ can be understood as a com-

ponent of the total density operator projected to the Wannier
basis. Consequently, Hd only acts on the orbital degrees of
freedom, while preserving the SU(2)ζ symmetry at each site.
Sections 3 and 4 investigate the effective model Hd on the or-
bital degrees of freedom, it suffices to keep track of one spin
species, e.g., ζ =↑. For simplicity, we dub the basis states of
the remaining orbital degrees of freedom, the orbital “qubit”,
as |L⟩𝑅, with L =±. In experiments, spins can also be polar-
ized by applying a strong in-plane magnetic field.

3. Anistropic XY model on square lattices
In this section, we consider a square lattice, and focus on

the nearest-neighbor couplings. Further-neighbor couplings
are neglected, as they decay with a high power (ξ/R)4. We
show that, dictated by the crystalline P4mm and time-reversal
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symmetries, the effective model for the orbital degrees of free-
dom must be an anisotropic XY model

H = ∑
⟨𝑅,𝑅′⟩

hxxX𝑅X𝑅′ +hyyY𝑅Y𝑅′ . (25)

In general, the coupling can take any form of
hab(𝑅)A0B𝑅, where A,B = 1,X ,Y,Z represent the identity
and Pauli matrices for the orbital degree of freedom. hab(𝑅)

is real so that the Hamiltonian is Hermitian, but may depend
on the bond orientation in general. While 101𝑅 merely con-
tributes a constant energy, hence can be ignored, 10B𝑅 and
A01𝑅 (A,B ̸= 1) represent a Zeeman field imposed on the qubit
at 𝑅 or 0 by the bond, and A0B𝑅 (A,B ̸= 1) represent interac-
tions. For a horizontal bond that respects the My and T sym-
metries, A0B𝑅 must commute with both D(My)⊗D(My) and
D(T )⊗D(T )K, where K represents the complex conjugation,
with D(My) and D(T ) given by Eqs. (18) and (20). Conse-
quently, only the following terms can survive for 𝑅= Rêx:

H⟨0,𝑅⟩ = hx0(𝑅)X0+h0x(𝑅)X𝑅+hxx(𝑅)X0X𝑅

+hyy(𝑅)Y0Y𝑅+hzz(𝑅)Z0Z𝑅. (26)

On the other hand, the couplings on the vertical bonds should
be equal to C4z rotation of the horizontal bonds. Supposing
that 𝑅′ =C4z𝑅, by Eq. (19), the coupling for 𝑅′ = Rêy is

H⟨0,𝑅′⟩ = (−Z ⊗Z)H⟨0,𝑅⟩ (−Z ⊗Z)

= −hx0(𝑅)X0−h0x(𝑅)X𝑅′ +hxx(𝑅)X0X𝑅′

+hyy(𝑅)Y0Y𝑅′ +hzz(𝑅)Z0Z𝑅′ . (27)

In particular, the vertical bond must contribute a Zeeman field
to the site 0 that is opposite to the horizontal bond. Therefore,
the net Zeeman field at each site must be zero, and only the in-
teraction terms can survive. By Eq. (27), we also find that the
interaction coefficients must be the same on both horizontal
and vertical bonds.

Finally, we explain that due to the density–density struc-
ture, the crystalline symmetries further forbid the ZZ interac-
tions. To see this, we first note that

W α ′β ′

αβ
(𝑅) =W α ′β

αβ ′ (𝑅) =W αβ ′

α ′β
(𝑅), (28)

as ω*
β
(𝑟) = ω

β
(𝑟) according to Eq. (14), hence ω*

β ′(𝑟)ωβ (𝑟)

and ω*
β
(𝑟)ω

β ′(𝑟) correspond to the same (complex) charge

distribution. Therefore, by abbreviating |LL′⟩ = |L;𝑅⟩ ⊗
|L′;0⟩, there is

⟨LL′|Hd |LL′⟩ = ∑
αβα ′β ′

⟨L;𝑅|ρα ′,α(𝑅) |L;𝑅⟩×W α ′β ′

αβ
(𝑅)

×⟨L′;0|ρβ ′,β (0) |L′;0⟩ . (29)

Due to the time-reversal symmetry, it can be verified that

⟨L;𝑅|ρ
β ,β ′(𝑅)|L;𝑅⟩ = ⟨T L;𝑅|(T ρβ ′,β (𝑅)T−1)†|T L;𝑅⟩

= ⟨L;𝑅|ρβ ′,β (𝑅)|L;𝑅⟩. (30)

Here we use ⟨T µ|(TAT−1)†|T α⟩ = ⟨α|A|µ⟩ and
T ρβ ,β ′T−1 = ρ

β ,β ′ . By inserting Eqs. (28) and (30) to
Eq. (29), it is thus straightforward to show that

⟨+−|Hd|+−⟩= ⟨++ |Hd|++⟩, (31)

which implies the absence of ZZ interactions. As there are no
symmetry constraints that relate the XX and YY interactions,
hxx and hyy are in general independent. Therefore, the effec-
tive model takes the form of an anisotropic XY model, as in
Eq. (25).

Since the interacting ground states at around λC = 1.0 can
be well approximated (≈ 90% overlap) by the non-interacting
Eq. (16). Let us estimate hxx and hyy with the latter wave-
functions, where they take the following simple form:

hxx =
W1 +W2

2
= 0.0123 meV, (32)

hyy =
W2 −W1

2
=−0.010 meV. (33)

Here, for brevity, we have renamed W1 = W p+p+
p−p− (𝑅) =

0.022 meV, W2 = W p+p−
p−p+ (𝑅) = 0.0024 meV, where 𝑅 is the

horizontal nearest-neighbor bond. Parameters m = 0.2me,
V = 40 meV and aM = 15 nm are used in the estimation. For
the qualitative analysis below, such an approximation should
be valid, as it does not change the order nor the sign of the
coupling parameters.

Since a square lattice with only nearest-neighbor cou-
plings can be biparted, two XY models with opposite signs
of hxx and/or hyy are simply related by a gauge transformation
— acting a unitary transformation of X𝑅 or Y𝑅 on one of the
two sublattices reverses the sign of hyy and hxx, respectively.
We expect the ground state of the anisotropic XY model to
adopt orbital order as in the ferromagnetic XY model. To in-
vestigate the order type, we assume the ground state to adopt
the following product state ansatz, which is also equivalent to
a mean-field analysis:

|Ψ⟩=⊗𝑅|θ(𝑅);𝑅⟩, (34)

where

|θ(𝑅);𝑅⟩= |+;𝑅⟩+ e iθ(𝑅)|−;𝑅⟩√
2

, θ(𝑅) ∈ [0,2π) (35)

satisfies

⟨θ(𝑅);𝑅|X𝑅|θ(𝑅);𝑅⟩= cosθ(𝑅), (36)

⟨θ(𝑅);𝑅|Y𝑅|θ(𝑅);𝑅⟩= sinθ(𝑅). (37)

In the real space, the charge density of the |θ(𝑅);𝑅⟩ state
is oriented along the azimuthal angle θ/2 mod π . To see
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this, it suffices to use the approximate many-body wave-
function Eq. (16), and identify that the major density differ-

ence is contributed by the
ψ

†
p++e iθ ψ

†
p−√

2
electron. By Eq. (14),

⟨𝑟|ψ†
p± |0⟩ = wp±(𝑟) ∼ e±iϕ , where ϕ is the azimuthal an-

gle of 𝑟. Therefore, the spatial density contributed by the

p± electrons are |⟨𝑟|ψ
†
p++e iθ ψ

†
p−√

2
|0⟩|2 ∼ |e iϕ + e iθ e−iϕ |2 ∼

cos2(ϕ − θ

2 ), which is maximal along ϕ = θ/2 mod π , and
minimal along ϕ = (θ +π)/2 mod π . The charge densities of
the θ(𝑅) = 0 and π states are thus oriented along the x and
y-axis, respectively.

For a single bond ⟨𝑅,𝑅′⟩, the mean-field energy is given
by

⟨Ψ |H⟨𝑅,𝑅′⟩|Ψ⟩ =
W2

2
cos(θ(𝑅)−θ(𝑅′))

+
W1

2
cos(θ(𝑅)+θ(𝑅′)) , (38)

which is minimized by either of the following two conditions:

θ(𝑅) = π, θ(𝑅′) = 0 or θ(𝑅) = 0, θ(𝑅′) = π. (39)

It can be seen that the W2 term tends to lock the relative
orientation between adjacent sites as perpendicular (θ(𝑅)−
θ(𝑅′) = π), while the W1 term further locks the orientation of
each single site as either horizontal or vertical. When put on
the lattice, the orbital qubits order as depicted in Fig. 4. Two
types of ground states are exhibited in Fig. 4, corresponding to
two solutions in Eq. (39). It is seen that the ground state of our
anisotropic XY model is similar to that of the isotropic spin-
1/2 XY model on a square lattice, forming the Néel order.[27]

R R R R

R R R R

Fig. 4. A schematic illustration of the ground state orbital order of the
effective anisotropic XY model on the square lattice.

4. Frustrated generalized XY model on triangu-
lar lattices
In this section, we consider a triangular lattice of the QDs.

For a single horizontal bond ⟨0,𝑅⟩ (𝑅 = Rêx), as it still re-
spects the My and T symmetries, only terms 101𝑅, X01𝑅,
10X𝑅, X0XR, Y0Y𝑅 and Z0Z𝑅 can survive, as explained in
Eq. (26) of Section 3. Moreover, due to the symmetry prop-
erties of the direct interaction Hd shown in Eq. (31), Z0Z𝑅

terms will vanish as well. On the other hand, the couplings
on the bond ⟨0,C j

6z𝑅⟩ ( j = 1,2, . . .5) will be determined by a
C j

6z conjugation on the horizontal bonds. Supposing 𝑅 j+1 =

C j
6z𝑅, by Eq. (19), the coupling reads

H⟨0,𝑅 j+1⟩ =
(

e−i jπ
3 Z ⊗ e−i jπ

3 Z
)

H⟨0,𝑅⟩

(
e i jπ

3 Z ⊗ e i jπ
3 Z
)

= hx0(𝑅)

[
cos

2π j
3

X0+ sin
2π j

3
Y0

]
+h0x(𝑅)

[
cos

2π j
3

X𝑅 j + sin
2π j

3
Y𝑅 j

]
+hxx(𝑅)

[
cos

2π j
3

X0+ sin
2π j

3
Y0

]
×
[

cos
2π j

3
X𝑅 j + sin

2π j
3

Y𝑅 j

]
+hyy(𝑅)

[
cos

2π j
3

Y0− sin
2π j

3
X0

]
×
[

cos
2π j

3
Y𝑅 j − sin

2π j
3

X𝑅 j

]
. (40)

It can be verified that, similar to Section 3, the coefficients
of the Zeeman terms, X0 and X𝑅, will be zero after sum-
ming over the six bonds connected to site 0 (𝑅), because
∑

6
j=1 D(C6z)

( j−1)XD(C6z)
−( j−1) = 0. Therefore, only the in-

teracting terms remain, which take the form of

H =
W1

2

6

∑
j=1

∑
⟨𝑅,𝑅′⟩ j

[
− sin

(
2π( j−1)

3

)
(X𝑅Y𝑅′ +Y𝑅X𝑅′)

+cos
(

2π( j−1)
3

)
(X𝑅X𝑅′ −Y𝑅Y𝑅′)

]

+
W2

2 ∑
⟨𝑅,𝑅′⟩

[
X𝑅X𝑅′ +Y𝑅Y𝑅′

]
. (41)

Here, we have again estimated the coupling parameters using
the non-interacting states Eq. (16). ⟨𝑅,𝑅′⟩ j ( j = 1, . . . ,6) de-
notes a nearest bond with orientation angle (π/3)( j−1), and
⟨𝑅,𝑅′⟩ denotes all nearest bonds.

To demonstrate the geometric frustration, let us consider
one triangle with vertices 𝑅1,2,3 first, as illustrated in Fig. 5,
and analyze at the mean-field level using the ansatz Eqs. (34)
and (35). For brevity, we dub θ1,2,3 = θ(𝑅1,2,3). The opti-
mal configuration for a single horizontal bond ⟨𝑅1,𝑅2⟩ will
be the same as Eq. (39), and the optimal configuration for the
⟨𝑅1,𝑅3⟩ and ⟨𝑅2,𝑅3⟩ bonds can be obtained by C6z rota-
tions. It is thus clear that the optimal configuration cannot
be achieved for all the three bonds simultaneously, which is a
manifestation of the geometric frustration. We can also solve
the lowest-energy configuration for one triangle. The mean-
field energy is given by

E =
3

∑
i=1

⟨Ψ |H⟨𝑅i,𝑅i+1⟩|Ψ⟩

=
W2

2 ∑
i

cos(θi −θi+1)

+
W1

2 ∑
i

cos
(

θi +θi+1 +
4π(i−1)

3

)
, (42)
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where i = 1,2,3 mod 3. As W1,2 > 0, it can be verified that
the global minimum is achieved by the following two sets of
solutions:

θi =−π

6
+

4π

3
(i+1) or θi =

5π

6
+

4π

3
(i+1), (43)

with energy E = − 3
4W2 − 3

2W1. In particular, if W2 = 0, there
will be no frustration in one triangle, as the minima of the three
W1 cosine terms are achieved simultaneously. The W2 term,
however, contains frustration. By rewriting it in the following
form, its minimum can be directly read off,

W2

4

∣∣∣∣∣∑i
e iθi

∣∣∣∣∣
2

−3

≥−3
4

W2, (44)

which is achieved by Eq. (43).
When more than one triangle is considered, the situation

will be further complicated, as the optimal mean-field con-
figuration for a single triangle (Fig. 5) cannot be tiled into a
lattice. It is also an unsolved question whether the quantum
ground state of Eq. (41) can be effectively captured within the
mean-field level. We leave them to future researches.

R R

R

R

R R

Fig. 5. A schematic illustration of two types of ground state orbital orders
of one plaquette of the triangular lattice.

5. Discussion and conclusion
In this work, we have investigated the effective models re-

alized by QD arrays on a SMS with a deep moiré potential. We
showed that the direct Coulomb interaction dominates among
all inter-QD couplings in such a limit. For the QDs with a two-
fold orbital degeneracy with orbital angular momenta L =±1
in the ground state manifold, we then demonstrated that vari-
ous orbital XY models can be realized on the lattice, including
an anisotropic XY model on the square lattice, and a geomet-
rically frustrated generalized XY model on the triangle lattice.
We emphasize that such a scheme is not restricted to the exam-
ples we have studied, but can be applicable more generically.
The only input needed is the local qudit space spanned by the
QD ground states, and the crystalline symmetries obeyed by
the SMS setup. For example, more complicated lattice types
may be designed, e.g., honeycomb or kagome, and materials
with strong SOC can be explored (Appendix C). It is also inter-
esting to ask whether more exotic QDs can be realized in SMS
with non-parabolic dispersions, such as graphene systems.

Finally, we discuss the fate of the remaining spin degrees
of freedom of the 4-dimensional qudits. Suppose that the or-
bital order forms at the energy scale of W , then only an SU(2)ζ

spin will be left at energy scales below it. Due to the global
SU(2)ζ symmetry, the coupling must take the form of Heisen-
berg model J ∑⟨𝑅1,𝑅2⟩𝑆𝑅1 ·𝑆𝑅2 , where 𝑆 denotes the SU(2)ζ

spin generators, and J will only be contributed by the summa-
tion of exchange Coulomb interaction, or the super-exchange
due to the virtual hoppings. As the energy scale of J is far
lower than W , for temperature below KW = W/kB, but larger
than KJ = J/kB, the remaining spins will simply behave para-
magnetically. While when temperature below KJ = J/kB, spe-
cific spin order forms.

The current work explores how an array of QDs with or-
bital degeneracy interact in an SMS in a general way, and
it remains unknown in which specific system the orbital XY
models can be experimentally realized. For the soft cosine
moiré potential we have investigated, a deep potential V is re-
quired for the formation of QDs, so that inter-QD overlap is
exponentially negligible. However, by reducing the QD wave-
packet size and hence reducing the quadrupole moment, this
condition also suppresses the direct interaction strength, al-
beit in a power-law manner. For the parameters we have ex-
plored, the direct interaction strength has only been found as
10−2–10−1 meV, which might be too low for current exper-
iment setups. However, if some steep moiré potential, e.g.,
periodic square wells, can be designed, then the negligible
inter-QD overlap and a considerable wave-packet size can be
realized simultaneously. In that case, we expect an orbital XY
model to be achievable. Since the moiré potential is typically
determined by the local stacking configuration, such a steep
moiré potential will generically require a stronger in-plane re-
laxation, so that sharp domains with different local stacking
configurations form.

We also discuss the potential effect of lattice reconstruc-
tion. To observe the phenomena associated with the orbital XY
models analyzed in our paper, we expect that each structurally
stable stacking domain should expand at least tens or hundreds
of moiré unit cells, so that the orbital degeneracy of most QDs
can be preserved, and adjacent QDs can fully interact to gener-
ate the orbital pattern. On the domain wall that separates two
stable stacking domains, however, the physics must be ana-
lyzed for each concrete material. While the defects or strains
on the domain walls may disrupt the crystalline symmetries
hence break the orbital degeneracy of the QD ground states,
being detrimental to the orbital XY model, it can still be inter-
esting to ask whether new bound states can be trapped at the
domain walls, which can interact with the bulk QD array.

Appendix A: Multipole moment expansion
The form of density–density interaction elements

W α ′β ′

αβ
(𝑅) is similar to the Coulomb interaction between two

charged bodies, and the difference is that ρα ′α(𝑟) and ρβ ′β (𝑟)

here can be complex numbers. Two ‘complex’ charges
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ρ(𝑟) can be calculated by Wannier functions by ρα ′α(𝑟1) =

ω*
α ′(𝑟1)ωα(𝑟1) and ρβ ′β (𝑟2) = ω*

β ′(𝑟2)ωβ (𝑟2).

W α ′β ′

αβ
(𝑅) =

e2

ε

∫
d2𝑟1

∫
d2𝑟2

ρα ′α(𝑟1)ρβ ′β (𝑟2)

|𝑟2 −𝑟1 +𝑅|

=
e2

ε

∫
d2𝑟1

∫
d2𝑟2

×
ρα ′α(𝑟1)ρβ ′β (𝑟2)√

(x2 − x1 +Rx)2 +(y2 − y1 +Ry)2
. (A1)

Here, we consider two elements W p+p+
p−p− (𝑅) and W p+p−

p−p+ (𝑅),

with ρp+p−(𝑟) = r2 e−2iθ e
− r2

ξ 2 and ρp−p+(𝑟) = r2 e2iθ e
− r2

ξ 2 .
In both cases, ρ(𝑟) is an even function. And we do analysis
under this condition below.

Let |𝑟1|, |𝑟2| ≪ |𝑅|, and do the expansion of |𝑟1|
|𝑅| and |𝑟2|

|𝑅|
as follows:

W α ′β ′

αβ
(𝑅) =

e2

ε|𝑅|

∫
d2𝑟1

∫
d2𝑟2

×
ρα ′α(𝑟1)ρβ ′β (𝑟2)√

1+ 2(x2−x1)Rx+2(y2−y1)Ry
R2 + (x2−x1)2+(y2−y1)2

R2

=
e2

ε|𝑅|

∫
d2𝑟1

∫
d2𝑟2ρα ′α(𝑟1)ρβ ′β (𝑟2)

×
[

1− 1
2

(
2(x2 − x1)Rx +2(y2 − y1)Ry

R2

+
(x2 − x1)

2 +(y2 − y1)
2

R2

)
+

3
8

(
2(x2 − x1)Rx +2(y2 − y1)Ry

R2

+
(x2 − x1)

2 +(y2 − y1)
2

R2

)2

· · ·
]
. (A2)

Now define

e(1) =
∫

d2𝑟1ρα ′α(𝑟1), (A3)

d(1)
i =

∫
d2𝑟1ρα ′α(𝑟1)r1i, (A4)

Q(1)
i j =

∫
d2𝑟1ρα ′α(𝑟1)(3r1ir1 j −|𝑟|2δi j), (A5)

where r1i is the i component of 𝑟1, and Wannier labels α , α ′

have been omitted in e(1), d(1)
i and Q(1)

i j for simplicity.
Then,

W α ′β ′

αβ
(𝑅) =

e2

ε

[
e(1)e(2)

|𝑅|
+

e(1)𝑑(2) · 𝑅̂− e(2)𝑑(1) · 𝑅̂
|𝑅|2

+
𝑑(1) ·𝑑(2)−3(𝑑(1) · 𝑅̂)(𝑑(2) · 𝑅̂)

|𝑅|3

+
1
2

e(1)𝑄(2) : 𝑅̂𝑅̂+ e(2)𝑄(1) : 𝑅̂𝑅̂

|𝑅|3

+O
(

1
|𝑅|5

)]
. (A6)

Because
∫

dθ e2iθ = 0, the ‘charge’ term e(1) (e(2)) is zero.
As a result, the first term (‘charge–charge interaction’) and the
fourth term (‘charge–quadrupole interaction’) vanish. Since
ρ(𝑟) considered here is an even function, the dipole term di

also vanishes, as its integrand with respect to the variable ri

is odd. Thus, the second and third expansion terms are both
zero. The reason for the vanishing of the term, which scales
as O

(
1

|𝑅|4

)
, is also due to the oddness of the integrand in ri.

Therefore, the leading non-zero term scales as O
(

1
|𝑅|5

)
. The

specific form of this term is

e2

ε|𝑅|

∫
d2𝑟1ρ(𝑟1)

∫
d2𝑟2ρ(𝑟2)

(
3
8
(𝑟2 −𝑟1)

4

|𝑅|4

−15
4

(
(𝑟2 −𝑟1) · 𝑅̂

)2
(𝑟2 −𝑟1)

2

|𝑅|4

+
35
8

(
(𝑟2 −𝑟1) · 𝑅̂

)4

|𝑅|4

)
, (A7)

where α,β indices have been omitted for simplicity.

Appendix B: Hatree–Fock mean field calculation
With interaction turned on, N fold degenerate energy lev-

els due to enlarged SU(2)L symmetry will break into no more
than 2-fold. This picture can be obtained from full-symmetric
Hartree–Fock (HF) calculation for one single site with three
electrons. The mean field Hamiltonian for filling ν = 3 moiré
atom with continuous rotation symmetry is as follows:

HMF = ∑
αβ

∑
ζ

Eαβ ψ
†
αζ

ψβζ

+ ∑
αβα ′β ′

∑
ζ ζ ′

Uαβα ′β ′

(
⟨ψ†

αζ
ψα ′ζ ⟩ψ†

βζ ′ψβ ′ζ ′

−⟨ψ†
αζ

ψβ ′ζ ′⟩ψ†
βζ ′ψα ′ζ

)
, (B1)

where ψ
†
αζ

is the field operator with α = (Nα ,Lα) denoting
2D harmonic oscillator states and spin ζ . On-site energy
Eαβ = δNα ,Nβ

(Nα + 1)h̄ω , and on-site Coulomb interaction
matrix element is calculated as[21]

Uαβα ′β ′ =
∫ d2𝑞

(2π)2
2πe2

ε|𝑞|

×⟨Nα Lα ,Nβ Lβ |e i𝑞·(𝑟1−𝑟2)|Nα ′Lα ′ ,Nβ ′Lβ ′⟩. (B2)

The 2D isotropic harmonic oscillators with principle quantum
number N ≤ 9 are included in the full-symmetric Hartree–
Fock mean field calculation. ⟨ψ†

αζ
ψα ′ζ ⟩ and ⟨ψ†

αζ
ψβ ′ζ ′⟩ are

order parameters with respect to the ground state for every
iteration step. They satisfy the symmetry constraints as fol-
lows. ⟨ψ†

α↑ψβ↑⟩ = ⟨ψ†
α↓ψβ↓⟩ and ⟨ψ†

α↑ψβ↓⟩ = ⟨ψ†
α↓ψβ↑⟩ =

0 because of SU(2)ζ symmetry. My symmetry gives
⟨ψ†

αζ
ψβζ ′⟩ = ⟨ψ†

ᾱζ
ψ

β̄ ζ ′⟩. And spinless TR symmetry gives
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⟨ψ†
αζ

ψβζ ′⟩= ⟨ψ†
β̄ ζ ′ψᾱζ ⟩. Because of continues rotation sym-

metry, ⟨ψ†
αζ

ψβζ ′⟩= δLα ,Lβ
⟨ψ†

αζ
ψβζ ′⟩. Here ᾱ is the time re-

versal state of α .
Because for one N, smaller |L| means a state with lower

angular momentum, corresponding to more localized wave-
functions of lower potential energy but larger interaction en-
ergy. The energies of oscillator states with different |L| will be
different for a fixed N (two-fold degeneracy E(N,L) = E(N,−L)

remains because of My and T symmetries). Thus, under the
meaning of mean field, ‘single particle’ levels s, p still have
the same degeneracy as the zero-interaction limit, which is 1-
fold and 2-fold, respectively. But d levels split into ‘2+ 1’
fold.

Appendix C: Effective lattice model with strong
SOC

The effective lattice model in two splitted degenerate sub-
spaces on square lattice is given below. When the SOC ef-
fect is strong, the symmetry group is double point group DD

4 ,
The representation matrices of DD

4 group’s generators and time
reversal operation under two degenerate many-body basis la-
beled |J,M j⟩ are

D(C4z) = e−i π
2 M jZ , D(My) =−iX , D(T ) = iY, (C1)

where X ,Y,Z are pauli matrices acting on the total angular mo-
mentum degree of freedom of electron fields. The Hamiltonian
satisfing these symmetry constraints should be as follows (the
energy shift term 1𝑅1𝑅′ is omitted):

H = ∑
⟨𝑅,𝑅′⟩𝑥

[
hxxX𝑅X𝑅′

+hyyY𝑅Y𝑅′

]

+ ∑
⟨𝑅,𝑅′⟩𝑦

[
hyyX𝑅X𝑅′

+hxxY𝑅Y𝑅′

]

+
2

∑
j=1

∑
⟨𝑅,𝑅′⟩ j

D(C4z)
j−1 ×

[
aY Z +bZY

]⟨𝑅,𝑅′⟩ j

×D(C4z)
1− j, (C2)

where ⟨𝑅,𝑅′⟩𝑥/𝑦 denotes nearest bonds along x/y-direction
and 𝑅 goes through all sites. ⟨𝑅,𝑅′⟩ j ( j = 1,2) denotes
nearest bonds related to each other by C4z symmetry, and
⟨𝑅,𝑅′⟩1 along x-axis. D(C4z) = e−i π

4 Z gives the Hamilto-
nian in degenerate |J = 1

2 ,M j =± 1
2 ⟩ space. D(C4z) = e−i 3π

4 Z

gives the Hamiltonian in degenerate |J = 3
2 ,M j =± 3

2 ⟩ space
in Eq. (C2). Because of times reversal symmetry, ZZ term is
still forbidden.

Appendix D: The Hamiltonian of exchange and
superexchange interactions

For exchange interaction and superexchange interaction,
it is noticed that there is no SU(2)ζ symmetry for a single site
now. Thus, the spin index cannot be ignored anymore. There
are four bases in G.S. manifold, as shown in Eq. (16) in the
weak interaction condition.

The representation matrices D(g) under four many-body
bases Eq. (16) are

D(C4z) =−ZZS0S0, D(My) = XXS0S0,

D(𝒯 ) =−XXSySy, (D1)

where X , Y , Z are Pauli matrices acting on the orbital degree
of freedom, and Sx, Sy, Sz are Pauli matrices acting on the spin
degree of freedom. There is still SU(2)ζ symmetry for one
bond, the Hamiltonian of one bond should commute with Sx,
Sy, and Sz. According to the symmetries above, the form of the
Hamiltonian for spin can be only S0S0 or SxSx + SySy + SzSz.
The real space Hamiltonian can be X𝑅X𝑅′ , Y𝑅Y𝑅′ , Z𝑅Z𝑅′ ,
X𝑅1𝑅′ , 1𝑅X𝑅′ and 1𝑅1𝑅′ terms. The lattice Hamiltonian has
the general form as follows:

H = ∑
⟨𝑅,𝑅′⟩

[
(aX𝑅X𝑅′ +bY𝑅Y𝑅′ + cZ𝑅Z𝑅′)𝑆𝑅𝑆𝑅′

+
(
a′X𝑅X𝑅′ +b′Y𝑅Y𝑅′ + c′Z𝑅Z𝑅′

)
S0𝑅S0𝑅′

+h𝑆𝑅𝑆𝑅′

]

+
2

∑
j=1

∑
⟨𝑅,𝑅′⟩ j

D(C4z)
j−1

[
e(X𝑅1𝑅′ +1𝑅X𝑅′)𝑆 ·𝑆

+ f (1𝑅X𝑅′ +X𝑅1𝑅′)S0S0

]⟨𝑅,𝑅′⟩ j

D(C4z)
1− j, (D2)

where a,b,c,a′,b′,c′,h,e, f are real coefficients. ⟨𝑅,𝑅′⟩ de-
notes nearest bonds. ⟨𝑅,𝑅′⟩ j ( j = 1,2) denotes two bonds
related to each other by C4z symmetry, and ⟨𝑅,𝑅′⟩1 along x-
direction.
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