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Detecting coupling pattern between elements in a complex system is a basic task in data-driven analysis. The tra-
jectory for each specific element is a cooperative result of its intrinsic dynamic, its couplings with other elements, and the
environment. It is subsequently composed of many components, only some of which take part in the couplings. In this paper
we present a framework to detect the component correlation pattern. Firstly, the interested trajectories are decomposed into
components by using decomposing methods such as the Fourier expansion and the Wavelet transformation. Secondly, the
cross-correlations between the components are calculated, resulting into a component cross-correlation matrix (network).
Finally, the dominant structure in the network is identified to characterize the coupling pattern in the system. Several deter-
ministic dynamical models turn out to be characterized with rich structures such as the clustering of the components. The
pattern of correlation between respiratory (RESP) and ECG signals is composed of five sub-clusters that are mainly formed
by the components in ECG signal. Interestingly, only 7 components from RESP (scattered in four sub-clusters) take part in
the realization of coupling between the two signals.
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1. Introduction

A complex system is composed of several or many el-
ements. Each element is an agent that has its own specific
dynamical behavior. The agents interact with each other by
complicated couplings between them, resulting into a net-
work. This network accompanying with the environments de-
termines the system’s dynamical process, records for which
form a multivariate time series.[1] The inter-dependence be-
tween the records, called correlation, in return can shed
light on the underlying dynamical mechanism and be helpful
for evaluation, prediction, intervention, and even controlling
of the system.[2] Correlation in spatial-temporal records at-
tracts accordingly persistent attentions from diverse research
fields.[3–7]

The correlation in temporal dimension presents us mem-
ory behavior. Within each specific time series, the inter-
dependence between records separated by a specific time delay
is currently measured by means of, e.g., the Pearson correla-
tion coefficient and the conditional entropy.[8–10] When the re-
lation of dependence versus time delay decays exponentially,
the memory has a characteristic length, termed short-range
correlation.[11] In a large amount of complex systems in di-
verse fields from physiology, society, finance, to ecology, the
relation decays according to a power-law instead of the expo-
nential one, termed long-range correlation.[12,13]

The correlation in spatial dimension gives us the cou-
pling effects between observable quantities. All the cross-

correlations between the observable quantities measured with,
e.g., the Pearson correlation coefficient and the mutual en-
tropy, form a correlation-matrix (graph). Properties of
the graph defined in network theory and random matrix
theory[14,15] give us profound insights on the state and evo-
lution of the complex system. For instances, the eigenvec-
tors corresponding to the largest and the second eigenvalues
of the matrix can cluster stocks into reasonable groups.[16,17]

Though the density of its spectrum obeys a semi-circle law,
there usually appears a peak of density centered at a large
eigenvalue.[18] The components in the eigenvector corre-
sponding to the center of the peak provide us information for
the system’s collective motion. And the average linkage den-
sity in the graph for ten stock markets predicts successfully
financial crises.[19]

Generally speaking, there exist nontrivial patterns in the
temporal-spatial records at different scales, and the patterns
are dependent with each other in the temporal and spatial di-
mensions. The dependence between the patterns provides us
the hyper details of correlation, called correlation structure
herein.[20] However, the currently used concepts such as the
(cross-)correlation coefficient and the mutual entropy share
a procedure of statistical average, where details of correla-
tion structure are merged into scalar quantities, i.e., the struc-
ture information is lost. To preserve the microscopic details
of correlation people have proposed various solutions to map
temporal-spatial records into networks, paving a new way to
characterize dynamical systems.[21] For a multivariate time
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series, a straight-forward strategy is to construct the corre-
lation matrix and interpret it as the adjacency matrix for a
network.[22–24] For a mono-variate time series, one can map
the series segments each to nodes, and adopt the distances be-
tween them as linking weights between the nodes.[25–27] Al-
ternatively, the records each are mapped to nodes, and a pair
of nodes are linked only when they can see each other, i.e., all
the records between them are under the straight line linking
them.[28–30] The networks corresponding to all the observable
quantities form a multi-layer network. This network based
temporal-spatial series analysis has made fruitful achieve-
ments. For instances, the network constructed from meteo-
rological data[31] reveals that the coupling strengths between
different regions diverse in a wide range, resulting into some
clusters with tightly intra-linkages and loosely inter-linkages.
The network mapped from temperature data[32] exposes the
important role of ocean surface circulation in stabilising the
global long-term temperature field. And the global coupling
pattern of extreme rainfall events is identified successfully in
the network constructed from high-resolution satellite data.[33]

In this work we investigate the correlation structure stored
in components of signals, called component correlation net-
work. It is stimulated by two facts. First, the records for a
specific observable quantity form a mono-variate time series,
but it is actually a cooperative result of dynamical processes
for all the agents in the system. For instance, one can monitor
a person’s healthy state with a multi-channel signal compos-
ing of the heat-beat series, the EEG signals in brain, the res-
piration series, and the eye-ball motions, etc.[34–37] The heart-
beat series, e.g., is widely used to represent the healthy state
of the heart, but it is generated by different organs networked
by their inter-influences. It contains accordingly contributions
from all the organs. Second, the agents each have their own
intrinsic behaviors. Let us take also the human body as an
example. The body’s biological rhythm is about 24 hours.
The heart-beat and respiration have a characteristic period of
about 1 second. While the EEG signals emitted from brain
have a characteristic period of about 10−3 or even 10−4 sec-
ond. The network of organs works in a wide range of char-
acteristic periods covering a total of 8 orders of magnitude.
A general mechanism for realization of coupling between two
agents with different characteristic periods is the resonance be-
tween their components with close periods.[38,39] The compo-
nents in a time series may tell us the contributions from dif-
ferent agents, and how the influence between each pair of the
agents occurs.

To find the component correlation structure, we decom-
pose the time series for interested observable quantities into
components, taken as the contributions from all the agents.
And then we calculate the cross-correlations between all the
pairs of components, which form the component correlation
matrix. The correlations between the components for a spe-

cific time series give us the intra-correlation behavior for the
corresponding observable quantity. And the correlations be-
tween the components come from different time series provide
us the inter-correlation behavior for the corresponding observ-
able quantities.

Technically, the Fourier expansion and the wavelet de-
composition are used to obtain the components. For the com-
ponents obtained with the Fourier expansion, each component
has a specific oscillation angle speed and an expansion coeffi-
cient, denoted with a vector in polar coordinate system. The
correlation between a pair of components is quantified with
the absolute value of the scalar product of their corresponding
vectors. For the components obtained with the wavelet decom-
position, each component is a series of expansion coefficients,
forming a high-dimensional vector. The correlation between
a pair of components is quantified with the absolute value of
the scalar product of the corresponding two high-dimensional
vectors.

As an illustration, we investigated time series generated
with several typical chaotic dynamic models and two physio-
logical signals. The number of retained frequency components
has a strong and positive correlation with the Lyapunov expo-
nent. The components tend to group into clusters, providing
us with rich patterns of correlations between variables in the
systems each. In the empirical example of the ECG and RESP
signals, the frequency components in ECG signal group into
five sub-clusters, four in which are coupled with a total of 7
frequency components in RESP, respectively.

2. Method
The discrete Fourier transform is used to find the compo-

nents with different oscillation frequencies. Let us consider
a time series with a length of N, F ≡ { f0, f2, . . . , fN−1}. As-
suming F is absolutely summable, i.e., the summation for the
absolutes of its elements is finite ∑

N−1
n=0 | fn|< ∞, its expansion

reads,

fn =
1
N

N−1

∑
k=0

X(k)exp
(

i
2π

N
kn
)
, n = 1,2, . . . ,N−1, (1)

where Xk, k = 0,1,2, . . . ,N−1, the expansion coefficients cor-
responding to the waves of{

exp
(

i
2π

N
kn
)
, k= 0,1,2, . . . ,N−1; n= 0,1,2, . . . ,N−1

}
read

X(k) =
N−1

∑
n=1

fn exp
(
−i

2π

N
kn
)
, k = 0,2, . . . ,N−1, (2)

called frequency components for the series F . Re-arranging
the power spectral densities of the components

|X(k)|2

∑
N−1
m=1 |X(m)|2

, k = 1,2, . . . ,N−1
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in a descending order, the frequency components whose ac-
cumulative power spectral density reaches a specified value
(in this work it is chosen to be 0.9) are preserved as the con-
sidered components, and the other components are discarded.
The retained components with frequencies from high to low
are assigned the identification numbers of 1,2, . . . ,k.

Each frequency component, e.g., the k-th one can be rep-
resented with two pieces of information,[40]

A(k) = |X(k)|,
φ(k) = arg(X(k)), (3)

describing its amplitude (contribution to F) and its oscillation
speed, respectively. The frequency component correlation ma-
trix Rf is accordingly defined as

Rf
mn = |A(m)A(n)|cos[φ(m)−φ(n)], m,n = 1,2, . . . ,M, (4)

i.e., each entity is the scalar product between the correspond-
ing vectors, where M is the total number of the retained
components. In calculations the algorithm of Fast Fourier
transform[41,42] is adopted.

The components corresponding to different scales, called
scaling components, are found also by means of the continu-
ous wavelet transform. Expanding the time series F with a set
of wavelets ψ

( n−b
a

)
, n = 0,1,2, . . . ,N−1,

fn ∼
aM

∑
a=a1

N−1

∑
b=0

W (a,b)ψ
(

n−b
a

)
, n = 1,2, . . . ,N−1, (5)

where a is the scale selected to be a1,a2, . . . ,aM , and b =

0,2, . . . ,N − 1 the translation of the center for the wavelet.
And W (a,b) is the expansion coefficient (contribution to F)
obtained with

W (a,b) =
1√
a

N−1

∑
n=0

F(k)ψ
(

n−b
a

)
. (6)

For each specific scale a, all the expansion coefficients
W (a,b),b = 0,1,2, . . . ,N− 1 form a vector, representing the
component corresponding to the scale a. In order to capture
more detailed frequency information, we decompose each sig-
nal on 32 scales, and the obtained scaling components are thus
numbered from scale 1 to scale 32. In calculations the Mexi-
can hat wavelet is adopted.[43,44]

For a pair of scaling components with scales, e.g., am and
an, one calculates the time-delayed correlations

Cmn(τ) =
N−τ

∑
b=0

W (am,b)W ∗(an,b,b+ τ), (7)

where τ is a time delay in the range of −(N − 1) ≤ τ ≤
+(N−1). The maximum one in the correlation values corre-
sponding to different τ is regarded as the correlation strength

between the component pairs, which generally not occurs at
τ = 0. The scale component correlation matrix Rw reads

Rw
mn = max{Cam,an(m),

τ =−(N−1),2−N, . . . ,N−2,+(N−1)},
m,n = 1,2, . . . ,M. (8)

Generally speaking, the the retained components group
into different clusters, within (among) which there exist signif-
icantly large (small) average of correlation strength. From an
obtained frequency/scaling component correlation matrix (Rf

or Rw), one replaces all the entities with their absolutes, result-
ing into a component correlation strength matrix (|Rf| or |Rw|).
A heat-map is currently adopted to display its structure. To ex-
pose the clustering behavior we first construct a clustering-tree
for the components by using the clustering tree algorithm, and
then re-arrange the components to position those belonging to
the same (sub-)clusters together, denoted with s1,s2, . . . ,sl , re-
spectively. The component correlation strength matrices are
mapped also to networks, where the nodes and weights of
edges are the components and the correlation strengths, re-
spectively. To expose the dominant topological structure for
each constructed network, a threshold t is introduced to filter
out weak correlations.[45–48]

What is more, a specific variable’s retained components
that take part in the variable’s couplings with other variables
usually center around a specific frequency, called aggrega-
tion behavior. Without loss of generality, let us consider the
retained components from the variable x in the (sub-)cluster
named sub, denoted with {I1, I2, . . . , Iv}, where v is the total
number of the components. We randomly take out a sub-set
containing a total of n identification numbers from the set of
identification numbers for the retained components of the vari-
able x, conducting which W times leads to a total of W sub-
sets,

IR
w =

{
IR
w (1), I

R
w (2), . . . , I

R
w (v)

}
⊂ {1,2, . . . ,Nsub} ,

w = 1,2, . . . ,W.

The aggregation behavior for the retained components from x
in the (sub-)cluster sub is measured with

Gsub
x ≡

∑
v
i6= j=1 |Ii− I j|

1
W ∑

W
w=1 ∑

v
i6= j=1 |IR

w (i)− IR
w ( j)|

, (9)

called aggregation degree. In calculations W is chosen to be
1000. A smaller value of Gsub

x implies the frequencies for the
retained components distributed around a specific frequency
in a sharper interval.

The structural behavior for each specific component, e.g.,
the n-th frequency component, is measured with its entropy Ef

n

and participation ratio Qf
n, defined as

Ef
n ≡−

1
lnM ∑

M
k=1

|Rf
kn|

∑
M
s=1 |Rf

sn|
ln
{
|Rf

kn|
∑

M
s=1 |Rf

sn|

}
,
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Qf
n ≡

{
M∑

M
k=1

[
|Rf

kn|
∑

M
s=1 |Rf

sn|

]2}−1

. (10)

The value of Ef
n estimates the strength of correlations of the

n-th frequency component with the others, while that for Qf

shows further the homogenous behavior of the correlations.
The entropy and participation ratio for the n-th scaling com-
ponents, denoted with Ew

n and Qw
n , can be calculated with an

analogous procedure. In the definition of entropy, a multi-
plier 1/lnM is introduced to the Shannon entropy to be sure
its value is in the range of [0,1].

The computational procedure is illustrated in Fig. 1.

Component 
decomposition

Frequency  components

X k

                Scaling  components

,W a b

Component 
correlation matrix

Component 
correlation matrix 

max
m n

w
mn a aR C m| | cosf

mnR A m A n m n

sub
xG

 

2

1

1
n M

mn

m

Q

M R

 

1

1
ln

ln

M

mn mnn

m

E R R
M

 

1

| |

| |

mn
mn

M

kn

k

R
R

R

^

^

^
^

X1↪ X2↪ ...↪ XM

Fig. 1. The procedure for component correlaion analysis. First, one de-
composes the considered mono/multi-variate time series into components
by means of Fourier expansion or wavelet transformation. Second, the
frequency and scaling component correlation matrices (networks) are con-
structed, from which one obtains their structural properties such as the clus-
tering behavior. Last, every column is rescaled with the summation of all the
entities in it, resulting into two new matrices (networks) in which the summa-
tion of the entities in every column is unitary, implying that the entities can
be accordingly interpreted as probabilities. The nonhomogenous behaviors
are subsequently measured with entropy and participation ratio.

3. Results
As typical examples, we investigate the chaotic trajecto-

ries generated by Henon map, logistic map, Lorentz system,
and Rossler system.

3.1. Henon map

The Henon map reads{
xn+1 = 1−αx2

n + yn,

yn+1 = ηxn.
(11)

The parameter η is selected to be 0.3, and the parameter α

starts at 0.8 and ends at 1.4.
As shown in Fig. 2(a), the number of retained frequency

components in x and y increases (decreases) significantly as
the system evolves from a non-chaotic (chaotic) state to a
chaotic (non-chaotic) one. Actually, a larger Lyapunov expo-
nent implies also a larger number of frequency components.

For the chaotic trajectory generated with (α,η) =

(1.3,0.3) (the Lyapunov exponent is 0.11), the total of 346
retained frequency components in x and y cluster into 6 sub-
clusters denoted with s1, s2, s3, s4, s5, and s6 (see the heat-map
in Fig. 2(b)). There exist limited linkages between the sub-
clusters s2 and s3, however they both each are strongly con-
nected with s1 respectively, resulting into a cluster centered
at s1, named with SA. There exist limited linkages between
the sub-clusters s4 and s6, however they both each are strongly
connected with s5 respectively, resulting into a cluster centered
at s5, named with SB. The clusters SA and SB are linked by the
sub-cluster s2. Table 1(a) presents the numbers of retained
frequency components in the (sub-)clusters each and their ag-
gregation behaviors. The frequencies for the components from
y in sub-cluster s5 aggregate more tightly compared with that
in the other sub-clusters.
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Fig. 2. Correlation between frequency components of the Henon map. (a) The curves of the retained frequency components of the x, y and
the Lyapunov exponential curve with parameters α , respectively. (b) The clustering heat-map of components in the correlation strength matrix
|Rf|. The components from x, y are numbered in order from 1 to 346. (c) The scatter plot of entropy and participation ratio for each component.
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Table 1. Percentage of components and aggregation degree in each sub-
cluster for Henon map.

(a) Frequency components

Sub Components from x Gsub
x Components from y Gsub

y

s1 29/47 0.9005 18/47 0.9514
s2 22/46 1.0267 24/46 0.9947
s3 21/52 1.0114 31/52 1.0436
s4 39/78 1.0553 39/78 0.9678
s5 38/64 0.9597 26/64 0.8971
s6 24/59 1.0232 35/59 0.9921

(b) Scaling components

Sub Components from x Gsub
x Components from y Gsub

y

s1 6/12 0.2117 6/12 0.2146
s2 15/30 0.5233 15/30 0.5192
s3 4/8 0.4844 4/8 0.4856
s4 7/14 0.3247 7/14 0.3210

Figure 2(c) gives the entropy and participation ratio for
each component. The maximum values of Qf and Ef are
0.8281 and 0.9785, whose corresponding components are the
the ones numbered 145 and 144 from x, respectively. These

two frequency components are the hubs of the network, i.e.,
they have the largest number of neighbors.

For the chaotic trajectory generated with (α,η) =

(1.3,0.3), the absolute values of the wavelet coefficients for
the scaling components in x (upper part) and y (lower part) are
presented in Fig. 3(a), respectively. The scaling components
group into four sub-clusters marked with s1, s2, s3, and s4,
where s2 is a center that have strong linkages with s1, s3, and
s4, respectively (see the heat-map for |Rw| in panel (b)). And
the sub-clusters s1, s3, and s4 are almost isolated with each
other. Table 1(b) gives the numbers of scaling components
in the sub-clusters each and their aggregation behaviors, from
which one can find that the scaling components with succes-
sive scales aggregate tightly together in the sub-clusters each.
Most of the points for (Qw, Ew) aggregate at the up-right cor-
ner, i.e., their values are large (panel (c)). The maximum val-
ues of Qw and Ew are 0.8712, 0.9874, whose corresponding
components are the the ones numbered 14 from x and num-
bered 46 from y, respectively. The scaling components num-
bered 14,46 take as the hubs of the network.
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Fig. 3. Correlation between scaling components of the Henon map. (a) The absolute values of the wavelet coefficients for x and y on 32 scales,
respectively. The components from x, y are numbered in order from 1 to 64. (b) The clustering heat-map of components in the correlation
strength matrix |Rw|. (c) The scatter plot of entropy and participation ratio for each component.

3.2. Logistic map

The logistic map reads

xn+1 = rxn(1− xn). (12)

The parameter r starts at 2.5 and ends at 4.
The number of retained frequency components in x at dif-

ferent values of parameter r are shown in Fig. 4(a1). When r >
3.74, the number of retained frequency components increases
(decreases) with the system evolves from a non-chaotic
(chaotic) state to a chaotic (non-chaotic) state. A stronger
(weaker) chaotic behavior measured with a larger/smaller Lya-
punov exponent implies a larger (smaller) number of retained
frequency components.

For the chaotic trajectory generated with r = 3.8 (the Lya-
punov exponent is 0.44), the total of 25 retained frequency

components in x cluster into 3 sub-clusters denoted with s1,
s2, and s3 (see the heat-map in Fig. 4(b1)). The frequency
components in s1 at the up-left corner are densely connected.
The sub-cluster s2 at the centre and the sub-cluster s3 in the
down-right corner composed of more small sub-clusters, re-
spectively. As shown in Table 2, the aggregation degrees
for the sub-clusters each are very close to 1, i.e., the fre-
quency components from x in each sub-cluster are dispersed.
Panel (c1) shows the entropy and participation ratio for all fre-
quency components, in which most of the points for (Qf,Ef)

aggregate at the down-left corner, i.e., their values are small.
The maximum values of Qf and Ef are 0.8863,0.9777, whose
corresponding components both are the one numbered 1 from
x. The frequency component numbered 1 takes as the hub of
the network.
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Fig. 4. Correlation between frequency [(a1)–(c1)]/scaling [(a2)–(c2)] components of the logistic map. (a1) The curves of the retained frequency
components of the x and the Lyapunov exponential curve with parameters r, respectively. (b1) The clustering heat-map of components in the
correlation strength matrix |Rf|. The components from x are numbered in order from 1 to 25. (c1) The scatter plot of entropy and participation
ratio for each component. (a2) The absolute values of the wavelet coefficients for x on 32 scales. The components from x are numbered in
order from 1 to 32. (b2) The clustering heat-map of components in the correlation strength matrix |Rw|. (c2) The scatter plot of entropy and
participation ratio for each component.

Table 2. Percentage of components and aggregation degree in each sub-
cluster for logistic map.

Frequency components Scaling components

Sub Components from x Gsub
x Components from x Gsub

x

s1 7 1.0584 16 0.5148

s2 9 1.0217 8 0.2717

s3 9 0.9784 8 0.2738

Figure 4(a2) provides the absolute values of the wavelet
coefficients for the scaling components from x at different
scales. In the clustering heat-map of the correlation strength
matrix |Rw| in Fig. 4(b2), the scaling components cluster into
3 consecutive loose sub-clusters. The sub-clusters s1 and s2

are linked into a cluster, where the interacting components all
originate from the components of x at different scales. Table 2
gives the numbers of scaling components in the sub-clusters
each and their aggregation behaviors, showing that the scal-
ing components with successive scales group tightly together
in the sub-clusters each. As shown in panel (c2), the points
of (Qw,Ew) cluster at the up-right corner, where the values
for them are large. The maximum values of Qw and Ew are
0.8811, 0.9737, whose corresponding components are the ones
numbered 14, 11 from x, respectively. These two scaling com-
ponents numbered 14, 11 are the hubs of the network.

3.3. Lorentz system

The lorentz system reads
ẋ = σ(y− x),

ẏ = x(ρ− z)− y,

ż = xy−β z.

(13)

The parameters σ and β are selected to be 10 and 8/3, respec-
tively, and the parameter ρ starts at 23 and ends at 200.

The number of retained frequency components in x, y,
and z at different values of parameter ρ are shown in Fig. 5(a).
The number of retained components in x and y exhibit sim-
ilar trends as the Lyapunov exponent (red curve), i.e., it in-
creases (decreases) significantly as the system evolves from a
non-chaotic (chaotic) state to a chaotic (non-chaotic) one. But
the number of retained frequency components in z exhibits a
constant pattern.

For the chaotic trajectory generated with (σ ,β ,ρ) =

(10,8/3,199) (the Lyapunov exponent is 1.51), the total of
146 retained frequency components in x, y, and z cluster into
4 sub-clusters denoted with s1, s2, s3, and s4 (see the heat-map
in Fig. 5(b)). The sub-clusters s1 and s3 both each are strongly
connected with s2, and all of them resualting into a cluster,
which linked with sub-cluster s4 by s3. As shown in Table 3(a),
the components from z do not appear in the sub-clusters s1, s2,
s3. And only one component from z appears in the sub-cluster
s4 (whose size is 59). The components from y have an aggre-
gation degree close to 1 in each sub-cluster, while the frequen-
cies for components from x in sub-cluster s4 has the lowest
aggregation, i.e., aggregating more tightly compared to those
in the other sub-clusters. As shown in panel (c), the compo-
nents with lower participation and entropy values are not sig-
nificantly different in number from those with higher values.
The maximum values of Qf and Ef are 0.8337, 0.9755, whose
corresponding components are the ones numbered 53, 54 from
x, respectively. These two frequency components are the hubs
of the network, i.e., they have the largest number of neighbors.
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Fig. 5. Correlation between frequency components of the Lorentz system. (a) The curves of the retained frequency components of the x, y, and z, and
the Lyapunov exponential curve with parameters ρ , respectively. (b) The clustering heat-map of components in the correlation strength matrix |Rf|. The
components from x, y, and z are numbered in order from 1 to 146. (c) The scatter plot of entropy and participation ratio for each component.

Table 3. Percentage of components and aggregation degree in each sub-cluster for Lorentz system.

(a) Frequency components

Sub Components from x Gsub
x Components from y Gsub

y Components from z Gsub
z

s1 11/32 0.7769 21/32 0.9530 0 0
s2 10/27 1.1479 17/27 1.1159 0 0
s3 9/28 1.1264 19/28 0.8706 0 0
s4 27/59 0.5866 31/59 0.9734 1/59 1

(b) Scaling components

Sub Components from x Gsub
x Components from y Gsub

y Components from z Gsub
z

s1 26/52 0.8182 26/52 0.8194 0 0
s2 6/12 0.2125 6/12 0.2116 0 0
s3 0 0 0 0 32/32 1
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Fig. 6. Correlation between scaling components of the Lorentz system. (a) The absolute values of the wavelet coefficients for x, y, and z on 32
scales, respectively. (b) The clustering heat-map of components in the correlation strength matrix |Rw|. The components from x, y, and z are
numbered in order from 1 to 96. (c) The scatter plot of entropy and participation ratio for each component.

For the chaotic trajectory generated with (σ ,β ,ρ) =

(10,8/3,199), the absolute values of the wavelet coefficients
for the scaling components in x (upper part), y (middle part),
and z (lower part) are presented in Fig. 6(a), respectively. The

scaling components group into 3 sub-clusters marked with s1,
s2, and s3, where the sub-cluster s3 is almost completely iso-
lated with sub-clusters s1 and s2 (see the heat-map for |Rw|
in panel (b)). From Table 3(b), one can find that the com-
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ponents in the sub-clusters s1 and s2 are mainly from x and
y, while the components in s3 are all from z with successive
scales. The wavelet decomposition only can find the structure
of cross-correlation between x and y, but failing between (x,z)
or (y,z). As shown in Fig. 6(c), the points of (Qw,Ew) cluster
mainly at the centre and upper-right corner, whereas compo-
nents with smaller participation ratio and entropy value ,which
have fewer neighbours in the network, occupy a minority. The
maximum values of Qw and Ew are 0.6974, 0.9449, whose
corresponding components are the ones numbered 38 from y
and numbered 6 from x, respectively. The scaling components
numbered 38, 6 take as the hubs of the network.

3.4. Rossler system

The Rossler system reads
ẋ =−(y+ z),

ẏ = x+µy,

ż = ν + z(x−ξ ).

(14)

The parameters µ and ν are selected to be 0.2 and 0.2, respec-
tively, and the parameter ξ starts at 4 and ends at 7.

As shown in Fig. 7(a), the black and blue curves repre-
senting the number of retained frequency components in x and

y, respectively, show extremely similar trends, but a different
trend from that of retained frequency components in z. And
the number of retained components in x and y at each parame-
ter ξ is much smaller than z.

For the chaotic trajectory generated with (µ,ν ,ξ ) =

(0.2,0.2,6.8) (the Lyapunov exponent is 1.51), the total of
201 retained frequency components in x, y, and z cluster into
4 sub-clusters denoted with s1, s2, s3, and s4 (see the heat-map
in Fig. 7(b)). The components in sub-clusters s3 act as a cen-
tre to connect sub-clusters s2 and s4, where there are limited
weak connections, and similar behaviour occurs in s2, which
connecting sub-clusters s1 and s3. Table 4(a) presents the num-
bers of retained frequency components and their aggregation
behaviors in the (sub-)clusters each. In each sub-cluster, most
of the frequency components are from z. The frequencies for
the components from x in sub-cluster s3 aggregate more tightly
compared to those in the other sub-clusters. Figure 7(c) gives
the entropy and participation ratio for each component. The
maximum values of Qf and Ef are 0.8212, 0.9747, whose cor-
responding components are both the ones numbered 89 from
z. The frequency component numbered 89 takes as the hub of
the network.
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the Lyapunov exponential curve with parameters ξ , respectively. (b) The clustering heat-map of components in the correlation strength matrix |Rf|. The
components from x,y, and z are numbered in order from 1 to 201. (c) The scatter plot of entropy and participation ratio for each component.

Table 4. Percentage of components and aggregation degree in each sub-cluster for Rossler system.

(a) Frequency components
Sub Components from x Gsub

x Components from y Gsub
y Components from z Gsub

z

s1 17/56 1.0676 3/56 0.8799 36/56 1.0893
s2 6/34 1.1834 3/34 1.1497 25/34 1.0180
s3 2/36 0.4648 8/36 0.9885 26/36 0.9484
s4 6/75 0.9887 13/75 1.0119 56/75 0.9667

(b) Scaling components
Sub Components from x Gsub

x Components from y Gsub
y Components from z Gsub

z

s1 12/38 0.3933 10/38 0.3330 16/38 0.5149
s2 7/24 0.2406 11/24 0.3641 6/24 0.2103
s3 13/34 0.4278 11/34 0.3648 10/34 0.3324
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For the chaotic trajectory generated with (µ,ν ,ξ ) =

(0.2,0.2,6.8), the absolute values of the wavelet coefficients
for the scaling components in x (upper part), y (middle part),
and z (lower part) are presented in Fig. 8(a), respectively. From
Fig. 8(b), one can find that all the scaling components from x,
y, and z cluster into 3 sub-clusters, named s1, s2, and s3. The
components in sub-cluster s1, which has strong connections
with sub-cluster s2, is almost completely independent from s3.
From Table 4(b), one can find that the components with suc-
cessive scales group tightly together in each sub-cluster. As
shown in panel (c), there exists a limited number of compo-
nents with low participation and entropy values. The maxi-

mum values for Qw and Ew are 0.8650, 0.9817, whose corre-
sponding components are the one numbered 76 from z. The
scaling component numbered 76 takes as the hub of the net-
work.

3.5. Real-wold data: Physiological signals

As a typical example, we consider the multi-channel res-
piratory (Resp) and ECG signal recordings from the MIMIC
II matched waveform database.[49,50] The selected signal du-
ration is 1-minute, in which a total of 7500 data points are
sampled , i.e., the sampling rate is 125 Hz (see Fig. 9(a)).
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Fig. 9. Correlation between frequency components of the RESP and EEG signals. (a) The red and black curves represent the raw respiratory and ECG signals
at a sampling frequency of 125 Hz for 60 seconds, respectively. (b) The clustering heat-map of components in the correlation strength matrix |Rf|. The
components from RESP and ECG are numbered in order from 1 to 294. (c) The scatter plot of entropy and participation ratio for each component.

The total of 294 retained frequency components, where

7 components are from Resp and 287 components are from

ECG, cluster into 5 sub-clusters denoted with s1, s2, s3, s4,

and s5, respectively (see the heat-map in Fig. 9(b)). The com-

ponents in sub-cluster s1 are strongly connected to both sub-

clusters s2 and s3, which act as centres to create links for s2

and s3 where limited linkages exists. At the same time, s2 also

serves as the centre for s1 and s5, which have limited link-
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ages. Table 5(a) gives the numbers of retained frequency com-
ponents and their aggregation behaviors in the (sub-)clusters
each. Interestingly, three components with close frequencies
numbered 1, 2, 4 from RESP take part in the formation of
the sub-cluster s1 (whose size is 74). Two components with
close frequencies numbered 3,5 from RESP appear in the sub-
cluster s2 composing of a total of 72 components. In the sub-
clusters s3 and s5 each there appear single components from
RESP numbered 6 and 7, respectively. And all the components
in s4 are from ECG. Figure 10 illustrates the network structure
between the 7 frequency components of the RESP signal and
the components of the ECG signal (only the 7 ECG compo-
nents with strong correlation are shown) at different thresh-
olds. One can find that as t increases, the network gradually
decomposes from a highly connected state into multiple sub-
clusters. When t = 0.99, the network exhibits the same pattern
as the clustering heat-map, i.e., the components from RESP
in the pink, green, orange, blue communities are attributed
to sub-clusters s1, s2, s3, s5, respectively. Hence, the cross-
correlation between the two signals are realized by the total 7
components from RESP, by their taking part in the four sub-
clusters. Figure 9(c) gives the entropy and participation ratio
for each component. The maximum values of Qf and Ef are
0.8351, 0.9797, whose corresponding components are the ones
numbered 238, 281 from EEG signals, respectively. The fre-
quency components numbered 238, 281 take as the hubs of the
network.

The absolute values of the wavelet coefficients for the
scaling components in RESP (upper part) and ECG (lower
part) are presented in Fig. 11(a), respectively. The scaling
components group into four sub-clusters marked with s1, s2,
s3, and s4 (see the heat-map in Fig. 11(b)). The sub-cluster
s4 is almost isolated with s1, s2, and s3. Similarly, the sub-
cluster s3 is almost independent of sub-cluster s1, with only
limited connections to sub-cluster s2. Table 5(b) gives also the
numbers of scaling components and their aggregation behav-

iors in the (sub-)clusters each. In the sub-clusters s1, s2, and
s3 only the scaling components with successive scales from
RESP signals interact with each other. While in sub-cluster
s4, there are only components from ECG signals with succes-
sive scales. Hence, the wavelet decomposition can not find
the structure of cross-correlation between the two signals. As
shown in panel (c), most of the points for (Qw,Ew) cluster
around the up-right corner, i.e., their values are large. The
maximum values of Qw and Ew are 0.7736, 0.9622, whose
corresponding components are the ones numbered 63, 52 from
ECG signals, respectively. The scaling components numbered
63, 52 take as the hubs of the network.

(a)

(c)

(b)

(d)

Fig. 10. Network structure between RESP signals and ECG signals. Pan-
els (a)–(d) show strong coupling structure between the components from the
RESP signal and the components from ECG signal at thresholds t = 0, 0.9,
0.95, 0.99, respectively. Different colours on the nodes indicate different com-
munities. Black number: components from RESP. Red number: components
from ECG.

Table 5. Percentage of components and aggregation degree in each sub-cluster for RESP and ECG.

(a) Frequency components

Sub Components from RESP Gsub
RESP Components from ECG Gsub

ECG

s1 3/74 0.7362 71/74 0.9771
s2 2/72 0.7471 70/72 0.9634
s3 1/44 1 43/44 1.0362
s4 0 0 60/60 1.0685
s5 1/44 1 43/44 1.0125

(b) Scaling components

Sub Components from RESP Gsub
RESP Components from ECG Gsub

ECG

s1 20/20 0.6362 0 0
s2 6/6 0.2144 0 0
s3 6/6 0.2096 0 0
s4 0 0 32/32 1
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Fig. 11. Correlation between scaling components of the RESP and EEG signals. (a) The absolute values of the wavelet coefficients of RESP
and EEG signals on 32 scales, respectively. (b) The clustering heat-map of components in the correlation strength matrix |Rw|. The components
from RESP and ECG are numbered in order from 1 to 64. (c) The scatter plot of entropy and participation ratio for each component.

4. Conclusions

In this paper, we present a theoretical framework to dis-
play the structure of (cross-)correlation between components
in signals. As an illustration, the fast Fourier transform and
continuous wavelet transform are adopted to decompose sig-
nals into components with different frequencies and scales, re-
spectively. The cross-correlations between the frequency (or
scaling) components form a weighted complex network.[51,52]

The clustering behaviors of the network and the aggregation
degrees of the components in the sub-clusters each are then
used to describe the structural characteristics of the network.

Trajectories for several chaotic dynamical systems are in-
vestigated. It is found that the number of retained frequency
components increases rapidly as the trajectory shifts from a
non-chaotic to a chaotic state, and they group into differ-
ent clusters, showing the non-trivial patterns for the cross-
correlations between signals. The correlation between scaling
components decays significantly along with the difference be-
tween their scales. And scaling components can only capture
the patterns for intra-signal relationships.

As a typical application, we consider the coupling be-
tween the ECG and RESP signals. The cross-correlation be-
tween the two signals turn out to be realized by coupling be-
tween seven components from RESP and four sub-clusters
from ECG respectively.

We hope our method are used in future to discover how
the couplings between signals in reality are realized, i.e., the
structure of their cross-correlation.
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