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SPECIAL TOPIC — Moiré physics in two-dimensional materials
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Moiré systems have emerged as an ideal platform for exploring interaction effects and correlated states. However, most
of the experimental systems are based on either triangular or honeycomb lattices. In this study, based on the self-consistent
Hartree–Fock calculation, we investigate the phase diagram of the kagomé lattice in a recently discovered system with two
degenerate Γ valley orbitals and strong spin–orbit coupling. By focusing on the filling factors of 1/2, 1/3 and 2/3, we
identify various symmetry-breaking states by adjusting the screening length and dielectric constant. At the half filling, we
discover that the spin–orbit coupling induces Dzyaloshinskii–Moriya interaction and stabilizes a classical magnetic state
with 120◦ ordering. Additionally, we observe a transition to a ferromagnetic state with out-of-plane ordering. In the case
of 1/3 filling, the system is ferromagnetically ordered due to the lattice frustration. Furthermore, for 2/3 filling, the system
exhibits a pinned droplet state and a 120◦ magnetic ordered state at weak and immediate coupling strengths, respectively.
For the strong coupling case, when dealing with non-integer filling, the system is always charge ordered with sublattice
polarization. Our study serves as a starting point for exploring the effects of correlation in moiré kagomé systems.

Keywords: moiré kagomé system, Hartree–Fock, spin–orbit coupling
PACS: 73.20.–r, 73.43.Cd, 71.70.Ej, 68.65.–k

DOI: 10.1088/1674-1056/ad9ffa CSTR: 32038.14.CPB.ad9ffa

1. Introduction
The recent advances in van der Waals moiré systems have

opened up a new direction in condensed matter physics.[1–5]

Inspired by the discovery of correlated states and supercon-
ductivity in twisted bilayer graphene,[6,7] a variety of phe-
nomena have been explored both experimentally and theoret-
ically over the past several years.[6–13] Besides the graphene
system, the Mott–Wigner insulator, quantum criticality and
the fractional Chern insulator have been found in transi-
tion metal dichalocogenide (TMD) superlattices.[14–29] In
these systems, the electrons are confined by the interface
moiré potential, resulting in miniband structures with dif-
ferent effective lattices.[8,30–35] The enlarged moiré unit cell
reduces the kinetic energy, so strong electron interactions
can dominate.[36–52] The flexibility and rich choice of two-
dimensional materials provide an ideal platform for quantum
simulators in solid-state systems.

However, the experimental systems in moiré TMD super-
lattices have only triangular or honeycomb lattice structures.
On the other hand, previous studies have found hierarchical
lattice structures, including a honeycomb lattice followed by a
kagomé lattice in the single orbital Γ -valley moiré TMD and
magnetic moiré surface state of topological insulators.[32,33,53]

The kagomé lattice, which is located at higher energy
bands, only emerges at small twisting angles. This hinders
its experimental accessibility. To address this challenge, two-
orbital Γ valley moiré systems were proposed.[54,55] It was
found that the additional orbital degree of freedom facilitates
the manifestation of the kagomé band structure near the charge
neutral point. However, one may also realize a kagomé lattice
by the interaction effect in a single-orbital moiré system[42]

and in Kekulé graphene.[56,57]

Here we explore the interaction phase diagrams of the
kagomé lattice in moiré systems, motivated by recent advance-
ments in their realization. The kagomé lattice is an ideal
platform for studying the strong correlation effect, as its lat-
tice structure is fully frustrated.[58,59] The Hubbard model
has been used to study various phenomena, such as the Mott
transition,[60–63] ferromagnetism,[64–68] density waves,[69–75]

topology[70,76–78] and exotic superconductivity induced by the
van Hove singularity.[79–83] At half filling and the strong inter-
action limit, the kagomé lattice Heisenberg model is known as
a representative system for quantum spin liquids.[84–90] Spin–
orbit coupling (SOC) induces the Dzyaloshinskii–Moriya
(DM) interaction and stabilizes the classical magnetic order
state.[91–94] A t–J model with a finite dopant has also been
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studied.[65,95–101] Therefore, to better understand our system,
we have studied the effect of interactions through the Hartree–
Fock (HF) method.

The organization of this paper is as follows. In Section 2,
we describe the Hamiltonian and the symmetries of the sys-
tem, and the Wannier function is constructed by using the se-
lected columns of the density matrix method.[102–104] Then,
HF Hamiltonian is obtained by projecting the Coulomb inter-
action onto the kagomé bands in the Wannier basis. In Sec-
tion 3, we present the HF results on the 1/2, 1/3 and 2/3
fillings. Section 4 concludes the paper with discussions.

2. Model
2.1. Hamiltonian

We first review the model for a twisted multi-orbital
bilayer. Different from a TMD system like MoTe2,[30]

the system we considered has low-energy physics consisting
of two degenerate valance bands at the Γ point.[54,55] The
generic moiré Hamiltonian can be obtained in analogy to the
Bistritzer–MacDonald model for TBG as[8,54]

Hbilayer =

(
H0 V (𝑟)

V †(𝑟) H0

)
, (1)

where H0 is the kinetic energy of the single-layer part, and
V (𝑟) is the moiré potential represented by position-dependent
interlayer tunneling. For the single layer part, on the basis of
angular momentum lz =∓1 and C6v symmetry, we have

H0 = − h̄2

2m
{(k2

x + k2
y)+κ[(k2

x − k2
y)τx +2kxkyτy]}

+
λs

2
τzσz, (2)

where τi and σi (i = x,y,z) are Pauli matrices for orbital and
spin degrees, m is the average effective mass, λs is the SOC
strength, and κ = (m+−m−)/(m+ +m−) represents the ef-
fective mass ratio of the heavy (m+) and light (m−) holes. The
moiré potential can be expanded as

V (𝑟) =V0 +
6

∑
n,i=1

Vn,i e i𝑔n,i·𝑟, (3)

with gn,i as moiré reciprocal vectors related by C6 rotation and
gn,1 = −gn,4, gn,2 = −gn,5, gn,3 = −gn,6. Moreover, the C6v

and time-reversal symmetry constrains the matrix Vgi as

Vn,1 =

(
αn βn e−i π

3

βn e i π
3 αn

)
, V2 =

(
αn −βn
−βn αn

)
,

V3 =

(
αn βn e i π

3

βn e−i π
3 αn

)
. (4)

The moiré potential can trap particles in either triangu-
lar, honeycomb or even kagomé lattices depending on the

parameters.[54] The trapped particles would naturally form dif-
ferent orbitals inside such moiré atoms. For a single-band sys-
tem such as MoS2,[32,33] these orbitals show conventional hi-
erarchies. The s-orbital has the lowest energy, followed by the
p-orbital and d-orbital. However, for the two-band system con-
sidered here, the moiré potential couples non-trivially on dif-
ferent bands. Therefore, it is possible to arrange the orbital se-
quences. For example, our previous work showed that twisted
bilayer CdS exhibits a band structure with two degenerate px,
py orbitals on the honeycomb lattice and PdS2 has a kagomé
lattice band structure[54] (similar kagomé physics also apply to
ZrS2

[55]). In this paper, we focus on the PdS2 with the parame-
ters V0 = 0, α1 =−24.3 meV, α2 = 5.5 meV, β1 = 26.8 meV,
and β2 = 10.3 meV. For the single-layer part, 0.7me with me

as the mass of free electron, κ = 0.9 and λs = 65 meV. In
the following, to simplify the analysis, we also add particle–
hole transformation to our system. The corresponding moiré
pattern and band structure are shown in Figs. 1(a) and 1(b), re-
spectively. Furthermore, we focused on twisting angles rang-
ing from 1.5◦ to 3.5◦, ensuring that the low-energy subspace
remains well-separated from remote bands.[54]

(a)

K

-5

0

5

(b)

M

t1 t2

t4

t3

V2U

V

V3

Γ Γ

Fig. 1. (a) The moiré lattice of twisted bilayer PdS2. The solid lines rep-
resent the kagomé lattice. (b) The solid and dashed lines show the band
structure at twisting angle θ = 2.5◦, with and without SOC, respectively.
We have shifted the Dirac point to the zero energy.

2.2. Wannier function

Since our target is to study symmetry-breaking states with
different magnetic and charge order through the HF method.
The self-consistent calculation depends on the initial ansatz.
Therefore, in order to have a better controllability of the HF
calculation, we first construct the Wannier state of the moiré
bands. We then project the Coulomb interaction onto them.

Given the Bloch wave function ψn,𝑘,σ (𝑟) with energy
εn(𝑘) where n is the band index and σ is the spin index.
The Wannier function in the unit cell 𝑅 is constructed from
a Fourier transformation as[105]

wn,σ (𝑟−𝑅) =
1
N ∑

k
e i𝑘·𝑅

ψn,𝑘,σ (𝑟), (5)

where N is the number of momentum points. However, there
is additional “gauge redundancy” in the definition of the Wan-
nier function. The unitary transformations within the given set
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of bands also provide possible realizations

ψn,𝑘,σ (𝑟)→∑
m

ψm,𝑘,σ (𝑟)[Uσ (𝑘)]m,n. (6)

To fix this issue, Marzari and Vanderbilt proposed that Uσ (𝑘)

could be obtained by minimizing the spreading functional.[105]

This method has been widely used to construct Wannier
states in moiré systems with a physically inspired initial
state.[106–109] One drawback is that it requires appropriate ini-
tial guesses. However, in our system, the four-component
wave function complicates the initial guess. Therefore, we
approach this problem by using the recently proposed selected
columns of the density matrix (SCDM) method.[102–104] The
SCDM, as a parameter-free method for isolated band struc-
tures, can automatically generate the transformation matrices.
The robustness of the SCDM has been well tested in first-
principles material calculations.[110]
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Fig. 2. (a)–(c) The amplitude of the Wannier function for two orbitals of
the top layer for three sublattices. The arrows represent the phase of the
wave function.

Figure 2 shows the density distribution of the Wannier
state for a spin-up particle. As we can see, the Wannier state is
well localized and located precisely at the kagomé lattice. We
also applied the Marzari–Vanderbilet method to optimize it,
but it did not show any improvement. Moreover, in our case,
we find the density distribution fulfills the symmetry require-
ment. We should note that the additional global phases of the
three sublattices have not yet been determined.[108] To fix the
global gauge, we first set the first component of the Wannier
function to be real and positive at the kagomé triangle center.

Then, we apply additional phase factor exp[−i( 2π

3 j+ π

6 )] for
j = 1,2,3 labels of three sublattices. The arrows in Fig. 2 show
the phase of the wave function. From which, we find, under
C3 rotation, that the Wannier function transforms as

wn,σ (𝑟) = e−
2π
3 τz wC−1

3 n,σ (R
−1
3 𝑟), (7)

where we have set the coordinate origin at the kagomé trian-
gular center. We can check that the constructed Wannier states
are consistent with the symmetries in our system. The Wannier
states for spin-down were obtained in the same way.

After construction of the Uσ (𝑘), the Hamiltonian on the
basis of Wannier states is given by

H̃0,σ (𝑘) =U†
σ (𝑘)ε(𝑘,σ)Uσ (𝑘), (8)

and the real-space tight-binding Hamiltonian is

H = ∑
i, j

c†
i,σ hσ

i, jc j,σ , (9)

where i, j refer to a different unit cell and

hσ
i, j =

1
N ∑

𝑘

e i𝑘·(𝑅i−𝑅𝑗 )H̃0,σ (𝑘), (10)

from which we can read out the hopping strength between dif-
ferent sites. The hopping strengths up to third-nearest neigh-
bor are shown in Fig. 3(a). The SOC introduces phases in
nearest t1 and next-nearest hopping t2. Meanwhile, due to the
inversion symmetry, the t3 and t4 are real. Furthermore, we
find that the amplitude of t2 and t3 are comparable and t4 is
much smaller. This behavior could be understood from the
shape of the Wannier state. The Wannier state consists of two
parts, trunks and branches. Four branches actually extend to
nearby triangles. Therefore, for t2 and t3 terms, the trunk of
one site overlaps with the branch of another site. However,
for a t4 process, two Wannier states only overlap at the branch
part. Accordingly, we have |t1| � |t2| ' |t3| � |t4|. Addition-
ally, the real part of t1 is positive, which indicates that the flat
band is located at the bottom rather than at the top, as in con-
ventional kagomé models.
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Fig. 3. (a) The hopping strengths (solid lines) |tn| and the SOC phase
(dashed lines) φn as a function of twisting angle θ . (b) The interaction pa-
rameter εUn at screening length ds = 30 nm (solid lines) and ds = 10 nm
(dashed lines), respectively.
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2.3. Interaction Hamiltonian and HF method

In this section, we provide our formula for the self-
consistent HF method. The bare Coulomb interaction Hamil-
tonian is

Hint =
1

2A ∑
𝑞,𝑘,𝑘′,σ ,σ ′,α,β

V (𝑞)c†
α,𝑘+𝑞c†

β ,𝑘′−𝑞cβ ,𝑘′cα,𝑘, (11)

where the momentum summation is over all the momentum
points and α,β are indices including orbital, layer and spin
degrees of freedoms. Following previous treatments in moiré
systems, we project the interaction onto the Wannier state in
momentum space as[111–113]

Hint =
1

2A ∑
𝐺,𝑞,𝑘,𝑘′,ni

V (𝑞+𝐺)〈n1,𝑘+𝑞+𝐺|n4,𝑘〉

×〈n2,𝑘
′|n3,𝑘

′+𝑞+𝐺〉

×c†
n1,𝑘+𝑞c†

n2,𝑘′−𝑞cn3,𝑘′cn4,𝑘, (12)

where summation for 𝐺 is over all the reciprocal lattices and
𝑘,𝑘′ and 𝑞 are restricted inside the first moiré Brillioun zone.
cni,𝑘 are the annihilation operator for Wannier states ni =

1,2,3. The wave functions |ni,𝑘〉 were obtained by the uni-
tary transformation mentioned in the previous section. In the
derivation of the above formula, we have explicitly assumed
the periodic gauge, i.e., cn,𝑘+𝐺 = cn,𝑘. Then, the HF decom-
position is performed as usual and we allow the translation and
spin U(1) symmetries to be broken. The dual-gate screened
Coulomb potential V (𝑞) = (e2/(2εε0q)) tanhqds was used.
The dielectric constant ε is determined by the substrate and
the screening length ds is the gate–sample distance. Those
two parameters will be used as tuning parameters together with
the twisting angle θ to explore the phase diagrams. The self-
consistent results crucially depend on the initial order parame-
ter 〈c†(𝑘′)c(𝑘)〉; we initialize the order parameter with certain
magnetic and charge order and iteratively update the order pa-
rameter until convergence. To accelerate this self-consistent
calculation, we use the EDIIS + DIIS method with subspace
size from 4 to 10.[114,115] A finite temperature with T = 50 mK
is used to ensure numerical stability. The filling factor is de-
fined as ν = Np/(6N), where Np is the particle number and N
is the number of momentum points. In the following, the HF
calculations are performed on a 12×12 momentum lattice.

On the other hand, one may project the interaction
onto the Wannier state in real space to obtain the strength
of relevant terms and gain a better understanding of the
system.[39,40,45,109] In Fig. 3(b), we show the parameters for
density–density interactions and nearest-neighbor ferromag-
netic (FM) direct exchanges. Comparing with the single-
particle hopping strength, we find the Hubbard interaction
εU/|t1| ranges from 2500 at θ = 1.5◦ to 370 at θ = 3.5◦ for
screening length ds = 30 nm. The nearest V1 is roughly three

times smaller than Hubbard U . The V2 and V3 have compa-
rable strength. Moreover, the direct FM exchange coupling,
εJd, is around a few tens of meV. As we will show below,
the direct exchange coupling plays a crucial role under certain
parameters. Furthermore, we emphasize that the full Hamil-
tonian, Eq. (12), is used in our HF calculation, rather than a
real-space Hubbard model.

3. Results
3.1. The half filling

At half filling and in the strong coupling limit, the elec-
trons form local magnetic moments that are coupled with
each other through the Heisenberg interaction. The isotropic
kagomé Heisenberg antiferromagnet has long been proposed
as an ideal platform for quantum spin liquids. However, for
our system, due to the SOC, the spin Hamiltonian is actually
described by the XXZ model with the DM interactions as[38,49]

Hs = J ∑
〈i, j〉

Jz
i Jz

j + cos2φi, j𝑆
‖ ·𝑆‖+ sin2φi, j(𝑆i×𝑆 j), (13)

where the phase variable φi, j is the same as the single-particle
hopping one. We have omitted the long-ranged term as the cor-
responding hopping terms are one order of magnitude smaller
than the nearest one. Moreover, including only the Hubbard
U and nearest V1, we can estimate J = 4|t1|2/(U −V1).[116]

Since the DM interaction would induce classical magnetic or-
der out of the quantum spin liquid.[91–94] We only consider
regular magnetic orders identified previously.[94]

The HF energy for various magnetic orders is shown in
Figs. 4(a) and 4(b) for θ = 2◦ without and with spin–orbit cou-
pling for different dielectric constant ε. As we expected, mul-
tiple states are almost degenerate with each other for large ε

when the SOC is absent. By comparing the energy of different
magnetic orders with previously obtained energy values from
the classical Heisenberg model,[94] we can conclude that our
system at θ = 2◦ is dominated by nearest-neighbor Heisen-
berg coupling with weakly extended ones. After decreasing
the ε, there is a first-order phase transition to the FM order.
A decreased ε leads to a stronger Hubbard interaction and a
weakened antiferromagnetic (AFM) coupling. However, the
FM direct exchange is inversely proportional to the ε. Such
competition between direct exchange and superexchange leads
to this phase transition.[45]

After including the SOC, the anisotropic term and DM
interaction break the degeneracy within the group of states.
In addition, the Q = 02 state, 120◦ AFM order with opposite
chirality between the spin and the real space, was selected as
ground state in the AFM region. Moreover, the energy for the
θ = 1.5◦ case is shown in Fig. 4(c). Different twisting an-
gles introduce only quantitative changes in the phase diagram.
However, by closely comparing the results for θ = 2◦ and
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1.5◦, we found that all the magnetic ordered states had almost
the same energy at the transition point, which indicates full
compensation between the FM and the AFM couplings. The
nearby metallic gate can only reduce the long-range interac-
tion such that the phase boundary only shifts slightly towards
the smaller ε side when the screening length ds is shorter than
the moiré lattice constant. We notice that the HF results for
the magnetic order are essentially classical; it would be in-
teresting to study the effect of quantum fluctuation with more
sophisticated methods in the future.
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Fig. 4. The ground-state energy per original unit cell for various magnetic
orders as a function of dielectric constant ε. All the energies are measured
by the average energy. [(a) and (b)] The results for twisting angle θ = 2◦

without and with SOC, respectively. (c) The result for θ = 1.5◦. The gate
screening distance is chosen as ds = 30 nm. The octahedral and cuboc
states are described with magnetic moments pointing to the vertices of
the octahedron and cuboctahedron,[94] respectively.

3.2. The 1/3 filling

For the 1/3 filling, i.e., two electrons per unit cell, the
phase diagram is shown in Fig. 5(a) for θ = 2◦. For longer
screening length, i.e., ds & 8 nm, the system exhibits out-
of-plane FM order with a charge density wave (CDW) when
ε . 20. Then, with increased ε, there is a first-order phase
transition to the FM-z state. Furthermore, the system trans-
forms to the in-plane FM order FM-x by a first order transition
near ε = 80. We also show the phase diagram in the θ − ε

plane with ds = 30 nm in Fig. 5(b).
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Fig. 5. [(a) and (b)] The phase diagram at filling 1/3 in the ds–ε and
ε–θ planes, respectively. The color represents the band gaps. The FM-x
state is nearly gapless, while the size of the gap in the FM-z state is de-
termined by the SOC strength. (c) The pattern of possible charge density
wave (CDW) states. In our system, the CDW-I state is the most stable and
CDW-I-x with an in-plane magnetic order only appears at a small twist-
ing angle with moderate interaction. (d) The energy difference between
the FM-z state and the FM-x state is depicted as a function of the SOC
strength for various Hubbard U in the lattice model. The color shows
the strength of the Hubbard U and we have assumed a fully polarized
magnetic order. The dashed lines represent the analytical results.

3.2.1. FM order

To understand the phase diagram, we notice the inter-
action strength is about εU/|t1| ∼ 1200, εV1/|t1| ∼ 210 and
εV2/|t1| ≈ εV3/|t1| ∼ 85 for ds = 30 nm. Therefore, inside the
FM phase, only the on-site Hubbard U is at the strong cou-
pling limit especially for ε ∼ 80. In addition, the ferromag-
netic order also appears at the extreme limit of screening with
ds = 1 nm. Therefore, the extended V term is not crucial for
understanding the FM phases. Thus, the minimal model would
be the Hubbard model as

Ht−J = |t1| ∑
i, j,σ

e iσφi, j c†
i,σ c j,σ +∑Uni,↑ni,↓. (14)

Without SOC, i.e., φi, j = 0, the strong coupling of this model,
namely, the t–J model, has been studied before in that the FM
state is the ground state for a large range of exchange coupling
J/|t1| for hole doping.[65,66] One may understand this from
Nagaoka’s ferromagnetism,[117,118] as when J = 0, the posi-
tive sign of single-particle hopping term fulfills the require-
ment of Nagaoka’s theorem. However, as Nagaoka’s ferro-
magnetism only applies to the single-hole case, the frustrated
lattice structure would still lead to the FM order. For example,
the ferromagnetism in a triangular lattice was also discussed
recently.[119–123] Moreover, for our system, the FM direct ex-
change term would overcome the AFM superexchange at the
ε→ 0 limit.

To account for the SOC, the corresponding t–J model has
not been investigated before. For the strong coupling limit,
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namely, J→ 0, we could still anticipate the FM-z state, at least
for the weak SOC. To have a better understanding of the role
of the SOC, we decompose the Hubbard term by assuming a
fully polarized magnetic order as

Uni,↑ni,↓→−2U𝑆i · 〈𝑆i〉, (15)

and 〈Si〉 = êi/3. For the fully polarized case, the system can
only gain energy from the kinetic part. To gain an analyti-
cal understanding, in the weak SOC limit, by expanding the
kinetic term as e iσφi, j ≈ 1+ iσφi, j, we obtain the energy dif-
ference between the FM-z and FM-x states perturbatively to
the order of φ 2 as

∆(Ez−Ex) =
φ 2

2N ∑
𝑘,n,m
|〈n,𝑘|hsoc(𝑘)|m,𝑘〉|2

×
(

nF(εn)−nF(εm)

εn−εm
+

2nF(εm)

εn−εm +2U/3

)
,

(16)

with the summation of n with |n,𝑘〉 as the wave function of
the normal state. The Fermi–Dirac distribution nF is chosen
to have 1/3 filling. The hsoc(k) is the Fourier-transformed
Hamiltonian of the SOC part and hsoc(k) = h†

soc(k). We note
that the first term in the bracket is always negative, while the
second term is positive when U exceeds the bandwidth. Con-
sequently, it is feasible to achieve the FM-x state, at least in
the case of small U . In Fig. 5(c), we illustrate the energy dif-
ference of the lattice model Eq. (14) across varying SOC an-
gle φ and Hubbard U . Our analytical results match the calcu-
lated numerical results very well. In the case of weak interac-
tion, the SOC reduces the kinetic energy and favors the FM-x
state. However, as the Hubbard U increases, the system tran-
sitions to the FM-z state. The critical value is in qualitative
agreement with our HF calculation based on the continuum
model. However, since the mean-field order parameter should
be determined self-consistently, the critical value Uc ∼ 20|t1|
is slightly overestimated.

3.2.2. FM charge density wave

Having understood the FM order, we will now examine
the charge density wave. Various density waves have been
identified previously.[70] When only including the nearest-
neighbor V1 term with V1/|t1| � 1, the particle occupancy of
each kagomé triangular is limited to two. The correspond-
ing low-energy effective model is the quantum dimer model,
which has a plaquette order as the ground state.[70,73,124,125]

However, this state is disrupted by the inclusion of the longer-
ranged interactions V2 and V3, which favor a CDW state that
preserves translational symmetry but polarizes the sublattices,
i.e., a CDW-I state. An illustration of the different CDW states
found in previous studies is shown in the insert of Fig. 5(d).[70]

For our system, the V2 and V3 terms have similar ampli-
tudes; therefore, we expect that the CDW-I order dominates
the charge order. This is indeed what we found in our phase
diagram. We notice that the phase diagram is dominated by
the CDW-I state with an out-of-plane FM order whenever the
CDW phase appears. Moreover, as shown in Fig. 5(b), a CDW-
I state with in-plane non-colinear magnetism emerges between
the FMz-CDW-I state and the FM-z state for small twisting an-
gles. The phase transitions between different states are weakly
first ordered. We also found that all the CDW states have a
zero Chern number by calculating the Wilson loops of the oc-
cupied bands.

3.3. The 2/3 filling

For 2/3 filling, the phase diagram has a much richer struc-
ture, as shown in Fig. 6(a) for twisting angle θ = 2◦ in ε–ds

plane. The phase diagram in the θ–ε plane with the screening
length ds = 30 nm is also shown in Fig. 6(b). A pinned metal
droplet (PMDp) state with spin parallel to the plane emerges
at the weak coupling side.[72,74] The translational symmetry is
broken to an enlarged

√
3×
√

3 unit cell. The structure of the
PMDp state is shown in Fig. 5(c). In this state, the inner hexag-
onal ring has a filling of about 3/2 and the rings are pinned by
sites with opposite spin polarization. Increasing the interac-
tion strength, when ε∼ 50, the system transforms to a uniform
charged state with a Q = 01 120◦ AFM magnetic order with
a gapless Dirac cone at the K point, as shown in band struc-
ture Fig. 6(c). Interestingly, this state has opposite chirality
as compared with the one found in half filling. Around ε∼ 30,
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Fig. 6. [(a) and (b)] The phase diagram at 2/3 filling in the ds–ε and ε–
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state is a canted magnetic state with 120◦ in plane order. BI refers to band
insulator. (c) The band structure for Q = 01 (solid lines) and Q = c01
(dashed lines) states at θ = 2◦, ds = 30 nm and ε = 40. (d) The band
structure for in-plane (solid lines) and out-of-plane (dashed lines) pinned
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that the in-plane state possesses a larger band gap, which reduces the en-
ergy in comparison to the out-of-plane case.
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the system becomes gapped with non-zero out-of-plane mag-
netization and a non-zero Chern number as the interaction is
further increased. However, the in-plane spin order is the same
as the Q = 01 state. The system lowers its kinetic energy by
developing gaps in the band structure. The band topology orig-
inates from the non-zero spin chirality. The band structure of
those states are shown in Figs. 6(c) and 6(d) for typical param-
eters. Interestingly, the quasi-particle flat band manifests at the
top for Q= 01 states. This is in a notable contrast to the single-
particle case. Further increasing the interaction strength, the
system transits to an FM-z state and a CDW state, similar to
the 1/3 filling case at stronger interaction. The CDW state is a
particle–hole partner to the 1/3 filling case. We notice that the
overall phase diagram is consistent with a previous study on a
lattice model with only Hubbard interaction and the SOC.[74]

4. Discussion and conclusion
Based on the HF mean field theory, we calculated the

phase diagram for a twisted bilayer PdS2 with kagomé band
structure at rational filling 1/2, 1/3 and 2/3. At half filling,
we found that the spin–orbit coupling stabilizes the Q = 02

state with 120◦ magnetic order. There is a phase transition to
the out-of-plane FM ordered state due to the direct exchange
interaction. At 1/3 filling, the frustrated nature of the lattice
structure favors the FM state. We emphasize that an FM corre-
lation with a similar mechanism has been experimentally ob-
served in moiré heterostructures, such as WSe2/WS2, and cold
atom quantum simulators with triangular lattices.[17,122] Our
kagomé lattice system provides a complementary approach to
this kinetic magnetism. It would also be interesting to study
the spin polarons in the future.[126–130] For 2/3 filling, the in-
plane PMD state, 120◦ AFM semi-metal and canted 120◦ order
were identified besides the FM-z state, which is consistent with
a previous study on the kagomé-Hubbard model with strong
SOC.[74] Within the fully polarized FM state, CDW states with
sublattice polarization were found. We notice for the twisting
angle we studied, when bands are isolated from remote bands,
the single-particle part is well described by nearest hopping.
Therefore, the correlated ordered state found in this system is
insensitive to the twisting angle. Our system provides a plat-
form for exploring the correlation physics in kagomé lattices.

Finally, we would like to discuss possible future direc-
tions. On the material side, our system has strong spin–orbit
coupling, which breaks the spin SU(2) symmetry; thus a mag-
netically ordered state is stabilized at half filling. Therefore,
it would be interesting to find materials with a degenerate Γ

valley with weak spin–orbit coupling such that one may re-
alize an SU(2) symmetric kagomé Hubbard model near the
charge neutral point. Exotic phases such as spin liquids could
be expected. On the other hand, the phase diagrams were

identified using the HF method, which is known to underesti-
mate the role of quantum fluctuation.[131] The kagomé lattice
Hubbard model or t–J model has been extensively explored
in the literature, but mostly concentrating on the SU(2) sym-
metric system.[65,95–101] More sophisticated methods may be
included to study this model with strong SOC and long-range
Coulomb interaction.[47] Moreover, we have restricted the HF
calculation to certain ansatzes. Therefore, more exotic mag-
netic and charge orders, such as spin spiral order and charge
stripes, may be found by relaxing this constraint.[37,132] Also,
when the Chern band is fractionally filled, the FM state is sta-
bilized in a small ε limit by direct exchange interaction. This
raises the possibility of realizing a fractional Chern insulator
with a long-range Coulomb interaction.[133–135] We leave all
these intriguing questions for future research.
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[91] Cépas O, Fong C M, Leung P W and Lhuillier C 2008 Phys. Rev. B 78

140405
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