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Based on the principles of thermodynamics, we elucidate the fundamental reasons behind the hysteresis of sponta-
neous polarization in ferroelectric materials during heating and cooling processes. By utilizing the effective Hamiltonian
method in conjuction with the phase-field model, we have successfully reproduced the thermal hysteresis observed in fer-
roelectric materials during phase transitions. The computational results regarding the electrocaloric effect from these two
different computational scales closely align with experimental measurements. Furthermore, we analyze how the first-order
ferroelectric phase transition gradually diminishes with an increasing applied electric field, exhibiting characteristics of
second-order-like phase transition. By employing the characteristic parameters of thermal hysteresis, we have established
a pathway for calculations across different computational scales, thereby providing theoretical support for further investi-
gations into the properties of ferroelectric materials through concurrent multiscale simulations.
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1. Introduction

Multiscale modeling, a coupling method that integrates
models across different scales, has become increasingly vi-
tal in addressing cross-length scale challenges in materials
over the past few decades. The primary approach involves
employing finer-scale computational models in the core part
of the simulation system while utilizing coarse-scale simu-
lation methods in the peripheral areas to capture the behav-
ior of materials across continuous scales.!'=3! There are two
main categories of material multiscale modeling strategies: the
sequential multiscale methodology and the concurrent mul-
tiscale methodology.!*%! The first strategy involves defining
the effective properties of materials at lower scales and trans-
ferring them to higher-scale models, representing a stepwise
process from small to large scales, or a parameter transfer pro-
cess. However, this low-scale modeling methodology presents
significant challenges, as it is weakly coupled across different
scales. In contrast, the latter strategy simultaneously models
and solves problems at various scales, offering the advantage
of accurately reflecting the transfer behavior of effective prop-
erties at each scale. Consequently, it is both more efficient and
more challenging than the sequential approach.

Since Valasek discovered the ferroelectric properties of
Rochelle salt more than 100 years ago,!”! numerous theories

TCorresponding author. E-mail: hbhuang @bit.edu.cn
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have been proposed to explain the origin and mechanisms of
ferroelectricity across different length scales. These theories
include first-principles approaches at the nanoscale, ¥l molec-
ular dynamics modeling at the microscale, phase-field meth-
ods at the mesoscale, and macroscopic finite element analysis.
In 1969, Lines examined ferroelectrics from both microscopic
and macroscopic perspectives.l”! Over the years, research has
explored the connection between first-principles and second-

10111 progressively bridging parameters

principle approaches,|
from the compositional level to the macroscopic collective
level.!'?! There have also been attempts to integrate the phase-
field model into multiscale simulations of ferroelectrics.!!3-17]
The aforementioned multiscale calculation processes can be
classified as sequential multiscale methods. However, such
methods require effective parameter transfer between adjacent
length scales, making it challenging to complete simulations
that span from the nanoscopic to the macroscopic scale. In
contrast, concurrent multiscale methods do not involve infor-
mation transfer between fine and coarse scale; instead, both

18197 An equally important

scales are solved simultaneously.
objective of multiscale models is the ability to map continuum-
scale descriptions, such as deformation or temperature fields,
onto smaller-scale features, such as the relative positions and

velocities of atoms or grains.m Therefore, for homogeneous
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materials, it is relatively straightforward to connect fine and
coarse scales using the fundamental properties of the material.

In this study, we investigate the phenomenon of ther-
mal hysteresis in ferroelectric materials during first-order and
second-order phase transitions, utilizing Landau’s theory of
phase transition thermodynamics. Our research elucidates the
underlying mechanisms of thermal hysteresis in these mate-
rials. We employ two theoretical models with distinct com-
putational scales: the effective Hamiltonian method and the
phase-field method. These models enable us to explore the
phase transition behavior and electrocaloric effect of ferroelec-
tric materials before and after the transition from the ferroelec-
tric to the paraelectric phase at both micro and mesoscopic
levels. Based on two different scale computational models,
we demonstrate the characteristic property of thermal hystere-
sis in ferroelectric materials. This property can be measured at
both the micro and meso levels by plotting the thermal hystere-
sis behavior associated with different phase transition types in
ferroelectric materials, both with and without electric field ef-
fects. Additionally, we explore the relationship between elec-
tric field strength, spontaneous polarization, and thermal hys-
teresis. We establish the feasibility of a cross-length scale sim-
ulation bridge, transitioning from molecular dynamics based
on first-principles at the micro level to phase-field modeling at
the meso level. This approach provides a theoretical founda-
tion for concurrent multiscale simulations and full chain de-
sign of ferroelectric materials in the future.

2. Methods
2.1. First-principle-based approach

The effective Hamiltonian approach to modeling ferro-
electric perovskites was first proposed in the mid-1990s by
Zhong, Rabe, and Vanderbilt. [20.21] This method utilizes an
expansion of the total energy of the cubic perovskite crystal in
terms of the soft mode responsible for the ferroelectric phase

n.[>2231 Both theoretical calculations and experimen-

transitio
tal results indicate that only small displacements in atomic po-
sitions from the perfect cubic structure lead to the ferroelectric
phase in perovskites.?! Consequently, the effective Hamilto-
nian is constructed as a Taylor series in displacements from

the ideal cubic paraelectric structure!>!

E™ ({u} {n}) = B ({u}) + E®' ({u})
+HEM ({u}) +E9 ({n})
+E™ ({u},{n}). (1

The terms are the self-energy terms of isolated local modes.
This energy contribution arises from a long-range dipole—
dipole interaction, a short-range coupling between neighbor-
ing soft modes, the elastic energy, and the interaction between

local modes and local strains, respectively. The specific ex-

pansion of each energy term is as follows: 20241
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where parameters k», ¢, and Y are determined by the first-
principles calculations. The coefficients of other parameters
can be obtained from Ref. [20]. The self-energy term is Taylor
expansion based on the soft modes in each unit cell of ferro-
electric materials, which conforms to the free energy expan-
sion term of Landau theory of phase transition.

We use feram code to perform molecular dynamics sim-
ulations on the BTO?*! supercell L, x LyxL;,=16x16x 16
with an effective Hamiltonian, using a Nosé—Poincaré ther-
mostat in a canonical ensemble. For the simulation without
an electric field, we first thermalize the entire system with
2 x 10° time steps during heating and cooling, and then use
2 x 10° time steps for averaging the properties, with each time
step set to 2 fs. For the simulation with an electric field ap-
plied, we use a larger temperature step, scanning from 320 K
to 440 K in increments of 1 K/step. To simulate the thermal
expansion process, we set an effective negative pressure term
p = —0.004T GPa related to temperature. During the heat-
ing and cooling processes, we set the initial configurations
(ug) = 0.11 A, (u2) — (uy)> = (0.02 A)2, and (u,) = 0.0 A,
(u2) — (uy)* = (0.03 A)?, respectively.

2.2. Phase-field model

The thermodynamically motivated phase-field method
can provide the phase transition process of a material, which
considers the phase transition process of a material as an
evolution equation of a physical field in the material, which
can be temperature, chemical components, phase composition,
etc. By modeling the evolution equation of the physical field,
the phase-field simulation can simulate the material’s micro-
scopic results and macroscopic properties in the phase trans-
formation process. The ferroelectric phase-field equations use
the spontaneous polarization P as the order parameter, and
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the microstructure evolution is realized by solving the time-

dependent Ginzburg—Landau equation?¢-30]

OP(rr) __, OF

o 8P (1)’

[=X,%,2, )

where r, t, and P, (r,t) represent space vector position, time,
and polarization components, respectively. L is the kinetic co-
efficient, and F is the total free energy of the system, including
the bulk free energy (i.e., Landau energy), the elastic energy,
the electrostatic field energy, and the gradient energy (i.e., do-
main wall energy), has the following expression:

F = FLand + Felas + Felec + Fgrad

= ///(fLand Jngrad +felas Jch::lec)dva (®)

Vv

frand = OGPF+ (xijPiszz +0; jkP,-Zszpkz ; &)
1

Serad = EgijklPi,ij,l; (10)
1 1

Selas = SCijueijen = 7 Ciji \&j *8?,‘) (u *8;?1) , (1)

1
Selee = 7P,-(r)E,'(r)7580Kl-17j(r)Ei(r)Ej(r), (12)

where @;, o;;, and @;j; are the Landau coefficients corre-
sponding to the expansion of polarization P to the sixth or-
der, P j = dP;/dxj, giju is the gradient coefficient of the po-
larization distribution in space.>”) The relevant parameters
of the phase-field method for BTO can be found in relevant
literature. [31-33]

The above phase-field equation is solved using the semi-
implicit Fourier transform spectral method. The simulated
BTO size is 16Ax x 16Ay x 16Az, where Ax = Ay = Az =1 nm.
The mechanical and electrical boundary conditions of the bulk
case are used, and the calculation is based on the random do-
main structure as the initial state for evolution. Under the con-
dition of not applying an electric field, we set a 2 x 10* time
step evolution for every 1-K increase or decrease for the heat-
ing and cooling processes, and increase thermal fluctuation so
that BTO can cross potential barriers.

3. Results and discussion

To better understand the phenomenon of thermal hystere-
sis in ferroelectrics during the heating and cooling processes
associated with phase transitions, we analyze the temperature
dependence of the free energy curve of ferroelectric sponta-
neous polarization. When the temperature is exceeds 75, the
Gibbs free energy (G) exhibits a local minimum only at P =0,
indicating that the system is in the paraelectric phase, char-
acterized by the absence of spontaneous polarization. Con-
versely, when T is less than Ty, G presents two minima cor-
responding to —P and +P, signifying that the system is in
the ferroelectric phase, which allows for two possible states

of spontaneous polarization with equal and opposite signs. G
exhibits a third minimum at P = 0 at temperatures slightly
above Tc. This value is greater than the other two minima,
indicating that the paraelectric phase can exist as a metastable
state. At T = Tc, the three minima are equal, meaning that the
paraelectric and ferroelectric phases are energetically equally
favorable. When T is slightly above T¢, the minimum at
P = 0 is lower than the other two minima, suggesting that
the paraelectric phase is stable while the ferroelectric phase is
metastable. As the temperature increases slightly beyond 77,
the minima on both sides vanish, but two inflection points re-
main on the curve. The disappearance of the minima indicates
that the ferroelectric phase cannot exist, even as a metastable
state. The presence of two inflection points implies that the
application of an electric field can induce the ferroelectric
phase. However, when the temperature rises further above
T, the inflection points disappear, and the electric field can
no longer induce a ferroelectric phase. Notably, when cool-
ing through the 7¢ point, the material retains its metastable
paraelectric phase even above T¢. Conversely, while heating
through the T¢ point, the material maintains its metastable fer-
roelectric phase, indicating that the 7Tc measured during cool-
ing is lower than that measured during heating. As illustrated
in Fig. 1(b), the spontaneous polarization of the ferroelectric
material varies with temperature and follows different trajec-
tories during heating and cooling. This discrepancy is the fun-
damental cause of thermal hysteresis in ferroelectric materials
during these processes.

(a) — Heating (b)
— Cooling

o
2
<
N
=
<
~

Tc (cooling) T (heating)

Temperature
(c)
B — Heating
3 .
= — Cooling
]
8
o
4
<]
=W
Tc (heating)
Tc (cooling)

Temperature

Fig. 1. Schematic diagram of the temperature dependence of the ferroelec-
tric spontaneous polarization in case of (a) a first-order and (c) a second-order
phase transition. Free energy as a function of polarization at various temper-
atures in case (b) a first-order and (d) a second-order phase transition. The
light green arrow indicates the direction of the temperature increase.

When a ferroelectric material is in the ferroelectric phase
and is heated, the curve representing the P of the material as
a function of temperature is depicted by the red solid line in

the figure. As the material approaches the 7¢ during heating,
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it transitions to the paraelectric phase. When the ferroelectric
material cools from a high temperature to a low temperature
within the paraelectric phase, the curve illustrating the change
in the magnitude of the polarization with temperature follows
the path of the black solid line, allowing the material to remain
in the ferroelectric phase at temperatures below Tc. The ma-
terial transitions to the paraelectric phase once the phase tran-
sition temperature is reached. If the material is subsequently
heated again, it will follow the red solid path, and this process
continues. The two P-T curves coincide at either the fully
paraelectric or ferroelectric phase. The discontinuity observed
in these curves represents the latent heat generated by the first-
order phase transition in a ferroelectric material. 3433

However, there is no concept of thermal hysteresis for
ferroelectrics exhibiting second-order phase transitions. As
illustrated in Figs. 1(c) and 1(d), the curve of G versus tem-
perature for a second-order ferroelectric material shows that
the minimum point of P follows the same trajectory during
both heating and cooling processes. In the polarization ver-
sus temperature curve, the phase transition temperature dur-
ing heating does not equal that during cooling, as depicted in
Fig. 1(b). This discrepancy is referred to as thermal hystere-
sis. The presence or absence of thermal hysteresis serves as
a crucial indicator for distinguishing between first-order and
second-order phase transitions in ferroelectric materials, and
it is also a key parameter for experimentally determining the
type of phase transition. Investigations into thermal hystere-
sis have been conducted across various scales of ferroelectric
material simulations.[1:!236-37] The earliest theoretical efforts
concentrated on macroscopic models grounded in solid ther-
modynamic theory to describe the macroscopic behavior of
ferroelectrics.*8 These studies primarily considered three dif-
ferent scales: domains, grains, and polycrystals. 3! How-
ever, there is a notable lack of descriptions extending from the
microscopic to the mesoscopic level. Therefore, it is essential
to explore the phenomenon of thermal hysteresis in ferroelec-
tric materials from the microscale to the mesoscale.

In this article, we employ two distinct methods for calcu-
lating length scales: the effective Hamiltonian method and the
phase-field method, to investigate the thermal hysteresis phe-
nomenon associated with first-order phase transitions in ferro-
electric materials. Our analysis of these two calculation mod-
els leads us to conclude that the effective Hamiltonian method
is grounded in the development of the soft mode model, while
the phase-field method utilizes P as the order parameter, both
of which are rooted in thermodynamic phase transition the-
ory. Both methods can effectively represent the potential en-
ergy relationships within ferroelectric systems. Consequently,
we will consider thermal hysteresis as an effective property
that facilitates the transition from microscopic to mesoscopic

calculations, thereby enabling the development of concurrent
multiscale analyses of ferroelectric phase transitions. Impor-
tantly, the expressions derived from the two different scale
models indicate that the effective Hamiltonian method is based
on the soft mode theory, which formulates the energy terms of
the system. The phase transition of the system arises from
the combined effects of the lattice structure within the crys-
tal, with the unit cell serving as the fundamental component of
the effective Hamiltonian method. In this study, we employed
a lattice size of Ly x Ly x L, = 16 x 16 x 16 in the effective
Hamiltonian method, corresponding to the dimensions of the
unit cell. For the phase-field method, we utilized samples at
a 16 x 16 x 16 nanometer scale for our research. The phase-
field method divides the spatial grid, resulting in a calculated
spatial scale that is significantly larger than that of the unit
cell. If the scale of the effective Hamiltonian is expanded to
the mesoscopic scale, or if the spatial grid of the phase-field
method is subdivided more densely to the angstrom scale, the
computational cost becomes a primary consideration.

In this study, we focus on the classic ABO3 perovskite
material, barium titanate (BaTiO3, BTO), as our research sub-
ject. At the nanoscale, we employ the effective Hamiltonian
method to calculate the heating and cooling processes of BTO.
The specific calculation parameters are detailed in the theoret-
ical methods section.*?! In the heating calculation for BTO,
we initially set the polarization displacement of the soft mode
configuration to 0.11 A, causing the ions in the system to de-
viate from their equilibrium positions and maintain a ferro-
electric state. During the cooling process, we adjust the po-
larization displacement of the soft mode configuration to 0 A,
allowing the ions to return to their equilibrium positions and
achieve a paraelectric state. From Fig. 2(a), we can observe the
P-T relationship curve derived from the heating and cooling
processes. The red solid line represents the heating process,
while the black solid line indicates the cooling process. The
Tc for the heating curve of the ferroelectric material is 403 K,
whereas the T¢ for the cooling curve is 362 K. The 7¢ ob-
tained from the ferroelectric heating curve is higher than that
from the cooling curve, with a difference of 41 K. This indi-
cates that during the heating process, the Tc of ferroelectric
material is greater than during the cooling process. This ob-
servation further confirms the inconsistency in the P-T curves
observed during the heating and cooling phases of the ferro-
electric first-order phase transition.

In the mesoscale aspect, we employ the phase-field model
to analyze the heating and cooling processes of BTO. We uti-
lize the low-temperature ferroelectric domain as the initial do-
main structure during heating and the high-temperature para-
electric phase as the initial evolution structure during the cool-
ing. The resulting P-T curve is illustrated in Fig. 3(b). During
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the heating process, the T¢ obtained from the heating curve
(solid red line in Fig. 3(b)) is 402 K, while the Curie transi-
tion temperature derived from the cooling curve is 373 K. No-
tably, the 7T¢ from the heating curve exceeds that of the cool-
ing curve by 29 K, which aligns with the findings from previ-
ous microscale calculations. By comparing the experimental
results of the transition temperatures from the BTO heating
and cooling curves, we demonstrate that the results obtained
through our effective Hamiltonian method and the phase-field
method not only replicate the phenomenon of positive thermal
hysteresis but also corroborate the findings from these two dis-
tinct calculation scales with the experimental data. This con-
sistency provides strong evidence for the reliability of the two
different scale calculation models we have selected.

To better understand the structural diagrams of the two
calculation methods before and after the phase transition dur-
ing the heating and cooling processes of BTO, we selected four
light blue solid dots in Fig. 2(a), labeled I, 11, III, and I'V. Points
I and IT represent the pre- and post-ferroelectric transitions that
occur during the heating of BTO using the feram code, [*#4]

while points III and IV represent the pre- and post-ferroelectric

transitions during cooling. The four types of dipole config-
urations depicted in Fig. 2(b) correspond to the four points
observed before and after the heating/cooling process illus-
trated in Fig. 2(a). As the system we are examining is a three-
dimensional system, to comprehend the specific distribution
of the dipole configuration in a certain direction, we chose to
study the dipole configuration along the yOz plane at the in-
tersection of x = 8 to analyze the dipole distribution before
and after the phase transition. The dipole arrangement prior
to the ferroelectric phase transition is more ordered than the
distribution observed after the phase transition, indicating the
material’s transition from the ferroelectric phase to the para-
electric phase. Additionally, figure 2(b) illustrates the dipole
distribution along the +z and —z directions before and after
the ferroelectric phase transitions, where the red hollow sym-
bols represent upward dipoles and blue solid symbols repre-
sent downward dipoles. This also reflects the transition of the
dipoles from an ordered to a disordered state. To calculate
the heating curve of the BTO using the phase-field method,
we also captured the polarization distribution diagram of the
system at its midpoints.
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Fig. 2. The effective Hamiltonian method calculated the P-T curve of the first-order ferroelectric material during the heating and cooling
processes. Panel (b) is the distribution of local modes in the cell at different temperatures, where I, II, III, and IV correspond to the points on
the curve in panel (a). (c) The P-T curve under different electric fields is applied during the heating process. (d) The relationship between

adiabatic temperature change and temperature is calculated in panel (c).

Similarly, by analyzing points I-IV in Fig. 3(b), we can
draw the same conclusion regarding the scale of the phase-
field calculation. The polarization at point III in Fig. 3(b)
is greater than that at point I, which aligns with the obser-
vation that ferroelectric polarization decreases as temperature
increases. Since the phase-field method utilizes a larger grid

scale, the polarization distribution map of the system, which
represents the ferroelectric domain, remains a single domain
prior to the ferroelectric transition. However, after the ferro-
electric transition, the polarization distribution becomes dis-
ordered, and the concept of domainlessness characterizes the
paraelectric phase.
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in panel (a). (c) The P-T curve under different electric fields is applied during the heating process. (d) The relationship between adiabatic
temperature change and temperature is calculated in panel (c).
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Fig. 4. (a) Schematic diagram of the Gibbs free energy curve of the first-order phase transitions of ferroelectric material at 7¢ as the applied
electric field gradually increases. (b) Schematic diagram of the Gibbs free energy curve of ferroelectric spontaneous polarization with tem-
perature when the constant electric field remains unchanged. Panels (c) and (d) are the heating/cooling curves of ferroelectric as a function of
temperature under different electric field strengths in the effective Hamiltonian and phase-field methods, respectively.

Based on the Maxwell relation (dP/dT ), = (dS/JE);,  and Cpg represents the specific heat at constant pressure and

the adiabatic temperature change (A7) can be calculated as applied electric field. The specific heat value, Cgp = 3.25 x
follows:

E2 | /9P 10% J.K~'-m~3, corresponds to measurements taken at room
AT =-T ( ) E

T

The applied electric field varies from E| to E; (AE = E; —E;),  lation models yield similar results: P increases gradually with

el Cpp temperature. As illustrated in Figs. 2(d) and 3(d), both calcu-
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the strength of the electric field, and AT also rises with in-
creasing electric field strength. When the electric field strength
reaches 2 MV-m~!, AT approaches nearly 4 K.

When a ferroelectric material undergoes a first-order
phase transition at T¢, the minimum value of the G curve
for the material shifts in the direction of the applied electric
field. As the strength of the applied electric field increases, this
shift becomes more pronounced, as shown in Fig. 4(a). Fig-
ures 4(c) and 4(d) demonstrate that as the electric field gradu-
ally intensifies, the downward trend of the P-T curve is pro-
gressively diminished during the ferroelectric first-order phase
transition. As the temperature increases, the minimum value
of the G for the ferroelectric material shifts to the left when a
constant electric field is applied, as shown in Fig. 4(b). Con-
versely, it shifts to the right under conditions of decreasing
electric field strength. This process follows the same evolu-
tionary path as the minimum values observed in the heating
and cooling curves of second-order ferroelectrics, indicating
the absence of thermal hysteresis. Furthermore, figures 4(c)
and 4(d) reveal that as the electric field strength increases, the
thermal hysteresis phenomenon between the heating and cool-
ing curves of the ferroelectric first-order phase transition grad-
ually diminishes until it ultimately disappears.

0.4r __360 K

[ — 380K
0.3 —400 K
0.2F — 410 K
01l —430K

Polarization (C/m?)

Polarization (C/m?2)

Electric field (MV /m)

Fig. 5. The ferroelectric polarization (P)-electric field (E) hysteresis
loop (P-E loop) of (a) the effective Hamiltonian method and (b) the
phase-field method at different temperatures.

Based on the analysis presented above, we can conclude
that when the electric field is sufficiently strong, a first-order
ferroelectric can undergo a transformation into a second-order
phase transition. We also examined the relationship between
ferroelectric polarization and electric field strength (P—E loop)

for two length-scale models at various temperatures, as illus-
trated in Fig. 5. Both scale calculation models confirm that as
the temperature increases, the shape of the P—E loop transi-
tions from wide to narrow, while the coercive field gradually
decreases. No polarization versus electric field loops was ob-
served above 500 K.

4. Conclusion

BTO, a classic ferroelectric material that exhibits a first-
order phase transition, demonstrates thermal hysteresis during
both heating and cooling: an intrinsic characteristic of ferro-
electric first-order phase transitions. The effective Hamilto-
nian method, developed as a soft mode theory, along with the
phase-field method, which is based on order parameters, are
computational models derived from Landau’s phase transition
theory. Both simulation approaches can accurately reproduce
the ferroelectric first-order phase transition and generate ther-
mal hysteresis. We have developed a concurrent multiscale
computational model to study the first-order phase transition
of ferroelectric materials, which a particular focuse on ther-
mal hysteresis as an effective property. The P-T curves are
utilized to analyze the correlation properties of ferroelectrics.
In this study, we examine the electrocaloric effect on the P—
T curves under varying electric field strengths at two distinct
calculation scales. Our results demonstrate a consistent elec-
trocaloric temperature change derived from the models at both
length scales. This work aims to facilitate the construction and
investigation of concurrent multiscale computational models
for ferroelectric materials by bridging the gap between atom-
iclevel and macroscopic continuum behavior through the lens
of thermal hysteresis.
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