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Wave propagation in multi-phase porous media is a significant research topic. There are a series of studies about
porous media saturated with a single fluid, a solid and a fluid, two fluids, and three fluids. Some gas hydrate-bearing
sediments are typical multiphase porous media saturated with a solid (gas hydrates) and two fluids (water and gas). Based
on existing theories of porous media, we develop a theory and give a comprehensive analysis of wave propagation in a
poroelastic medium saturated with two fluids and a solid. Initially, we establish the constitutive relations and equations of
motion. Based on Biot’s approach for describing the equations of motion in fluid-saturated porous media at the macroscale,
the kinetic energy density, potential energy density, and dissipative energy density are derived. After deriving the equations
of motion, a plane wave analysis predicts the existence of four compressional waves, denoted P1, P2, P3, and P4 waves,
and two shear waves, denoted S1 and S2 waves. Numerical examples are presented to demonstrate how velocities and
attenuations of various waves behave with gas saturation, gas hydrate saturation, and frequency. A model degradation to
porous media saturated with a single fluid supports the validity of the theory, which enriches the theory of multiphase
porous media and provides a foundation for the evaluation of gas hydrate-bearing sediments.

Keywords: four-phase porous media, equations of motion, plan wave analysis, wave characteristics
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1. Introduction
The investigation of acoustic wave propagation in porous

media has been a subject of comprehensive research for more
than thirty years. Biot’s theory[1–4] postulates the presence of
two distinct types of compressional waves (including a fast
compressional wave and a slow compressional wave) and a
shear wave in a fluid-saturated porous medium. The existence
of the slow compressional wave is confirmed by Plona,[5] who
used an experiment to observe the slow compressional wave at
ultrasonic frequencies.

Porous media are often more complex than being simply
saturated by a single-phase fluid. Thus, it is essential to de-
velop an acoustic propagation model that incorporates porous
media saturated with different solids or fluids. Previous re-
search has extensively explored the propagation of waves in
porous media that are saturated with two distinct fluids, em-
ploying the equivalent fluid theory to model these complex
interactions.[6,7] In these studies, enhanced parameters from
liquid–liquid or gas–liquid mixtures are substituted into Biot’s
theory. However, this model does not account for inertial cou-
pling between fluids, nor between fluids and solids. Consid-
ering inertial coupling between different phases and capillary
pressure, Santos et al.[8,9] introduced a wave propagation the-
ory for porous media saturated with two non-miscible fluids

using the virtual complementary work principle. The theory
indicates the presence of three compressional waves (includ-
ing two slow compressional waves) and a singular shear wave
in porous media saturated with two fluids. Subsequently, Lo et
al.[10,11] formulated a model for wave propagation in an elastic
porous solid saturated with two non-miscible fluids. Vasco[12]

analyzed a porous solid saturated by three fluid phases using
a volume-averaging approach. Building on this, Santos[13,14]

presented a model to describe the propagation of waves in a
poroelastic medium saturated by a three-phase viscous, com-
pressible fluid and described the wave propagation in such a
porous medium. For porous media with a solid and a fluid in
pores, Leclaire et al.[15] introduced a percolation theory built
upon Biot’s framework, characterizing the acoustic wave prop-
agation in porous media, where a solid grain matrix, ice, and
water coexist. However, there is an assumption that the solid
frame and ice did not directly contact each other in Leclaire’s
model. Building on this foundation, Carcione et al.[16] ad-
vanced the model by incorporating direct contact, and ob-
tained three compressional waves (including two slow com-
pressional waves) and two shear waves (including one slow
shear wave) in such a three-phase porous medium. With natu-
ral gas hydrates identified as a promising energy source,[17–20]

the exploration and development methodologies of gas hy-
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drates have gained significant research attention.[21–25] Sub-
sequently, due to the similarity in properties between natural
gas hydrates and ice, scholars extended the Carcinone–Lalaire
model and applied it to natural gas hydrate-bearing sediments,
using the velocity and attenuation of mode waves to estimate
the saturation of natural gas hydrates.[26–31]

Based on the above work, it’s evident that the multiphase
porous medium theory plays a pivotal role in the exploration of
oil, gas, and natural gas hydrates. However, some gas hydrate-
bearing sediments are composed of a solid frame, with gas
hydrate, water and gas in pores. There is almost no theory
for acoustic wave propagation in porous media containing two
fluids and two solids, which is important for the evaluation of
natural gas hydrate-bearing sediments. Zhou et al.[32] intro-
duced an innovative approach to developing general mechani-
cal equations by using the principle of energy conservation. In
the work, for the first time, the elastodynamic equation of mo-
tion was derived specifically for porous elastic media that are
both arbitrarily anisotropic and multiphasic. However, their
work only introduced the process of establishing the equations
of motion from another perspective, there is no specific acous-
tic model in the work that describes the propagation of waves
in the model of two types of solids and two kinds of fluids,
which has no definition of specific parameters involved, mak-
ing it impossible to further apply the model to specific analy-
sis.

In this paper, we propose a specific acoustic model for
wave propagation in multiphase porous media containing two
types of solids and two kinds of fluids at the macroscale. The
potential energy density, the stress–strain relations, the kinetic
energy density function, and the dissipation energy density
function are derived. Next, numerical examples are used to
analyze the behavior of all waves as a function of gas satu-
ration, gas hydrate saturation and frequency. Finally, model
degradation to a water-saturated porous medium proves the ef-
fectiveness of the theoretical model.

2. Potential energy density V

Following Biot’s theory, the medium is assumed to ex-
hibit statistical isotropy, characterized by uniform and inter-
connected porosity φ , which is defined as the ratio of the pore
volume to the total volume of the medium, as shown in Fig. 1.
The solid frame is saturated by two fluids and one solid, taken
to be water, gas, and gas hydrate in this paper. The solid frame,
water, gas, and gas hydrate are represented by the indices and
superindices s, w, g, and h or 1, 2, 3 and 4, respectively. The
volumic proportions of the solid frame, water, gas and water,
gas and gas hydrate are φs, φw, φg and φh, respectively. We
assume that the three phases completely saturate the porous,
and all phases in the pore are allowed to move within the pore

space. There always exists an elementary relationship between
the constituent proportions

φs = 1−φ , φw +φg +φh = φ . (1)

For arbitrarily anisotropic multiphasic porous media, the
potential energy density can be written as[15,32]

V =V (e(α)
i j ), i, j = 1,2,3, and α = 1,2, . . . ,M, (2)

where the elastic strain tensor components are defined as

e(α)
i j = (u(α)

i, j +u(α)
j,i )/2 (3)

in composition α .

Solid frame

Gas hydrate

Water

Gas

Fig. 1. The schematic model of multiphase porous media saturated with
a solid (gas hydrates) and two fluids (water and gas).

In the four-phase case, for small deformations from the
equilibrium state, typically associated with elastic waves with-
out external forces, the problem is linearized by expanding V
to the second order

V
(

e(1)i j ,θ2,θ3,e
(4)
i j

)
= V (0,0,0,0)+∂

2V/(∂e(1)i j ∂e(1)kl )e
(1)
i j e(1)kl /2

+(∂ 2V/∂θ
2
2 )θ

2
2 /2+(∂ 2V/∂θ

2
3 )θ

2
3 /2

+∂
2V/(∂e(4)i j ∂e(4)kl )e

(4)
i j e(4)kl /2+∂

2V/(∂e(1)i j ∂θ2)e
(1)
i j θ2

+∂
2V/(∂e(1)i j ∂θ3)e

(1)
i j θ3 +∂

2V/(∂e(1)i j ∂e(4)kl )e
(1)
i j e(4)kl

+∂
2V/(∂θ2θ3)θ2θ3 +∂

2V/(∂θ2∂e(4)i j )θ2e(4)i j

+∂
2V/(∂θ3∂e(4)i j )θ3e(4)i j +O3

(
e(1)i j ,θ2,θ3,e

(4)
i j

)
, (4)

where θ2 = e(2)ii and θ3 = e(3)ii .

We establish a fourth-order tensor of elastic coefficients
corresponding to the solid frame (index 1) and gas hydrate (in-
dex 4), alongside elastic coefficients of water (index 2) and gas
(index 3). The non-stiff part of the velocity–stress differential
equations can be written in matrix form as

C(1)
i jkl = ∂

2V/(∂e(1)i j ∂e(1)kl ), C(4)
i jkl = ∂

2V/(∂e(4)i j ∂e(4)kl ),

K2 = ∂
2V/∂θ

2
2 , K3 = ∂

2V/∂θ
2
3 , (5)

where K2 and K3 refer to the effective bulk moduli of the water
and gas, respectively. Six crossed terms appear to define two
second-order tensors of elastic coupling coefficients:

Csw
i j = ∂

2V/(∂e(1)i j ∂θ2), Csg
i j = ∂

2V/(∂e(1)i j ∂θ3),

Csh
i j = ∂

2V/(∂e(1)i j ∂e(4)i j ), Cwg
i j = ∂

2V/(∂θ2∂θ3),
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Cwh
i j = ∂

2V/(∂θ2∂e(4)i j ), Cgh
i j = ∂

2V/(∂θ3∂e(4)i j ). (6)

These crossed terms represent, respectively, the exchange of
elastic energy between solid and water, solid and gas, solid and
hydrate, water and gas, water and hydrate, gas and hydrate.

The energy contributions of solid and gas hydrate are, re-
spectively, given by

V1 =C(1)
i jkle

(1)
i j e(1)kl /2, V4 =C(4)

i jkle
(4)
i j e(4)kl /2. (7)

The phases are statistically isotropic, C(1)
i jkl and C(4)

i jkl can be de-
scribed using two independent coefficients, V1 and V4 can be
expressed as

V1 = K1θ
2
1 /2+µ1d2

1 , V4 = K4θ
2
4 /2+µ4d2

4 , (8)

where K1 and µ1 are the effective bulk and shear moduli of
the solid phase, respectively. Here, d1, d4, θ1 and θ4 are the
invariants of the strain tensor and are called the deviator and
the dilatation:

d(m)
i j d(m)

i j = d2
m, e(m)

i j e(m)
i j = e2

m,

d(m)
i j = e(m)

i j −
1
3

δi jθm, θm = e(m)
ii , m = 1,4. (9)

The potential energy density is given by

V = K1θ
2
1 /2+µ1d2

1 +K2θ
2
2 /2+K3θ

2
3 /2+K4θ

2
4 /2

+µ4d2
4 +µ14d1d4 +C12θ1θ2 +C13θ1θ3

+C14θ1θ4 +C23θ2θ3 +C24θ2θ4 +C34θ3θ4, (10)

where C12 is the solid–water elastic coupling, C13 refers to
the solid–gas elastic coupling, C14 represents the solid–hydrate
elastic coupling, C23 is the water–gas elastic coupling, C24 is
the water–hydrate elastic coupling, C34 is the gas–hydrate elas-
tic coupling. K1, K2, K3, and K4 are the bulk moduli, µ1, µ4,
and µ14 are the shear moduli. The bulk moduli, shear moduli
and elastic coupling coefficients are given in Appendix B.

3. The stress–strain relations
For small deformations, the variation of potential energy

of a four-phase porous medium is described using a differen-
tial form

dV = ∂V/∂e(1)i j de(1)i j +∂V/∂θ2 dθ2

+∂V/∂θ3 dθ3 +∂V/∂e(4)i j de(4)i j , (11)

thus, following the work of Leclaire et al.,[15] V satisfies the
conditions which express the stress tensor for each phase:

σ
(1)
i j = ∂V/∂e(1)i j , σ

(2) = ∂V/∂θ2,

σ
(3) = ∂V/∂θ3, σ

(4)
i j = ∂V/∂e(4)i j . (12)

Using Eqs. (10) and (12), the stress–strain relationships in a
two-dimensional case are expressed as

σ
(1)
xx = (K1 +µ1)e

(1)
xx +(K1−µ1)e

(1)
zz +C12(e

(2)
xx + e(2)zz )

+C13(e
(3)
xx + e(3)zz )+(C14 +µ14/2)e(4)xx

+(C14−µ14/2)e(4)zz , (13a)

σ
(1)
zz = (K1 +µ1)e

(1)
zz +(K1−µ1)e

(1)
xx +C12(e

(2)
xx + e(2)zz )

+C13(e
(3)
xx + e(3)zz )+(C14 +µ14/2)e(4)zz

+(C14−µ14/2)e(4)xx , (13b)

σ
(2) = K2(e

(2)
xx + e(2)zz )+C12(e

(1)
xx + e(1)zz )

+C23(e
(3)
xx + e(3)zz )+C24(e

(4)
xx + e(4)zz ), (13c)

σ
(3) = K3(e

(3)
xx + e(3)zz )+C13(e

(1)
xx + e(1)zz )

+C23(e
(2)
xx + e(2)zz )+C34(e

(4)
xx + e(4)zz ), (13d)

σ
(4)
xx = (K4 +µ4)e

(4)
xx +(K4−µ4)e

(4)
zz +(C14 +

1
2

µ14)e
(1)
xx

+(C14−
1
2

µ14)e
(1)
zz +C24(e

(2)
xx + e(2)zz )

+C34(e
(3)
xx + e(3)zz ), (13e)

σ
(4)
zz = (K4 +µ4)e

(4)
zz +(K4−µ4)e

(4)
xx +(C14 +

1
2

µ14)e
(1)
zz

+(C14−
1
2

µ14)e
(1)
xx +C24(e

(2)
xx + e(2)zz )

+C34(e
(3)
xx + e(3)zz ), (13f)

σ
(1)
xz = 2µ1e(1)xz +µ14e(4)xz , (13g)

σ
(4)
xz = 2µ4e(4)xz +µ14e(1)xz . (13h)

4. Kinetic energy density T
The kinetic energy density function is similarly structured

across each medium component, which has relatively coupled
motions between the four components. Thus, the total kinetic
energy density for a four-phase porous medium can be written
as

T =
1
2
[ρa

11u̇(1)i u̇(1)i +ρ
a
22u̇(2)i u̇(2)i +ρ

a
33u̇(3)i u̇(3)i +ρ

a
44u̇(4)i u̇(4)i

+ρ
a
12(u̇

(1)
i − u̇(2)i )(u̇(1)i − u̇(2)i )

+ρ
a
13(u̇

(1)
i − u̇(3)i )(u̇(1)i − u̇(3)i )

+ρ
a
14(u̇

(1)
i − u̇(4)i )(u̇(1)i − u̇(4)i )

+ρ
a
23(u̇

(2)
i − u̇(3)i )(u̇(2)i − u̇(3)i )

+ρ
a
24(u̇

(2)
i − u̇(4)i )(u̇(2)i − u̇(4)i )

+ρ
a
34(u̇

(3)
i − u̇(4)i )(u̇(3)i − u̇(4)i )]. (14)

Thus, we have

T = (ρa
11 +ρ

a
12 +ρ

a
13 +ρ

a
14)u̇

(1)
i u̇(1)i

+(ρa
21 +ρ

a
22 +ρ

a
23 +ρ

a
24)u̇

(2)
i u̇(2)i

+(ρa
31 +ρ

a
32 +ρ

a
33 +ρ

a
34)u̇

(3)
i u̇(3)i
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+(ρa
41 +ρ

a
42 +ρ

a
43 +ρ

a
44)u̇

(4)
i u̇(4)i

−2ρ
a
12u̇(1)i u̇(2)i −2ρ

a
13u̇(1)i u̇(3)i

−2ρ
a
14u̇(1)i u̇(4)i −2ρ

a
23u̇(2)i u̇(3)i

−2ρ
a
24u̇(2)i u̇(4)i −2ρ34u̇(3)i u̇(4)i . (15)

We denote

ρ11 = ρ
a
11 +ρ

a
12 +ρ

a
13, ρ22 = ρ

a
21 +ρ

a
22 +ρ

a
23,

ρ33 = ρ
a
31 +ρ

a
32 +ρ

a
33, ρ12 =−ρ

a
12,

ρ13 =−ρ
a
13, ρ14 =−ρ

a
14, ρ23 =−ρ

a
23,

ρ24 =−ρ
a
24, ρ34 =−ρ

a
34. (16)

The kinetic energy density of a multiphasic porous medium is
given by

T =
1
2

ραβ u̇(α)
i u̇(β )i , i = 1,2,3, and α,β = 1,2, . . . ,M, (17)

where ραβ = ρβα . For our four-phase case, the displacements
of solid, water, gas, and hydrate are, respectively, represented
by the vectors u(1)i , u(2)i , u(3)i and u(4)i . The kinetic energy den-
sity T is a function of velocities u̇(1)i , u̇(2)i , u̇(3)i and u̇(4)i ex-
pressed as the time derivative of displacements. Expanding
T to the second order and assuming that the motions of the
phases are only caused by the wave propagation, we have

T =
1
2
[ρ11u̇(1)2i +ρ22u̇(2)2i +ρ33u̇(3)2i +ρ44u̇(4)2i

+2ρ12u̇(1)i u̇(2)i +2ρ13u̇(1)i u̇(3)i +2ρ14u̇(1)i u̇(4)i

+2ρ23u̇(2)i u̇(3)i +2ρ24u̇(2)i u̇(4)i +2ρ34u̇(3)i u̇(4)i ], (18)

where ρ11, ρ22, ρ33, and ρ44 are the mass densities of the ef-
fective solid grain, effective water, effective gas and effective
gas hydrate, respectively. ρ12, ρ13, ρ14, ρ23, ρ24, ρ34 are cou-
pling mass densities caused by relative motion of solid grain
and water, solid grain and gas, solid grain and gas hydrate,
water and gas, water and gas hydrate, gas and gas hydrate.

Following Biot,[1] Santos[8] and Carcione,[16] the deter-
mination of the generalized mass densities ρi j appearing in
Eq. (18) of kinetic energy may be expressed as functions of
the combination of the phase proportions, mass densities and
parameters that characterize the geometric properties of the
solid and hydrate matrices. The generalized mass densities ρi j

are directly extended from the coupling density ρ12 in Biot’s
theory. ρ12, ρ13, ρ14, ρ23, ρ24, ρ34 reflect the inertial coupling
effect between the phases. In particular, Santos[8] believes that
change of ρ23 has little impact on velocity and attenuation, so
the expression for ρ23 is based on experience. The expressions
of generalized mass densities ρi j are given in Appendix C.

5. Dissipation potential D
The dissipative energy density can be written as[15]

φd =
1
2

bαβ ẇ(α,β )
i ẇ(α,β )

i ,

i, j = 1,2,3, and α = 1,2, . . . ,M, (19)

where ẇ(α,β )
i = u̇(α)

i − u̇(β )i is the relative velocity component
between compositions α and β in the i-direction. bαβ is
the friction coefficient,[1] and bαβ = bβα . Only dissipations
caused by viscous flows are considered.

In our four-phase case, the dissipated energy density is
given by a linear function of the velocity differences

D =
1
2
[b12(u̇

(1)
i − u̇(2)i )2 +b13(u̇

(1)
i − u̇(3)i )2

+b23(u̇
(2)
i − u̇(3)i )2 +b14(u̇

(1)
i − u̇(4)i )2

+b24(u̇
(2)
i − u̇(4)i )2 +b34(u̇

(3)
i − u̇(4)i )2], (20)

where b12, b13, b14, b23, b24, b34 refer to the friction coeffi-
cients between solid grain and water, solid grain and gas, solid
grain and gas hydrate, water and gas, water and gas hydrate,
gas and gas hydrate, respectively. The expressions of friction
coefficients are given in Appendix D.

6. Equations of motion
Lagrange’s equation with dissipation potential with dis-

placement as generalized coordinates is given by[15]

d
dt

∂L

∂ q̇(m)
i

+

 ∂L

∂

(
q(m)

i, j

)


i, j

− ∂L

∂q(m)
i

+
∂D

∂ q̇(m)
i

= 0. (21)

By substituting kinetic energy density, potential energy den-
sity and dissipation potential density into Lagrange’s equation,
the equations of motion can be obtained as

σ
(1)
i j, j = ρ11ü(1)i +ρ12ü(2)i +ρ13ü(3)i +ρ14ü(4)i

+b12(u̇
(1)
i − u̇(2)i )+b13(u̇

(1)
i − u̇(3)i )

+b14(u̇
(1)
i − u̇(4)i ), (22a)

σ
(2)
,i = ρ12ü(1)i +ρ22ü(2)i +ρ23ü(3)i +ρ24ü(4)i

+b12(u̇
(2)
i − u̇(1)i )+b23(u̇

(2)
i − u̇(3)i )

+b24(u̇
(2)
i − u̇(4)i ), (22b)

σ
(3)
i j, j = ρ13ü(1)i +ρ23ü(2)i +ρ33ü(3)i +ρ34ü(4)i

+b13(u̇
(3)
i − u̇(1)i )+b23(u̇

(3)
i − u̇(2)i )

+b34(u̇
(3)
i − u̇(4)i ), (22c)

σ
(4)
,i = ρ14ü(1)i +ρ24ü(2)i +ρ34ü(3)i +ρ44ü(4)i

+b14(u̇
(4)
i − u̇(1)i )+b24(u̇

(4)
i − u̇(2)i )

+b34(u̇
(4)
i − u̇(3)i ). (22d)

By substituting the constitutive relation into the equations of
motion, we can obtain

ρ̃𝑢̈+ b̃𝑢̇= R̃∇∇ ·𝑢− µ̃∇×∇×𝑢, (23)

where ρ̃ , b̃, R̃ and µ̃ can be expressed as
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ρ̃ =


ρ11 ρ12 ρ13 ρ14
ρ12 ρ22 ρ23 ρ24
ρ13 ρ23 ρ33 ρ34
ρ14 ρ24 ρ34 ρ44

 , R̃ =


R11 R12 R13 R14
R12 R22 R23 R24
R13 R23 R33 R34
R14 R24 R34 R44

 , µ̃ =


µ11 0 µ13 0
0 0 0 0

µ13 0 µ33 0
0 0 0 0

 ,

b̃ =


b12 +b13 +b14 −b12 −b13 −b14
−b12 b12 +b23 +b24 −b23 −b24
−b13 −b23 b13 +b23 +b34 −b34
−b14 −b24 −b34 b14 +b24 +b34

 ,

where 𝑢 = (us
i ,u

w
i ,u

g
i ,u

h
i )

T denotes the displacement matrix.
The specific expressions of the matrix of the rigidity moduli
are given by

R11 = K1 +µ1, R12 =C12, R13 =C13,

R14 =C14 +
1
2

µ14, R22 = K22, R23 =C23,

R24 =C24, R34 =C34, R44 = K4 +µ4.

7. Plane wave analysis
To derive the governing equations of compressional and

shear waves from the equation of motion (Eq. (23)), we apply
the divergence and rotational operators

R̃∇
2𝜙= ρ̃𝜙̈+ b̃𝜙̇, (24a)

µ̃∇
2𝜓 = ρ̃𝜓̈+ b̃𝜓̇. (24b)

The displacement potentials of compressional and shear waves
are given by

𝜙s

𝜙w

𝜙g

𝜙h

=


𝐴s

1
𝐴w

1
𝐴

g
1

𝐴h
1

exp(i (kP · r−ωt)) , (25a)


ψs

ψw

ψg

ψh

=


𝐴s

2
𝐴w

2
𝐴

g
2

𝐴h
2

exp(i (kS · r−ωt)) . (25b)

By substituting Eqs. (25a) and (25b) into Eqs. (24a) and (24b),
the governing equations of compressional and shear waves can
be obtained as

(
ω

2
ρ̃ + iω b̃− k2

PR̃
)

𝐴s
1

𝐴w
1

𝐴
g
1

𝐴h
1

= 0, (26a)

(
ω

2
ρ̃ + iω b̃− k2

Sµ̃
)

𝐴s
2

𝐴w
2

𝐴
g
2

𝐴h
2

= 0. (26b)

To ensure that the given system of equations has a non-zero so-
lution, the determinant of the coefficient matrix must be zero.
By solving the equations, we can obtain four values for kP

(compressional wave number) and two values for kS (shear
wave number). Therefore, there are four compressional waves
and two shear waves in the porous medium consisting of two
solids and two fluids.

From the four physical meaningful solutions of the gen-
eralized eigenvalue problem Eq. (26a) and two solutions of
the generalized eigenvalue problem Eq. (26b), we obtain the
phase velocities and inverse quality factors of the waves (P1,
P2, P3 and P4 for the four types of compressional waves; S1
and S2 for the two types of shear waves). The velocities can
be expressed as

VPi =
ω

Re(kPi)
, i = 1,2,3,4, (27a)

VSi =
ω

Re(kSi)
, i = 1,2. (27b)

The inverse quality factor Q−1 can be used to evaluate the
wave attenuation

Q−1 = 2Im(k j)/Re(k j), (28)

where j = P1, P2, P3, P4, S1 and S2.

8. Numerical examples
We compute the phase velocities and attenuations for a

hydrate-bearing sediment saturated by water, gas and gas hy-
drate. Two typical frequencies are selected: 20 Hz for seismic
exploration and 10 kHz for acoustic logging. The saturations
of water Sw, gas Sg, and gas hydrate Sh are given by

Sw =
φw

φ
, Sg =

φg

φ
, Sh =

φh

φ
, Sw +Sg +Sh = 1. (29)

The material properties of the hydrate-bearing sediment con-
taining gas are: porosity φ = 0.3 and permeability κs0 =

1.07 × 10−13 µm; solid grain density, bulk modulus and
shear modulus ρs = 2.65 g/cm3, Ks = 38.7 GPa and Gs =

39.6 GPa, respectively. The permeability of hydrate κh0 =

5× 10−4 µm; hydrate density, bulk modulus and shear mod-
ulus ρh = 0.92 g/cm3, Kh = 8.58 GPa and Gh = 3.32 GPa,
respectively. The properties of water and gas in the pore space
are: ρw = 1 g/cm3, Kw = 2.25 GPa, ηw = 1.8× 10−3 Pa·s,
ρg = 0.079 g/cm3, Kg = 12.7 MPa, ηg = 0.1× 10−3 Pa·s, re-
spectively. The capillary pressure coefficient B is 3× 103 Pa.
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The residual saturations of the two fluids Srw and Srg are 0.05
and 0, respectively. The absolute reference pressure p̄w is
30×106 Pa.

Figures 2 and 3 show phase velocities of two fast and four
slow waves as a function of gas saturation, respectively. The
frequencies are (a) 20 Hz and (b) 10 kHz, the porosity φ is
0.3, and the gas hydrate saturation Sh is 0.4. Through plane
wave analysis, it can be found that there are four compres-
sional waves and two shear waves in porous media containing
two solids and two fluids, including three slow compressional
and one slow shear waves. This is because the relative motion
between the solid frame and gas hydrates produces one slow
compressional wave and one slow shear wave, while the rela-
tive motion between the solid frame and water (gas) produces
two slow compressional waves. It can be observed in Fig. 2
that at the two frequencies, the P1 and S1 velocities display a
decreasing behavior with the increase of gas saturation. The
velocities of P2, S2, P3 and P4 waves displayed in Fig. 3 are
slower than those of the P1 and S1 waves, and the velocities
of slow waves are higher at the high frequency (10 kHz) than
those at the low frequency (20 Hz). The velocities of the slow
waves are minimally affected by the gas saturation.
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Fig. 2. Phase velocities of P1 and S1 waves as a function of gas satura-
tion. The frequency is (a) 20 Hz and (b) 10 kHz, the porosity φ = 0.3,
and the gas hydrate saturation Sh = 0.4.
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Fig. 3. Phase velocities of four types of slow waves as a function of gas
saturation. The slow waves are labeled P2, P3, P4 and S2. The poros-
ity φ = 0.3, and the gas hydrate saturation Sh = 0.4. The frequency is
(a) 20 Hz and (b) 10 kHz.

Figures 4 and 5 show phase velocities of two fast and four
slow waves for the elastic case as a function of gas hydrate
saturation, respectively. The frequencies are (a) 20 Hz and (b)
10 kHz, the porosity φ is 0.3, and the gas saturation Sn is 0.15.
It can be observed in Fig. 4 that the P1 and S1 velocities in-
crease as the gas hydrate saturation increases. The velocities
of the P1 and S1 waves are almost unaffected by the frequency,
this is the same as the conclusion of other multiphase porous
media such as Biot’s theory and three-phase theory. The veloc-
ities of the four types of slow waves in Fig. 5 exhibit different

trends with the gas hydrate saturation at low (20 Hz) and high
(10 kHz) frequencies.
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Fig. 4. Phase velocities of P1 and S1 waves as a function of gas hydrate
saturation. The porosity φ = 0.3, and the gas hydrate saturation Sg = 0.15.
The frequency is (a) 20 Hz and (b) 10 kHz.
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Fig. 5. Phase velocities of four types of slow waves as a function of gas
saturation. The slow waves are labeled P2, P3, P4 and S2. The poros-
ity φ = 0.3, and the gas hydrate saturation Sg = 0.15. The frequency is
(a) 20 Hz and (b) 10 kHz.
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Fig. 7. Attenuations of P1 and S1 waves as a function of frequency. The
porosity φ = 0.3, the gas hydrate saturation Sh = 0.4, and the gas satura-
tion Sg = 0.2 and 0.4, respectively.

Figures 6 and 7 show phase velocities and attenuations of
P1 and S1 waves as a function of frequency, respectively. The
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porosity φ is 0.3, gas hydrate saturation Sh is 0.4, and the gas
saturations Sg are 0.2 and 0.4, respectively. It can be observed
that P1 and S1 waves exhibit rapid propagation, comparable
to P and S waves in a single-phase elastic medium. Further-
more, P1 and S1 waves show minimal dispersion within the
frequency ranges of seismic exploration (10 Hz–100 Hz) and
acoustic logging (1 kHz–20 kHz). Notice that there are dis-
persion transition bands of P1 and S1 waves in the frequency
range of 100 Hz–1 kHz. These characteristics are similar to
those in the three-phase porous media we have analyzed in
the previous research.[33] For attenuation, as can be observed
in Fig. 7 (expanding attenuation by 1000 times), the attenua-
tions of these two waves exhibit minimal values, although they
both have peaks in attenuation. Initially, their attenuations in-
crease, then decrease, and subsequently may decrease again as
frequency increases. It can be observed in Fig. 7 that there are
two obvious attenuation peaks of P1 and S1 waves, this is due
to the two solids in the porous media.

Previous research has shown that the attenuation charac-
teristics of acoustic waves can be used for estimating reservoir
characteristics. Figures 8 and 9 show phase velocities and at-
tenuations of four slow waves as functions of frequency. The
porosity φ is 0.3, the gas hydrate saturation Sh is chosen to be
0.4, and the gas saturation Sg is 0.2. Figure 8 indicates that
the velocities of the P2 and S2 waves show a trend of increas-
ing first and then flattening out with increasing frequency. The
two slow waves exhibit dispersion in the low-frequency range,
whereas there is minimal dispersion observed in the high-
frequency range. At low frequencies, P2, S2, P3, and P4 waves
propagate slowly primarily due to the significant influence of
pore fluid viscosity on velocity. In contrast, at higher frequen-
cies, inertial forces exert a greater impact on wave propagation
characteristics. For attenuation, it can be observed in Fig. 9
that the attenuations of the P2 and S2 waves show a trend of
first decreasing and then remaining unchanged with increasing
frequency. The attenuations of the P3 and P4 waves show a
trend of first remaining unchanged and then changing slightly
with increasing frequency. Moreover, compared with Fig. 9,
the attenuations of the four slow waves are significantly higher,
by several orders of magnitude, compared to the attenuations
of P1 and S1. Because of their slow propagation velocities
and high attenuations in a low frequency band, the four slow
waves are challenging to observe, resembling the behavior of
slow waves in Biot two-phase media. However, these slow
waves do carry some energy but decay rapidly. Scholars still
study slow waves because they also carry energy and have a
certain impact on the attenuation mechanism. Many scholars
have analyzed the slow wave modes propagating in different
types of porous media.[34–38] When encountering interfaces,
waves also undergo mode conversion. In addition, for acoustic
logging, the amplitudes of guided waves received by receivers

in a borehole surrounded by different types of porous media
are also different, the presence of slow waves can have an im-
pact on the attenuation mechanism of the wavefield, which can
be used to estimate the characteristic of the reservoir.[39,40]

Therefore, it’s important to take into account the impact of
slow waves on attenuation.
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Gas hydrate saturation is an important parameter for hy-
drate exploration and development. The above research indi-
cates that the velocities and attenuations of P1 and S1 waves
are greatly influenced by hydrate saturation and gas saturation.
Therefore, the propagation characteristics of the waves can be
used to estimate the gas hydrate saturation in hydrate explo-
ration to evaluate hydrate reservoirs.

9. Model degradation
Suppose the pore solid and the gas are completely re-

placed by water, i.e., φh = φg = 0, φw = φ . Therefore, we
obtain

C14 =C24 =C13 =C34 = 0, γ = 1, α
′ = 1, Kf = Kw,

c4 = 0, g4 = 0, Khm = 0,
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Kav = [(1− c1)φs/Ks +φw/Kw]
−1 ,

K3 = K4 = 0, µhm = 0, µ4 = µ14 = 0,

µav = [(1−g1)φs/µs +φw/(iωηw)]
−1 ,

A = Kcϑ , pca→ ∞, p′ca→ ∞,

ξ = 0, C23 =−A(1/Ksmδ + r/q) = 0.

Thus, the stress–strain relations can be expressed as

σ
(1)
xx = (K1 +µ1)e(1)xx +(K1−µ1)e(1)zz

+C12

(
e(2)xx + e(2)zz

)
, (30a)

σ
(1)
zz = (K1 +µ1)e(1)zz +(K1−µ1)e(1)xx

+C12

(
e(2)xx + e(2)zz

)
, (30b)

σ
(2) = K2

(
e(2)xx + e(2)zz

)
+C12

(
e(1)xx + e(1)zz

)
, (30c)

σ
(1)
xz = 2µ1e(1)xz . (30d)

The stress–strain relations in Biot’s theory can be written as

σxx = (2N +A)exx +Aezz +Q(εxx + εzz) , (31a)

σzz = (2N +A)ezz +Aexx +Q(εxx + εzz) , (31b)

S = Q(exx + ezz)+R(εxx + εzz) , (31c)

σxz = 2Nexz, (31d)

where σxx and σzz refer to the stress of the solid frame in the x
direction and z direction, S defines the stress of the pore fluid,
A, N, Q and R are elastic parameters. It can be demonstrated
that the stress–strain relations of a four-phase porous medium
can be simplified to those of a fluid-saturated porous medium
through a proof:

µ1 = N, K1 = A+N, C12 = Q, R = K2. (32)

Here, µ1 and N refer to the shear modulus, thus we can obtain

µ1 = N. (33)

In Biot’s theory, there are

A = λ +M(φ −α)2, R = φ
2M,

Q = φM(α−φ) = φM (1−Kb/Ks−φ) , (34)

where

α = 1−Kb/Ks, (35a)

λ = Kb−N, (35b)

M = (φ/Kf +(α−φ)/Ks)
−1

= (φ/Kf +(φs−Kb/Ks)/Ks)
−1 . (35c)

After degradation, the average bulk modulus can be expressed
as

Kav = [(1− c1)φs/Ks +φ/Kw]
−1

= [(φs−Ksm/Ks)/Ks +φ/Kf]
−1 . (36)

Comparing Eqs. (35c) and (36), we obtain the equivalent rela-
tion

Kav = M. (37)

In addition, Ksm and Kb refer to the elastic modulus of the solid
frame, thus, Ksm = Kb. The elastic coupling coefficient of the
grain and fluid C12 is given by

C12 = (1− c1)φsφwKav = (1−φ −Ksm/Ks)φM = Q. (38)

The bulk modulus of the solid frame K1 is

K1 = [(1− c1)φs]
2 Kav +Ksm

= (φs−Ksm/Ks)
2 M+Ksm = A+N. (39)

Therefore, we can establish the validity of Eq. (32), confirm-
ing the validity of our deduction. Additionally, assuming the
complete replacement of the pore solid by the fluid suggests
that

b13 = b23 = 0, ρ13 = ρ23 = ρ33 = 0,

a13 = a23 = 1, a12 = r12(1−φ)/φ +1. (40)

Therefore, the equations of motion can be written as

σ
(1)
i j, j = ρ11v̇(1)i +ρ12v̇(2)i −b12(v

(2)
i − v(1)i ), (41a)

σ
(2)
i j,i = ρ12v̇(1)i +ρ22v̇(2)i +b12(v

(2)
i − v(1)i ), (41b)

where the mass densities are the same as those in Biot’s theory,
which are given by

ρ11 = φsρs +(a12−1)φρw = φsρs + r12φsρf,

ρ22 = a12φρw = r12φsρf +φρf,

ρ12 =−(a12−1)φρw =−r12φsρf. (42)

Therefore, the theory of two solid and two flow porous media
can be degenerated into Biot’s theory, which to some extent
proves the effectiveness of the theory.

10. Conclusion
In this paper, we present a model to describe the propaga-

tion of waves in a poroelastic four-phase medium containing
two solids and two fluids, showing the existence of four com-
pressional waves (P1, P2, P3 and P4) and two shear waves
(S1 and S2). The P1, S1, P2, S2 and P4 waves are analogs of
those in the Carcione–Leclaire three-phase theory, while the
P3 wave is an additional compressional wave that arises due
to the presence of capillary forces between the two fluids.

We compute velocities and attenuations for all these
waves as functions of gas saturation, gas hydrate saturation
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and frequency. The results indicate that P1 and P2 waves are
greatly affected by the gas saturation and gas hydrate satura-
tion. Our research provides a theoretical foundation for practi-
cal engineering applications such as the evaluation of gas hy-
drate reservoirs. We assume an equant-porosity case, we do
not consider other complex situations. To better apply theory
to practice, more complex structures that fit the actual situation
need to be considered in a subsequent study.

Appendix A: List of symbols
b12 friction coefficient between the solid grain frame and

pore water.
b13 friction coefficient between the solid grain frame and

gas.
b14 friction coefficient between the solid grain frame and

gas hydrate.
b23 friction coefficient between the pore water and gas.
b24 friction coefficient between the pore water and gas

hydrate.
b34 friction coefficient between the gas and gas hydrate.
φs volume fraction of solid grain.
φw volume fraction of pore water.
φg volume fraction of pore gas.
φh volume fraction of gas hydrate.
ρs solid grain density.
ρw water density.
ρg water density.
ρh gas hydrate density.
κs0 permeability of solid–grain frame.
κh0 permeability of gas–hydrate frame.
Ks solid grain bulk modulus.
Kw water bulk modulus.
Kg gas bulk modulus.
Kh gas hydrate bulk modulus.
µs solid grain shear modulus.
µh gas hydrate shear modulus.
ρ11 effective mass density of solid grain.
ρ22 effective mass density of pore water.
ρ33 effective mass density of pore gas.
ρ44 effective mass density of gas hydrate.
ρ12 additional mass density related to the relative motion

of solid grain and pore water.
ρ13 additional mass density related to the relative motion

of solid grain and pore gas.
ρ14 additional mass density related to the relative motion

of solid grain and gas hydrate.
ρ23 additional mass density related to the relative motion

of water and gas.
ρ24 additional mass density related to the relative motion

of water and gas hydrate.
ρ34 additional mass density related to the relative motion

of gas and gas hydrate.

a12 tortuosity for water flowing through the solid grain
frame.

a13 tortuosity for gas flowing through the solid grain
frame.

a14 tortuosity for solid grain flowing through the gas hy-
drate.

a23 tortuosity for water flowing through the gas.
a24 tortuosity for water flowing through the gas hydrate.
a32 tortuosity for gas flowing through the water.
a34 tortuosity for gas flowing through the gas hydrate.
a41 tortuosity for gas hydrate flowing through the solid

grain.
c1 and g1 consolidation coefficient for the solid grain.
c4 and g4 consolidation coefficient for the gas hydrate.
Ksm solid–grain frame bulk modulus.
µsm solid–grain frame shear modulus.
Khm solid–grain frame bulk modulus.
µhm solid–grain frame shear modulus.
Kav average bulk modulus.
µav average shear modulus.
C12 the solid–water elastic coupling.
C13 the solid–gas elastic coupling.
C14 the solid–hydrate elastic coupling.
C24 the water–hydrate elastic coupling.
C34 the gas–hydrate elastic coupling.

Appendix B: Expressions of bulk moduli, shear
moduli and elastic coupling coefficients

The K1, K2, K3, and K4 a are the bulk moduli, according
to Leclaire[15] and Carcione and Seriani’s[16] work, which can
be expressed as

K1 = [(1− c1)φs]
2Kav +Ksm, K2 = φ

2
wKav,

K3 = φ
2
g Kav, K4 = [(1− c4)φh]

2 Kav +Khm. (B1)

µ1, µ4, and µ14 are the shear moduli (2001), which are given
by

µ1 = [(1−g1)φs]
2
µav, µ4 = [(1−g4)φh]

2
µav,

µ14 = (1−g1)(1−g4)φsφhµav. (B2)

Kav is the average bulk modulus defined by

Kav =

[
(1− c1)φs

Ks
+

φ1

Kf
+

(1− c4)φh

Kh

]−1

, (B3)

µav is the average shear modulus defined by

µav =

[
(1−g1)φs

µs
+

φw

iωηw
+

φg

iωηg
+

(1−g4)φh

µh

]−1

, (B4)

Kf represents the bulk modulus of the pore fluid, which was
defined in Santos’ description of the acoustic propagation
model in unsaturated porous media, which can be expressed

as Kf = α ′(
γS′g
Kg

+
S′w
Kw

)−1, and γ =
1+p′caS′wS′g/Kw
1+p′caS′wS′g/Kg

, α ′ = 1+(γ−
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1)(S′g +β ), φ1 = φw + φg, S′g =
φg
φ1

, S′w = φw
φ1

, β = pca
p′ca

. pca is
the capillary pressure expressed as

pca = B[(S′g +Srw−1)−2− (Srg/S′g)
2(1−Srg−Srw)

−2], (B5)

p′ca is the derivative of capillary pressure pca with respect to
S′g, B is the capillary pressure coefficient. c1, c3, g1, and g3 are
the consolidation coefficients of solid grain and gas hydrate
defined according to the Biot’s theory:[1]

c1 = Ksm/(φsKs), g1 = µsm/(φsµs),

c4 = Khm/(φhKh), g4 = µhm/(φhµh). (B6)

Ks, Kg, and Kw and Kh are the bulk moduli of solid grain, non-
wet phase fluid, wet phase fluid and gas hydrate, respectively.
Ksm and Khm are the elastic and shear moduli of the solid grain
frame and gas hydrate frame. Lee et al.[26] express them as

Khm =
Kh (1−φah)

(1+αφah)
, µhm =

µh (1−φah)

(1+ γ0αφah)
,

Ksm =
Ks (1−φas)

(1+αφas)
, µsm =

µs (1−φas)

(1+ γ0αφas)
, (B7)

where φah and φas denote the apparent porosities, φah = 1−φh,
φas = φw+φg+εφh, with γ = (1+2α)/(1+α). ε and α refer
to the free parameters. ε accounts for the support of hydrate
to the frame. If ε is taken as 0, it implies the hydrate is com-
pletely in the form of solid frame, and if 1 is taken, it indicates
the hydrate is completely suspended in the pores. ε has lit-
tle influence on the calculation results and we take ε = 0.12,
which was suggested by previous studies. The consolidation
coefficient α indicates the cementation of the whole frame,
which is a sediment-dependent parameter varying based on the
properties of the gas hydrate reservoir, and has a certain effect
on the theoretical calculation velocity. α can be calculated
using the formula presented by Zhang[28]

α =
µsm−ρV 2

S

2ρV 2
S

(
1

φ +(ε−1)Shφ
−1
)
,

where ρ denotes the density of the porous medium which is
given by

ρ = ρsφs +ρwφw +ρgφg +ρhφh, (B8)

C12, C13, C14, C23, C24, C34 in Eqs. (13a)–(13f) are the cou-
pling coefficients of effective solid (1), effective water (2), ef-
fective gas (3), and effective hydrate (4). For a three-phase
porous medium (without gas), the coupling coefficients C12,
C14, C24, were defined by Leclaire,[15] which can be expressed
as

C12 = (1− c1)φsφwKav, C14 = (1− c1)(1− c4)φsφhKav,

C24 = (1− c4)φwφhKav. (B9)

Similar to C12, the coupling coefficient between solid grain
and gas can be expressed as

C13 = (1− c1)φsφgKav, (B10)

the coupling coefficient between gas and gas hydrate can be
expressed by

C34 = (1− c4)φgφhKav. (B11)

Santos and Savioli[14] defined the coupling coefficient be-
tween gas and gas hydrate, considering the influence of capil-
lary force generated by the presence of two immiscible fluids,
which can be expressed as

C23 =−A
(

1
Ksmδ

+
r
q

)
− ξ

q
, (B12)

where

A = Kcϑ [S′w +(1− γ)ξ ],

r =
1

Kc−Ksm
[qA− (S′g +β )Ksmδ ],

δ =
1
Ks
− 1

Ksm
, β =

pca

p′ca
, ξ =

p̄w

p′ca
,

q = φ1

(
1

Kg
+

1
p′caS′wS′g

)
,

ϑ =
1/Ks−1/Ksm +φ(1/Ksm−1/Kc)

α ′[1/Ks−1/Ksm +φ(1/Ksm−1/Kf)]
, (B13)

where p̄w is the absolute reference pressure, Srg and Srw are
the residual saturation of the two fluids, respectively. Kc is the
bulk modulus of the saturated media,

C23 =−A
(

1
Ksmδ

+
r
q

)
− ξ

q
, (B14)

Appendix C: Expressions of mass densities

ρ11 = φsρsa14 +(a21−1)φwρw

+(a31−1)φgρg +(a41−1)φhρh, (C1a)

ρ12 =−(a21−1)φwρw, (C1b)

ρ13 =−(a31−1)φgρg, (C1c)

ρ14 =−(a14−1)φsρs− (a41−1)φhρh, (C1d)

ρ22 = (a21 +a23 +a24−1)φwρw, (C1e)

ρ33 = (a13 +a32 +a34−1)φgρg, (C1f)

ρ23 = 0.1
√

ρ22ρ33, (C1g)

ρ24 =−(a24−1)φwρw, (C1h)

ρ44 = φhρha41 +(a24−1)φwρw

+(a14−1)φsρs +(a34−1)φgρg, (C1i)

ρ34 =−(a34−1)φgρg. (C1j)

According to Santos and Savioli,[14] the tortuosity parameters
a12, a14, a24, and a41 can be expressed as

a12 =
φsρ

φfρf
r12 +1, a24 =

φhρ ′

φfρf
r24 +1,

024301-10
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a14 =
φhρ ′′

φsρs
r14 +1, a41 =

φsρ
′′

φhρh
r41 +1, (C2)

where

ρ =
φwρw +φhρh

φw +φh
, ρ

′ =
φwρw +φsρs

φw +φs
,

ρ
′′ =

φhρh +φsρs

φh +φs
, ri j = 0.5, i, j = 1,2,3,4. (C3)

In Eqs. (C1e) and (C1f), the expressions of effective mass
densities of the water ρ22 and gas ρ33 in pores are related to the
parameters a13, a23, a32 and a34, we express these tortuosity
parameters as

a13 =
φsρ1

φgρg
r13 +1, a34 =

φhρ ′1
φgρg

r34 +1,

a23 =
φgρ ′′1
φwρw

r23 +1, a32 =
φwρ ′′1
φgρg

r32 +1, (C4)

where

ρ1 =
φgρg +φhρh

φg +φh
, ρ

′
1 =

φgρg +φsρs

φg +φs
,

ρ
′′
1 =

φgρg +φwρw

φg +φw
. (C5)

Appendix D: Expressions of friction coefficients
The b12, b13, b14, b23, b24, b34 refer to the friction coeffi-

cients between solid grain and water, solid grain and gas, solid
grain and gas hydrate, water and gas, water and gas hydrate,
gas and gas hydrate, respectively,

b12 = ηwS2
w/(κsκrw), b13 = ηgS2

g/(κsκrg),

b24 = ηwS2
w/(κhκrw), b34 = ηgS2

g/(κhκrg), (D1)

where ηw and ηg are the water viscosity and gas viscosity,
respectively. κs and κh denote the effective permeabilities
of the solid grain frame and hydrate frame κs = κs0 (φw/φ)3,
κh = κh0 (φ/φh)

2 (φw/φs)
3, where κs0 and κh0 are permeabil-

ities of the solid grain frame and hydrate frame.
According to the work of Berryman and Wang,[41] the

friction coefficient between solid grain and gas hydrate b14 is
defined as

b14 = b0
14 (φh(1−φ))2 , (D2)

where the value of the coefficient b0
14 = 2.2× 108 is deter-

mined, which was suggested by Guerin.[29]

The expression of the friction coefficient between wa-
ter and gas can follow the work of Santos et al.[9] b23 =

SwSgkrgw
√

ηgηw/D, where D = κs(krgkrw − k2
rgw), krgw =√

ε0krgkrw, ε0 is a constant, set to 0.1. κs is the absolute per-
meability of the porous medium, κrw and κrg are the relative
permeability of gas and fluid, respectively, which can be ex-
pressed as

κrg = (Sg−Srg)
2(1−Srg)

−2,

κrw = (Sw−Srw)
2(1−Srw)

−2. (D3)
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