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Wave propagation in multi-phase porous media is a significant research topic. There are a series of studies about
porous media saturated with a single fluid, a solid and a fluid, two fluids, and three fluids. Some gas hydrate-bearing
sediments are typical multiphase porous media saturated with a solid (gas hydrates) and two fluids (water and gas). Based
on existing theories of porous media, we develop a theory and give a comprehensive analysis of wave propagation in a
poroelastic medium saturated with two fluids and a solid. Initially, we establish the constitutive relations and equations of
motion. Based on Biot’s approach for describing the equations of motion in fluid-saturated porous media at the macroscale,
the kinetic energy density, potential energy density, and dissipative energy density are derived. After deriving the equations
of motion, a plane wave analysis predicts the existence of four compressional waves, denoted P1, P2, P3, and P4 waves,
and two shear waves, denoted S1 and S2 waves. Numerical examples are presented to demonstrate how velocities and
attenuations of various waves behave with gas saturation, gas hydrate saturation, and frequency. A model degradation to
porous media saturated with a single fluid supports the validity of the theory, which enriches the theory of multiphase
porous media and provides a foundation for the evaluation of gas hydrate-bearing sediments.

Keywords: four-phase porous media, equations of motion, plan wave analysis, wave characteristics
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1. Introduction

The investigation of acoustic wave propagation in porous
media has been a subject of comprehensive research for more
than thirty years. Biot’s theory!!* postulates the presence of
two distinct types of compressional waves (including a fast
compressional wave and a slow compressional wave) and a
shear wave in a fluid-saturated porous medium. The existence
of the slow compressional wave is confirmed by Plona, > who
used an experiment to observe the slow compressional wave at
ultrasonic frequencies.

Porous media are often more complex than being simply
saturated by a single-phase fluid. Thus, it is essential to de-
velop an acoustic propagation model that incorporates porous
media saturated with different solids or fluids. Previous re-
search has extensively explored the propagation of waves in
porous media that are saturated with two distinct fluids, em-
ploying the equivalent fluid theory to model these complex
interactions.!®” In these studies, enhanced parameters from
liquid-liquid or gas-liquid mixtures are substituted into Biot’s
theory. However, this model does not account for inertial cou-
pling between fluids, nor between fluids and solids. Consid-
ering inertial coupling between different phases and capillary
pressure, Santos et al.!®°) introduced a wave propagation the-
ory for porous media saturated with two non-miscible fluids
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using the virtual complementary work principle. The theory
indicates the presence of three compressional waves (includ-
ing two slow compressional waves) and a singular shear wave
in porous media saturated with two fluids. Subsequently, Lo et
al. "% formulated a model for wave propagation in an elastic
porous solid saturated with two non-miscible fluids. Vasco!'?!
analyzed a porous solid saturated by three fluid phases using
a volume-averaging approach. Building on this, Santos!!3:14]
presented a model to describe the propagation of waves in a
poroelastic medium saturated by a three-phase viscous, com-
pressible fluid and described the wave propagation in such a
porous medium. For porous media with a solid and a fluid in
pores, Leclaire et al.'"®! introduced a percolation theory built
upon Biot’s framework, characterizing the acoustic wave prop-
agation in porous media, where a solid grain matrix, ice, and
water coexist. However, there is an assumption that the solid
frame and ice did not directly contact each other in Leclaire’s
model. Building on this foundation, Carcione et al.l'®! ad-
vanced the model by incorporating direct contact, and ob-
tained three compressional waves (including two slow com-
pressional waves) and two shear waves (including one slow
shear wave) in such a three-phase porous medium. With natu-
ral gas hydrates identified as a promising energy source,!!’-20]
the exploration and development methodologies of gas hy-
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drates have gained significant research attention.!>!=2% Sub-
sequently, due to the similarity in properties between natural
gas hydrates and ice, scholars extended the Carcinone—Lalaire
model and applied it to natural gas hydrate-bearing sediments,
using the velocity and attenuation of mode waves to estimate
the saturation of natural gas hydrates. [26-31]

Based on the above work, it’s evident that the multiphase
porous medium theory plays a pivotal role in the exploration of
oil, gas, and natural gas hydrates. However, some gas hydrate-
bearing sediments are composed of a solid frame, with gas
hydrate, water and gas in pores. There is almost no theory
for acoustic wave propagation in porous media containing two
fluids and two solids, which is important for the evaluation of
natural gas hydrate-bearing sediments. Zhou et al.[*?! intro-
duced an innovative approach to developing general mechani-
cal equations by using the principle of energy conservation. In
the work, for the first time, the elastodynamic equation of mo-
tion was derived specifically for porous elastic media that are
both arbitrarily anisotropic and multiphasic. However, their
work only introduced the process of establishing the equations
of motion from another perspective, there is no specific acous-
tic model in the work that describes the propagation of waves
in the model of two types of solids and two kinds of fluids,
which has no definition of specific parameters involved, mak-
ing it impossible to further apply the model to specific analy-
sis.

In this paper, we propose a specific acoustic model for
wave propagation in multiphase porous media containing two
types of solids and two kinds of fluids at the macroscale. The
potential energy density, the stress—strain relations, the kinetic
energy density function, and the dissipation energy density
function are derived. Next, numerical examples are used to
analyze the behavior of all waves as a function of gas satu-
ration, gas hydrate saturation and frequency. Finally, model
degradation to a water-saturated porous medium proves the ef-
fectiveness of the theoretical model.

2. Potential energy density V

Following Biot’s theory, the medium is assumed to ex-
hibit statistical isotropy, characterized by uniform and inter-
connected porosity ¢, which is defined as the ratio of the pore
volume to the total volume of the medium, as shown in Fig. 1.
The solid frame is saturated by two fluids and one solid, taken
to be water, gas, and gas hydrate in this paper. The solid frame,
water, gas, and gas hydrate are represented by the indices and
superindices s, w, g, and h or 1, 2, 3 and 4, respectively. The
volumic proportions of the solid frame, water, gas and water,
gas and gas hydrate are ¢, @w, ¢ and ¢y, respectively. We
assume that the three phases completely saturate the porous,
and all phases in the pore are allowed to move within the pore

space. There always exists an elementary relationship between
the constituent proportions

¢s:1_¢7 ¢W+¢g+¢h:¢~ (D
For arbitrarily anisotropic multiphasic porous media, the
potential energy density can be written as!!>-3?]
V=v(ed), ij=123, and a=12,..M, ()
where the elastic strain tensor components are defined as
el = (% +ul?) 2 3)

in composition .

Y'Y [ESolid frame
gg Gas hydrate
W Water

q’? BGas

Fig. 1. The schematic model of multiphase porous media saturated with
a solid (gas hydrates) and two fluids (water and gas).

In the four-phase case, for small deformations from the
equilibrium state, typically associated with elastic waves with-
out external forces, the problem is linearized by expanding V
to the second order

(1) (4)
( ij62,63,¢;; )
= V(0,0,0,0)+ 97V /(3¢ aely yelVel)) /2
+(32V/8622)622/2+(82V/8632)632/2

+a2V/(&e(4>aeg§)) Dl /2+82V/(3e 196,)e}
+%V /(9el}) 065)el) 65 + 92V [ (9el) dely >e§;>eg;>

(de
+82V/(86293)9263+82V/(8028e )9265.‘9
(

102V /(06:0¢)03ely) + O° (o) 02,05, ) @)

) 0)

where 6, = ¢, and 63 = e

We estabhsh a fourth-order tensor of elastic coefficients
corresponding to the solid frame (index 1) and gas hydrate (in-
dex 4), alongside elastic coefficients of water (index 2) and gas
(index 3). The non-stiff part of the velocity—stress differential

equations can be written in matrix form as
4
l]kl_azv/(ae 3% ), z/kl azv/( ael(cl))7
Ky =09%V /367, K3 =09V /063, (5)

where K, and K3 refer to the effective bulk moduli of the water
and gas, respectively. Six crossed terms appear to define two
second-order tensors of elastic coupling coefficients:

Y = 0%V (3¢} 98y), Cf =097V (e} 963),

()
C =92V /(9elaell)), C1F =07V /(96,065),
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Ch = 0%V /(96:0¢)), & =9V /(9639¢)). (6)

These crossed terms represent, respectively, the exchange of
elastic energy between solid and water, solid and gas, solid and
hydrate, water and gas, water and hydrate, gas and hydrate.

The energy contributions of solid and gas hydrate are, re-
spectively, given by

_ M 1) “ @) ,4)
Vi =Gt en /2, Va= Cijiij €u /2. ™)

The phases are statistically isotropic, Ci(jlk)l and Ci(;‘,c)l can be de-
scribed using two independent coefficients, V| and V4 can be
expressed as

Vi = K167 /2+dy, Vi=Ka6;/2+ padj, (®)

where K| and p; are the effective bulk and shear moduli of
the solid phase, respectively. Here, d;, ds, 6; and 6y are the
invariants of the strain tensor and are called the deviator and
the dilatation:

ij lj my Tij Cij m»

4™ = o _ laijg,n, 0, — "

) tj 3 i 0 m= 134 (9)

The potential energy density is given by

V = K\6}/2+ wd} + K203 /2 + K303 /2 + K467 /2
+Ugd? + pi4dydy + C12601 6, +C136, 65
+C140104 +C230,03 +C24 0,04 +-C346:04,  (10)

where C, is the solid—water elastic coupling, C;3 refers to
the solid—gas elastic coupling, Cy4 represents the solid—hydrate
elastic coupling, C»3 is the water—gas elastic coupling, Cp4 is
the water—hydrate elastic coupling, Cz4 is the gas—hydrate elas-
tic coupling. Ki, K3, K3, and K4 are the bulk moduli, up, {4,
and 14 are the shear moduli. The bulk moduli, shear moduli
and elastic coupling coefficients are given in Appendix B.

3. The stress—strain relations

For small deformations, the variation of potential energy
of a four-phase porous medium is described using a differen-
tial form

AV = av/delldel)) + 9V /26,d6,

+9V/963d63+9V /del e}, (11)

31y satisfies the
conditions which express the stress tensor for each phase:

thus, following the work of Leclaire et al.,!

= av/ael)), o =av /a6,

— 4)
=09V /d6s, ;j

=9v/del!. (12)

Using Eqgs. (10) and (12), the stress—strain relationships in a
two-dimensional case are expressed as

ol = (Ki+ el + (Ki — )el) +Cra(eld) +e2)

+C13 (e + )+ (Cra+ a/2)ely
+(Cra— ia/2)e?,
ol = (Ki+p)eld +(Ki
+Cra(el) +el2)) +

(13a)

— ,ul)e)(c,lr) +C12(€g) +€g))

(Cra+ tr14/2)e

+(C14 — ,LL14/2)€)(3)7 (13b)
oc® — Kz(e)(ozc) + eg)) + C12(€)(a]c> + egz”)

+Cos (e +el2)) + Caa (el +l2), (13¢)
) = Ka(eld + i) +Cra(ely) +e)

+C3(ed) +e)) + Caaleld) +elf)), (13d)

4)

ol )

1
— (Ky+a)eld) + (Ky — pa)eld) + (Cra+ Eﬂim)eg)

1
+(Cia — 5#14)62,) + C24(€)(02c) + eg))

+Cy(e + ), (13¢)

1
o) = (Ka+ pa)ed + (Ka — pa)eld) + (Cra+ 5#14)69

+(Crq4 — %.UM)E;(J() + C24(€;(o2c) + €§z2.>)

+Caa(ed + ), (13f)
o) = 2uelt) + pigel?), (13g)
o) = 2useld) + pael?. (13h)

4. Kinetic energy density T

The kinetic energy density function is similarly structured
across each medium component, which has relatively coupled
motions between the four components. Thus, the total kinetic
energy density for a four-phase porous medium can be written

as
7 = Sl + pou® il + pthu ) + pgyi il
+pf () — i) (g — i)
+pis (" —u) @) — i)
+piy (" — M) @ — i)
+pg (i — i) (i — i)
+psa(i” — il () — i)
+py (Y — i) —af)). (14)
Thus, we have
= (Pi1 +pi2+pi5 +Pia)u Y ”z('l)
2) .(2)

A
+(P31 + P32 + P33 + PIa);
)

(2) (
+(P31 + P52+ P53 + P34 ”1(3 1(3
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+(pi1 + P +Pi3+ P44 iU
—2ptyiu® —2ptyul i
Coptai i 2p8 i@l
—2P24'4 ,(4) 2P34”E3)”§4) 15)
We denote
p11 = pYi+pi2 +Pi3 P22 = P31 +P5 + P,
P33 = P31+ P32+ P33: P12 = =P,
P13 = —Pi3, P14 =—Piy, P23 = —P33;
P24 = =P34, P34 =—P3y- (16)

The kinetic energy density of a multiphasic porous medium is
given by

1
T:Epaﬁul?“)u}ﬁ), i=1,2,3, and ., =1,2,....M, (17)

where pyg = ppq- For our four-phase case, the displacements
of solid, water, gas, and hydrate are, respectively, represented

)

by the vectors ul(l), ugz), "‘53) and u; ’. The kinetic energy den-
sity T is a function of velocities uﬁ”, u,@, ul@ and 14'54) ex-
pressed as the time derivative of displacements. Expanding

T to the second order and assuming that the motions of the
phases are only caused by the wave propagation, we have

1

= E[Pull,(l)z-&-l)zzu() + pa3il;” 3)2 +P44M(4>2
+2p12u' 1(2 +2p13u I/tl(2 +2p14u ul(4)
+20030 201 4 20040 i +2p340P 0], (18)

where pi1, P22, P33, and paa are the mass densities of the ef-
fective solid grain, effective water, effective gas and effective
gas hydrate, respectively. pi2, P13, P14, P23, P24, P34 are cou-
pling mass densities caused by relative motion of solid grain
and water, solid grain and gas, solid grain and gas hydrate,
water and gas, water and gas hydrate gas and gas hydrate.
Following Biot,!! Santos!®! and Carcione,['®! the deter-
mination of the generalized mass densities p;; appearing in
Eq. (18) of kinetic energy may be expressed as functions of
the combination of the phase proportions, mass densities and
parameters that characterize the geometric properties of the
solid and hydrate matrices. The generalized mass densities p;;
are directly extended from the coupling density p;, in Biot’s
theory. p12, P13, P14, P23, P24, P34 reflect the inertial coupling
effect between the phases. In particular, Santos!®! believes that
change of p»3 has little impact on velocity and attenuation, so
the expression for p,3 is based on experience. The expressions

of generalized mass densities p;; are given in Appendix C.

5. Dissipation potential D

The dissipative energy density can be written as!'!

¢ 7[7 ﬁw(aﬁ) (O‘ﬁ>

i,j=1,23, and a=1,2,...,M, (19)

where wf“’ﬁ ) = zll(a) - L'tl(ﬁ ' is the relative velocity component

between compositions & and B in the i-direction. bgg is
the friction coefficient,!'! and beg = bgy. Only dissipations
caused by viscous flows are considered.

In our four-phase case, the dissipated energy density is

given by a linear function of the velocity differences
1
=3 oy =i + bia (i) — )2

2) 1)

3)) +b14(
4>) +b3a(ut

+bo3 (i

+ba4(ut =

3 _

.
il i), o)

. o
l l
¢ A
I I
where b1y, b3, bi4, by3, bys, bsy refer to the friction coeffi-
cients between solid grain and water, solid grain and gas, solid
grain and gas hydrate, water and gas, water and gas hydrate,
gas and gas hydrate, respectively. The expressions of friction
coefficients are given in Appendix D.

6. Equations of motion

Lagrange’s equation with dissipation potential with dis-

placement as generalized coordinates is given by!!>!

d JL N oL oL N oD
dr 5 m (m) T m) Ty m)
L g, d (%',j ) " 9q; 94

’

=0. (21

By substituting kinetic energy density, potential energy den-
sity and dissipation potential density into Lagrange’s equation,
the equations of motion can be obtained as

(1) (1) @ 3) )

Gy j = Puilly "+ P2ty + p13ii;” + piaii;
+hi(a) — i) + b — i)
erm(llfl> — i), (22a)

67(2) = puaiif) + paaiil”) + psiiy”) + pagii”
+b12(uf.2) fl))+b23( 2) .1(3))
+b24(u52> —al*), (22b)

ol = pusiiy +pasii? + piiy” + pai”
+bia () — i)+ by — )
+haa () —ifY), (22¢)

6,54) = praiil + poaiil” + paaiil” + paaii?
g (il ) + by — i)
+haa(a?) — ). (22d)

By substituting the constitutive relation into the equations of
motion, we can obtain

pit+bu=RVV-u—fiVxV xu, (23)

where p, b, R and fi can be expressed as
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P11 P12 P13 P14 Ri1 Ri2 Ri3 Rys i1 0 g3 0
p— P12 P22 P23 P24 ' Ri2 Ry Rz Roy fi= 0000
P13 P23 P33 P34 |’ Ri3 Roz Ryz Rag | i3 0 p33 O 7
P14 P24 P34 P44 Ri4 R4 R34 Ruy 0000
b2 +b13+bi1s —b1z —by3 —byy
B —byz bi2+by3+ b —by3 —bay
—b13 —b3 b1z +by3+b3a —b34
—byy —boy —b3y b14a+Dbos+Db3g

where u = (u$,u¥,uf,ul)T denotes the displacement matrix.

The specific expressions of the matrix of the rigidity moduli
are given by

Ry =Ky +Hi, Ri2=Ci2, Ri3=0Cy3,

1
Ry =Cis+ k4, Ry = K23, Rz =Cp3,
Roy = Co4, R34 =C34, Ryqg =Ky + lUy.

7. Plane wave analysis

To derive the governing equations of compressional and

shear waves from the equation of motion (Eq. (23)), we apply
the divergence and rotational operators

RV @ = pp+be,

(V24 = pip + bip.

(24a)
(24b)

The displacement potentials of compressional and shear waves
are given by

o A

° U |exp(itke-r— o)), (250)
= exp(i(kp-r— , a

° Ay [P

¥ Al

v A3

v 2 | expli(ks-r—or)).  (25b)
= exp (i (ks -r— .

v A5 [T

Y A3

By substituting Egs. (25a) and (25b) into Egs. (24a) and (24b),
the governing equations of compressional and shear waves can
be obtained as

(@’p +iwb—kjR) =0, (26a)

(26b)

0’p +iob— ki =0.
( p—+i s“) A%

To ensure that the given system of equations has a non-zero so-
lution, the determinant of the coefficient matrix must be zero.
By solving the equations, we can obtain four values for kp

(compressional wave number) and two values for kg (shear
wave number). Therefore, there are four compressional waves
and two shear waves in the porous medium consisting of two
solids and two fluids.

From the four physical meaningful solutions of the gen-
eralized eigenvalue problem Eq. (26a) and two solutions of
the generalized eigenvalue problem Eq. (26b), we obtain the
phase velocities and inverse quality factors of the waves (P1,
P2, P3 and P4 for the four types of compressional waves; S1
and S2 for the two types of shear waves). The velocities can
be expressed as

[0)
Vpi= ——  i=1,2,3,4 27
Pi Re(kP,’)7 l 3%y ( a)
Vsi = i=1,2. 27b
Si Re(kSi)v L ’ ( )

The inverse quality factor Q! can be used to evaluate the
wave attenuation

0! =2Im(k;)/Re(k;), (28)

where j = P1, P2, P3, P4, S1 and S2.

8. Numerical examples

We compute the phase velocities and attenuations for a
hydrate-bearing sediment saturated by water, gas and gas hy-
drate. Two typical frequencies are selected: 20 Hz for seismic
exploration and 10 kHz for acoustic logging. The saturations
of water Sy, gas Sg, and gas hydrate Sy, are given by

SWZ%N, %, Sh:%, SerSngSh:l. (29)

The material properties of the hydrate-bearing sediment con-

Sg =

taining gas are: porosity ¢ = 0.3 and permeability kK =
1.07 x 10713 um; solid grain density, bulk modulus and
shear modulus py = 2.65 g/cm3, K, = 38.7 GPa and G =
39.6 GPa, respectively. The permeability of hydrate k"0 =
5 x 10~* um; hydrate density, bulk modulus and shear mod-
ulus pp, = 0.92 g/cm3, Ky, = 8.58 GPa and Gy, = 3.32 GPa,
respectively. The properties of water and gas in the pore space
are: py = 1 glem’, Ky, = 2.25 GPa, 1, = 1.8 x 1073 Pa:s,
pe = 0.079 glem®, K, = 12.7 MPa, ny = 0.1 x 1073 Pa-s, re-
spectively. The capillary pressure coefficient B is 3 x 10° Pa.
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The residual saturations of the two fluids S and Sy, are 0.05
and 0, respectively. The absolute reference pressure py, is
30 x 10° Pa.

Figures 2 and 3 show phase velocities of two fast and four
slow waves as a function of gas saturation, respectively. The
frequencies are (a) 20 Hz and (b) 10 kHz, the porosity ¢ is
0.3, and the gas hydrate saturation Sy, is 0.4. Through plane
wave analysis, it can be found that there are four compres-
sional waves and two shear waves in porous media containing
two solids and two fluids, including three slow compressional
and one slow shear waves. This is because the relative motion
between the solid frame and gas hydrates produces one slow
compressional wave and one slow shear wave, while the rela-
tive motion between the solid frame and water (gas) produces
two slow compressional waves. It can be observed in Fig. 2
that at the two frequencies, the P1 and S1 velocities display a
decreasing behavior with the increase of gas saturation. The
velocities of P2, S2, P3 and P4 waves displayed in Fig. 3 are
slower than those of the P1 and S1 waves, and the velocities
of slow waves are higher at the high frequency (10 kHz) than
those at the low frequency (20 Hz). The velocities of the slow
waves are minimally affected by the gas saturation.
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Fig. 2. Phase velocities of P1 and S1 waves as a function of gas satura-
tion. The frequency is (a) 20 Hz and (b) 10 kHz, the porosity ¢ = 0.3,
and the gas hydrate saturation S, = 0.4.
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Fig. 3. Phase velocities of four types of slow waves as a function of gas
saturation. The slow waves are labeled P2, P3, P4 and S2. The poros-
ity ¢ = 0.3, and the gas hydrate saturation S;, = 0.4. The frequency is
(a) 20 Hz and (b) 10 kHz.

Figures 4 and 5 show phase velocities of two fast and four
slow waves for the elastic case as a function of gas hydrate
saturation, respectively. The frequencies are (a) 20 Hz and (b)
10 kHz, the porosity ¢ is 0.3, and the gas saturation Sy, is 0.15.
It can be observed in Fig. 4 that the P1 and S1 velocities in-
crease as the gas hydrate saturation increases. The velocities
of the P1 and S1 waves are almost unaffected by the frequency,
this is the same as the conclusion of other multiphase porous
media such as Biot’s theory and three-phase theory. The veloc-
ities of the four types of slow waves in Fig. 5 exhibit different

trends with the gas hydrate saturation at low (20 Hz) and high

(10 kHz) frequencies.
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Fig. 4. Phase velocities of P1 and S1 waves as a function of gas hydrate
saturation. The porosity ¢ = 0.3, and the gas hydrate saturation Sg = 0.15.
The frequency is (a) 20 Hz and (b) 10 kHz.
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The porosity ¢ = 0.3, the gas hydrate saturation S = 0.4, and the gas
saturation Sy = 0.2 and 0.4, respectively.
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Fig. 7. Attenuations of P1 and S1 waves as a function of frequency. The
porosity ¢ = 0.3, the gas hydrate saturation S, = 0.4, and the gas satura-
tion Sg = 0.2 and 0.4, respectively.

Figures 6 and 7 show phase velocities and attenuations of
P1 and S1 waves as a function of frequency, respectively. The
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porosity ¢ is 0.3, gas hydrate saturation Sy, is 0.4, and the gas
saturations S, are 0.2 and 0.4, respectively. It can be observed
that P1 and S1 waves exhibit rapid propagation, comparable
to P and S waves in a single-phase elastic medium. Further-
more, P1 and S1 waves show minimal dispersion within the
frequency ranges of seismic exploration (10 Hz—100 Hz) and
acoustic logging (1 kHz-20 kHz). Notice that there are dis-
persion transition bands of P1 and S1 waves in the frequency
range of 100 Hz—1 kHz. These characteristics are similar to
those in the three-phase porous media we have analyzed in
the previous research.*3 For attenuation, as can be observed
in Fig. 7 (expanding attenuation by 1000 times), the attenua-
tions of these two waves exhibit minimal values, although they
both have peaks in attenuation. Initially, their attenuations in-
crease, then decrease, and subsequently may decrease again as
frequency increases. It can be observed in Fig. 7 that there are
two obvious attenuation peaks of P1 and S1 waves, this is due
to the two solids in the porous media.

Previous research has shown that the attenuation charac-
teristics of acoustic waves can be used for estimating reservoir
characteristics. Figures 8 and 9 show phase velocities and at-
tenuations of four slow waves as functions of frequency. The
porosity ¢ is 0.3, the gas hydrate saturation Sy, is chosen to be
0.4, and the gas saturation S, is 0.2. Figure 8 indicates that
the velocities of the P2 and S2 waves show a trend of increas-
ing first and then flattening out with increasing frequency. The
two slow waves exhibit dispersion in the low-frequency range,
whereas there is minimal dispersion observed in the high-
frequency range. At low frequencies, P2, S2, P3, and P4 waves
propagate slowly primarily due to the significant influence of
pore fluid viscosity on velocity. In contrast, at higher frequen-
cies, inertial forces exert a greater impact on wave propagation
characteristics. For attenuation, it can be observed in Fig. 9
that the attenuations of the P2 and S2 waves show a trend of
first decreasing and then remaining unchanged with increasing
frequency. The attenuations of the P3 and P4 waves show a
trend of first remaining unchanged and then changing slightly
with increasing frequency. Moreover, compared with Fig. 9,
the attenuations of the four slow waves are significantly higher,
by several orders of magnitude, compared to the attenuations
of P1 and S1. Because of their slow propagation velocities
and high attenuations in a low frequency band, the four slow
waves are challenging to observe, resembling the behavior of
slow waves in Biot two-phase media. However, these slow
waves do carry some energy but decay rapidly. Scholars still
study slow waves because they also carry energy and have a
certain impact on the attenuation mechanism. Many scholars
have analyzed the slow wave modes propagating in different
types of porous media.[**38] When encountering interfaces,
waves also undergo mode conversion. In addition, for acoustic
logging, the amplitudes of guided waves received by receivers

in a borehole surrounded by different types of porous media
are also different, the presence of slow waves can have an im-
pact on the attenuation mechanism of the wavefield, which can
be used to estimate the characteristic of the reservoir.3%4"]
Therefore, it’s important to take into account the impact of

slow waves on attenuation.
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Fig. 8. Phase velocities of four types of slow waves as a function of
frequency. The slow waves are labeled P2, P3, P4 and S2. The poros-
ity ¢ = 0.3, the gas hydrate saturation S, = 0.4, and the gas saturation
Sg =0.2.
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Fig. 9. Attenuations of four types of slow waves as a function of fre-
quency. The porosity ¢ = 0.3, the gas hydrate saturation S, = 0.4, and
the gas saturation Sy = 0.2 and 0.4, respectively.

Gas hydrate saturation is an important parameter for hy-
drate exploration and development. The above research indi-
cates that the velocities and attenuations of P1 and S1 waves
are greatly influenced by hydrate saturation and gas saturation.
Therefore, the propagation characteristics of the waves can be
used to estimate the gas hydrate saturation in hydrate explo-
ration to evaluate hydrate reservoirs.

9. Model degradation

Suppose the pore solid and the gas are completely re-
placed by water, ie., ¢ = ¢; = 0, ¢y = ¢. Therefore, we
obtain

Clu=Cu=C3=C3=0, y=1, a'=1, K=Ky,

c4=0, g4=0, Kyn =0,
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Kay = [(1 = c1)s/K+ 0w/Ky] ',

K3 =K4=0, Uhm =0, pg=p4=0,
By = [(1—g1) b5/ + ¢/ (iomy)]
A=K, pea— 0, ply— o,

£=0, Co3=—A(1/Kmb+r1/q) =0.

Thus, the stress—strain relations can be expressed as

Gx(;> = (K +ﬂ1)€)(ap +(Ki —,Ul)eg)

+Cip (e +2), (302)
ok = (Ki+m)ets + (Ki — ) sy
+Ciz (e +e?), (30b)

o =K, (e,ﬁ) +€g)> +Ci2 (e;(olc) +€§zl>) (300
G,SZU = 2#16)(;)- (30d)

The stress—strain relations in Biot’s theory can be written as

O =(2N+A)exs +Ae;+0(ex+&2), (3la)
Oy = (2N +A)ey +Aer +0(6x+€;), (3lb)
S=0Q(exw+ez) +R(Ex+E2), (3le)
Ox; = 2Ney, (31d)

where o, and o, refer to the stress of the solid frame in the x
direction and z direction, S defines the stress of the pore fluid,
A, N, Q and R are elastic parameters. It can be demonstrated
that the stress—strain relations of a four-phase porous medium
can be simplified to those of a fluid-saturated porous medium
through a proof:

U =N, Kj=A+N, Cn=0, R=K>. (32)
Here, (1 and N refer to the shear modulus, thus we can obtain
Uy =N. (33)
In Biot’s theory, there are
A=A+M(d—a)? R=¢M,
Q=9M(o—¢)=¢M(1-Kp/Ks—9),  (34)

where
o =1—Ky/Ki, (35a)
A=K,—N, (35b)
M= (¢/Ki+(a—9)/K)"
= (¢/Ki+ (9 — Ko /Ko) /Ks) " (35¢)

After degradation, the average bulk modulus can be expressed
as

Ky = [(1 _Cl)‘PS/KS‘HP/Kwrl

= [(¢S_Ksm/KS)/Ks+¢/Kf]7l- (36)

Comparing Egs. (35¢) and (36), we obtain the equivalent rela-
tion

Ky =M. 37

In addition, K, and K}, refer to the elastic modulus of the solid
frame, thus, Ksnm = Kj,. The elastic coupling coefficient of the
grain and fluid C; is given by

CIZ - (1 - C1)¢S¢WKaV - (1 - (P _Ksm/Ks) ¢M = Q (38)
The bulk modulus of the solid frame K is

K =[(1-c) ¢S]2Kav + Ksm
= (95— Ksm/Ks)* M + K =A+N. (39)
Therefore, we can establish the validity of Eq. (32), confirm-
ing the validity of our deduction. Additionally, assuming the

complete replacement of the pore solid by the fluid suggests
that

biz=by; =0, pi3=p3=p33=0,
az=apn=1, ap=rp(1—-¢)/¢+1. (40)

Therefore, the equations of motion can be written as

"i(jl,} =puit”

(2)
Oiji

410 —bia(v (41a)

= piv 4+ poav® + b (v ), (41b)

where the mass densities are the same as those in Biot’s theory,
which are given by

P11 = @sps + (a2 — 1) pw = dsps + r120spx,
P22 = an@pw = ridspr+ P pr,
p12 = —(a12 — 1)ppw = —r1205ps. (42)

Therefore, the theory of two solid and two flow porous media
can be degenerated into Biot’s theory, which to some extent
proves the effectiveness of the theory.

10. Conclusion

In this paper, we present a model to describe the propaga-
tion of waves in a poroelastic four-phase medium containing
two solids and two fluids, showing the existence of four com-
pressional waves (P1, P2, P3 and P4) and two shear waves
(ST and S2). The P1, S1, P2, S2 and P4 waves are analogs of
those in the Carcione—Leclaire three-phase theory, while the
P3 wave is an additional compressional wave that arises due
to the presence of capillary forces between the two fluids.

We compute velocities and attenuations for all these
waves as functions of gas saturation, gas hydrate saturation
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and frequency. The results indicate that P1 and P2 waves are
greatly affected by the gas saturation and gas hydrate satura-
tion. Our research provides a theoretical foundation for practi-
cal engineering applications such as the evaluation of gas hy-
drate reservoirs. We assume an equant-porosity case, we do
not consider other complex situations. To better apply theory
to practice, more complex structures that fit the actual situation
need to be considered in a subsequent study.

Appendix A: List of symbols

b1, friction coefficient between the solid grain frame and
pore water.

b3 friction coefficient between the solid grain frame and
gas.

b14 friction coefficient between the solid grain frame and
gas hydrate.

bo3 friction coefficient between the pore water and gas.

by4 friction coefficient between the pore water and gas
hydrate.

b34 friction coefficient between the gas and gas hydrate.

¢ volume fraction of solid grain.

¢w volume fraction of pore water.

¢y volume fraction of pore gas.

¢n volume fraction of gas hydrate.

ps solid grain density.

Pw water density.

P, water density.

Pn gas hydrate density.

Kso permeability of solid—grain frame.

«"0 permeability of gas—hydrate frame.

K; solid grain bulk modulus.

Ky, water bulk modulus.

K, gas bulk modulus.

K, gas hydrate bulk modulus.

Us solid grain shear modulus.

Un gas hydrate shear modulus.

p11 effective mass density of solid grain.

P2 effective mass density of pore water.

p33 effective mass density of pore gas.

P44 effective mass density of gas hydrate.

P12 additional mass density related to the relative motion
of solid grain and pore water.

p13 additional mass density related to the relative motion
of solid grain and pore gas.

P14 additional mass density related to the relative motion
of solid grain and gas hydrate.

p23 additional mass density related to the relative motion
of water and gas.

P24 additional mass density related to the relative motion
of water and gas hydrate.

P34 additional mass density related to the relative motion
of gas and gas hydrate.

ayp tortuosity for water flowing through the solid grain
frame.

a3 tortuosity for gas flowing through the solid grain
frame.

a4 tortuosity for solid grain flowing through the gas hy-
drate.

ap3 tortuosity for water flowing through the gas.

an4 tortuosity for water flowing through the gas hydrate.

azp tortuosity for gas flowing through the water.

azy tortuosity for gas flowing through the gas hydrate.

ay tortuosity for gas hydrate flowing through the solid
grain.

c1 and g consolidation coefficient for the solid grain.

¢4 and g4 consolidation coefficient for the gas hydrate.

Kym solid—grain frame bulk modulus.

Usm solid—grain frame shear modulus.

Knm solid—grain frame bulk modulus.

Unm solid—grain frame shear modulus.

K,y average bulk modulus.

Uay average shear modulus.

C1 the solid—water elastic coupling.

C13 the solid—gas elastic coupling.

C14 the solid—hydrate elastic coupling.

C»4 the water-hydrate elastic coupling.

C34 the gas—hydrate elastic coupling.

Appendix B: Expressions of bulk moduli, shear
moduli and elastic coupling coefficients

The Ki, K>, K3, and K4 a are the bulk moduli, according
to Leclaire!’! and Carcione and Seriani’s!*®! work, which can
be expressed as

Ki = [(1—c1)¢)*Kay + Kim, K2 = ¢5 Ky,
K3 = 92Ky, Ki=[(1—cs)¢n]’ Ky +Kim.  (BI)

Ui, Wa, and py4 are the shear moduli (2001), which are given
by

1= [(1—g1) ) tav, Ha = [(1—ga) Pn* Lhav

tia = (1—g1) (1 — g4) s PnLhay- (B2)
K,y is the average bulk modulus defined by
(1—c)g ¢ (1—ci)n]
Ky=|——+—-+——"—"— B
av { X + K + X, ; (B3)
Uay is the average shear modulus defined by
1- 1- -
”av{( g1)¢s+.¢w +.¢g +( g4)¢h] . (B4)
Hs 10Mw 107]g Hh

K¢ represents the bulk modulus of the pore fluid, which was
defined in Santos’ description of the acoustic propagation
model in unsaturated porous media, which can be expressed

— ’}’S/g S(,, -1 _ 1+/’éaS(VS',g/KW ’
astf(x(K—g+E) ,and'}/—m,a —1+(7*
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1)(Sy+B): 91 = du + 9. Sy = 5. 8, =

the capillary pressure expressed as

- (Srg/S:g)z(l - Srg - SrW)

pLa is the derivative of capillary pressure pc, with respect to
S’g, B is the capillary pressure coefficient. ¢y, c3, g1, and g3 are
the consolidation coefficients of solid grain and gas hydrate
defined according to the Biot’s theory: ]

= Kim/(9:sKs), g1 = Usm/(PsHs),
¢4 = Kom/(0nKn), &4 = Hnm/(Pnin)-

Ks, K, and Ky, and Kj, are the bulk moduli of solid grain, non-
wet phase fluid, wet phase fluid and gas hydrate, respectively.
Kym and Ky, are the elastic and shear moduli of the solid grain

S B =1 pois

Pea = B[(Sg+ Srw — 1) ], (B5)

(B6)

frame and gas hydrate frame. Lee et al.*! express them as
Ko — Kh (1 — ¢an) Ui = tn (1 — @an)
" (Thoga) T T (100 9m)
K (1— 1-
Ksm = S( ¢as) ) sm — ‘ug( ¢as) ) (B7)
(1 +a¢aS) (1 +70a¢as)

where ¢, and ¢,5 denote the apparent porosities, @op = 1 — @y,
Oas = O + Og + €Pp, with y= (1 +2a) /(14 o). € and o refer
to the free parameters. € accounts for the support of hydrate
to the frame. If € is taken as 0, it implies the hydrate is com-
pletely in the form of solid frame, and if 1 is taken, it indicates
the hydrate is completely suspended in the pores. € has lit-
tle influence on the calculation results and we take € = 0.12,
which was suggested by previous studies. The consolidation
coefficient ¢ indicates the cementation of the whole frame,
which is a sediment-dependent parameter varying based on the
properties of the gas hydrate reservoir, and has a certain effect
on the theoretical calculation velocity. « can be calculated
using the formula presented by Zhang!?®!

pVs 1 |
2pV2 O+ (e—1)Sp¢ ’
where p denotes the density of the porous medium which is
given by

P = Pss + PwPw + PP + P, (B8)

Ci2, C13, Cia, C23, Co4, C34 in Egs. (132)—(13f) are the cou-
pling coefficients of effective solid (1), effective water (2), ef-
fective gas (3), and effective hydrate (4). For a three-phase
porous medium (without gas), the coupling coefficients Cj»,
C14, Cp4, were defined by Leclaire,!3 which can be expressed
as

Cio=(1—-c1)ppyKav, Cia=
Coy = (1 —C4)¢w¢hKav-

(1- cl)(l —4) s Pn Ky,
(B9)

Similar to Cj,, the coupling coefficient between solid grain
and gas can be expressed as

Ciz= (1 _Cl)(Ps(PgKaw (B10)

the coupling coefficient between gas and gas hydrate can be
expressed by

C34 = (1 - c4) Py OnKay- (B11)

Santos and Saviolil'*! defined the coupling coefficient be-
tween gas and gas hydrate, considering the influence of capil-
lary force generated by the presence of two immiscible fluids,
which can be expressed as

1 r I3
Cyy=—A (Kgm5+q>_q7 (B12)
where
A =K[S, +(1-7)&],
r= m[flA—(S/g+ﬁ)Ksm5],

1 1 Pca Pw
5 = — — R = —, = —,
Ky  Kim & Pla . Pla

(L1
=" Kg pcaS/S/ ’

= I/Ks_l/Ksm+¢(1/Ksm_l/Kc)
U= @1 /Ke— 1/ Kom+ 0(1 /Kam— 1K) ©1Y)

where py, is the absolute reference pressure, Sy, and Sy, are
the residual saturation of the two fluids, respectively. K is the
bulk modulus of the saturated media,

() o
Appendix C: Expressions of mass densities
pi1 = ¢spsais + (a1 — 1) wpw
+(a31 — 1)@gpg + (aa1 — 1)Pnpn,  (Cla)
p12 = —(az21 — 1)PwPw, (Clb)
p13 = —(az1 — 1)9gpg, (Cle)
pia = —(ais — 1)¢sps — (as1 — )gnpn,  (Cld)
p22 = (@21 + a3 +ax —1)dwpw, (Cle)
p33 = (a13+az +azs —1)Pgpg, (C1f)
p23 = 0.1,/p22p33, (Clg)
P24 = —(az4 — 1)PwPw, (Clh)
Pas = Pnpnas1 + (a24 — 1) Pwpw
+ (a1a = 1)@sps + (aza — 1) 9o g, (Cli)
p3a = —(aza — 1)Pgpg. (C1))

According to Santos and Savioli, 4]

the tortuosity parameters
apy, a4, ax, and a41 can be expressed as

/

P ra+1,
43

ap = Mhz-# 1, ax =

Orpr
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" "
ay = F‘;rlﬁ- I, ay = Z:’;h ra1+1, (C2)
where
p— OwPw + PnPn r_ OwPw + OsPs
Owtn Pw+os
OnPn + D5 .
”:T(P:g, rij =035, i,j=1,2,3,4. (C3)

In Egs. (Cle) and (C1f), the expressions of effective mass
densities of the water py; and gas p33 in pores are related to the
parameters a3, az3, asp and azq, we express these tortuosity
parameters as

/

a3 = Z:;Zlgrlﬁ- 1, az = ¢glp);r34+ 1
" "
a3 = 0ePi rpa+1, azx = Pupi r3+1, (C4)
OwPw PePg
where
p1 = PP + Onpn p/ _ PP + OsPs
deton T Gt o
PePg + PwPw
pl =—— (&%)
T fetow

Appendix D: Expressions of friction coefficients

The b1, b13, b14, ba3, bra, b3y refer to the friction coeffi-
cients between solid grain and water, solid grain and gas, solid
grain and gas hydrate, water and gas, water and gas hydrate,
gas and gas hydrate, respectively,

by = nWS\ZN/(KsKrW)a biz = ngsé/(KsKrg),

bos = NwSa/(KnKew), bss=1NgS;/(Kukeg), (D)

where 7y, and 7, are the water viscosity and gas viscosity,
respectively. ks and ki denote the effective permeabilities
of the solid grain frame and hydrate frame &, = Ko (0w /9)°,
K = K" (0/0n)* (¢w/0,)°, where Ko and k" are permeabil-
ities of the solid grain frame and hydrate frame.

According to the work of Berryman and Wang,*!! the
friction coefficient between solid grain and gas hydrate b4 is
defined as

bis = b3, (¢n(1-9))%,

where the value of the coefficient b(1)4 = 2.2 x 108 is deter-

D2)

mined, which was suggested by Guerin. [>°]

The expression of the friction coefficient between wa-
ter and gas can follow the work of Santos er al. Ol pyy =
SwSekigwr/MgTw/D. where D = K (kegkew — kigy)s Krgw
\/€0krgkrw, € is a constant, set to 0.1. k; is the absolute per-
meability of the porous medium, K and ki, are the relative

permeability of gas and fluid, respectively, which can be ex-
pressed as

Kig = (Sg — Sie)? (1 — Sie) 2,

Kiw = (Sw - rw)z(l _Srw)72« (D3)
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