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Enhancing entanglement and steering in a hybrid
atom–optomechanical system via Duffing nonlinearity
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We introduce a novel scheme for achieving quantum entanglement and Einstein–Podolsky–Rosen (EPR) steering
between an atomic ensemble and a mechanical oscillator within a hybrid atom–optomechanical system. The system com-
prises an optical cavity, a two-level atomic ensemble and a mechanical resonator that possesses Duffing nonlinearity. The
interaction between these components is mediated by the cavity mode, which is driven by an external laser. Our findings
indicate that optimizing the coupling strengths between photons and phonons, as well as between atoms and the cavity,
leads to maximal entanglement and EPR steering. The amplitude of the driving laser plays a pivotal role in enhancing the
coupling between photons and phonons, and the system maintains robust entanglement and EPR steering even under high
dissipation, thereby mitigating the constraints on initial conditions and parameter precision. Remarkably, the Duffing non-
linearity enhances the system’s resistance to thermal noise, ensuring its stability and entanglement protection. Our analysis
of EPR steering conditions reveals that the party with lower dissipation exhibits superior stability and a propensity to steer
the party with higher dissipation. These discoveries offer novel perspectives for advancing quantum information processing
and communication technologies.
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1. Introduction
In recent years, significant progress has been made in

research into and application of quantum information tech-
nology, owing to the rapid development of quantum hard-
ware. The core of these technologies lies in quantum entangle-
ment and steering, which offer the potential for computational
power that surpasses traditional computers, secure information
transmission and precise measurements.[1] Quantum entangle-
ment is a non-classical correlation that occurs where a change
in the system of one quantum system results in a correspond-
ing change in the state of another system, even when there
is no direct exchange of matter or energy between them.[2–6]

This characteristic not only serves as the foundation of quan-
tum information science but also constitutes a crucial resource
for quantum computing and quantum communication.

The realization of quantum entanglement relies heavily
on the delicate manipulation of quantum states, and the cav-
ity optomechanical system, known for its exceptional preci-
sion and controllability, has emerged as a unique and ver-
satile platform for studying quantum entanglement.[7–9] This
system integrates an optical cavity and a mechanical res-
onator, harnessing the interaction between light and the me-
chanical resonator to achieve precise control and measure-
ment of quantum states, thereby demonstrating remarkable
performance in the study of quantum effects, such as optome-
chanically induced transparency,[10–15] macroscopic quan-

tum manipulation,[16–18] squeezed state preparation,[19–22]

quantum synchronization[23] and ground-state cooling.[24–28]

In cavity optomechanical systems, researchers have suc-
cessfully prepared and observed quantum entanglement
and Einstein–Podolsky–Rosen (EPR) steering through pre-
cise control of phase,[29] feedback control,[30–32] parametric
amplification,[33–37] multi-cavity coupling[38–45] and nonlin-
ear effects.[46–49]

In a hybrid atom–optomechanical system, the interaction
between atoms and photons induces changes in the photon
number distribution of the optical cavity, subsequently influ-
encing the nonlinear coupling between the optical field, me-
chanical resonator and atoms.[50] This has significant impli-
cations for the study of quantum effects, such as mechani-
cal squeezing[51] and photon blockade.[52–54] By manipulating
this nonlinear coupling, we can more easily achieve the prepa-
ration and manipulation of quantum states, which can signifi-
cantly enhance the effects of quantum entanglement and steer-
ing. However, despite the numerous advantages offered by the
hybrid atom–optomechanical system for the investigation of
quantum entanglement and steering, we still face a challenge
in real experimental environments, namely, the inevitable in-
terference from environmental factors, such as thermal noise,
which can lead to decoherence and the destruction of entan-
gled states.

Introducing Duffing nonlinearity offers an effective strat-
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egy for the optomechanical system to resist thermal noise and
enhance quantum effects. Research indicates that this nonlin-
earity can achieve more than 3 dB of mechanical squeezing
in the highly unresolved sideband regime and exhibits robust
resistance to thermal noise.[55] Combining Duffing nonlinear-
ity with frequency modulation,[56] or introducing it along-
side intracavity squeezed light in a dual-cavity optomechani-
cal system,[57] can effectively enhance mechanical squeezing.
Prior research has shown that incorporating Duffing nonlin-
earity can yield a significant enhancement in the squeezing of
mechanical oscillators.

Inspired by the aforementioned works, in this paper we
investigate quantum entanglement and EPR steering between
an atomic ensemble and a mechanical oscillator within a hy-
brid atom–optomechanical system. We are the first to intro-
duce the Duffing nonlinearity of a mechanical resonator into
the investigation of entanglement and steering within hybrid
atom–optomechanical systems. The Duffing nonlinearity not
only alters but also strengthens the internal coupling strength,
leading to enhanced quantum entanglement and EPR steering.
What’s more, the Duffing nonlinearity can enhance the resis-
tance of the system to environmental noise.

In this paper, we first explore how varying the coupling
strengths of photon–phonon and collective atom–cavity inter-
actions influences the entanglement and EPR steering. Uti-
lizing the Bogoliubov transformation, we identify the optimal
conditions for maximizing the entanglement and steering by
fine-tuning these coupling strengths. Notably, adjusting the
external driving laser is pivotal for enhancing photon–phonon
coupling. Furthermore, our results show that Duffing nonlin-
earity significantly enhances the system’s resilience to thermal
noise, thereby ensuring its stability and entanglement protec-
tion. Lastly, by examining the relationship between steering
and the dissipation of the two modes, we conclude that the
steering predominantly occurs from the mode with lower dis-
sipation to the mode with higher dissipation. Our findings un-
derscore the potential of this system in advancing quantum in-
formation processing applications.

The structure of this paper is as follows. In Section 2,
we introduce the hybrid atom–optomechanical model and de-
rive the effective Hamiltonian by using the techniques of frame
rotation and standard linearization. In Section 3, we investi-
gate quantum entanglement and steering between the atomic
ensemble and the mechanical resonator, exploring the impact
of different coupling strengths. We demonstrate that Duffing
nonlinearity plays a crucial role in enhancing the robustness of
the system to thermal noise, and discuss the factors influencing
the direction of steering. Section 4 presents our conclusions.

2. Theoretical model
We consider a hybrid atom–optomechanical system as

schematically depicted in Fig. 1, consisting of a cavity, a me-
chanical resonator and a two-level atomic ensemble. In the
model, Duffing nonlinearity is introduced into the mechani-
cal oscillator and the cavity field is driven by a coherent laser.
The total Hamiltonian of the system is described by (in units
of h̄ = 1)

H0 = ωcc†c+ωmb†b+ωa ∑
j

σ
j

z +
η

2
(b† +b)4

−gcbc†c(b† +b)+gca(c†
∑

j
σ

j
−+ c∑

j
σ

j
+)

+E(c† e−iωd t + ce iωd t), (1)

where c (c†) and b (b†) are the annihilation (creation) opera-
tors of the cavity mode and the mechanical mode and σ

j
+,−,z

are the Pauli matrices of the atom numbered j ( j = 1, . . . ,N)

in the atomic ensemble. These operators and matrices corre-
spond to resonance frequencies ωc,ωm and ωa, respectively.
The coefficients η ,gcb and gca represent the Duffing nonlin-
earity, the photon–phonon coupling strength and the photon–
atom coupling strength, respectively. The cavity is driven by a
coherent laser with amplitude E and frequency ωd .

c↪ ωc

E↪ ωd

a↪ ωa

b, ωm, η

Fig. 1. Schematic diagram of the hybrid atom–optomechanical system.
The system consists of a cavity, a two-level atomic ensemble and a me-
chanical resonator that incorporates Duffing nonlinearity. The cavity is
driven by an external laser.

In order to simplify the Hamiltonian of the model, the
collective behavior of the atomic ensemble can be described in
terms of a collective bosonic annihilation (creation) operator,
denoted as a (a†) in the Holstein–Primakoff representation[58]

∑
j

σ
j
+ = a†

√
N −a†a ≃

√
Na†,

∑
j

σ
j
− =

√
N −a†aa ≃

√
Na,

∑
j

σ
j

z = a†a− N
2
. (2)

The Hamiltonian H0 in Eq. (1) can be rewritten as follows:

Hc = ωcc†c+ωmb†b+ωaa†a+
η

2
(b† +b)4

−gcbc†c(b† +b)+Gca(c†a+ ca†)

+E(c† e−iωd t + ce iωd t), (3)
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where Gca = gca
√

N represents the collective atom–cavity
coupling strength. Employing the frame rotation under fre-
quency ωd , the Hamiltonian Hc in Eq. (3) can be expressed
as

Hr = ∆cc†c+ωmb†b+∆aa†a+
η

2
(b† +b)4

−gcbc†c(b† +b)+Gca(c†a+ ca†)

+E(c† + c), (4)

where ∆c = ωc −ωd and ∆a = ωa −ωd represent the detun-
ing of the cavity and the atomic ensemble, respectively, with
respect to the driving laser.

Taking into account the effects of dissipation in the cavity,
mechanical resonator, atomic ensemble and the corresponding
environmental noise, the dynamics of the system can be de-
scribed by the nonlinear quantum Langevin equation[59]

ċ = −i∆cc+ igcbc(b† +b)− iGcaa− iE − κc

2
c+

√
κccin,

ḃ = −iωmb−2iη(b† +b)3 + igcbc†c− γm

2
b+

√
γmbin,

ȧ = −i∆aa− iGcac− γa

2
a+

√
γaain, (5)

where κc,γm,γa and cin,bin,ain are the dissipation rates and
noise operators for the cavity, mechanical resonator and
atomic ensemble, respectively.

By employing the standard linearization method and uti-
lizing the displacement transformation, equation (5) can be
rewritten in the form of a sum of steady-state mean values and
quantum fluctuation operators, i.e., o = ⟨o⟩+δo (o = a,b,c).
The differential equation for the steady-state mean part is
given by

⟨ċ⟩ = (−i∆̃c −
κc

2
)⟨c⟩− iGca⟨a⟩− iE,

⟨ḃ⟩ = (−iωm − γm

2
)⟨b⟩−2iη [(⟨b†⟩+ ⟨b⟩)3 +3(⟨b†⟩+ ⟨b⟩)]

+igcb|⟨c⟩|2,

⟨ȧ⟩ = (−i∆a −
γa

2
)⟨a⟩− iGca⟨c⟩, (6)

where ∆̃c = ∆c − 2gcbRe⟨b⟩ represents the effective detuning
of the cavity. The steady-state mean value part remains con-
stant and does not change with time. By solving Eq. (6), the
mean value of the cavity mode can be given analytically as
follows:

⟨c⟩=
E(∆a − i γa

2 )

G2
ca +(i∆̃c +

κc
2 )(i∆a +

γa
2 )

. (7)

By appropriately adjusting the phase of the driving laser, the
steady-state mean value ⟨c⟩ can be treated as a real number.

Under strong driving condition and neglecting the non-
linear term, the quantum fluctuation operator part will result
in the following linearized quantum Langevin equation:

δ ċ = (−i∆̃c −
κc

2
)δc+ iGcb(δb† +δb)− iGcaδa+

√
κccin,

δ ḃ = (−iω̃m − γm

2
)δb−2iΛδb†

+iGcb(δc† +δc)+
√

γmbin,

δ ȧ = (−i∆a −
γa

2
)δa− iGcaδc+

√
γaain, (8)

where the coefficients are ω̃m = ωm + 2Λ , Λ = 3η [(⟨b⟩+
⟨b†⟩)2 + 1] and Gcb = gcb⟨c⟩. The coefficient Λ is related to
the Duffing nonlinearity.

According to Eq. (8), the effective Hamiltonian can be
derived as follows:

Heff = ∆̃cδc†
δc+ ω̃mδb†

δb+∆aδa†
δa

+Λ(δb†2 +δb2)−Gcb(δc† +δc)(δb† +δb)

+Gca(δcδa† +δc†
δa). (9)

Transforming into the squeezing picture using H ′
eff =

S†(r)HeffS(r) with S(r) = exp[r(b2 − b†2)/2] and squeezing
parameter r = (1/4) ln[1+4Λ/ωm], the effective Hamiltonian
can be re-expressed as[55]

H ′
eff = ∆̃cδc†

δc+ω
′
mδb†

δb+∆aδa†
δa

−G′
cb(δc† +δc)(δb† +δb)

+Gca(δcδa† +δc†
δa), (10)

where ω ′
m = ωm

√
1+4Λ/ωm is the transformed mechanical

frequency and G′
cb = Gcb(1+4Λ/ωm)

−1/4 is the effective op-
tomechanical coupling strength.

Since the squeezing transformation is applied to the me-
chanical resonator, the noise correlation function of the me-
chanical resonator also needs to be transformed into the
squeezing picture, which is denoted as

⟨bin(t)b
†
in(t

′)⟩= (n′th +1)δ (t − t ′),

⟨b†
in(t)bin(t ′)⟩= n′thδ (t − t ′),

⟨bin(t)bin(t ′)⟩=−mδ (t − t ′),

⟨b†
in(t)b

†
in(t

′)⟩=−mδ (t − t ′), (11)

where n′th = nth cosh2r + sinh2 r and m = (2nth +

1)coshr sinhr, with thermal mean phonon number of the me-
chanical resonator nth = [exp(h̄ωm/kBT )− 1]−1 under tem-
perature T . The noise correlation functions for the cavity and
atomic ensemble are

⟨cin(t)c
†
in(t

′)⟩= δ (t − t ′), ⟨c†
in(t)cin(t ′)⟩= 0,

⟨ain(t)a
†
in(t

′)⟩= δ (t − t ′), ⟨a†
in(t)ain(t ′)⟩= 0. (12)

To investigate the dynamics of the system, the di-
mensionless orthogonal operators Xo = (o + o†)/

√
2,Yo =

(o − o†)/(i
√

2) and orthogonal noise operators X in
o =

(oin + o†
in)/

√
2, Y in

o = (oin − o†
in)/(i

√
2) are introduced.

020304-3



Chin. Phys. B 34, 020304 (2025)

The vector of quadrature fluctuation operators can be
expressed as 𝒰 = [Xc,Yc,Xb,Yb,Xa,Ya]

T, the vector of
quadrature noise operators can be expressed as 𝒩 =

[
√

κcX in
c ,

√
κcY in

c ,
√

γmX in
b ,

√
γmY in

b ,
√

γaX in
a ,

√
γaY in

a ]T and the
quantum Langevin equation for the system can be expressed
in matrix form as

𝒰̇(t) =ℳ𝒰(t)+𝒩 (t), (13)

where the drift matrix ℳ is given by

ℳ=



−κc
2 ∆̃c 0 0 0 Gca

−∆̃c −κc
2 2G′

cb 0 −Gca 0

0 0 − γm
2 ω ′

m 0 0

2G′
cb 0 −ω ′

m − γm
2 0 0

0 Gca 0 0 − γa
2 ∆a

−Gca 0 0 0 −∆a − γa
2


. (14)

The correlation properties of the system can be character-
ized by a 6× 6 covariance matrix 𝒱 , whose elements can be
denoted as 𝒱i j = ⟨𝒰i(t)𝒰 j(t ′)+𝒰 j(t ′)𝒰i(t)⟩/2. Because of the
Gaussian nature of quantum noise, the system will maintain a
Gaussian state when the system is in a steady state, and the
covariance matrix 𝒱 can be obtained by solving the Lyapunov
equation

ℳ𝒱+𝒱ℳT =−𝒟, (15)

where 𝒟 denotes the noise diffusion matrix, whose elements
are defined as 𝒟i j = ⟨𝒩i(t)𝒩 j(t ′)+𝒩 j(t ′)𝒩i(t)⟩/2. Accord-
ing to the noise correlation functions (11) and (12), the noise
diffusion matrix 𝒟 can be derived as follows:

𝒟 =
1
2

diag[κc,κc,γm(2n′th +1−2m),

γm(2n′th +1+2m),γa,γa]. (16)

The steady-state entanglement between different modes
can be analyzed by reducing a 4× 4 covariance matrix from
the 6×6 covariance matrix

𝒱12 =

[
𝒱1 𝒱c
𝒱T

c 𝒱2

]
, (17)

where 𝒱1,𝒱2 and 𝒱c denote the 2× 2 block matrices corre-
sponding to the two modes and their correlation part, respec-
tively. The entanglement between two modes can be measured
by logarithmic negativity[60]

EN = max[0,− ln2η
−], (18)

where η− = [(Σ −
√

Σ 2 −4det𝒱12)/2]1/2, Σ = det𝒱1 +

det𝒱2−2det𝒱c. Besides entanglement, EPR steering can also
measure the correlation between two modes. When one mode

can control the state of the other mode through localized op-
erations in its own Hilbert space, this is known as steering.
Specifically, steering from mode 1 to mode 2 is defined as[61]

𝒢1→2 = max
[

0,
1
2

ln
det𝒱1

4det𝒱12

]
. (19)

In a similar way, steering from mode 1 to mode 2 is
𝒢2→1 = max[0, 1

2 ln det𝒱2
4det𝒱12

].

3. Entanglement and steering between atomic
ensemble and mechanical resonator
This section is dedicated to the study of entanglement

Eab, steering 𝒢b→a and steering 𝒢a→b between the atomic
ensemble mode δa and the mechanical resonator mode δb.
There is photon–phonon interaction as well as atom–photon
interaction in the effective Hamiltonian H ′

eff (10), therefore
it is plausible to speculate that there is indirect entanglement
and steering between the atomic system and the mechanical
resonator. In Fig. 2, we plot the entanglement Eab, steering
𝒢b→a and steering 𝒢a→b between the atomic ensemble mode
δa and the mechanical resonator mode δb as functions of the
photon–phonon coupling strength gcb (a) and the collective
atom–cavity coupling strength Gca (b).

0

0.2

0.4

0.6

0.8
(a)

0

0.2

0.4

0.6
(b)

0 1 2 3 4

gcb/ωm (10-5)

Eab
Gb→a
Ga→b

Eab
Gb→a
Ga→b

0 0.5 1.0 1.5 2.0

Gca/ωm

Fig. 2. The steady-state entanglement Eab, steering 𝒢b→a and steering
𝒢a→b between the atomic ensemble and the mechanical resonator as func-
tions of the photon–phonon coupling strength gcb/ωm with Gca/ωm = 1
(a) and the collective atom–cavity coupling strength Gca with gcb/ωm =
10−5 (b). The other system parameters are set as κc/ωm = 0.4,γm/ωm =
10−6,γa/ωm = 10−3, ∆̃c/ωm = 1, ∆a/ωm = −1,E/ωm = 1.5 × 104,
Λ/ωm = 0.25 and nth = 0.

Based on the existing experimental techniques, the sys-
tem parameters are set as follows: ωm/2π = 1 MHz, κc/ωm =

0.4, γm/ωm = 10−6, γa/ωm = 10−3, ∆̃c/ωm = 1, ∆a/ωm =−1
and E/ωm = 1.5 × 104. When the mechanical resonator is
coupled to an ancillary qubit, and the coupling strength be-
tween the qubit and the mechanical resonator is much smaller
than the qubit’s energy level, we can introduce effective Duff-
ing nonlinearity to the mechanical resonator. The power of
the external driving laser with a wavelength of 1550 nm is
Pin ≃ 0.4 mW. At this power level, the backaction of the me-
chanical mode on the qubit is so small that it can be neglected.
Therefore, the ancillary qubit can be considered as a pas-
sive system unaffected by the mechanical resonator.[55–57,62]

In the subsequent analysis, we ensure the stability of the sys-
tem by employing the Routh–Hurwitz criterion.[63] In addition

020304-4
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to this, most importantly, it is evident from Fig. 2 that both
coupling strengths initially have a positive effect on enhanc-
ing the stable entanglement and steering between the atomic
ensemble and the mechanical resonator. However, as the cou-
pling strengths increase further, the values of entanglement
and steering gradually decrease after each reaches its peak
value.

To investigate the physical mechanism behind this re-
sult, we will delve deeper into the analysis of the interac-
tions between the different modes of the system. In princi-
ple, the interaction part of the effective Hamiltonian H ′

eff (10)
can be represented by J(βδc†+β †δc) with Bogoliubov mode

β = δacoshλ +δb† sinhλ , where J =
√

G2
ca −G′2

cb is the cou-
pling strength between the cavity mode δc and the Bogoliubov
mode β , and λ = arctanh(G′

cb/Gca) is the squeezing coeffi-
cient of the two-mode squeezing state. A two-mode squeez-
ing state cannot be expressed as a product of two single-mode
squeezing states, thus it is inherently a two-mode entangled
state.[64,65] The squeezing of the Bogoliubov mode β naturally
leads to the entanglement between modes δa and δb. More-
over, an increase in the squeezing coefficient λ has a positive
impact on the squeezing of the Bogoliubov mode β . Thus,
from this perspective, a larger λ may contribute to a stronger
entanglement between modes δa and δb. However, a larger λ

will result in a smaller effective coupling strength J, which will
limit the cooling of the Bogoliubov mode through the beam-
splitter interaction and subsequently constrain the maximum
entanglement between modes δa and δb.

Figures 3(a) and 3(b) plot the entanglement Eab and steer-
ing 𝒢b→a between the atomic ensemble mode δa and the me-
chanical resonator mode δb as functions of gcb and Λ , re-
spectively. Based on the above analysis, it is known that the
squeezing coefficient λ monotonically increases with increase
in the effective optomechanical coupling strength G′

cb, and
G′

cb monotonically increases with the increase of the photon–
phonon coupling strength gcb and monotonically decreases
with the increase of Λ . Therefore, it can be observed that when
gcb is large enough, entanglement can be generated even if Λ

is zero; however, as the figures show, a smaller Λ is not al-
ways better, as maximum entanglement does not occur where
the Λ is zero. This is because the squeezing of the Bogoliubov
mode β is determined not only by the squeezing coefficient λ

but also by the strength of the coupling J between the cavity
mode δc and the Bogoliubov mode β . From this point of view,
to obtain stronger entanglement it may be desirable to either
increase Gca or reduce G′

cb. Figures 3(c) and 3(d) plot the en-
tanglement Eab and steering 𝒢b→a as functions of Gca and Λ ,
respectively.

As analyzed above, Eab and 𝒢b→a gradually reach their
maximum values as Λ and Gca increase. However, it can be
observed from Fig. 3 that the entanglement Eab and steering

𝒢b→a do not increase indefinitely as gcb or Gca increase. The
opposing effects of G′

cb and Gca on the squeezing coefficient
λ and the coupling strength J are evident. Specifically, an in-
crease in G′

cb or a decrease in Gca will lead to an increase in
the squeezing coefficient λ , whereas the opposite behaviors
will result in an increase in the coupling strength J. These two
opposing effects enable the system to reach equilibrium and
attain maximum entanglement at optimal values of G′

cb and
Gca.
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Fig. 3. (a) The steady-state entanglement Eab and (b) steering 𝒢b→a
as functions of Λ and gcb. (c) The steady-state entanglement Eab and
(d) steering 𝒢b→a as functions of Λ and Gca. The other parameters are
the same as those in Fig. 2.

Figures 4(a) and 4(b) plot the entanglement Eab and steer-
ing 𝒢b→a between the atomic ensemble mode δa and the
mechanical resonator mode δb as functions of the photon–
phonon coupling strength gcb and the amplitude E of the driv-
ing laser, respectively. As gcb increases, figures 4(a) and 4(b)
show that the range of E that can generate entanglement and
steering gradually decreases. Simultaneously, the value of E
corresponding to the maximum entanglement also decreases.
Similarly, as E increases, the range of gcb values capable of
generating entanglement along with steering gradually nar-
rows, and the maximum entanglement corresponding to the
value of gcb also decreases. This phenomenon occurs be-
cause of the direct proportionality between the effective op-
tomechanical coupling strength G′

cb and the product of gcb and
E, which implies that an optimal value of the effective op-
tomechanical coupling strength is determined by gcb and E
together. Adjusting the driving amplitude E ensures that the
photon–phonon coupling strength gcb remains within an ef-
fective range for entanglement.

Figures 4(c) and 4(d) plot the entanglement Eab and steer-
ing 𝒢b→a as functions of the cavity dissipation rate κc and the
photon–phonon coupling strength gcb, respectively. Because
the effective optomechanical coupling strength G′

cb monotoni-
cally increases with increase in gcb and decreases with increase
in κc, the value of κc corresponding to maximum entanglement
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and steering gradually increases with increasing gcb. The op-
timal effective optomechanical coupling strength can be ob-
tained by balancing gcb and κc, which results in the maximum
entanglement or steering. In addition, as depicted in Figs. 4(c)
and 4(d), stable entanglement and steering can be achieved
even with a high dissipation rate κc/ωm = 5, which may re-
duce the requirement for the quality factor of the cavity, con-
sequently making it easier to implement in experiment. This
has significant implications for both practical applications and
research. Furthermore, a larger dissipation rate makes the sys-
tem less sensitive to external noise and enhances its overall
stability.
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Fig. 4. (a) The steady-state entanglement Eab and (b) steering 𝒢b→a
as functions of the amplitude E of the driving laser and the photon–
phonon coupling strength gcb. (c) The steady-state entanglement Eab and
(d) steering 𝒢b→a as functions of the cavity dissipation rate κc and the
photon–phonon coupling strength gcb. The system parameters are the
same as those in Fig. 2.

In Fig. 5, we plot the entanglement Eab (a) and steer-
ing 𝒢b→a (b) as functions of the coefficient Λ and the ther-
mal mean phonon number nth. Since the coefficient Λ is pro-
portional to the Duffing nonlinearity, we can observe from
Figs. 5(a) and 5(b) that the ranges of thermal mean phonon
number nth that can generate entanglement and steering first
increase and then decrease as the Duffing nonlinearity in-
creases. Notably, when Λ/ωm reaches approximately 0.25, the
system still exhibits strong entanglement even at nth up to 104,
suggesting robustness to thermal noise and resilience to fluctu-
ations. However, as Λ further increases, the range of thermal
noise that can sustain entanglement and steering states gradu-
ally diminishes. The entanglement nearly disappears even in
the absence of thermal noise when Λ/ωm approaches 0.5. The
analysis of the observed phenomena suggests that incorporat-
ing an appropriate degree of Duffing nonlinearity can enhance
the system’s robustness to thermal noise and enable the system
to sustain entanglement even at higher levels of thermal noise.
When the mechanical resonator mode is transformed into the
squeezing picture, the squeezing parameter r monotonically

increases with an increase in Λ , i.e., the effective Duffing non-
linearity strength, which indicates that Λ has a positive effect
on enhancing the squeezing of the mechanical resonator mode.
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Fig. 5. (a) The steady-state entanglement Eab and (b) steering 𝒢b→a as
functions of Λ and nth. The system parameters are the same as those in
Fig. 2.

Thermal noise is typically characterized by random fluc-
tuations in position and momentum, whereas the squeezing
effect of the mechanical resonator modes specifically refers
to the reduction of the fluctuations in position or momentum.
Therefore, in thermal noise environments, this squeezing ef-
fect essentially decreases the system’s sensitivity to thermal
noise, leading to an enhancement in the stability and entan-
glement protection of the system. However, it is crucial to
note that Λ should not exceed a certain threshold. When Λ

exceeds this threshold, the nonlinear effect becomes overly
strong, leading to an increase in the complexity of the system’s
dynamical behavior and a subsequent decrease in its stability.
Consequently, it will significantly narrow the range of thermal
noise levels that generate entanglement and steering.
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Fig. 6. (a) The steady-state steering 𝒢b→a and (b) steering 𝒢a→b as func-
tions of the ratio of the dissipation rate of the atomic ensemble to the dis-
sipation rate of the mechanical resonator γa/γm and the photon–phonon
coupling strength gcb. Here γm/ωm = 0.1 and the other parameters are
the same as those in Fig. 2.

The investigation above revolves around the entangle-
ment Eab and steering 𝒢b→a between the atomic ensemble
mode δa and the mechanical resonator mode δb, and the steer-
ing 𝒢a→b in the opposite direction will be added next. In Fig. 6,
we plot the steering 𝒢b→a (a) and steering 𝒢a→b (b) as func-
tions of the ratio of the dissipation rate of the atomic ensemble
to the dissipation rate of the mechanical resonator γa/γm and
the photon–phonon coupling strength gcb. The steering 𝒢b→a

is mainly observed when γa > γm, while the steering 𝒢a→b is
primarily observed when γm > γa. In this regard, one can con-
clude that when the dissipation is different in two modes, the
side with higher dissipation is more likely to be influenced by
the side with lower dissipation. This is because the side with
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higher dissipation is more susceptible to external perturbations
and internal noise, leading to reduced stability; conversely, the
side with lower dissipation maintains better stability due to a
slower rate of energy loss. When the two modes interact, the
side with lower dissipation is more likely to steer the side with
higher dissipation due to its superior stability. However, dis-
sipation is not optimal if it is too high. Excessive dissipation
may lead to instability, energy loss and destruction of the sys-
tem’s state, thereby weakening the steering effect.

4. Conclusion
This paper proposes an innovative theoretical framework

for achieving quantum entanglement and steering between an
atomic ensemble and a mechanical resonator within a hybrid
atom–optomechanical system consisting of an optical cavity,
a two-level atomic ensemble and a mechanical resonator with
Duffing nonlinearity. The interaction between the atomic en-
semble and the mechanical resonator is facilitated through the
cavity mode, which is driven by a coherent laser. Our study has
demonstrated that precise tuning of the photon–phonon and
collective atom–cavity coupling strengths can significantly en-
hance the entanglement and steering between the atomic en-
semble and the mechanical resonator. Notably, the ampli-
tude of the driving laser is crucial for optimizing the photon–
phonon coupling strength, and the Duffing nonlinearity is vi-
tal for enhancing the resilience of the system to thermal noise,
thereby ensuring stability and protecting the entanglement. Fi-
nally, we investigated the conditions for generating steering in
different directions and found that steering always occurs from
the side with lower dissipation to the side with higher dissi-
pation. Our proposed scheme provides greater flexibility and
convenience for experimental research and practical applica-
tions in quantum information processing and communication
technologies.
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