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The cutoff frequency is one of the crucial parameters that characterize the environment. In this paper, we estimate
the cutoff frequency of the Ohmic spectral density by applying the π-pulse sequences (both equidistant and optimized)
to a quantum probe coupled to a bosonic environment. To demonstrate the precision of cutoff frequency estimation, we
theoretically derive the quantum Fisher information (QFI) and quantum signal-to-noise ratio (QSNR) across sub-Ohmic,
Ohmic, and super-Ohmic environments, and investigate their behaviors through numerical examples. The results indicate
that, compared to the equidistant π-pulse sequence, the optimized π-pulse sequence significantly shortens the time to reach
maximum QFI while enhancing the precision of cutoff frequency estimation, particularly in deep sub-Ohmic and deep
super-Ohmic environments.
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1. Introduction
Realistic quantum systems are regarded as open systems

due to the non-negligible environment-induced effects.[1] The
interactions between the systems and their surrounding envi-
ronments lead to quantum decoherence, which plays an im-
portant role in quantum information theory.[2] To understand
quantum dynamics properly, the environment parameters that
govern the decoherence function are required to be estimated
with high precision. The study on the estimation of envi-
ronment parameters has drawn great attention recently.[3–6]

One critical parameter is the cutoff frequency, which deter-
mines the correlation timescale of the environment.[7] There-
fore, how to precisely estimate the cutoff frequency becomes
one of the indispensable ingredients for implementing practi-
cal quantum technologies.

Typically, the cutoff frequency of the environment can be
effectively estimated by means of the quantum probe, which
is a small and easily controllable system.[8] In general, a
complete quantum parameter estimation scheme can be di-
vided into the following four steps:[9] (i) preparation of the
probe state; (ii) evolution; (iii) measurement, and (iv) clas-
sical estimation. There have been several approaches to
achieve better precision in parameter estimation for differ-
ent steps. For step (i), the continuous-variable probe,[10]

the dissipating probe,[11] the two-qubit probe,[12] and the
initial probe-environment correlation[13] have been consid-
ered in estimating the cutoff frequency. For step (ii), ad-
ditional control methods are usually applied to alter the dy-

namics of the probe for improvement of the precision limit,
e.g., feedback control,[14–16] optimal control,[17,18] Hamilto-
nian control,[19] and dynamical control.[20] Dynamical con-
trol is originally presented as a strategy for fighting deco-
herence in open quantum systems through open-loop con-
trol technologies.[21] Two common ways for dynamical con-
trol are with the application of the equidistant and the opti-
mized π-pulse sequence. The equidistant π-pulse sequence
has been proved to be effective in increasing the precision
of estimating cutoff frequency in Ref. [13], where the au-
thors took into account the control field to enable the probe
to collect more information about the environment before the
probe completely decoheres. By relaxing the constraint of uni-
form pulse intervals, the optimized π-pulse sequence achieves
higher-order decoupling of the environment with fewer pulses
compared to the equidistant sequence.[22] The superiority of
the optimized π-pulse sequence has been demonstrated for
the transitions suppression,[23] the transverse relaxation time
measurement,[24] the phase parameter estimation,[25] and the
generation of entangling gates.[26] Since the optimized π-
pulse sequence has shown notable impacts on various quantum
tasks, it can be expected to enhance the precision of environ-
ment parameters estimation.

Inspired by Refs. [13,27], we apply the optimized π-pulse
sequence to the quantum probe for the estimation of the cut-
off frequency. We consider that the quantum probe couples
to a bosonic environment characterized by the Ohmic spectral
density and undergoes pure dephasing. The precision of esti-
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mation is quantified by the quantum Fisher information (QFI)
and quantum signal-to-noise ratio (QSNR). We provide the
analytical forms of QFI and QSNR of estimating the cutoff
frequency with the application of the optimized π-pulse se-
quence, then analyze their behaviors compared with the cases
where applying no pulses and the equidistant π pulses through
numerical examples. Specifically, we show and contrast the
time evolution of QFI, the optimal interaction time (which can
be found by maximizing the QFI over time), the maximum of
QFI, and the QSNR for different environments. It is demon-
strated that compared to the cases of applying the equidistant
π-pulse sequence, an increase in the maximum of QFI and a
decrease in the optimal interaction time can be obtained by ap-
plying the optimized π pulses. The effect of the optimized π-
pulse sequence on the estimation precision of cutoff frequency
is even more impressive in deep sub-Ohmic (s < 0.5)[28] and
deep super-Ohmic (s > 5)[29] environments.

This paper is organized as follows. Section 2 briefly intro-
duces the physical model of the quantum probe coupled with
a bosonic environment. Under this model, the QFI and QSNR
are derived in Section 3 for the evaluation of estimating the
cutoff frequency. We present numerical results of the QFI and
QSNR in Section 4. Finally, the conclusion is summarized in
Section 5.

2. The physical model
We aim to investigate how the optimized π-pulse se-

quence applied to the quantum probe affects the estimation
of the cutoff frequency. The probe we consider is a two-
level system undergoing pure dephasing via interaction with a
bosonic environment. As illustrated in Fig. 1, we apply the op-
timized π-pulse sequence to modulate the interaction between
the probe and the environment.

Let γ(z,n) denote the π-pulse sequence, the global
modulated Hamiltonian can be written as (we set h̄ = 1
throughout)[13]

H =
ω0

2
γ(z,n)σz +∑

k
ωkb†

kbk

+∑
k

γ(z,n)σz(gkb†
k +g*kbk).

Here, σz is the Pauli matrix, ω0 is the energy spacing of the
probe, and k labels the modes of the environment with fre-
quency ωk, the interaction strength gk, and bosonic creation
(annihilation) operator b†

k (bk), satisfying the commutation re-
lation [bk,b

†
k′ ] = δkk′ . With n the number of pulses, the function

of the optimized π-pulse sequence is given by[13,30]

γ(z,n) =
n

∑
j=0

(−1) j
Θ(z− t j)Θ(t j+1 − z), (1)

where the total time interval 0→ t is split into smaller intervals
0 → t1 → t2 → ··· → tn → t, t j = t sin2[π j/(2n+2)], z ∈ [0, t],

and Θ(x) is the sign function:

Θ(x) =

{
+1, x > 0,
−1, x < 0.

0

EvolutionInitial state Measurement

|0>

|1>

Fig. 1. Schematic diagram of estimating the cutoff frequency. The op-
timized π-pulse sequence is applied in a given optimal interaction time,
and a set of measurements is performed on the final probe state to ex-
tract the information about the environment.

Complete information about the interaction between the
environment and the probe can be encapsulated in the spec-
tral density. In this work, we consider that the spectral density
belongs to the Ohmic class with an exponential frequency cut-
off, which can simulate a large class of thermal bath and model
many real systems:[31–35]

J(ω) = G
ωs

ω
s−1
c

exp
(
− ω

ωc

)
. (2)

In Eq. (2), G is the coupling strength of the environment,
which carries the order of magnitude of gk,[36,37] ωc is the
cutoff frequency, and s is the Ohmicity parameter, which dis-
tinguishes between sub-Ohmic (s < 1), Ohmic (s = 1), and
super-Ohmic (s > 1) regimes. According to the spectral den-
sity, we can calculate the reduced dynamics of the probe in the
interaction picture.[38] Suppose the initial state of the probe is
independent of the environment, which means the total ini-
tial state is a product state ρtot = ρ(0)⊗ ρE, with the ini-
tial probe state ρ(0) and the environment thermal equilibrium
state ρE = e−HE/T/TrE[e−HE/T ].[39] Here T is the temperature,
HE is the Hamiltonian of the environment, and TrE is the en-
vironment partition function. With the application of an opti-
mized π-pulse sequence, the probe state at time t can be ex-
pressed by[8]

ρ(t) =
(

1 e−iω0te−Γop(t)

eiω0te−Γop(t) 1

)
∘ρ(0), (3)

where ∘ denotes the element-wise Hadamard product, and[27]

Γop(t) =
∫

∞

0

J(ω)

2ω2 coth
(

ω

2T

)∣∣yn(ωt)
∣∣2
op dω

is the decoherence function, whose factor |yn(ωt)|2op has the
form

∣∣yn(ωt)
∣∣2
op =

∣∣∣∣∣ n

∑
j=−n−1

(−1) je(iωt/2)cos[π j/(n+1)]

∣∣∣∣∣
2

.
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If we use the equidistant π pulses, i.e., t j = t j/(n+1) in
Eq. (1), the probe state is again obtained as Eq. (3), except for
a modified decoherence function[13,27]

Γeq(t) =
∫

∞

0

J(ω)

2ω2 coth
(

ω

2T

)∣∣yn(ωt)
∣∣2
eq dω

with ∣∣yn(ωt)
∣∣2
eq = 2tan2

(
ωt

2n+2

)
[1+(−1)n cos(ωt)].

When we apply no pulses, the decoherence function is

Γuc(t) =
∫

∞

0

J(ω)

ω2 [1− cos(ωt)]dω.

Below we provide tools that quantify the precision with which
cutoff frequency can be estimated by the probe.

3. Quantum estimation theory
It is seen that the evolution of the probe state carries infor-

mation about the environment, which implies the parameters
that characterize the environment can be estimated from the
dynamics of the probe. To infer the value of the cutoff fre-
quency, we perform measurements on repeated preparations
of the probe. The measurement outcomes are used to build
an estimator ω̂c of the cutoff frequency. The inevitable er-
rors caused during the process of building the estimator can
be quantified by the variance δ 2(ω̂c), where the smaller is
δ 2(ω̂c), the more precise is the estimation strategy. For any
unbiased estimator ω̂c, the precision is bounded by Cramér–
Rao inequality:[40]

δ
2(ω̂c)≥

1
Nℱ(ωc)

. (4)

Here N is the number of repeated measurements, and ℱ(ωc) is
the QFI. Equation (4) tells us that the optimal estimation strat-
egy is to maximize the QFI and saturate the inequality. The
QFI is generally defined as[41]

ℱ(ωc) : = Tr
[
ρ(t)L2

ωc

]
,

where Lωc is the symmetric logarithmic derivative, satisfying

∂ρ(t)
∂ωc

=
1
2
[
ρ(t)Lωc +Lωcρ(t)

]
.

If the probe state has spectral decomposition

ρ(t) = ∑
i

pi|ψi⟩⟨ψi|,

where pi is the i-th non-zero eigenvalue of the probe state and
the corresponding eigenvector is |ψi⟩, the explicit expression
of the QFI can be found to be[42]

ℱ(ωc) = ∑
i

(∂ pi/∂ωc)
2

pi

+2 ∑
i̸= j

(pi − p j)
2

pi + p j

∣∣∣∣⟨ψ j|
∂ |ψi⟩
∂ωc

∣∣∣∣2. (5)

We prepare the probe in the initial state

ρ(0) =
(

cos2(θ/2) 1
2 sinθe−iφ

1
2 sinθeiφ sin2(θ/2)

)
,

which is parameterized by the polar angle θ ∈ [0,π/2] and the
azimuthal angle φ ∈ [0,2π] on the Bloch sphere. From Eq. (3),
after we apply the optimized π-pulse sequence to the probe,
the probe state at a later time t reads

ρ(t) =

(
cos2(θ/2) 1

2 sinθe−i(φ+ω0t)e−Γop(t)

1
2 sinθei(φ+ω0t)e−Γop(t) sin2(θ/2)

)
. (6)

From Eq. (6), the eigenvalues and eigenvectors of the probe
state are obtained as

p1 =
1
2
[1−𝒬(t)], (7a)

p2 =
1
2
[1+𝒬(t)], (7b)

|ψ1⟩= cos(θ̄/2)|0⟩− sin(θ̄/2)e−i(φ+ω0t)|1⟩, (8a)

|ψ2⟩= sin(θ̄/2)|0⟩+ cos(θ̄/2)e−i(φ+ω0t)|1⟩, (8b)

where we denote

𝒬(t) =
√

1+ sin2
θ(e−2Γop(t)−1), (9)

sin θ̄ = sinθ [𝒬(t)]−1e−Γop(t), (10a)

cos θ̄ = cosθ [𝒬(t)]−1. (10b)

According to Eqs. (7)–(10), we are further led to(
∂ p1

∂ωc

)2

=

(
∂ p2

∂ωc

)2

=
1
4
[𝒬(t)]−2 sin4

θe−4Γop(t)

[
∂Γop(t)

∂ωc

]2

, (11)

∣∣∣∣⟨ψ2|
∂ |ψ1⟩
∂ωc

∣∣∣∣2 = ∣∣∣∣⟨ψ1|
∂ |ψ2⟩
∂ωc

∣∣∣∣2 = 1
4

(
∂ θ̄

∂ωc

)2

, (12)

where the partial derivative of θ̄ with respect to ωc can be de-
rived from Eq. (10)

∂ θ̄

∂ωc
=−sinθ cosθ [𝒬(t)]−2e−Γop(t) ∂Γop(t)

∂ωc
. (13)
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By substituting Eqs. (11)–(13) into Eq. (5), we find that
the QFI of estimating cutoff frequency with the application of
the optimized π-pulse sequence is

ℱop(ωc) =
sin2

θ

e2Γop(t)−1

[
∂Γop(t)

∂ωc

]2

. (14)

In addition to QFI, we quantify the precision of an estimator
through the QSNR with the expression[11]

ℛop(ωc) = ℱop(ωc)ω
2
c . (15)

As a global estimability, a larger value of the QSNR means
a more efficient estimate with smaller error.[43] By modifying
the decoherence function, equations (14) and (15) can also be
used to calculate the QFI and QSNR with no pulses and the
equidistant π pulses applied correspondingly. The QFI and
QSNR are the main tools that we use in the following discus-
sion.

4. Numerical examples
We now investigate the precision in estimating the cut-

off frequency with the optimized π-pulse sequence applied at
zero temperature. To this end, we analyze the behaviors of the

QFI and QSNR numerically, and compare them to the cases of
applying no pulses and the equidistant π pulses for different
environments. Note that the QFI is a decreasing function with
respect to θ ∈ [0,π/2], and irrelevant to φ . Throughout we set
θ = φ = 0, ω0 = 1, and the Ohmicity parameter s= 0.1, 1, and
3 for the sub-Ohmic, Ohmic, and super-Ohmic environments.

The QFI is a function of the decoherence function of the
quantum probe, thus a function of the interaction time. To op-
timize the estimation process, the maximization of the QFI is
performed over time to determine the maximum of QFI and
the corresponding optimal interaction time topt. Here we give
examples of the decoherence function and QFI for different
control pulses and different environments with G = 1, ωc = 1,
and n = 3. As plotted in Figs. 2 and 3, the dotted, dashed, and
solid lines indicate the cases with no pulses, the equidistant π

pulses, and the optimized π pulses applied, respectively. One
can see that both π-pulse sequences suppress the decoherence
function for a period of time, within which the QFI reaches
its maximal value. In Fig. 3, the solid line always has the
highest peak, which means that by modulating the interaction
between the probe and the environment with the optimized π-
pulse sequence for a proper time, we have a larger QFI when
estimating cutoff frequency.

(a) (b) (c)
12.5

7.5

2.5

10.0

5.0

0
0 3 6 9 12

t

Γ Γ Γ

s/. s/ s/

No pulses

Equidistant
π pulses, n/

Optimized
π pulses, n/

0
0

3 6 9 12
t

0 3 6 9 12
t

6.0

4.8

3.6

2.4

1.2

0

8.5

6.8

5.1

3.4

1.7

Fig. 2. The decoherence function in (a) sub-Ohmic, (b) Ohmic, (c) super-Ohmic environment with G = 1, ωc = 1, and n = 3.

(a) (b) (c)

0
0

3 6 9 12
t

0 3 6 9 12
t

0 3 6 9 12
t

2.5

1.5

0.5

2.0

1.0

F

0

2.5

1.5

0.5

2.0

1.0

F

0

2.5

1.5

0.5

2.0

1.0

F

1.188
1.182 No pulses

Equidistant
π pulses, n/

Optimized
π pulses, n/

s/. s/ s/

Fig. 3. Time evolution of the QFI in (a) sub-Ohmic, (b) Ohmic, (c) super-Ohmic environment with G = 1, ωc = 1, and n = 3.

Under the condition of each probe interacting with the en-
vironment for the optimal time, we illustrate the maximum of
QFI and the optimal interaction time with G = 1 in Fig. 4. It
shows that both the maximum of QFI and the optimal inter-
action time increase with the number of pulses and decrease
as ωc increases, which is expected since the pulses suppress
the decoherence, while more modes contribute to the decoher-
ence with increasing ωc.[13] In the upper row of Fig. 4, the

red crosses (representing the optimized π-pulse sequence) are
always above the green dots (representing the equidistant π

pulses) and the blue triangles (representing no pulses) with
n = 3. As the number of pulses varies with ωc = 1, both red
crosses and the green dots are above the blue triangles (see
the lower row of Fig. 4), where the red crosses are located
higher in the sub-Ohmic environment; the green dots are lo-
cated higher in the Ohmic environment except for n = 3; the
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red crosses are located higher in the super-Ohmic environment
except for n = 2. In our experiments, the maximal values of
the QFI in the sub-Ohmic and super-Ohmic environments with
the optimized π-pulse sequence applied are on average 9.95%
and 11.48% higher than that with the equidistant π-pulse se-
quence applied, respectively. However, the solid line stays be-
low the dashed line in every sub-figure. Specifically, the QFI

with the optimized π-pulse sequence applied takes on aver-
age 14.35% less time to reach the maximum. In summary, the
optimized π-pulse sequence, within a shorter interaction time,
helps us in achieving a greater value of the maximal QFI for
any ωc when n = 3, and improves the estimation of cutoff fre-
quency in the sub-Ohmic and super-Ohmic environment for
n ≥ 3 when ωc = 1.

Optimized π pulses
Equidistant π pulses
No pulses

Optimized π pulses
Equidistant π pulses
No pulses

ωc

ωc

ωc ωc

(a) (b) (c)

20

10

0
2 11 20

t
o
p
t

t
o
p
t

t
o
p
t

t
o
p
t

n 2 11 20
n

.

.



t
o
p
t

.

.



t
o
p
t

.

.



2 11 20
n

.

.



.

.


    

ωc

    

ωc

    

n n n

s/. s/ s/

s/. s/ s/

Fig. 4. The maximum of QFI and the corresponding optimal interaction time, as functions of the cutoff frequency (the upper row, with n = 3)
and the number of pulses (the lower row, with ωc = 1) in (a) sub-Ohmic, (b) Ohmic, (c) super-Ohmic environment with T = 0 and G = 1.

Additionally, the dependencies of the QSNR on ωc and
s with G = 1, n = 3 are depicted in Fig. 5. Figure 5(b) is
a sample of Fig. 5(a) by taking s = 3, where the main fea-
ture is that the value of QSNR is irrelevant to ωc. Figure 5(c)

suggests that the optimized π-pulse sequence offers a larger
QSNR than the equidistant π-pulse sequence except for ap-
proximately 1.2< s< 2.1, where we can obtain significant ad-
vantages for deep sub-Ohmic and deep super-Ohmic regimes.

ωc

    
ωc







 s




  

.

.

.

.

.









RR

R Optimized π pulses
Equidistant π pulses
No pulses

(b)(a) (c)
1.6

1.4

1.2
2.31.1 1.7

s
















s/
s/

Fig. 5. Comparing the dependencies of the QSNR on (a) ωc and s, (b) ωc (with s = 3), (c) s, with T = 0, G = 1, and n = 3.

With these numerical results in hand, it is found that the
QFI increases with the number of pulses, and is inversely pro-
portional to ω2

c . We conclude that the optimized π-pulse se-
quence plays a big role in the deep sub-Ohmic and deep super-
Ohmic environments, allowing us to estimate the cutoff fre-
quency more precisely.

5. Conclusions
In this paper, we have applied the optimized π-pulse se-

quence to the quantum probe to improve the estimation of the
cutoff frequency of the environment. Considering a physical

model where the quantum probe interacts with a bosonic en-
vironment, the analytical forms of the QFI and QSNR have
been derived as tools to quantify the precision of estimat-
ing the cutoff frequency. Through the numerical examples,
we have found that in comparison with the equidistant π-
pulse sequence, the optimized π-pulse sequence on average
reduces the optimal interaction time by 14.35% across all en-
vironments, and increases the maximum of QFI by 9.95%
and 11.48% in the sub-Ohmic and super-Ohmic environments,
respectively. Further, the estimation precision of cutoff fre-
quency can be improved even more significantly in a deep sub-
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Ohmic or deep super-Ohmic regime.
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