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A novel method is introduced to optimize the traditional Skanavi model by decomposing the electric field of molecules
into the electric field of ions and quantitatively describing the ionic-scale electric field by the structural coefficient of the
effective electric field. Furthermore, the optimization of the Skanavi model is demonstrated and the ferroelectric phase
transition of BaTiO3 crystals is revealed by calculating the optical and static permittivities of BaTiO3, CaTiO3, and SrTiO3
crystals and the structure coefficients of the effective electric field of BT crystals after Ti** displacement. This research
compensates for the deficiencies of the traditional Skanavi model and refines the theoretical framework for analyzing

dielectric properties in high permittivity materials.
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1. Introduction

Perovskite materials with high permittivity are widely
utilized across diverse fields due to their electrical charac-
teristics. These materials, known for their excellent charge
storage capacity and superior electrical insulation, are cru-
cial in the development of capacitors, energy storage systems,
high-performance electronics, wireless communications, mi-
crowave components, and sensor technologies.!!! Current
research is mainly focused on experimental studies and first-
principles calculations,[®! and there is still a research gap in
the investigation of perovskite materials with high permittiv-
ity through the methods of classical dielectric theory.

For typical perovskites, the frame of the cell is built by
A-site cations with larger ionic radii at the corners, while the
functional structural unit of the octahedron is formed by the in-
teraction between anion of oxygen at the face-center and B-site
cations with smaller ionic radius at the center of the octahe-
dron. It is well known that dielectric properties of perovskites
are mainly defined by the polarizable unit of BOg octahedron,
however, the interaction between oxygen and A-site ions is
also important for ferroelectrics.

Extensive research has been carried out to reveal the re-
lationship between the structure and properties of perovskites
at different levels, such as macroscopic, mesoscopic, or mi-
croscopic. Although theoretically simulation based on first
principles is a super and effective way to explore the inter-
action between ions by relative positions of ions in the cell,
state density, bond characteristics, and so on, it is an indirect
way to explain macroscopic dielectric properties which are the
results of dipoles distribution. In fact, the Clausius equation
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and Lorentz electric field model have built the solid basis for
classical dielectric physics, which solves the theoretical prob-
lem of the composition of an effective electric field and its
influence on dielectric permittivity. As for certain dielectrics,
different approximation methods have to be adopted to sim-
plify the calculation. For dielectrics with high permittivity, the
structural coefficient of the effective electric field (from now
on referred to as the structural coefficient) is a reasonable and
direct calculation method, which is provided by Skanavi based
on the superposition of electric fields and the point dipole ap-
proximation. Nevertheless, the method is only accepted by
very few researchers for some serious defects. In Skanavi’s
model, the effective electric field in a crystal is decomposed
into molecule-like units, however, the variation of their geo-
metric configurations with different chemical environments is
ignored. At the same time, the structural coefficient is calcu-
lated by an electric field excited by ions, however, the effective
electric field in a crystal is analyzed based on molecule-like
units. The inconsistency of the model brings initial difficul-
ties.

Within the framework of dielectric theory, which uses the
superposition of electric fields, the polarization intensity of the
dielectric material is denoted as

P =Y NioE, ey

where o; is the molecular polarizabilities, defined as the
sum of the electronic displacement polarizabilities of all ions
within a molecule and the ionic displacement polarizability of
the molecule. N; represents the number of molecules per unit
volume, and E; is the effective electric field experienced by
the molecule.
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http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

017702-1


https://doi.org/10.1088/1674-1056/ad9ba0
https://cstr.cn/32038.14.CPB.ad9ba0
mailto:pfcheng@xpu.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B 34, 017702 (2025)

The relationship between the polarization intensity P and
the permittivity € is given by

where &) is the permittivity of vacuum, & =~ 8.85418 x
10~!2 F/m, and E is the external electric field. Combining
Egs. (1) and (2) yields the Clausius equation

N;oy E;
€=y ——+1. 3
;%E+ )

In general, the effective electric field and the external elec-
tric field are not equal, except for gas where the pressure is
not too much. Therefore, to obtain the permittivity from the
Clausius equation, the key problem is to find out the effective
electric field acting on the molecule. Lorentz first proposed
a theoretical model about the effective electric field, as seen
in Fig. 1. A dielectric is sandwiched between the plates of
a parallel-plate capacitor, and the molecule of interest, desig-
nated as O, is located at the center of a sphere with a radius
of a. The radius of the sphere is much larger than the distance
between molecules, allowing the region outside the sphere to
be considered as a continuous medium. Consequently, the
polarization effects of the molecules outside the sphere can
be addressed using a macroscopic approach. Conversely, the
sphere’s radius is much smaller than the distance between the
capacitor plates, ensuring that the electric field both inside
and outside the sphere can be considered approximately con-
stant. The interactions of other polarized molecules within the
sphere on molecule O must account for the material structure
of the dielectric. Utilizing the superposition of electric fields,
Lorentz’s effective electric field acting on the molecule O can
be expressed as

E=E+E|+E, “4)

where E| represents the electric field produced by bound
charges on the spherical cavity surface, and E» is the electric
field produced by all polarized molecules in the sphere except
for the molecule O. Among them, E can be regarded as con-
stant, and E| can use the superposition of electric fields to
get B\ = P/3¢g). Different treatments of E; lead to different
simplified models.

+ E -
Y , le=
+ £ =
| — + = & | =
+ + _ -
+ —
d| = + - | =
+ ]
+ ]
+| = #| =

Fig. 1. The Lorentz electric field model.

Mossotti proposed that in nonpolar and weakly polar
liquid dielectrics, their molecules induce dipole moments of
equal magnitude when subjected to an electric field, with these
dipole moments aligning along the electric field direction. Due
to the amorphous nature of liquids, the likelihood of molecular
presence is uniform. Therefore, the distribution of molecules
within the Lorentz sphere can be regarded as symmetrical. In
this context, the influence of the molecules inside the sphere
on the molecule O’s electric field can be neglected. The
Mossotti’s effective electric field can be expressed as

E =E+E;. 5)

By substituting Eq. (5) into the Clausius equation, the classi-
cal Clausius—Mossotti equation (from now on referred to as
the CM equation) is obtained!”!
e—1 _ N
e+2  3g

(6)

The above equation reveals that the CM equation neglects the
influence of molecules within the sphere.

Furthermore, the Born model’s approach to the effective
electric field is somewhat rudimentary, treating the effective
electric field inside the crystal as equivalent to the external
electric field. Consequently, the polarization intensity can be
expressed as

P=N(c.+0o,) E, @)

where . is the electronic displacement polarizability, and ¢,
is the ionic displacement polarizability. The dielectric polariz-
ability ag mentioned later can be obtained by summing elec-
tronic displacement polarizability and ionic displacement po-
larizability. Specific values for these polarizabilities will be
provided later. Substituting Eq. (7) into Eq. (2) yields the Born
formula

e=1+ M. 8)
&

By examining Egs. (6) and (8), it is evident that these mod-
els introduce significant omissions in estimating the effective
electric field. Therefore, the permittivities derived from the
CM equation and the Born formula closely approximate the
experimental values for ionic crystals with low permittivity.
However, these models exhibit substantial errors for crystals
with high permittivity. To address this, the Russian scien-
tist Skanavi calculated the intensity of the electric field gen-
erated by the induced dipole moment of molecules positioned
at the center of a sphere. He based his model on the Lorentz
electric field, using the point dipole moment to represent the
ion’s induced dipole moments within the sphere under the
electric field’s influence. To differentiate the electric fields
generated by ions of varying classes or positions within the
sphere, Skanavi proposed the concept of the structural coeffi-
cient, which led to the development of a classical model for
calculating the effective electric field. Although the Skanavi
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model offers a more comprehensive approach to considering
the effective electric field, it still has limitations in calculating
the static permittivity of complex crystals with high permittiv-
ity:

(i) Calculating the static permittivity involves account-
ing for both the ionic displacement polarizabilities of the
molecules and the electronic displacement polarizabilities of
each ion. The electronic displacement polarizabilities of the
ions can be determined using the formula mentioned later in
the text. In diatomic molecules, the ionic displacement polar-
izabilities of the molecules are expressed through the elastic
coefficient k for a pair of ions:

2q2
Oy = T )
Here, g denotes the charge of the ions. The elastic coefficient
k can be related to the intrinsic vibrational frequency f of the

lattice ions:
|k
w=2nf=14/—, (10)
m

where m and w denote the reduced mass and angular frequency
of diatomic molecules, respectively. However, there is a lack
of comprehensive experimental data, with only limited values
available for the intrinsic vibrational frequencies of simple di-
atomic molecular crystals. Furthermore, equation (9) does not
apply to crystals composed of three or more elements.

(i) In dielectric theory, the calculation of ionic displace-
ment polarizability is conducted on a molecule basis. How-
ever, the effective electric field experienced by each ion within
a molecule is generally non-uniform, which introduces errors
related to converting or averaging the effective electric fields
of individual ions. Moreover, even for molecules with identi-
cal elemental compositions, the effective electric field can dif-
fer depending on the crystal structure. For instance, the ionic
displacement polarizability of TiO, molecules in the rutile
phase may introduce significant inaccuracies when calculat-
ing the dielectric properties of the anatase or brookite phases.
This is caused by variations in bond lengths, bonding charac-
teristics, and structural distortions.

(iii) In 1948, Dutch physicist Van Santen!®! derived a for-
mula for calculating the optical permittivity of cubic phase
BaTiOs3 crystals using the classical Lorentz—Lorenz formula
within the framework of the Skanavi model. However, spe-
cific values for the optical permittivity were not provided.

In this paper, we propose the method of decomposing the
electric field of molecules into the electric field of ions and
obtain the optical and static permittivity of typical perovskite
crystals (BaTiO3 (BT), CaTiO3; (CT), and SrTiO3 (ST)) by
the structural coefficients that uncover the quantitative rela-
tionship of the electric fields between ions. The theoretically
calculated values are in good agreement with the experimen-
tal values, especially significantly closer to the experimental
values than those of the conventional CM equation and Born

model. Moreover, the origin of the high permittivity of typical
perovskite is revealed from the perspective of the variation of
the structural coefficients and effective electric fields, which
explains the microscopic mechanism of the displacement-type
ferroelectric phase transition. This research addresses the lim-
itations of the traditional Skanavi model, broadens the scope
of its applicability, and advances the theoretical framework for
the investigation of the dielectric properties of ionic crystals
with high permittivities.

2. Computational methods

2.1. Optical permittivity

From the additivity rule of dielectric theory,®~'! in
ABOs-type perovskite crystals, we can decompose the effec-
tive electric field of the ABO3 molecule (FE;) into the effective
electric fields of A2+, B4+, 03", and O] (Ei1, Ep, Ei3, Eiy),
and then the principle of additivity can be expanded by Eq. (1)

as follows:
P=N(01 Ej + 2 Epp + 03 Eis + 203 E34) . (11)

Equation (11) involves 0,1, 02, and 03, which represent the
electronic displacement polarizabilities of A2t B4+, O%f, and
02", where O3~ and O3~ share @3, as the electronic displace-
ment polarizability. Furthermore, the effective electric fields
of A", B4, 03", and O} can be expressed respectively as
follows:

P
Ey = E+ — + 01Ci1 Ej + 02C12Epp + 0e3C13 B

3g
+ 0e3C14 By, (12)
E, = E+ % + 0e1Co1 i + 0te2Cr2 Eip + @e3Co3 B
+ 0e3Ca By, (13)
E; = E+ L + 01C31 B + 0te2C32 By + @e3C33 B

3g
+ 00e3C34 By, (14)

P
Ey, = E+ 36 + Qe1Ca1 By + 0e2Cap Ejp + 00e3C3 B3
+ 0te3Ca By, (15)

Here, Caa denotes the structural coefficients for ions of the
same type, while Cap indicates the structural coefficients for
ions of different types. In Caa and Cag, the first subscript
identifies the central ion and the second subscript identifies the
surrounding ion, with subscripts 1, 2, 3, and 4 corresponding
to A%, B**, 037, and O}, respectively. Then replacing the
permittivity € in Eq. (1) with the optical permittivity €., we
get

P=g(e.—1)E. (16)

The optical permittivity of ABOj3-type perovskite crystals
under the Skanavi model can be determined by combining
Eqgs. (11)-(16):
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Eo—1 N

Ot + Oled + 3063 + 063 (e 1C31 + 02 C30 + 0e3C34

€t2 38 1 —Cp10e; — CooOes — C33063 — Cagle3 — Ote3Ole1 (C13C31 + C14Car)

+201Ca1 +2062Ca2 +2063C43) — Caa 003 (Ol + Gz + 0te3) + O (0F)

— 03062 (C23C32 + Co4C) — A5 C34Ca2

where the notation @ (o) denotes the multiple products of
these electronic displacement polarizabilities. The structural
coefficients are calculated using the following formulas:

1 M 25— (x§+y§)
Can = S U)
4mey =1 (x2+ 24 2)‘
YR
2 2 2
1 M 25— (xj+yj)
CAB = 47580 : Z 5/2° (19)
Jj=1 (x2+y2+zz>
J J J

where x;, y;, and z; represent the coordinates of the surround-

ing ions j relative to the central ion. Ny /g denotes the number
of ions of the same class or different class compared to the ion
of interest at the O point within the sphere.

2.2. Static permittivity

This paper transitions from focusing on finding or calcu-
lating the ionic displacement polarizabilities of molecules to
calculating the ratio of the effective electric field to the ex-
ternal electric field E;/E (from now on referred to as the ef-
fective electric field ratio) starting from the Clausius equation.
For example, in the case of the BT crystal, the effective electric
field ratio E;/ E for a single BT molecule can be decomposed
into: the effective electric field ratio of one Ba?t (denoted as
E;/E), one Ti** (denoted as E;;/E), one O%f (denoted as
Ei3/E), and two Oﬁ_ (denoted as Eis/E). Furthermore, re-
place € with & and o; with @ in Eq. (3) to obtain

E;p Ey

+ (04

F,
20,
+ B

+1. (20)

S_N Q Eil—i—a
S_£() dlE dZE

To further determine the effective electric field ratios of the
ions in Eq. (20), the first two terms on the right-hand side of
Egs. (12)—(15) need to be combined first to obtain

Eo+2

E = E+0.1Cr1 By + 02C12Ep
+ e3C13Ei3 + 03C14 Eia, 21

Eo+2

E+ 011 Ejy + 0e2Cro Eyp

+ 0e3C Ei3 + 03C24 Eia, (22)

Eo+2
3 E + 01C31 Ejy + 0e2C32 Epp

+03C33 B + 0e3C34 B, (23)

Eo+2
3 E + 0.1Cs1 By + 02Ci2 Eip

+0e3Ca3 Ei3 + 063Ca4 Eig. (24)

Ey =

The mathematical transformation involves shifting the FEjj,
Ep, E3, and Ejy, from the left side of Eq. (21) through

; A7)

|
Eq. (24) to the right side. (&~ +2)E/3 is shifted to the left

side, and then both sides are multiplied by 1/E to obtain

Eo+2 E; E;
T3 = (ae1Cr1 —1) fd +Olezclzflz
FE; FE:
+%3C13f13+0‘e3cl4f14, (25)
€ +2 E; E;
T3 T (Ae1Co1 — 1) fn + Olezczzflz
FE; FE;
030+ %esCoa (26)
€ +2 E; E;
T3 T (0te1C31 — 1) fﬂ +Olezcszflz
FE; FE;
+ 0e3C33 fﬁ + %3C34f14’ 27
€ +2 E; E;
——5— = (0e1Ca1 — 1) fﬂ +O£e2C4zflz
FE; FE;
+ ®e3Cy3 fﬁ + 06e3C44f14- (28)

By examining Eq. (25) through Eq. (28), the effective electric
field ratio of each ion (Ey /E, Ep/E, Ej3/E, Ey/E) can
be determined when the optical permittivity, structural coeffi-
cients, and electronic displacement polarizabilities for the BT
crystal are all known. Subsequently, the number of molecules
per unit volume, the dielectric polarizabilities of each ion, the
vacuum permittivity, and the effective electric field ratio of
each ion can be substituted into Eq. (20) to calculate the static
permittivity of the BT crystal. The same approach applies
to determining the static permittivity of CT and ST crystals.
Therefore, this paper will not detail it further.

In contrast to the traditional Skanavi model, the method
described above addresses the limitations of Eq. (9) for com-
plex crystals with high permittivity by employing the dielec-
tric polarizabilities of individual ions. This approach not only
resolves the applicability issues but also reduces errors associ-
ated with ionic displacement polarizabilities in molecules with
identical elemental compositions across various crystal struc-
tures.

3. Polarizability
3.1. Electronic displacement polarizability

The isolated atom model is employed to calculate the
electronic displacement polarizabilities of various ions in BT,
CT, and ST crystals, as illustrated in Fig. 2. This model ap-
proximates the nucleus of an atom as a point charge with a
charge of +¢, while the total charge of the electrons outside
the nucleus, —¢, is modeled as a spherical electron cloud with
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a uniform charge distribution. The center of this cloud is lo-
cated at the nucleus, and its radius is a, as depicted in Fig. 2.
When subjected to an external electric field E, the electron
cloud and the nucleus experience forces of equal magnitude
but in opposite directions. This results in a displacement of
the electron cloud relative to the nucleus, creating an induced
dipole moment and thus electronic displacement polarization.
According to the model, the electronic displacement polariz-
ability ot can be determined as follows:

Q. = 4meya’. (29)

The calculation of electronic displacement polarizability, .,
as described in Eq. (29), requires knowledge of the ionic radius
a. There are three primary types of ionic radius: (i) the Gold-
schmidt radius, ['?! where ions are treated as rigid spheres, and
the nearest-neighbor distances in ionic crystals are measured
experimentally. The radii of other ions are inferred from em-
pirical assumptions about the radii of the two most common
negative ions (R (Cl)=1.81 A, R (0>")=1.32 A). (ii) The
Shannon radius,!'3! which is derived using a method simi-
lar to Goldschmidt’s but accounts for the electronic spin state
and the coordination of cations and anions. (iii) The Paul-
ing radius,'*! where ions are considered as elastic spheres. In
this method, the nearest-neighbor distance is determined when
the Coulomb force between ions reaches equilibrium, and the
derived radii are close to experimental values. The Pauling
radius model treats ions as elastic spheres, considering the ef-
fect of overlapping electron clouds, which more accurately re-
flects the reality of ionic interactions. Therefore, this paper
adopts the Pauling radius for calculations, with the specific
values listed in the second column of Table 1. The calculated
electronic displacement polarizabilities for a range of ions are
detailed in Table 1. The values are expressed in the Interna-
tional System of Units (SI) within the third column and in the
Gaussian System of Units (GS) within the fourth column.

Negative
charge

Nucleus and

negative center Nucleus
charge
center
Displacement
Electron Electron polarization
cloud cloud

Fig. 2. The isolated atom model.

Table 1. Radii and electronic displacement polarizabilities.

Tons aA) O x 10740 (F-m?) o (A3)
BaZt 1.35 2.7375 2.4604
Ca2t 0.99 1.0796 0.9703
Szt 1.13 1.6054 1.4429
Ti*t 0.68 0.3499 0.3144
0% 1.40 3.0531 2.7440

3.2. Tonic displacement polarizability and dielectric polar-

izability

According to the literature,!'>! the permittivities calcu-
lated using the classical Roberts’s ionic polarizabilities are in
good agreement with experimental values, particularly for cu-
bic phase perovskite crystals with high permittivities. This
paper employs Roberts’s ionic polarizabilities as the ionic dis-
placement polarizabilities, as indicated in column 2 of Table 2.
To facilitate the subsequent calculation of static permittivity
for BT, CT, and ST crystals using the Skanavi model, it is nec-
essary to account for both electronic and ionic displacement
polarization simultaneously. The electronic displacement po-
larizabilities, based on the isolated atom model, are combined
with Roberts’s ionic displacement polarizabilities to derive the
dielectric polarizabilities, as shown in column 3 of Table 2.

Table 2. Tonic displacement polarizability and dielectric polarizability.

Tons o, (A3) oq (A3)
Bat 70.6 73.0604
Ca2t 34.9 35.8703
Sr2t 49.1 50.5429
Ti*t+ 35.5 35.8144
0+ 30.0 32.7440

4. Permittivities
4.1. Structural coefficients

Based on the Skanavi model and the unit cell structure
of ABOs-type crystals shown in Fig. 3, it is evident that BT,
CT, and ST crystals contain four distinct classes of ions and
16 structural coefficients. These structural coefficients can be
calculated from the crystal structures of BT, CT, and ST, with
modeling conducted using Materials Studio software. This
software exports CIF coordinate files for the 1 x 1 x 1 cells
of these crystals. The fractional coordinates of each ion were
extracted from these CIF files and multiplied by the lattice
constants of crystals to obtain the actual coordinates of each
ion. These coordinates were then substituted into Eqs. (18)
and (19) to calculate the structural coefficients, which are
presented in Table 3. Additionally, Table 3 displays the mea-
sured lattice constants for cubic phase and tetragonal phase
BT crystals. For cubic phase CT crystals, various scholars

Fig. 3. ABO;3-type perovskite.
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have reported different lattice constants. However, it is gener-
ally accepted that the lattice constants of the cubic phase CT
crystals should fall within a specific range of 3.8 A-3.9 A.
Kennedy!'®! determined them to be a = b = ¢ = 3.8933 A
at 1623 K, Lemanov!!” reported a = b = ¢ = 3.822 A, and
Cockayne!'®! provided a = b = ¢ = 3.8245 A. More recently,
Rabieil!”! reported a = b = ¢ = 3.7940.02 A. To minimize

error in theoretical calculations, the average value within this
range of 3.85 A is used as the measured value for cubic phase
CT. For cubic phase ST crystals, Abramov[?"! obtained lat-
tice constants of 3.8996 A and 3.9011 A at 145 K and 296 K,
respectively, using high-precision single crystal x-ray diffrac-
tion. The lattice constant measured at 296 K is employed in
this paper.

Table 3. Structural properties of BT, CT, and ST crystals.

Measured values of lattice constant of cubic phase BT?)
Measured value of lattice constant of tetragonal phase BTV

a=4A b=4A c=4A
a=3997A b=3997A ¢c=4.031A
a=385A b=385A c=3.85A

Measured values of lattice constants of cubic phase CT
Measured values of lattice constants of cubic phase ST

a=39011A b=39011A ¢=3.9011A

Cubic phase BT (C x 1038)

Tons Ba’* Tit+ 0¥ 0¥

Ba*t Cii=0 Cp=0 Ci3 =—6.2170 Ciy =6.2170
Ti*t Cy =0 Cn=0 Cx = 19.8769 Cy = —19.8169
02" C31 = —6.2170 C3 = 19.8769 C3=0 C34 =6.2170
02 Cy41 =3.1085 Ci = —9.9384 Cy3 =3.1085 Cyy = —6.2170

Tetragonal phase BT (C x 10°%)

Tons BaZt Ti*t ng Oﬁ—

Ba?t Ci1=0 C,=0 Ci3 = —6.0747 Ciy = 6.0747
Ti*t Cy =0 Cn=0 Co3 = 19.422 Coy = —19.442
03" C31 = —6.0747 C3 = 19.442 C3=0 C34 = 6.0747
(o7 Cy41 =3.0376 Cip=—-9.721 Cy3 =3.0376 Cyy = —6.0747

Cubic phase CT (C x 1038)

Tons Ca’* Tit+ 0¥ 0r

Ca** C1=0 Cp=0 Ci3 = —6.8128 Cl4 =6.8128
Ti*t Cy=0 Cn=0 Cy; =21.7817 Coy = —21.7817
03" C31 = —6.8128 Cz =21.7817 C3=0 C34 =6.8128
(o7 Cy1 = 3.40638 Cy = —10.902 Cy3 = 3.40638 Cyy = —6.8128

Cubic phase ST (C x 10%%)

Tons Sr2+ Ti*t+ ng 037

Sr2t C1=0 Cp=0 Ci3 = —7.3443 Cly =7.3443
Ti*t Cy =0 Cn=0 Ca3 = 23.4810 Cay = —23.4810
03" C31 = —7.3443 C3p = 23.4810 C3=0 C3q =7.3443
(o7 Cy1 =3.6721 Cyp =—11.7526 Cy3 =3.6721 Cyy = —7.3443

3Ref. [21], PRef. [22].

(i) In the cubic phase of BT crystals, A-site ions are not
easily displaced within the lattice due to their larger radius.
Moreover, even if the structural coefficients for A-site ions are
not negative, they remain relatively small and have a minimal
impact on the crystal’s permittivity. Therefore, these struc-
tural coefficients will not be further discussed. In contrast, the
structural coefficient Cs; is large and positive, indicating that
Ti** is moved by the external electric field E. This displace-
ment enhances the O%‘ ’s effective electric field in the same di-
rection, leading to significant distortion of the electron cloud
around O%f. Due to the unique crystal structure, the polarized
O%’ yields a large positive structural coefficient for Cy3, which
further interacts with Ti*", intensifying the effective electric
field on Ti** and leading to increased displacement of Ti**.
Moreover, since Cy4 and Cyy are both negative, the interaction
between Ti** and Oi* should contribute to weakening the ef-

fective electric field. However, Cy,, being a negative value
with a large absolute value, indicates that the dipole moment
formed after the displacement of Ti** significantly weakens
the effective electric field acting Oi_. As a result, the electron
cloud of Oﬁ* undergoes almost no significant distortion. Even
if Cy4 is also a negative number with a large absolute value,
it does not reduce the effective electric field on Ti**. There-
fore, the effective electric field of cubic phase BT crystals is
framed by the mutually reinforcing interactions of Ti** and
03, in which the high valence, small radius Ti*" within the
oxygen octahedral gap plays a key role.

(i1) In tetragonal phase BT crystals, although the struc-
tural coefficients C3; and Cy3 remain large positive values, they
have decreased by 2% relative to those in cubic phase BT crys-
tals. This decrease indicates a slight reduction in the mutual
reinforcement between Ti** and O%. Additionally, the abso-
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lute value of Cyy has decreased by 2%, and that of Cp4 has
decreased by 1.8%, suggesting a diminished weakening effect
between Ti** and OF.

(iii) In cubic phase CT crystals: the structural coefficients
C3; and Cy3 are positive, while Co4 and Cy; are negative. This
suggests that Ti** and O% are mutually reinforcing, whereas
Ti*t and Oﬁ are mutually weakening.

(iv) In cubic phase ST crystals: the structural coefficients
C3p and Co3 are the largest among all crystals, and Cr4 and
Cyp are the largest negative values compared to those in BT
crystals. This indicates that the mutual reinforcement between
Ti** and O3 is stronger, while the mutual weakening between
Ti** and Oi is also more pronounced.

4.2. Optical permittivity of BT, CT, and ST crystals

The number of molecules per unit volume N is derived
from the lattice constants of BT, CT, and ST crystals, as de-
tailed in column 2 of Table 4. The structural coefficients for
these crystals are obtained from Table 3. By substituting these
values into Eq. (17), the optical permittivities for various crys-
tals under the Skanavi model are calculated, as presented in
column 4 of Table 4. Additionally, the optical permittivi-
ties under the Born formula and CM equation are shown in
columns 5 and 6 of Table 4, respectively. The values in paren-
theses in Table 4 indicate the errors between the theoretical
calculations and the experimental data.

Table 4. Optical permittivity.

Crystals N x 10?8 Exp Sk Born CM
Cubic BT 15625 5400 560 (3%) 3.16(41%) 8.70 (61%)
Tetragonal BT~ 1.5267  5.05")  538(6%) 3.11 (38%) 8.11 (60%)
Cubic CT 17523 5819 5.12(11%) 3.09 (46%) 7.95 (36%)
Cubic ST 1.6844 5189 507 (2%) 3.12(39%) 8.16 (57%)

YRef. [21], PRef. [23], 9 Ref. [24].

The three approximation models, Skanavi, CM, and Born,
employ different effective electric fields. The CM equation
omits F» from the Lorentz effective electric field, while the
Born model excludes both Ei and FE5. In contrast, the Skanavi
model includes all components of the Lorentz effective elec-
tric field. Therefore, the theoretical permittivity calculated us-
ing the Skanavi model should be the highest, the Born model
should yield the lowest value, and the CM equation value
should lie between those of the Skanavi and Born models. Un-
expectedly, the results in Table 4 reveal that the permittivity
calculated using the CM equation is higher than that of the
Skanavi model and exceeds the experimental value. To re-
search this discrepancy, we propose adjusting the CM equa-
tion (Eq. (6)) and the Skanavi model (Eq. (17)) by shifting the
right side by ‘—1’ on the left side and excluding higher-order
polarizability terms that contribute minimally to optical per-
mittivity. The revised results are as follows:

Na

£=_—(e+2)+1,

- 3& (30)

No 1
e=—-(e+2)

RS 31)
3gy 1 —Ca403

Upon examining Eqgs. (30) and (31), it is evident that equa-
tion (30) does not include the term 1/(1 — Cast3) that is
According to Table 3, the Cyq val-
ues for various crystals are all negative, which implies that

present in Eq. (31).

1/(1 — C4a03) is less than 1. Consequently, the optical per-
mittivity calculated using the Skanavi model is smaller than
the theoretical value calculated with the CM equation. The
Skanavi model provides a more accurate estimate of high per-
mittivity crystals, resulting in the smallest relative error for
the optical permittivity. In contrast, the CM equation overesti-
mates the influence of external molecules on the electric field
at the center of the sphere, leading to the highest relative error
in the optical permittivity.

4.3. Static permittivities of BT, CT, and ST crystals

Substituting the experimental values of the optical permit-
tivity for each crystal, the structural coefficients, and the elec-
tronic displacement polarizabilities of each ion into Egs. (25)—
(28) yields the effective electric field ratios of ions, as pre-
sented in Table 5. These ratios, along with the dielectric polar-
izabilities and the number of molecules per unit volume, are
substituted into Eq. (20) to calculate the static permittivities of
BT, CT, and ST crystals using the Skanavi model, as presented
in Table 5. Additionally, the static permittivities for various
crystals calculated using the Born formula and the CM equa-
tion are also provided in Table 5. For the experimental value
of static permittivities of cubic and tetragonal phase BT crys-
tals, the static permittivity of the BT crystals away from the
Curie point and at the relatively flat place of the curve in the
graph of dielectric properties measured by Jonker[?> was cho-
sen as the experimental value of static permittivity of BT crys-
tals (Exp), as shown in Table 5. According to Lemanov!!”! and
Cockayne,[!8] the static permittivity of CT crystals decreases
with increasing temperature. At room temperature, the permit-
tivity of orthorhombic CT crystals is noted as 170—190. Exper-
imental results by Linz[?®! also showed a significant negative
correlation between the permittivity of CT crystals and tem-
perature. Based on the trends observed in Linz’s graphs, it
is found that the permittivity of CT crystals at temperatures
above 450 K is below 150. Accordingly, this paper adopts 150
as the experimental value for the permittivity of cubic phase
CT crystals at high temperatures. For cubic phase ST crystals,
the experimental permittivity at room temperature is taken as
275, as reported by Wainer.?”)

The static permittivity of cubic phase BT crystals calcu-
lated using the Skanavi model is larger than those of tetragonal
phase BT crystals. This is in agreement with Jonker’s experi-
mental observations.?>! For CT and ST crystals, the Skanavi
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model provides theoretical values that are closest to the ex-
perimental values. In contrast, the results from the Born for-
mula and the CM equation exhibit substantial discrepancies
from the experimental values and show opposite trends. This
suggests that the Skanavi model more accurately captures the
contribution of polarized molecules within the Lorentz sphere
to the effective electric field and effectively accounts for the
long-range coulombic interactions of dipole moments.

Table 5. The effective electric field ratios and static permittivities.

Dielectric properties Cubic BT Tetragonal BT Cubic CT Cubic ST

E,/E 2.4079 2.3188 2.5777 2.3486
E»/E 2.6559 2.5465 2.6838 2.5361
Ej/E 2.6942 2.5860 2.6174 2.4020
Ey4/E 2.3830 2.2936 2.4959 2.2028
Sk 102 98 97.3927 93
Born 41 414 38.4167 40.1
CM 23 22 -2.2615 22
Exp 1800 1200 150 275

The CM equation yields negative values because it is gen-
erally applicable to gas media with relatively low pressures,
assuming the medium is uniform and isotropic, with no molec-
ular interactions. This assumption effectively neglects the con-
tribution of the second term, F, in the Lorentz effective elec-
tric field. However, in BT, CT, and ST crystals, the molecular
distance is much smaller compared to those in gases. Specifi-
cally, the number of molecules per unit volume in these crys-
tals exceeds the number of molecules per unit volume in gases
at standard conditions (2.687x 10> m~?). The increased inter-
action between dipole molecules in these crystals means that
ignoring E, leads to a situation where the term No/¢€ in Eq. (6)
is greater than ‘1’, resulting in a permittivity of less than ‘1°.

The discrepancy between the theoretical values calculated
by the Skanavi model and the experimental values can be at-
tributed to the following factors: (i) the use of a unit cell in
the calculation of structural coefficients, whereas a supercell
should be used; (ii) the experimental values referenced may
be affected by point defects in the sample and other external
mechanisms. These factors will be deeply analyzed in further
research.

The effective electric field within cubic BT crystals is es-
tablished through the mutual reinforcement between Ti** and
O%. It would be expected that with larger structural coeffi-
cients C3; and (3, the static permittivity would correspond-
ingly increase. Paradoxically, in the cubic phases of BT, CT,
and ST crystals, an increase in C3; and C»3 is associated with
a decrease in static permittivity. This phenomenon can be at-
tributed to the increasing absolute value of the structural co-
efficient C3; within the cubic phase crystals, indicating an en-
hanced inhibitory effect of the A-site ions on the effective elec-
tric field of O?, thereby leading to a reduction in the static per-
mittivity. In summary, while the substantial positive values of

C3; and C»3 contribute to a higher static permittivity in cubic
crystals, the presence of a small negative value for C3; results
in a slight decrease in this permittivity.

In cubic phase crystals, there is a positive correlation be-
tween the effective electric field ratio of Ti** (Ej, /E) and the
effective electric field ratio of O% (Ei3/ E) with the static per-
mittivity. This implies that an increase in the combined mag-
nitude of Ej,/F and Ey3/E results in an enhancement of the
static permittivity. Moreover, the effective electric field ratios
of Ti*" and O} are the highest among all such ratios. This
underscores that the static permittivity of cubic phase crystals
is predominantly influenced by the effective electric fields of
Ti** and O3.

5. Ti*!’s displacement on BT crystals
5.1. Structural coefficients

When BT crystals transition from the paraelectric phase
to the ferroelectric phase, Ti** displaces along the direction of
the z-axis of the oxygen octahedron. Experimental measure-
ments have determined that the average displacement of Ti*+
is 0.055 A.1?8! To investigate the impact of Ti** displacement
on cubic and tetragonal phase BT crystals, simulations will be
conducted under an electric field, maintaining a constant space
group and lattice parameters. Subsequently, the structural co-
efficients of the displaced BT crystals will be analyzed. The
specific procedure is as follows: Using Materials Studio soft-
ware, Ti** will be displaced along the z-axis of the oxygen
octahedron by three specified displacement values: 0.02 A,
0.04 A, and 0.055 A. To minimize the number of variables in
the calculations, O*~ will be constrained to the face centers as
closely as possible. After modeling, CIF coordinate files for
the corresponding unit cells will be exported. The fractional
coordinates of each ion, derived from these files, are then mul-
tiplied by the lattice constants and used in Egs. (18) and (19) to
calculate the structural coefficients. The primary coefficients
C23, C37, Cog, and Cyy for cubic and tetragonal phase BT crys-
tals at varying Ti** displacement levels are presented in Fig. 4.

In the cubic phase of BT crystals, the structural coeffi-
cients C3, and Co3 exhibit identical values under the same dis-
placement, and they decrease as the displacement of Ti** in-
creases, hence they are represented by the same line. The ab-
solute value of the structural coefficient Cy; slightly increases
with the displacement of Ti*t increases, while the absolute
value of Cyy4 significantly increases with the displacement of
Ti** increases. This indicates that these structural coefficients
suppress the effective electric field of the cubic phase BT crys-
tals, thereby inhibiting dielectric polarization. It also suggests
that the cubic lattice is unfavorable to the displacement of
Ti*t.

Within the tetragonal phase of BT crystals, the structural
coefficients C3; and Cy3 share identical values under the same
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displacement, and they increase as the displacement of Ti**
increases. Conversely, the structural coefficients C4p and Coy
decrease as the displacement of Ti** increases. This indicates
that these structural coefficients enhance the effective electric

field of the tetragonal phase BT crystals, thereby promoting di-
electric polarization. It also suggests that the tetragonal phase
facilitates the displacement of Ti**, indicating the occurrence
of a ferroelectric phase transition.

1.99 —Cn/C —1.98 - —9.94 G
. o T
& 1.99} ~—1.98} _—9.94}
@ A x
S 19l S —1.98¢ S —9.94;
~ —1.99} ——9.94t
O 199l 0
99 \ —1.99¢ é\ © _o.0a
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Fig. 4. (a) C3; and Cy3 for the cubic phase of BT. (b) C3; and C»3 for the tetragonal phase of BT. (c) Cy4 for the cubic phase of BT. (d) Cp4 for
the tetragonal phase of BT. (e) Cy, for the cubic phase of BT. (f) C4; for the tetragonal phase of BT.

6. Conclusion

This study, utilizing the Skanavi model, the Clausius
equation, the additivity rule, and the point dipole approxi-
mation, introduces a method for analyzing molecular electric
fields by decomposing them into ionic electric fields. It quanti-
fies the relationship between the electric field at the ionic level
through structural coefficients and calculates the optical and
static permittivities for BT, CT, and ST crystals. The results
demonstrate that the theoretical predictions from the Skanavi
model offer significant improvements over those from the CM
equation and Born formula, aligning closely with experimental
data. Furthermore, by examining the changes in structural co-
efficients before and after Ti** displacement along the z-axis,
this paper elucidates the microscopic mechanisms underlying
the ferroelectric phase transition in BT crystal. This research
overcomes the limitations of the traditional Skanavi model and
establishes a theoretical basis for calculating permittivities in
complex crystals with high permittivity.
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