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Quantum battery exploits the principle of quantum mechanics to transport and store energy. We study the energy trans-
portation of the central-spin quantum battery, which is composed of N, spins serving as the battery cells, and surrounded
by N, spins serving as the charger cells. We apply the invariant subspace method to solve the dynamics of the central-spin
battery with a large number of spins. We establish a universal inverse relationship between the battery capacity and the
battery—charger entanglement, which persists in any size of the battery and charger cells. Moreover, we find that when
Np = N¢, the central-spin battery has the optimal energy transportation, corresponding to the minimal battery—charger en-
tanglement. Surprisingly, the central-spin battery has a uniform energy transportation behaviors in certain battery—charger
scales. Our results reveal a nonmonotonic relationship between the battery—charger size and the energy transportation
efficiency, which may provide more insights on designing other types of quantum batteries.

Keywords: central-spin quantum battery, energy transportation, entanglement
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1. Introduction

Quantum technology has demonstrated promising advan-
tages in various of fields, including computing, communica-
tion, and simulation.[!~7! Quantum resources, such as coher-
ence and entanglement, are essential in many quantum proto-

8-13] For ex-

cols as well as simulating the physical models.|
ample, quantum resources provide substantial benefits in en-
ergy manipulation, namely, the quantum battery.['4-33] Quan-
tum battery based on the organic microcavity has been re-
alized in experiments, showing great advantages on energy
transportation. 3

The primary goal of quantum battery research is to ex-
plore how to increase the energy storage capacity and/or max-

5421 For example, the quantum

imize the speed of charging.
battery has the maximal stored energy in the steady state if
the battery and the charger have the same coupling strength
with a shared common bath.*3l The Dicke quantum battery
(based on the Dicke model) with M, battery cells can achieve
a superextensive charging rates, namely, the charging power
P o Ns/ ?_for different initial states.'**! The fast-charging ad-
vantage for the quantum battery comes from the coherent co-
operative interaction between the charger and the battery. 4]

Traditional batteries use an electric field to store energy,

which is then transformed into electricity by a redox pro-

fCorresponding author. E-mail: kunzhang @nwu.edu.cn
fCorresponding author. E-mail: xhwang@nwu.edu.cn

CSTR: 32038.14.CPB.ad9%a9%d

cess. While quantum batteries can take advantage of quan-
tum degrees of freedom, such as spin, to store and transport

[4647] Consider N, noninteracting spins as the battery

energy.
cells and N, noninteracting spins as the charger cells. The bat-
tery and charger spins allow interactions, which is required
for charging (see Fig. 1). The above construction is called the
central-spin model, or central-spin battery in our study.[*%4°]
The central-spin model appears in various nanostructures,
such as semiconductors, quantum dots, carbon nanotubes, and
nitrogen—vacancy centers in diamond. 5331 Specifically, the
hyperfine interaction between the spin of electrons in quantum
dots and the spin of surrounding nuclei can be well described
by the central-spin model.54-¢!

Previous study has clarified the charging power of the
central-spin battery. When the number of chargers is less
than the number of batteries, we have the charging power P o<
Np'/2; when the number of chargers is much larger than the
number of batteries, we have the charging speedup, namely,
P o< N,3/2.157] Although the central-spin battery has a charg-
ing advantage due the coherent collective interaction, the en-
tanglement between the charger and the battery or inside the
battery spins may prohibit the battery achieving the maximal
energy storage. 7801 The question on how to realize the opti-
mal energy storage in central-spin battery has never been ad-

dressed.

© 2025 Chinese Physical Society and IOP Publishing Ltd. All rights, including for text and data mining, Al training, and similar technologies, are reserved.
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In this work, we aim to explore when the central-spin bat-
tery can achieve the maximal energy storage. We focus on how
the size of battery and charger, namely, M, and N., influence
the maximal energy storage of the central-spin battery. We
also calculate the entanglement between the charger and the
battery, which clarifies the role of quantum resource in quan-
tum batteries. Although central-spin model is integrable, #8491
traditional method such as Bethe ansatz can not capture the
nonequilibrium dynamics of the integrable systems. Instead,
we apply a invariant subspace method, which allows us to nu-
merically characterize the dynamics of the system with large
number of spins. Moreover, we establish the analytical results
when Ny, =2 or N, = 2.

The paper is organized as follows. In Section 2, we in-
troduce the central-spin model as well as the the invariant sub-
space method. In Section 3, we analytically study the battery
capacity and the battery—charger entanglement with N, = 2 or
N. = 2. In Section 4, we focus on the conjectured resonant
condition, namely, M, = N, and numerically study the battery
capacity and the battery—charger entanglement. Conclusion
and outlook are presented in the final section.

2. Central-spin battery

Consider the central-spin battery, which has the Hamilto-

nian
H:Hb+Hc+g(t)HIa (1

composed with the battery Hamiltonian Hy, charger Hamilto-
nian H,, and their interaction Hj. Specifically, we have

Hy = apS°, (2a)
H. = 0.J%, (2b)
Hy=A(STT™ +8J")+2A8. (2¢)

Here §% = ¥° 0%/2 and J* = T, 6¢/2 with & = x,y,z
are the total spin operators for the battery and charger spins re-
spectively. Correspondingly, we have the spin ladder operators
J* =J*+£il and the ST = §+iS5. The parameters @, and
@ characterize the onsite energy of the battery and charger
spins, corresponding to the strengths of the external magnetic
field. The parameters A and A characterize the flip—flop inter-
action (spin XX-YY interaction) and the Ising-type interaction
(spin ZZ interaction), respectively. Due to the flip—flop inter-
action, the battery spins will be excited to high-energy states
at the cost of decreasing the number of spin-up charging units.
The charging process is accomplished by turning on the Hj in-
teraction between the battery and the charger. Here g(¢) is the
switch function, which equals to 1 inz € [0, 7] while zero else-
where. The time 7 represents the charging time. In our previ-
ous work, 8 it has been proved that the battery performance

is best in the case of A = (. Therefore, we only consider A =0
in this work. The charging process of the central-spin battery
is shown in Fig. 1.

¢ % d

¢ == =0
{6
LINPON

0 T

Fig. 1. Schematic diagram of the central-spin battery. The spins in the
center serve as the battery. The surrounding spins work as the charger.
Initially, the battery spins are in the ground states (spin down with the
blue color) and the charger spins are in the excited states (spin up in
the red color). In the time interval 0 < ¢ < 7, the interaction Hamilto-
nian Hj in Eq. (2) is turned on and the battery is charging. That is, the
flip—flop interaction and the Ising-type interaction between the battery
and charger spins are turned on. Finally, when ¢ > 7, the interaction is
turned off, and the energy is stored in battery.

To maximize the energy transportation in the charging
process, we set the following initial states. At time ¢t < 0, the
battery spin is prepared in the ground state, i.e., all spins are
down

|0>bE ‘\I/17\l/27"'7\LNb>b' (3)

While the charger spins are all prepared in the excited states

‘n>CE|T17T2a"'aTNc>C7 (4)

with n = N.. So the total initial state is |y (0)) = |0), ® |n)..
When N, > M, the energy of the charger spins in the ini-
tial state is larger than the energy which can be filled in the
battery. >8]

Because of the flip—flop type interaction of the central-
spin battery, the total spin in the z direction is conserved, that
is, [J*+ 8% H] = 0. Therefore, we can reformulate the dynam-
ics into the subspace with the same number of spins

Hy = {|0)b|n)c, |1l —1)c,s-..,|d)p|ln—d)c}- 5)

The parameter d is defined as d = min{MN,, N, }. The state |m)
represents the equal superposition of all states with m-spin up,
the so-called Dicke state.[®?] The dimension of the subspace
is d + 1, which scales linearly with the number of spins in the
battery or the charger. Note that the initial state |y/(0)) is also
enclosed.

The central-spin battery Hamiltonian H can be repre-
sented as a (d + 1) x (d + 1) matrix in the invariant subspace
basis

by u;
uy by w

ug—1 bg_1 uy
ug by
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Assuming @, = &, = ® and A = 0, we have the matrix ele-
ments

uj = jA/(Np—j+1)(Ne—j+1), (7a)

b; = %/(Nbec)? (7b)

Note that the diagonal terms b correspond to the initial energy
difference between the battery and the charger.

To evaluate the evolution operator U(t) = e~ '#! (with
t € [0, 7]), we can diagonalize the Hamiltonian, which gives

U(t)=Ve lyT, ®)

with the eigenvalue matrix D. Then the charging process cor-
responds to the evolution

lw(1)) =Ve PViy(0). ©

In the invariant subspace basis, the initial state is simply
lw(0)) = (10 ... 0)T with T denoting the matrix transpose.
We only concern the energy in the battery, therefore knowing
the reduce density matrix of the battery suffices, which is given
by

Po(t) = tre(ly () (y(0)])
= [91(1)P|0) (0] + - + [shas1 (1) P[d)s (d]. (10)
Here (¢) is the matrix elements of |y(z)) in the invariant

subspace basis.

3. Energy transportation: Analytic solution
3.1. Individual charging: N, =1

First, consider the simplest case with N, = 1, namely, one
battery spin charged by N, charger spins. The initial state is
|w(0)) = |0)p ® |Nc)c. The evolution state is given by

i) = exp | " (cos(vNADIO N,
—isin(vVNeA?)[1)p|Ne — 1)c). (11)

The battery has the reduced density matrix
po(t) = cos®(VNeA1)[0)(0] +sin? (VNeAD) [ 1)(1]. - (12)
Then the energy transported from the charger to the battery is

AE(t) = tr (Hypy(t)) — tr (Hppp(0)) - 13)

Substituting the reduced density matrix py () in Eq. (12) and
the battery Hamiltonian in Eq. (2a), then we have

AE(t) = osin® (VNAL). (14)

Obviously, if the charging process stops at T = n/(24+/N;),
the energy transportation AE(t) achieves the maximal

AE(7) = ®. The one battery spin is fully charged. Note that
the charging time 7 is proportional to 1/+/N.

The individual charging case also suggests that we can
parallel charge each battery spin with N, number of chargers.
And all the battery spin can be fully charged. For N, battery
spins, the total energy transport is N, ®. Although the maximal
energy transportation is guaranteed in parallel charging, it does
not provide any quantum advantage on charging speedup. [+!
We focus on collective charging in the following sections.

3.2. Collective charging: N, =2

Suppose that the charger spins is outnumbered the battery
spins, namely, N, < N.. If M, = 2, the invariant subspace is
spanned by the basis {|0)b|Nc)c, [1)b[Ne — 1) [2)b[Ne —2)c}
Then the Hamiltonian is simply a 3 x 3 matrix in such basis,

given by
O(N:/2—1)  A+/2N, 0
H= AV2N:  ©(N;/2—1) 2A/N.—1 |. (15)

0 22v/Ne=1 o(N./2—1)

Then we can analytically solve the eigenproblem. The Hamil-
tonian has the eigenvalues

e1 = (N /2—1), (16)

er=0(N/2—1)+A+/2(3N, —2), a7

e3=0(N/2—1)—A/2(3N. —2). (18)
And the corresponding transformation matrix is

1

2(3N.—2)
2y/N.=1  /Ne VN
x 0 V3N.—2 —\3N.—2|. (19

VAN \2N—T) 2N T)

Then we can get the evolution state |y/(z)) based on Eq. (9).
Tracing out the charger spins, we have the density matrix of
the battery spins

Po(t) = p11(2)10)6 (0] + P22 (1) [ )6 (1] + p33(2)[2)6 (2], (20)

where
pi(t) :m (2(Ne — 1) + N cos(@ct))?,
p(t) :3NC°_2 sin’ @, (21a)
puse) = (1= eos(@u)

with @, = A \/m . The energy transported in the bat-
tery at time ¢ is

(0]
(3N, —2)?

— 8Ne(Ne — 1) cos(@ct) + Ne(7Ne — 6)) .22

AE(1) = (NC(NC —2)cos(@et)

020306-3
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The transported energy reaches the maximal at T = 7/@.. And
the corresponding maximal transported energy is

_ 16WN(N. —1)

AE(T) =~ 505 (23)

Note that the battery—charger interaction strength A is directly
related to the optimal charging time 7. While the maximal
transported energy is proportional to .

When N, = 2, the battery with two spins can be fully
charged, namely, AE(7) = 2w. However, the maximal trans-
ported energy decreases with the increasing of the charger
number N, (see Fig. 2). Asymptotically N, — oo, we have
AE(t) — 1600/9. Although increasing the number of charger
spins can reduce the charging time in the collective charging,
the battery can not be fully charged. We can also see that the
diagonal terms (population) of the battery density matrix be-

comes
1 8
p11(7) — 9’ p2(T) =0, p3(T)— 9’ 24)
as N, — oo,
2.00 : 0.50
= /’ — AE(7) _
g 1.88p "8 Jo2s &
< 1 n
1
1
1
’l
' 0
1755 16 30
N,

Fig. 2. The battery—charger entanglement Sy, (7) and the maximal trans-
ported energy AE(T) in terms of the number of charger cells N, with
Np =2 < N.. The parameters are setto @ = A = 1.

As the battery is not fully charged, the density matrix
of battery is a mixed state. It suggests that the battery spins
are entangled with the charger spins. As demonstrated in
Ref. [61], the energy storage of quantum battery is limited by
the battery—charger entanglement. Since the quantum state of
the battery—charger system remains in a pure state over the
course of time evolution, the battery—charger entanglement
can be well characterized by the von Neumann entropy of the
battery state (or the charger state). Specifically, the von Neu-

mann entropy of the battery state is given by

Sp(t) = —tr(py(t)log, py(t)), (25)

which also equals the von Neumann entropy of the charger
state.

Since the battery has a pure initial state, it has a zero von
Neumann entropy S,(0) = 0. For incoherent quantum batter-
ies, entanglement is a necessary condition for generating ex-
tractable work during the charging process.[®!l At T = /@,

the battery has the maximal stored energy. We find that the cor-
responding von Neumann entropy of the battery state is given

by
Ne—2\?
h((:wc—z) ) (26)

with the binary Shannon entropy function

Sp(7) =

h(x) = —xlog, x — (1 —x)log, (1 —x). (27)

Since h(x) is monotonic increasing with x in 0 < x < 1/2, the
von Neumann entropy S,(T) increases with N (see Fig. 2).
Intuitively, increasing the number of charger cells would de-
crease the optimal charging time, which is valid in the central-
spin battery. However, larger number of charger spins would
generate more battery—charger entanglement, which is against
the battery to be fully charged.

3.3. Collective charging: N, =2

If there are two charger spins, namely, N, = 2, the invari-
ant subspace is spanned by the following basis

{10)6[2)e, [1)b[1)e,[2)b]0)c -

In other words, NV, battery spins can only be double excited,
while others are remained in the ground state. In this case,
the Hamiltonian can also be cast into a 3 x 3 matrix, which is
analytically tractable.

Following the similar procedure in the last subsection, we
find that the transported energy is

ﬁ (Nb (Np—2) cosz(d)bt)

— 8Ny (N — 1) cos(@nt) + My (TN, —6)), (28)

AE(t) =

where @, = A+/2(3N, —2). The battery has the maximal en-
ergy at T = 7/ @y. And the corresponding transported energy
is
16Ny (N, — 1
AE(7) = 160Ny (N, — 1)
(3N —2)?

The maximal transported energy AE; decreases with the in-

(29)

creasing of the number of battery cells N,. Asymptotically
Ny — oo, the initial charger energy 2 can not fully transport
to the battery (see Fig. 3).

We analyze the battery—charger entanglement quantified
by the von Neumann entropy of the battery (charger) spins.
At the optimal charging time 7, we have the von Neumann

So(t) = h ((313’\1,1—22>2>

with the binary Shannon entropy function A(x) defined in

entropy

(30)

Eq. (27). We can see that energy transport is negatively re-
lated with the entanglement, and the battery cells can be fully
charged only at N, = N,.

020306-4
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2.00 0.50
© % —AE(7) =
o 1.88fF J )
3 ; N M

]
1
1
'l
u
1.75 : 0
2 16 30

Ny

Fig. 3. The battery—charger entanglement Sy(7) and the maximal
transported energy AE(7) in terms of the number of battery N, with
N; =2 < Ny. The parameters are setto @ = A = 1.

4. Entanglement and energy transportation:
Numerical analysis

4.1. Uniform behaviors of energy transportation

In the previous section, we have established analytical
results on the maximal transported energy AE(T) and the
battery—charger entanglement S, (7) with Ny = 2 or N, = 2.
Although the battery—charger entanglement is necessary dur-
ing the charging process in central-spin quantum battery, any
entanglement after the charging process is unwanted since it
is against the battery to be fully charged.!®®! As N, > N or
N: > Ny, the degrees of freedom of battery or charger is domi-

become more entangled. We conjecture that the battery has the
maximal transported energy per battery cell at N, = N,.

The invariant subspace method introduced in Section 2 al-
lows us to numerically track the dynamics with larger number
of spins. First, we take the number of battery cells N, as 100,
150, 200. Then calculate the maximal transported energy with
different numbers of N (by numerically finding the optimal
charging time 7), see Fig. 4(a). The maximal transported en-
ergy per battery cell, namely, AE(7) /Ny, is largest at N, = N,
which is consistent with our analytical results on N, = 2.

Figure 4(a) shows an interesting uniform behavior of the
maximal transported energy. To give a fair comparison, we
plot the maximal transported energy per battery cell in terms
of the battery—charger ratio N. /Ny. See Fig. 4(b). In such bat-
tery scales, namely, N, = 100, 150,200, we find that the maxi-
mal transported energy per battery cell scales almost perfectly
identical.

By further increasing the battery scale, we find that the
uniform characteristics is breaking. See Fig. 4(c). Oscillation
appears as Ny > 500. The maximal transported energy may
be directly related to the scale difference, namely, |N, — Nc|,
rather than the scale ratio N./N,. Nevertheless, the resonant
condition M, = N, always gives the largest transported energy
in the central-spin model, which numerically verify our con-

nated. Therefore, it is expected that the battery and the charger  jecture.
1.0 1.0 1.00
1N (a) T (b) N ()
I A N e . Ve
£ ERSVERR R 5 Sorn g e,
Z 0.9 A A R 0.9r ¢ b3 000l p | v Bag
S e Ao g
51 R £ 2o ° N» =50
Q08r o N 0] O8[F &N, =100 oo Ny =100
. | y | T / | Ny, =200
DR l-- N, =150 / ! * Np =150 0.80% | o Ny, =500
| | I - Ny =200 I | Ny, =200 | v Ny = 1000
0.7 ‘ ‘ : 0.7 : 0.75 i
50 100 150 200 250 300 0.8 1.0 1.2 1.4 1.00 1.25 1.50
N, N/ Ny, Ne/ Ny,

Fig. 4. Maximal transported energy per battery cell AE(7) in terms of (a) the number of charger cells or [(b), ()] the battery—charger number

ratio N¢/Ny. The parameters are setto @ = A = 1.

4.2. Entanglement and energy transportation at Ny, = N,

In Section 3, we know that all the charger energy can
transport to the battery when M, = N, = 2, which is the most
economic charging protocol. Even though we know that the
battery has the maximal transported energy AE () at Ny, = N,
it does not guarantee that all the charger energy can be com-
pletely transport to the battery.

First, we study how the size of the battery cells N, with
Ny = N, influence the maximal transported energy per bat-
tery cell AE(t)/Np (see Fig. 5). The perfect charging only
occurs at Ny = N, = 2. As the number of battery cells in-
creases, the maximal transported energy per battery cell de-
creases. However, the energy transportation returns to the op-
timal as M, = N; — o=. We have a minimum of AE(7)/N,

around N, = 7. It is expected that the battery—charger en-
tanglement behaves inversely, namely, having the minimum
at Np = N, = 2. Then increases with the number of battery
cells. We can see that the maximal transported energy per bat-
tery cell is closely related to the battery—charger entanglement
per battery cell as shown in see Fig. 5.

Based on the above results, we propose the optimal charg-
ing protocol for the central-spin battery as follows. For small
size of battery, such as N, < 200, pair each two battery cells
with two charger cells, then parallel charging the battery into
full capacity. For relative large size of battery, pair all the bat-
tery cells with the same number of charger cells, then collec-
tively charge the battery to the maximal, with the almost full
capacity. Note that it is also worthwhile to apply the collective
charging protocol as the battery size is large in the viewpoint

020306-5
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of quantum charging speedup.

1.000 0.10

AE(T)/Ny

0.9754 —AE(1)/Ny  {0.05
- - Sp(7)/ Ny
I S
\ e ]
0 100 200
Ny=N,

Fig. 5. Maximal transported energy per battery cell AE(7) and the battery—
charger entanglement per battery cell Sy(7)/Np in terms of the number of
battery cells N, with N, = N,. The parameters are setto @ = A = 1.

5. Conclusion and outlook

In this work, we systematically analyzed the energy trans-
portation in central-spin battery. First, we obtained analyt-
ical results on the battery capacity and the battery—charger
entanglement with N, = 2 or N, = 2. The analytical results
clearly show that the battery has the maximal capacity when
Ny = N. = 2. Therefore we conjectured that the resonant con-
dition N, = N, always gives the maximal (central-spin) bat-
tery capacity, and numerically verified it up to 2000 battery
cells (spins). Second, for midsize battery, namely, N, ~ 150,
we found a uniform relationship between the energy capac-
ity (per charger cell) and the battery—charger size ratio N; /Np.
The uniform relation for the midsize battery also gives a tight
upper bound on the energy capacity when the battery cells be-
come large. Third, we demonstrated the universal inverse rela-
tionship between the battery capacity and the battery—charger
entanglement. Since the highest excited state of the battery
spin, corresponding to the maximal battery storage, is a pure
state, it is expected that any battery—charger entanglement pro-
hibits the battery to reach the maximal energy capacity. It is
also consistent with general theory of quantum battery. (]

Charging process is a typical nonequilibrium dynamics,
which is a challenging problem especially for the many-body
system. The uniform behavior of the battery capacity may sug-

63,641 which are independent

gest that the conserved charges, !
on the number of spins, play a role here. The resonant con-
dition, namely, N, = N, is a critical point for the central-spin
battery. Whether a similar results exist in other types of quan-
tum battery, such as the spin-chain quantum battery,!%! Dicke

[18,35,45

quantum battery, I and the Sachdev—Ye—Kitaev quan-

[40]

tum battery,'*"! is an open problem. We leave above questions

for future study.
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