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Quantum manipulation of asymmetric Einstein—Podolsky—Rosen
steering in controllable dynamical Casimir arrays
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We design dynamical Casimir arrays (DCA) consisting of giant atoms and coupled resonator waveguides (CRWs) to
investigate the Einstein—Podolsky—Rosen (EPR) steering at finite temperatures. Our designed system exhibits an asymmetry
in its structure, which is caused by the differences in the sizes and the coupling positions of the giant atoms. The system
achieves different types of EPR steering and the reversal of one-way EPR steering by modulating parameters. Furthermore,
the symmetry and asymmetry of the system structure, in their responses to parameter modulation, both reveal the asymmetry
of EPR steering. In this process, we discover that with the increase in temperature, different types of steering can be
transferred from Casimir photons to giant atoms. We also achieve the monogamy of the multipartite system. These results
provide important assistance for secure quantum communication, and further intuitively validating the asymmetry of EPR

steering from multiple perspectives.

Keywords: dynamical Casimir effect, EPR steering, monogamy relation, giant atoms, coupled resonator

waveguides
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DOI: 10.1088/1674-1056/ad9299

1. Introduction

The dynamical Casimir effect (DCE) is a phenomenon
that can produce pairs of photons from quantum vacuum fluc-
tuations by means of the modulation of the mode structure
of the quantum field.!' Physicists designed a superconduct-
ing circuit terminated by a superconducting quantum inter-
ference device (SQUID) and observed the DCE.!7#! These
experiments not only observed the generation of real pho-
ton pairs, but also detected the quantum character of two-
mode squeezing!”~'!! in the production of photon pairs. Based
on the unique quantum property of DCE, DCE is usually
used as an appropriate quantum resource to discuss quantum
correlation problems, such as quantum entanglement,[!>-16]
quantum discord!!”~'°! and Einstein—Podolsky—Rosen (EPR)
steering,[20-281
“EPR

Schrodinger®! in respond to the “spooky action at a distance”

steering” was initially introduced by
phenomenon indicated in the famous Einstein—Podolsky—
Rosen (EPR) paradox!3”! in 1935. It describes the abil-
ity of one party to nonlocally control the other party’s
states through local measurements, which reveals the in-
consistency between local realism and the completeness of

quantum mechanics.?!-3%]

From the perspective of quan-
tum information,”) EPR steering is a distinctive quantum
correlation between quantum entanglement!!?~1%1 and Bell
nonlocality,3!! it corresponds to the task of validable entan-

glement distribution by an untrusted party. Due to the asym-

fCorresponding author. E-mail: longym158 @nenu.edu.cn
fCorresponding author. E-mail: zhangx800@nenu.edu.cn

CSTR: 32038.14.CPB.ad%9a9%9

metric quantum property of EPR steering, it plays a key role in
one-sided device-independent quantum key distribution, 3>-34]
quantum teleportation,*>-37 subchannel discrimination, 33!
and other related protocols. Driven by the future demand for
quantum communication3°) security, as a key resource for
building quantum network, EPR steering has expanded from
bipartite to multipartite. For multipartite EPR steering, 40431
it is composed of multiple spatially separated parties who
cannot fully trust each other. With the investigation of how
quantum resources are quantified and distributed, multipartite
EPR steering has been deeply explored.

Here, we can choose the coupled resonator waveguides
(CRWs) and the giant atoms to structure the quantum net-
work. The CRW is an important physical model that can be
realized by superconductor transmission line resonators. 4471
Different from the continuum medium waveguides, CRW
can provide special structures to manipulate the transport of
photons, 44 5o it can be used for quantum information
processing.[?*32-38] Unlike conventional small atoms, the size
of giant atoms is comparable to the wavelength of the prop-
agation modes in the waveguide, so the dipole approxima-
tion is no longer valid. Since the first experimental study
in 2014,1*81 the structure of giant atoms can be realized in
several systems such as superconducting qubits coupled to

49-52] or microwave transmis-

surface acoustic waves (SWAs)!
sion lines,7*3) cold atoms interacting with dynamically de-

pendent optical lattices.[’®! Recently, the waveguide quantum
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electrodynamics based on giant atom has been extensively
investigated.>*>7-° A giant atom is nonlocally coupled to a
waveguide via two coupling points, and the photon transport
between these coupling points significantly alters the interac-
tion between the giant atom and the waveguide. The emer-
gence of giant atoms exhibits striking phenomena that have
not been observed in traditional system, such as frequency-

[49] [51.52,60] 4nd

dependent relaxation,'*”! non-exponential decay,

decoherence-free interaction.[01-6%!

On the basis of the superconducting quantum circuit
which generates the DCE, we design more complex dynam-
ical Casimir arrays (DCA) (see Fig. 1). In this paper, we
have achieved the reversal and the monogamy relations!#!4?1
of EPR steering. In addition, we also discover some interest-
ing phenomena, which we elaborate on in the main text. The
structure of this paper is as follows. In Section 2, we present
the model and Hamiltonian of the system. In Section 3, we in-
troduce the theoretical basis and criteria for EPR steering. We
show the results and discussion in Section 4. Subsection 4.1
discusses the inversion of EPR steering between giant atoms,
Subsection 4.2 discusses the EPR steering from Casimir pho-
tons to giant atoms, Subsection 4.3 discusses monogamy re-
lations in the EPR steering. We summarize this paper in Sec-
tion 5.

2. Model and Hamiltonian

As sketched in Fig. 1(a), the system consists of two sub-
systems. Each subsystem is composed of a giant atom and
a coupled resonator waveguide (CRW) consisting of N, res-
onators, where each the giant atom couples to the waveguide
via two positions. The giant atom serves as the two-level sys-
tem. The two CRWs are connected and grounded through
a superconducting quantum interference device (SQUID),!”!
which acts as a moving mirror for the quantum superconduct-
ing system. By adjusting the external magnetic flux @ey; of
SQUID, it can generate the time-dependent boundary condi-
tions. The waveguide-atom coupled system considered can be
realized in superconducting quantum circuits, as demonstrated
in Fig. 1(b). Here the LC circuits serve as the resonators. The
Hamiltonian of the system is written as H = Hc + Ha + Hj,

where
= hZa)c a' aj—hZ§ (a a]+1+aj+laj)
—H‘szc alal hZé ala1+1+al+lal) (1)
2 Gl
Hy =1y %, @
i=1
Hy = hg, [(a;;] Jra};z) o +Hc|
+hg, [(‘JL. —|—a;2) o, +H.c.}
+hg s (1) (aTTl +aT])(a;2+aTz). 3)

(1,2)

Here o is the frequency of resonators in the 1st (2nd)

waveguide. a} 1) 4j(1) are the creation and annihilation opera-
tors of the bosonic modes representing the j(/)-th resonator
in the Ist (2nd) waveguide, respectively. &2 is the cou-
pling strength between the nearest resonators in the 1st (2nd)
waveguide. N, represents the total number of resonators in
the waveguide. sz' is the Pauli operator for the giant atoms,
and £, is the transition frequency of the giant atoms between
the ground state and the excited state. Gl-i are the raising and
lowering operators of the giant atoms. Two giant atoms are
coupled to two waveguides via the ni-th, ny-th, m;-th, and
my-th sites with coupling strengths g; and g,, respectively.
The g f(t) represents the coupling strength between the two

waveguides.

(a)

Giant atom (J

U U

Fig. 1. (a) Diagram of the system, consisting of two subsystems composed
of coupled resonator waveguides (CRWs) and giant atoms, where two giant
atoms are coupled to the two waveguides via the n;-th, np-th and m;-th, m,-th
sites, respectively. (b) A equivalent circuit diagram of the system. The CRWs
and giant atoms are represented by LC circuits and Transmons, respectively.

Furthermore, our system only considers single-mode
forms, so the total creation operators for the two waveguides
can be represented as a;l = az, aTT2 = a}-, respectively. Intro-

ducing the Fourier transformation

1 ikj 1 ifl
—) wke™, a=—=) aye 4)
w/chk: \/NC; !
The Hamiltonian of the above system is described as
Nc T Nc T 2 o-l
H="h) wa,aq+h) oralar+h) Q=
gl kA Uk f; ferds 1:21 )
hg1 { —ikn, —ikny\ ,t ~—
+e " )a, o +H.c.}
\/IVCZ ( ) k1
+hﬁz |:(efifm1 + efifmz)a;(;z* —l—H.C.}
VN Z
+hg /(1) (ak—l-ak) (a}—&—af), 5)
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where @y = a)c(]’z)

— 2602 cos (k, f) represents the mode
frequency of the waveguide. In what follows we provide a
detailed introduction to the interaction term in the last line
of Eq. (5). By changing the external magnetic flux ¢ey of
SQUID generates the time-dependent boundary conditions. It
should be noted that the driving frequency wy of SQUID must
be less than its plasma frequency @,, therefore, the external

flux ey (1) of SQUID is written as!!3!

Qext - . k,f
200 O+ <§> Ay, cos (a)d t) (6)

with @g = oy + oy, ¢ is a constant offset and Ay g is little
variation, @y = ¢y /27, @y is magnetic flux quantum. The time-
dependent coupling parameter g ; (f) is given by!!*!

k.f

gr(t) =gy cos(wat), (N
where
2 ik
kf_ @ sing [o0r 1
: : 8
£0° 7 1E; cos?d \| CCr Zez, ®

and Cy(y) and Z; ) are the corresponding capacitance and
impedance of CRW; ). According to Egs. (6) and (8), con-
trollable @cx¢ allows us to obtain tunable driving frequency and
coupling strength g](‘)'f . Turning off the external flux of SQUID
at reasonable time, the external driving and interaction of the
waveguides will disappear.

3. Theoretical basis and criteria
3.1. Perturbative calculation

We employ the rotating wave approximation (RWA)[13:641
on the Hamiltonian of the waveguide—atom coupled system.
Considering the giant atom is resonant with the waveguide,
that is, @y r = €Q;. Therefore, in the interaction picture equa-
tion (5) is rewritten as

h .
Hy — —EL 2 [( ‘1""1+e“"”2) ajo; +H.c.}
o4 2 [( *lf’"1+e*1fm2>a}o; +H.c.}

Jr% (akaf+akaf) ©))

In the experiments of superconducting quantum circuits,
environmental temperature plays a crucial role. Therefore, we
consider temperature in the system. The initial state of the
waveguide—atom coupling system is

D (0)) = |ninys) cpw ©100) 4, (10)

~1
ni=<exp(:Ba’T"i)—1) L Gi=kf), D

where

is given by the Bose—Einstein distribution of the thermal pho-
tons. Here, 7, kg, T; represent the reduced Planck constant,
Boltzmann constant, and temperature of the system, respec-
tively. We use the perturbative theory to derive the state |P (7))
expanded up to the third order from state |® (0)) under Eq. (9).
The final state | (¢)) can be written as linear superposition of
the |®,), which are

|a) crw @ [00) 5,

a=mng, (ng+1)(ng+1), (e +2)(ny +2),
(ni+3)(np+3), (e —1)(ng— 1),
(ni—=2)(ng —2), (g =3)(ng = 3),

1b)crw ® [10) 5,

b= (ng—Vng,mi(ng+1), (ng—2)(ng— 1),
(n+ 1) (ng +2), (e —3)(ng = 2),

) crw @ [01) 5,

c=m(ng—1),(m+ Dng, (me —1)(ny —2),
(ni+2)(ng+1), (e —2)(ng = 3),

|d)crw @ [11) 55

d=mnys,(ne—1)(ng—1),(mx —2)(ny—2),

le)crw @ [20) 5,

e=(m—2)ng, (e —1)(ng+1), (= 3)(ny — 1),

18)crw ©[02) 4,

g =m(ny—2),(m+1)(ny = 1), (me = 1)(ny —3),

IP)crw © [21) 4,

p=(m—2)(ns—1),

) crw @ [12) 45

x=(m—1)(nr—2),

¥)crw @ [30) 4,

y= (nk - 3)nf,
|2) crw ©(03) 4,

In terms of the average value formula (A) = (D|A|D),
we present average values expressed in the EPR criteria in the
system. Some are shown here, and the rest of the values are

shown in Appendix A:

(0102)
_ f(173)* (2)
o 0wy 001w 0
f f(3>
|"1< -2) ("f 2)>CRW®‘OO>A |(”k_2>(”f_2)>CRW®“1>A

+\ff| (rp=2)(ny— 7

)>CRW®‘10>A |("k—2)(nf—1)>CRW®|21>A

(3)
+\[f| (m—1) (”f 2)>CRW®‘01>Af|(”kfl)("f*2)>CRw®|12>A
(0,2)* 3)

|n,‘,nf>CRW§§)|OO>AJC‘nknf>(:]wv(?y\1I)A7
(0201)
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(1,3)x f(2)
‘(”kfl)("ffl)>CRw®|00>A |<"k’1>(”f’1)>CRW®“1>A

(2)« 3)
* f‘ (m—2)(nf—2) >CRW®|OO>Af‘ (m=2)(n=2) >CRW®| 1)a

(m=2) (”ffl))a{w@‘ 10)5 |(”k72>(”f*])>CRW®‘21>A
(2)x (3)
* \f2f| (m—1) (”f'*2)>CRW®‘Ol>Af| (g —=1) (”1'72)>CRW®‘ 12)a

(0,2)x
+f‘”k”f>CRW®‘OO>A e ) cpw @D A"
The coefficient f represents the transition amplitude of
the system from the initial state to the corresponding state, and
the superscripts indicate the orders in the perturbative expres-
sion at which the f appears. The transition amplitude formula
is
1 t

fnk(t) = E "

(n|H|k)dt, (14)
where f,;(¢) represents the amplitude of the transition from an
initial state |k) at time 7 to a final state |n) at time ¢. Expres-

sions of f are shown in Appendix A.

3.2. Criteria for the EPR steering

EPR steering criterial®! proposed by Reid are typically

used to study the EPR steering, and we employ the criteria to
our system. Following the Refs. [65,66], the expression of the
EPR steering criterion is

Wa,—dg = Vint (Xag) Vint Yap) <1, (da —dp), (15)

or
Wag—dy = Vint (Xa,) Vint (Ya,) <1, (dp —da). (16)

_ i _ i
Here XdA(B) = dA(B) +dA(B) and YdA(B) = —l(dA(B) —d ) are

A(B)

the quadrature operators. The variance involved in the formula

is

V2(Xyy,Xa,)
V (X4, (ds))

where V (x) = (x*) — (x)* and V (x,y) = (xy) — (x) (). In
our system, d represents ag or G4, dp represents ap or Op,

Vinf(XdB(dA)) = V(ng(dA)) - ) (17)

where A and B are both constants and unequal. By substi-
tuting Eq. (17) into the criterion condition, simplifying and
transforming the result, we obtain a witness[® to determine
whether the EPR steering occurs (for A # B).

() (snyer) |

s = (dpda)
+ T
B BE T,

If the steering criterion wg, 4, < 1 (0or wg,_4, < 1) holds,
there will be one-way EPR steering for d4 — dp (or dp — dy).
It is worth noting that the one-way EPR steering only occurs
when one of the two inequalities holds. If they hold simulta-
neously, there will be two-way EPR steering for d4 <> dp.

4. Results and discussion
4.1. Inversion of EPR steering between giant atoms

In this section, we provide a detailed discussion on the
EPR steering between two giant atoms in the model. Figure 2
shows the steering criterions of wg, ., and wg, ¢, Over time.
Taking Fig. 2(a) as an example, we choose the positions of
coupling points are n; = 50,np = 58,m; = 50,mp = 52. We
observe that as time evolves, the appearance of one-way EPR
steering 6] — 0, occurs earlier than the one-way EPR steering
0, — 01. Furthermore, with the continuation of time, two-way
EPR steering 0] <+ 0, emerges.

Therefore, we can choose to turn off the external driving
flux of the SQUID at the appropriate time to obtain the desired
one-way EPR steering or two-way EPR steering. In addition,
we find that the reversal EPR steering can be achieved by ad-
justing the positions of the coupling points, such as setting
ny = 50, np = 52, my =50, my = 58 as shown in Fig. 2(d).
Building upon this concept, we can reselect the positions of
the coupling points in a symmetrical manner and maintain
equal temperatures in both waveguides, the reversal of EPR
steering can be achieved by adjusting the coupling strength
between the giant atoms and the waveguides, as shown in
Figs. 2(b) and 2(e). Similarly, for an equal coupling strength
(g = & = 1.5t MHz), we adjust the positions of the cou-
pling points while maintaining symmetry, we can achieve the
reversal of EPR steering by manipulating the temperature of
the waveguides, as shown in Figs. 2(c) and 2(f). Therefore,
this approach allows us to control individual parameter, such
as coupling position, coupling strength, or temperature, while
keeping the other parameters fixed, the method to precisely
control these parameters can enable the realization of EPR
steering reversal between giant atoms.

Furthermore, since our waveguide is formed by a finite
array of coupled resonators, where N, is the number of res-
onators. We hypothesize that the length N, of the waveguide
chain plays a significant role in the steering between asym-
metric giant atoms. In Fig. 3, we plot the steering wg, ¢,
(Ws,—0,) as a function of different waveguide chain lengths
N;. Itis found that one-way EPR steering 61 — 0, is achieved
when N, is set to 400, and one-way EPR steering 6, — o is
achieved when N, is set to 600. Here, we can achieve the re-
versal of the one-way EPR steering by changing the N.. More-
over, two-way EPR steering 6] <+ 0, can be achieved when N,
is set to 100, 300, 700, 800, and 900. This result reveals that
the one-way or two-way EPR steering relationship between gi-
ant atoms can also be achieved by adjusting the length of the
waveguide chain. Unfortunately, during the construction of
the system, in order to ensure the effectiveness of the approx-
imation, we only investigated the scenario where the waveg-
uide chain lengths of the two subsystems are equal. This limi-
tation hinders our study of the complexity of superconducting
quantum networks.

020307-4
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4 2.5
— Wg, -0, (b) — Wg, -0, ©) — Wg, -0,
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2.0 2.5 3.0 2.0 2.5
I wm — 09 I wm —09
— Woy—0y — Woy—0y
-0.5
0.5 1.0 1.5 2.0 2.5 3.0 05 1.0 1.5 2.0 2.5 30 05 1.0 1.5 2.0 2.5

t (us)

t (us)

t (ps)

Fig. 2. The wg, 5, and wg, 5, as functions of time r. Here we use o7 and o represent two giant atoms. In panels (a) and (d), the coupling point
positions we selected are ny = 50, ny = 58, m; = 50, my = 52 in panel (a), n; = 50, ny =52, m; = 50, my = 58 in panel (d), the other parameters
are g| = g, = 1.5n MHz, T, = Ty = 60 mK. In panels (b) and (e), the coupling strength between the giant atoms and the waveguides we selected are
g =2.0r MHz, g, = 1.57 MHz in panel (b), g, = 1.57 MHz, g, =2.0r MHz in panel (e), the other parameters are n; = 52, np = 58, m; = 52,
my =58, Ty = Ty = 60 mK. In panels (c) and (f), we choose the two waveguides temperatures with 7; = 120 mK, 7y = 20 mK in panel (c), T; = 20 mK,
Ty = 120 mK in panel (f), other parameters are nj = 52, np = 58, m| =52, my = 58, g; = g, = 1.57 MHz. Furthermore, we fix the number of resonators
is No = 200, the coupling strength between the waveguides is gy = 30w MHz, and the frequencies of the two waveguides are @y /2% = 0y /2% = 5 GHz.

The black dashed line in the figure represents a line with w = 1.

30 T
° w0'1—>0'1 I
° w0'2—>0'1 !
20 o
N
5 1.5 I"
1.0 r\:;— - =1 l’ll
» - [
10 05 AR
A N = ¢
> ’ 6 7 81
SN ’ * "
’ \ ’ ‘\ |
;s %< N é/ T~ -
OF,_.__~‘__..._.-———. g
1 2 3 4 5 6 7 8 9 10

N, (102)

Fig. 3. The wg, 0, (red scatter) and wg, o, (blue scatter) as functions of
the waveguide chain length N.. Here, we choose a fixed time t = 0.5 ps.
Other parameters are the same as Fig. 2(a). The illustration represents the
enlarged region of the horizontal coordinate spanning from 600 to 800.

In the preceding discussion, we mentioned that EPR
steering between giant atoms can be reversed by exchanging
the coupling coefficients. Therefore, in this paper, we de-
tail the impact of the coupling strength between giant atoms
and waveguides on the steering between giant atoms. Taking
Fig. 4(a) as an example, we observe that the time for one-way
EPR steering 01 — 0, appears eariler than one-way EPR steer-
ing 0, — 01 when G > 1 and later than one-way EPR steering
0, — 01 when G < 1. Moreover, as G increases, the time of
occurrence of one-way EPR steering o7 — 0, becomes pro-
gressively earlier. For Fig. 4(b), the results of one-way EPR
steering 0, — o7 are found to be contrary to that. Therefore,
when the coupling points of the giant atoms and the waveg-
uides are symmetric, the giant atoms with a stronger coupling
strength g; (i = 1,2) leads the way in steering the giant atom
with a weaker coupling strength g; (i = 1,2). Moreover, as the
coupling strength between the giant atoms and the waveguides

increases, the time of occurrence of steering between the giant
atoms becomes earlier. In addition, upon comparing Figs. 4(a)
and 4(b), we find that the reversal of EPR steering can be ac-
complished by manipulating the ratio of coupling strengths G.
Hence, by manipulating the tunable coupling strengths, we can
effectively control the desired types of steering as well as the
generation and disappearance of steering. This feature offers
valuable assistance in the preparation of multi-atom entangled
states!®”! and quantum information processing!?*! in control-
lable superconducting quantum frameworks.

Remarkably, we observe that by comparing Figs. 4(a) and
4(c), all the plots of one-way EPR steering 0o — o7 nearly
coincide at the same position regardless of the choice of g;.
Moreover, by observing Fig. 4(f), we find that the plots coin-
cide at the position where G = 1 (g, = g,), indicating that the
one-way EPR steering 6, — 07 remains almost invariant with
respect to variations in g;. In other words, the one-way EPR
steering 0> — 07 exhibits robustness with respect to g;, while
the one-way EPR steering ) — 0, demonstrates a high sensi-
tivity to variations in g;. Upon comparing Figs. 4(b) and 4(d),
with the opposite result. Therefore, by fixing a specific cou-
pling strength, we can fix a corresponding one-way steering,
while adjusting another coupling strength allows us to control
the timing of the desired one-way steering. This sensitivity
to the asymmetry of coupling strengths provides further com-
pelling evidence for the asymmetry of EPR steering and offers
a feasible approach for the implementation of quantum secure
communication.

The preceding parts provide a detailed discussion about
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the EPR steering between giant atoms. By adjusting the cou-
pling position, coupling strength, temperature and the length
of the waveguide chain, this system can not only enable the re-
versal of EPR steering between giant atoms, but also achieve

the required one-way EPR steering and two-way EPR steer-

ing. In addition, we find a sensitive asymmetry of the steering
with respect to the coupling strength. This method of effec-
tively controlling parameters presents a suitable way to real-
ize quantum information transmission®®! and secure quantum

communication3>3°! in more complex quantum networks.

1 6 . .
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Fig. 4. Panels (a) and (b) respectively show the function graphs of wg, ¢, (solid lines) and wg, .5, (dashed lines) over time in terms of different
coupling strength ratio G = g; /g,. We select the different values for G in panels (a) and (b). Panels (c) and (d) illustrate the three-dimensional
(3D) surface plots of wg, 5, and wg, 5, as a function of the coupling strengths g, and g,, respectively. Panel (f) represents the merged image
of W, 0, and wg, ¢, . Here, we choose a fixed time r = 1 ps. The other parameters are the same as Figs. 2(b) and 2(e).

4.2. EPR steering from Casimir photons to giant atoms

In previous sections, it was observed that temperature can
serve as an effective controller for achieving steering reversal.
Therefore, in this section, we investigate the influence of tem-
perature on steering by treating it as a switch.

First, we attempt to utilize temperature as a switch to in-
vestigate its effects on the steering between giant atoms. As
shown in Fig. 5(a), we maintain the temperature of two waveg-
uides at the same value and deactivate the external magnetic
flux at r =0.58 pus. We observe that the image initially re-
sembles a flat curve. However, as the temperature increases,
around 7' = 30 mK, the image rapidly descends. Subsequently,
one-way EPR steering 07 — 0, and two-way EPR steering
O] < 0, appear successively. Moreover, with further increase
in temperature, two-way EPR steering persists throughout the
process. Consequently, in Figs. 5(b) and 5(c), we observe
one-way EPR steering 01 &= 0, by varying the temperature
of both waveguides simultaneously. We find that as the tem-
perature increases, the one-way EPR steering transitions from
an initially non-steerable state to a steerable state, indicating
that temperature can promote the revival of EPR steering be-
tween giant atoms. Interestingly, based on the asymmetry of
the coupling point positions, we observe that the images of the
steering with temperature are also asymmetric. Therefore, we
present the reversed images of steering by swapping the posi-

tions of the coupling points in Fig. 5(a), as shown in Fig. 5(d),
and provide the 3D plots of one-way EPR steering as a func-
tion of temperatures T; and T, as shown in Figs. 5(e) and 5(f).

Taking Figs. 5(b) and 5(c) as examples, we observe that
the one-way EPR steering 6; — 0, exhibits sensitivity to the
temperature 7; and 7y. The effect of temperature on one-
way EPR steering is equivalent, displaying a certain degree
of symmetry in its image. On the other hand, the one-way
EPR steering 6, — 07 shows sensitivity to temperature 7y and
strong resistance to T, resulting in an asymmetric image. As
for Figs. 5(e) and 5(f), the results are contrary to those. Re-
garding this phenomenon, we hypothesize that the tempera-
ture in the waveguides where giant atoms of different sizes are
located is asymmetrically sensitive to the promotion of steer-
ing between giant atoms. Large-sized atoms take precedence
in steering small-sized atoms, where the one-way EPR steer-
ing exhibits temperature sensitivity on the waveguide where
the two different-sized giant atoms are located, such as o] —
o, in Fig. 5(b).
atoms, the emergence of one-way EPR steering is temperature-

When small-sized atoms steer large-sized

sensitive for the small-sized atoms but resistant for the large-
sized atoms, such as 0o — o7 in Fig. 5(c). Therefore, we can
control the appropriate temperatures (7; and T) to select the
desired type of steering. In the case of Figs. 5(b) and 5(c),
by setting the temperature 7; of the waveguide to approach
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absolute zero, selecting 150 mK < Ty < 260 mK can lead to
one-way EPR steering 61 — 02, while choosing Ty > 260 mK
can lead to two-way EPR steering o1 <> 0. Similarly, tak-
ing Figs. 5(e) and 5(f) as examples, by setting the tempera-
ture 7; of the waveguide to approach absolute zero, selecting
100 mK < Ty <710 mK can lead to one-way EPR steering
0, — o1, while choosing Ty > 710 mK can lead to two-way
EPR steering o1 <> 0,. This instance demonstrates that the
directionality is the unique property of EPR steering, which is
different from both quantum entanglement and Bell nonlocal-
ity. It can be achieved by exchanging the positions of the cou-
pling points to obtain one-way steering in opposite directions.
This method of controlling EPR steering between giant atoms
based on temperature can play a crucial role in the research

of one-sided device-independent quantum key distribution!3?!

and subchannel discrimination. 1381
Next, we investigate the effect of temperature on the steer-
As shown in Fig. 6(a), we

choose to close the external magnetic flux at t = 0.0145 s,

ing between Casimir photons.

while maintaining 7y = 60 mK, to observe the variation of the
steering image with 7. The obtained steering plot initially
demonstrates a flat curve and includes two-way EPR steering

ay < ay. In this temperature range, the steerings of a; — ay
and ay — a; are robust to the temperature. However, with tem-
peratures above 30 mK, one-way EPR steering a; — ay and
ay — a; exponentially increased with temperature and rapidly
vanished. Furthermore, by observing Figs. 6(b) and 6(c), it
can be noted that temperature facilitates the sudden death of
steering between photons, and the steering between photons
is sensitive to temperature. Consequently, it is imperative to
avoid excessively high temperatures in our system to prevent
the disruption of EPR steering between photons.

In studying the temporal evolution of steering between
photons, we observe a distinction from the investigation of gi-
ant atoms in that the available measurement means for ma-
nipulating steering between photons are limited. Under the
premise of constructing two subsystems in complete symme-
try, the controllability of steering is independent of the sizes
of giant atoms, coupling positions, length of the waveguide
chain, and the coupling strength between giant atoms and
waveguides. It depends on the temperature, frequency of the
waveguides, and the coupling strength between the waveg-
uides.
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Fig. 5. Panels (a) and (d) illustrate the steering between two giant atoms as functions of temperature 7'. The temperatures of both waveguides are
set to be the same, i.e., Ty = Ty = T. Panels (b), (¢) and (c), (f) respectively represent the variations of wg, -5, and we, 5, With temperatures
Ty and Ty. The time is fixed at r = 0.58 s, the coupling point positions are chosen as n; = 50, ny = 58, m; = 50, my = 52 in panels (a)—
(c), and as ny = 50, np = 52, m; = 50, my = 58 in panels (d)—(f). Other parameters are N. =200, g, =307 MHz, g; = g, = 1.57 MHz,

y/2m = 0y /27 = 5 GHz. The black dashed line represents w = 1.
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Fig. 6. Panel (a) illustrates the steering between two photons as functions of temperature 7, one of the waveguides is held at a fixed temperature
of Ty = 60 mK. Here we use a; and ay to represent the photons in the two waveguides. The variations of wy, 4 ¢ and w, i~ with temperatures
Ti and T in panels (b) and (c), respectively. The time is fixed at # = 0.0145 us. The other parameters are the same as Fig. 2(c).
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Fig. 7. Panels (a) and (b) display the 3D scatter plots of Way—ay and Was—ay
as functions of the waveguide temperatures 7; and 7y and the coupling
strength g, between the waveguids, where @y /27 = @y /2w =5 GHz. Pan-
els (c) and (d) display the 3D scatter plots of Wap—a, and wy f—ay A8 func-
tions of the waveguide temperatures 7; and Ty and the waveguid frequency
®, where gy =307 MHz. The other parameters are the same as those in
Fig. 6. In the plots, the red dots correspond to w > 1, while the green dots
correspond to w < 1.

In order to establish a connection between them, we in-
corporate the coupling strength g, between waveguides into
the measurement based on Figs. 6(b) and 6(c), and draw the
steering as a 3D scatter plot with respect to temperature and
coupling strength, as shown in Figs. 7(a) and 7(b). We find
that as g, increase, the temperature range of feasible steer-
ability between photons becomes smaller until it disappears.
In other words, to ensure the existence of steering within the
strong coupling regime, the system must be required to be at
low temperatures. However, there still exists a critical thresh-
old value that allows for steering between photons. If this crit-
ical threshold value is exceeded, the steering will not occur, re-
gardless of how low the temperature is and how great the cou-
pling strength is. This critical threshold value provides us with
a valid reference range when preparing experimental devices
to study steering, thereby preventing the destruction of steer-
ing. The two-way EPR steering in the presence of this critical
threshold value ensures secure quantum teleportation 371 of
photonic states. Additionally, we also draw the steering as a
3D scatter plot with respect to temperature and waveguide fre-
quency, as shown in Figs. 7(c) and 7(d). We find that with the
increase of the w, the temperature range for steering between
photons expands, eventually leading to complete occurrence.
Hence, in the high-frequency regime, the system can effec-
tively counteract the suppressive impact of temperature on the
steering between photons, leading to the establishment of two-
way EPR steering within the photons.

It is noteworthy that, given the assumption of symmetri-

cal structures on the two subsystems, the one-way EPR steer-
ing wg a ” and w, oy should theoretically exhibit identical
images. However, the results are precisely the opposite. When
g is set to the same value in Figs. 7(a) and 7(b), or when @
is set to the same value in Figs. 7(c) and 7(d), we find that the
steering images of wy, ., ” and w, s—a; are not identical, this
is also shown in Figs. 6(b) and 6(c). After analyzing inequali-
ties (18) and (19), it becomes evident that when there are three
variables, the functions related to them, such as ny, ny, and
Juk(2), are operated in the form of 3D tensors, causing differ-
ent matrices to emerge on each dimension, which in turn leads
to distinct structures for War—ay and Was—a- This intrinsic
asymmetry is independent of the composition of the two sub-
systems, the asymmetry of EPR steering cannot be changed by
parts of the whole system.

For the above process, we draw a steering evolution di-
agram as shown in Fig. 8. We make a comparison between
the effects of temperature variation on the steering between
giant atoms and the steering between Casimir photons. It was
found that an increase in temperature significantly facilitated
the sudden death of EPR steering between Casimir photons,
suppressing their steerability, and thus leading to the disap-
pearance of the EPR steering. However, it accelerated the oc-
currence of EPR steering between giant atoms, promoting the
steering properties. In this process, the property of steering is
transferred from Casimir photons to giant atoms. Therefore,
selecting the appropriate temperature is crucial for guarantee-
ing the quantum information operation and transmission.

The steering !
ensemble of |
Casimir

A
] The steering
i
1
photons ]

w ensemble of

i
i
' giant atoms
1

v

Fig. 8. The evolution diagram of EPR steering. The large ellipses rep-
resent the ensembles where steering exists, while the colored spheres
denote Casimir photons and giant atoms. The small solid arrows repre-
sent the presence of steering and the small dashed arrows represent the
disappearance of steering, whereas the large arrows signify the “trans-
fer” of steering.

4.3. Monogamy relations in the EPR steering

Multipartite EPR steering is an important physical re-
source in quantum mechanics, which can be used in quan-
tum communication and quantum computation. One of the
most surprising features of multipartite EPR steering is that
the monogamy, which quantifies the resources of quantum en-
tanglement, cannot be shared freely between different con-
stituents in a multipartite system. This feature ensures the
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security of quantum cryptographic protocols and plays an im-
portant role in quantum information processing and device-
independent protocols.*142991 Here, we propose coupled
CRWs and giant atoms in the DCA to investigate monogamy
relations of multipartite EPR steering.

Due to the existence of the DCE, the virtual quantum fluc-
tuations in the system are converted into real photons. Varia-
tions in photon number can affect the state of the surrounding
field. Secondly, we note the interaction Hamiltonian between
giant atoms and Casimir photons in Eq. (9), which can be used
to swap states between photon modes and giant atom modes,
thereby enabling quantum information swapping between dif-
ferent modes. First, we investigate the variation of monogamy
relations with coupling strength g,/ @, and temperature 7. We
select the parameters within the dashed line range, e.g., when
1 < gy/o(107°) < 6.2, 0 < T <37 mK, ay can steer 0
in Fig. 9(a), while 0, cannot steer 07 at the same region in
Fig. 9(b). The phenomenon belongs to the type-I monogamy

100

@ W0,
80

9
;5/60
& 40

20

12 4 6 8 10
go/we (1077)

go/we (107°)

relation (42

1 of ay — o1, that is, two different modes cannot
steer the same third mode simultaneously. However, if the
parameter g,/ @ is tuned, the type-I monogamy relation of
ay — o is lifted, and we can realize the type-I monogamy re-
lation of 0, — o1 in the case where gy/@c (x107%) > 7.4,
as shown in Figs. 9(a) and 9(b).

mode combination af, o1, 0z, as for a same steered party

Therefore, in the three-

o1, the above process can be understood as the transition of
steering party from ay to o,, the system achieves the type-I
monogamy relation swapping, as shown in Fig. 9(c). Simi-
larly in the three-mode combination ay, G, 03, as for a same
steered party 0, the system also realizes the type-I monogamy
relation swapping for (ay — 02) < (0] — 062)(< repersents
monogamy relation swapping) due to the conversion between
steering party a; and o1, as shown in Figs. 9(d)-9(f). Thus, our
system can choose to obtain the desired monogamy relations
in the appropriate temperature range and the coupling strength
range.
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Fig. 9. The Wap—01> Woy—a1> Way—055 and wg, 5, as functions of coupling strength gy/®. and temperature T (Ty = Ty = T) in panels (a),
(b), (d), and (e), respectively. Panels (c) and (f) respectively correspond to the monogamy relations in each horizontal column, where the blue
and green circles represent giant atoms, red and purple circles represent photons. The arrows indicate the presence of one-way EPR steering,
while the red crosses represents no EPR steering. Other parameters are n; = 50,1y = 52,m; = 70,m, =72, N, = 200, g, = g, = 1.57 MHz,

. /2n =5 GHz t = 0.58 ps. The black dashed line represents w = 1.

In addition, we also discuss the impact of changing the
sizes of giant atoms and the couplings position of giant atoms
on monogamy relations under three-mode combination. In
Figs. 10(a) and 10(c), the nonlinear properties associated with
the sizes of the giant atoms and the positions of the coupling
points (n1,ny,m,my) lead to a more intricate impact on EPR
steering. Therefore, we only consider the scenario where the
sizes of the two giant atoms are identical, with fixed coupling
positions at n; = 50 and m; = 70. The positions of the other
two coupling points vary in the same trend S, n, = 50+ S,
my =70+ S, where S = 1,2,...,9. In Fig. 10(a), where o7 as
the steered party, when S = 1, 0> can steer oy, but ay cannot
steer o7, which is the type-I monogamy relation of 0, — 0o7.

When § =2, 0, — 0y disappears and a can steer o1. With the
increase of S, there is continuous swapping between steering
parties, and the system realizes the type-I monogamy relation
swapping for (02 — 01) & (ay — 01). Likewise, for the same
steered party 0y, we also realize the conversion of the type-I
monogamy relation a; — 6> and 61 — 0, due to the conver-
sion between steering party a; and o7, as shown in Fig. 10(c).

Next, we maintain the same sizes of the two giant atoms
to study the effect of the coupling positions of the giant atoms
on the exchange of monogamy relations. Due to the bidirec-
tional adjustability of the movements of the two giant atoms
on the waveguides, we have a total of three mobility schemes,

unidirectional fixed, bidirectional identical, and bidirectional
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opposite. Here we only discuss the scenario of bidirectional
opposition, where we move the positions of the first giant atom
by “—p” and the positions of the second giant atom by “+p”.
In Fig. 10(b), we choose p = —9, 0, can steer o1, but ay can-
not simultaneously steer o7, which is the type-I monogamy
relation 0, — ¢1. When we choose p = —7, 0o — 07 disap-
pears and ay can steer o1. With the increase of p, we find that
the system realizes the type-I monogamy relation swapping
for (6o — 01) & (ay — 01). Similarly, for the same steered
party o», we realize the conversion of type-I monogamy rela-
tion between a; — 0> and 01 — 0> by converting the steering
party a; and o7, as shown in Fig. 10(d). The above discussion
confirms that the exchange of monogamy relations in the sys-
tem can be achieved by adjusting the sizes of giant atoms and

the coupling positions of giant atoms.
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Fig. 10. The Wap—as Woy—ay> Way—ays and wg, 5, as functions of the
sizes of the giant atoms in panels (a) and (c), respectively. Select n; = 50,
my =70, np =50+8, my =70+, (§=1,2,...,9), Ty =40 mK. The
Was—01, Wor 01> Way—02 and wg, 0, as functions of the coupling positions
of the giant atoms in panels (b) and (d), respectively. We select n; =50 — p,
np=52—p, m =70+p, my=72+p, (p=-9,...,9), Tr =20 mK.
The other parameters are N = 200, g, = g, = 1.57 MHz, g, = 0.27 MHz,
o /2n = wy/2m =5 GHz, T =20 mK, 1 = 0.75 ps.
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Fig. 11. The evolution diagram of EPR steering. The large ellipses repre-
sent the ensembles where steering exists, while the colored spheres denote
Casimir photons and giant atoms. The dashed boxes indicate distinct “fami-
lies” composed of giant atoms and Casimir photons generated within the same
subsystem. Solid arrows represent the presence of steering, while dashed ar-

rows indicate the disappearance of steering. Red crosses indicate the absence
of steering.

We are dedicated to constructing more complex DCA,
within which investigating EPR steering between giant atoms

and Casimir photons constitutes a novel approach. We observe
that with parameter adjustments, the steering between Casimir
photons disappears, and then the steering between giant atoms
emerges, as well as the steering from Casimir photons to giant
atoms. Furthermore, we note that members belonging to the
same “family” do not exhibit steering among themselves, as
shown in Fig. 11. Taking the example of a; and o7 in family I
from Fig. 11, by transforming Inequality (18) into the form

Wiy sy = <d§d3> (<dj,dA> n ;) ~{dgdy) 2 <0,

it can be inferred that a steering exists when wg, 4, < 0. For
Wa,—a,» since (o1ag) = 0, it follows that

o = (olor) () + 1) >0

Similarly, the same applies to wg, 4, meaning that no steer-
ing will arise between a; and o;. These phenomena allow us
to have a better understanding of the essence of steering. Fur-
thermore, in such DCA, we can manipulate the conversion of
steered parties by adjusting various parameters, thereby ob-
taining conversion of type-I monogamy relations. These re-
sults are useful for exploring the entanglement theory, quan-
tum information processing and secure quantum communica-

tion.

5. Conclusion

We have discussed the EPR steering in the DCA consist-
ing of giant atoms and coupled resonator waveguides. The
specific results obtained through calculation and image analy-
sis are as follows.

We utilized the external driving flux of the SQUID as
a switch to control the “on-off” state of the circuit, thereby
achieving the desired EPR steering for our research purposes.
By adjusting the position of the coupling point, the coupling
strength, the temperature, and the length of the waveguide
chain, we not only achieved one-way or two-way EPR steer-
ing, but also realized the reversal of the one-way EPR steering
between giant atoms. Furthermore, the differences in the char-
acteristics of the giant atoms, specifically their sizes and cou-
pling positions, primarily lead to the asymmetry of the system
structure. The response of the asymmetry of the system struc-
ture to the changes in waveguide chain length and coupling

strength reflects the asymmetry of EPR steering between giant
atoms. Additionally, the asymmetry of the system structure in
response to temperature results in different temperature ranges
for EPR steering survival. Finally, we have discovered that
with the increase in temperature, steering can be transferred
from Casimir photons to giant atoms. We have achieved the
converting of steering parties by selecting suitable ranges of
coupling strength and temperature, or by selecting appropriate
sizes and coupling positions of the giant atoms, thus realizing
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the swapping of type-I monogamy relations. Here, the study
of the sizes and coupling positions of giant atoms facilitates
the regulation and control of multipartite EPR steering in our
system.

Under the framework of superconducting quantum cir-
cuit, we provide an effective idea for researching EPR steering
by constructing complex DCA and utilizing simple modula-

tion means. We have also verified the asymmetry of EPR steer-
ing in multiple aspects, making significant contributions to the
field of quantum key distribution and other areas. In summary,
based on all the above conclusions, the paper contributes to
the construction of more complex quantum networks, as well
as for the research and development of quantum information
and secure quantum communication.
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