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Recent observations by pulsar timing array collaborations have detected a stochastic common-spectrum signal, which
may originate from scalar-induced gravitational waves generated by primordial curvature perturbations during inflation.
Using the NANOGrav 15-year data set, we explore this hypothesis by constraining the primordial curvature power spectrum
and reheating energy scale. We model the primordial power spectrum with a lognormal form and consider reheating
with the equation of state parameter w = 1/6. Our Bayesian analysis reveals a narrow peak in the primordial power
spectrum (the width of the spectrum ∆ < 0.05 at the 95% confidence level) and constrains the reheating temperature to be
0.03 GeV . Trh . 7.2 GeV. The best-fit SIGW spectrum shows a characteristic turning point near f ∼ 10−8.1 Hz, marking
the transition from reheating to radiation domination, providing a unique probe of the properties of the early Universe.
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1. Introduction
The detection of gravitational waves (GWs) by the

LIGO–Virgo–KAGRA (LVK) collaboration has been a
groundbreaking achievement in the field of astronomy and
astrophysics.[1–3] These detections have not only confirmed
the predictions of Einstein’s general theory of relativity but
have also opened up new avenues for studying the Universe.
The LVK detectors have been instrumental in detecting GWs
from binary black hole and binary neutron star mergers, en-
abling the testing of gravity in the strong-field regime[4,5] and
exploration of the population-level properties of these compact
objects.[6–15] The successful detection of GWs has paved the
way for investigating the stochastic gravitational wave back-
ground (SGWB), which holds the potential to revolutionize
our understanding of a wide range of cosmic mysteries, from
the enigmatic nature of dark matter[16–18] to the perplexing
realm of alternative theories of gravity,[19–24] as well as other
captivating phenomena at the frontiers of astrophysics and
cosmology.[25–33]

However, the sensitivity of LVK detectors is limited to
high-frequency GWs, typically in the range of tens to thou-
sands of hertz. To explore the Universe at lower frequen-
cies, space-borne detectors such as the Laser Interferometer
Space Antenna (LISA),[34] Taiji[35,36] and TianQin[37] have
been proposed and are scheduled for launch in the near fu-
ture. These detectors will be sensitive to GWs in the millihertz
range that are expected to originate from a diverse array of as-
trophysical sources, including massive black hole binaries and

extreme mass ratio inspirals.[38–41] The unprecedented sensi-
tivity of these space-based observatories will open a new win-
dow into the GW Universe, complementing the observations
made by ground-based detectors and providing invaluable in-
sights into the dynamics of massive compact objects and the
evolution of galaxies across cosmic time.

Pulsar timing arrays (PTAs) are the most promising tools
for probing even lower frequencies in the nanohertz range.
PTAs are networks of precisely timed millisecond pulsars that
can detect SGWBs.[42–44] The presence of a SGWB induces
correlated timing residuals in the pulses of millisecond pul-
sars, which can be detected by analyzing the timing data from
multiple pulsars distributed across the sky. The detection prin-
ciple relies on GWs creating subtle distortions in space–time
that affect the arrival times of pulsar signals. These distor-
tions cause variations in the proper distance between Earth
and the pulsars, resulting in timing residuals — differences
between expected and actual pulse arrival times — typically
of order tens to hundreds of nanoseconds. A key signature of
a genuine GW signal is the Hellings–Downs correlation,[45]

a specific angular correlation pattern between timing residu-
als that depends only on the angular separation between pul-
sar pairs. This pattern arises from the quadrupolar nature of
GWs and provides a distinctive test to distinguish GW signals
from other sources of timing noise. The sensitivity of PTAs is
primarily in the nanohertz frequency band (10−9–10−7 Hz),
determined by the observation cadence and total timespan.
The unique frequency range and the ability to observe the
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entire sky make PTAs complementary to ground-based and
space-borne GW detectors, providing a comprehensive view
of the GW Universe.[46–58] Currently, several PTAs are in op-
eration, including the North American Nanohertz Observatory
for Gravitational Waves (NANOGrav),[59] the European Pul-
sar Timing Array (EPTA),[60] the Parkes Pulsar Timing Array
(PPTA),[61] the MeerKAT Pulsar Timing Array (MPTA)[62]

and the Chinese Pulsar Timing Array (CPTA).[63] These col-
laborations have been collecting pulsar timing data for years,
aiming to detect SGWBs and study their properties. Re-
cent analyses of the NANOGrav 15-year data set,[64,65] PPTA
DR3,[66,67] CPTA DR1[68] and EPTA+InPTA DR2[69,70] have
revealed a common-spectrum signal that could potentially
originate from GWs. Although the evidence for Hellings–
Downs correlations,[45] a key signature of a GW-induced sig-
nal, varies among the different PTA data sets, the detection
of a common-spectrum signal has generated significant inter-
est in the scientific community.[71–76] Various possible sources
for the common-spectrum signal have been proposed, each
with unique implications for fundamental physics and cos-
mology. Candidates include phase transitions in the early
Universe,[77–80] cosmic strings[81–83] and domain walls,[84,85]

all of which are predicted to produce SGWBs with character-
istic spectral shapes and amplitudes. Another intriguing pos-
sibility is the presence of scalar-induced gravitational waves
(SIGWs),[86–101] which are generated by second-order pertur-
bations of the scalar field during inflation.[102–107]

Inflation is a hypothetical period of exponential expan-
sion in the early Universe that solves several cosmological
problems, such as the horizon and flatness problems.[108–111]

During inflation, quantum fluctuations in the scalar field give
rise to density perturbations, which later form the seeds for
structure formation in the Universe.[103–107] These density
perturbations also induce second-order perturbations in the
metric, manifesting as SIGWs.[86,87,112] Interestingly, SIGWs
can also accompany the formation of primordial black holes
(PBHs),[113–133] which are hypothetical black holes that may
have formed in the early Universe from the collapse of large
density perturbations generated during inflation. If the primor-
dial curvature power spectrum exhibits a significant enhance-
ment at certain scales, it can lead to the formation of PBHs,
accompanied by a corresponding enhancement in the SIGW
spectrum at the same scales. The properties of the inflation-
ary model, such as the potential of the inflaton field and the
duration of inflation, determine the characteristics of the pri-
mordial curvature power spectrum, which in turn influences
the amplitude and spectral shape of the SIGWs.[114,115,134–139]

Studying SIGWs associated with PBH formation can provide
valuable insights into the inflationary dynamics and the prop-
erties of the early Universe, as well as the potential existence
of PBHs as a component of dark matter.[140,141]

In this work, we focus on SIGWs as a potential expla-
nation for the common-spectrum signal detected by PTAs.
We aim to constrain the inflationary parameters by comparing
the predicted SIGW spectrum with the PTA data, assuming
an equation of state parameter w = 1/6 and a sound speed
cs = 1 following the end of inflation.[142,143] The w = 1/6
case, arising from the φ 14/5 potential, serves as a valuable ex-
ample of how non-canonical kinetic terms,[144] higher-order
corrections,[145] effective field theory approaches[146] and
string theory/supergravity models[147,148] can lead to novel re-
heating dynamics and expand our understanding of the early
Universe. By considering this equation of state parameter
in our analysis and comparing the predicted SIGW spectrum
with the PTA data, we can constrain the properties of the early
Universe and investigate the potential origin of the common-
spectrum signal detected by PTAs.[149–154] We calculate the
corresponding SIGW spectrum using the formalism developed
in Refs. [86,87] and compare it with the PTA data. Addi-
tionally, we investigate the impact of the reheating tempera-
ture, which marks the end of inflation and the beginning of the
radiation-dominated era, on the SIGW spectrum.[155–158] This
study provides valuable insights into the potential of PTAs to
constrain inflationary models and shed light on the early Uni-
verse through the detection of SIGWs. The rest of this paper
is organized as follows. Section 2 describes the theoretical
framework for SIGWs and the inflationary models considered
in this work. Section 3 presents the methods used to analyze
the PTA data and the results of our analysis. Finally, Section 4
discusses the implications of our findings.

2. SIGWs and PBHs
SIGWs and PBHs are two fascinating phenomena that can

arise from primordial scalar perturbations in the early Uni-
verse. These perturbations, thought to have originated from
quantum fluctuations during cosmic inflation, can leave im-
prints on the evolution and structure of the Universe. In this
section, we explore the basic formulae and concepts related to
SIGWs and PBHs, focusing on how primordial scalar pertur-
bations can give rise to these phenomena and how their char-
acteristics are influenced by various factors, such as the pri-
mordial power spectrum and the post-inflationary composition
of the Universe. Understanding the theoretical foundations of
SIGWs and PBHs is crucial for interpreting observational data
and gaining insights into the early Universe and the nature of
primordial fluctuations.

2.1. Basic formulae for SIGWs

SIGWs arise from the amplification of primordial scalar
perturbations, which can potentially generate a detectable
SGWB. The characteristics of the SIGW spectrum, includ-
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ing its amplitude and shape, are governed by several factors
such as the power spectrum of primordial fluctuations and
the post-inflationary composition of the Universe. To model
the primordial spectrum responsible for SIGWs, we employ a
lognormal peak description that captures the enhancement of
fluctuations on small scales. The primordial curvature power
spectrum is parameterized as follows:

𝒫ℛ(k) =
A√
2π∆

exp
(
− ln2(k/k*)

2∆ 2

)
, (1)

where A represents the amplitude, k* denotes the characteris-
tic scale and ∆ corresponds to the width of the spectrum. Our
analysis focuses on the case of a narrow peak spectrum, where
∆ . 0.1, which is supported by our findings. In the limit of
∆ → 0, the primordial power spectrum reduces to a δ -function
form, 𝒫ℛ = Akδ (k− k*). The impact of a finite width on the
SIGW spectrum can be expressed as[159]

ΩGWh2 = Erf
[ 1

∆
sinh−1 k

2k*

]
Ω

δ
GWh2, (2)

where ΩGWh2 represents the present-day GW energy density
fraction with finite width, Erf denotes the error function and
Ωδ

GWh2 corresponds to the GW spectrum induced by a δ -
function peak.

We adopt an instantaneous reheating scenario, assuming
that the Universe transitions to the radiation-dominated era im-
mediately when the mode with comoving wave number krh re-
enters the horizon. For Gaussian fluctuations and a constant
equation of state parameter w and sound speed cs, a general
integral formula for the SIGW spectrum can be derived. The
present-day fraction of GW energy density is given by

ΩGWh2 ≈ 1.62×10−5
(

Ωr,0h2

4.18×10−5

)(g*r(Trh)

106.75

)
×
(g*s(Trh)

106.75

)− 4
3
ΩGW,rh, (3)

where Ωr,0h2 denotes the present-day radiation fraction, g*r

and g*s are the effective energy and entropy degrees of
freedom,[160] respectively, and the subscript rh refers to the
time of instantaneous reheating.

The SIGW spectrum for scales k & krh can be expressed
as[161]

ΩGW,rh =
( k

krh

)−2b ∫ ∞

0
dv
∫ 1+v

|1−v|
du𝒯 (u,v,b,cs)

×𝒫ℛ(ku)𝒫ℛ(kv), (4)

where b ≡ (1 − 3w)/(1 + 3w) and the transfer function
𝒯 (u,v,b,cs) is defined in terms of Ferrer’s functions, Olver’s
function and the Heaviside theta function. The transfer func-
tion can be further expressed using hypergeometric functions
as

𝒯 (u,v,b,cs)

=𝒩 (b,cs)
(4v2 − (1−u2 + v2)2

4u2v2

)2
|1− y2|b

×

{(
P−b

b (y)+
b+2
b+1

P−b
b+2(y)

)2
Θ(cs(u+ v)−1)

+
4

π2

(
Q−b

b (y)+
b+2
b+1

Q−b
b+2(y)

)2
Θ(cs(u+ v)−1)

+
4

π2

(
𝒬−b

b (−y)+2
b+2
b+1

𝒬−b
b+2(−y)

)2
Θ(1− cs(u+ v))

}
,

(5)

where Θ is the Heaviside theta function, 𝒬µ

ν (x) is Olver’s
function, y ≡ 1 − [1 − c2

s (u − v)2]/(2c2
s uv), and Pµ

ν (x) and
Qµ

ν (x) are Ferrer’s functions. The numerical coefficient is

𝒩 (b,cs)≡
42b

3c4
s

Γ (b+ 3
2 )

4
( b+2

2b+3

)2
(1+b)−2(1+b). (6)

It is important to note that the SIGW spectrum, ΩGW,rh,
is proportional to (k/krh)

2,[152,161,162] implying that the am-
plitude of the SIGW spectrum is suppressed by a factor of
(krh/k*)2. To establish the relation between the frequency f
and the temperature T we can estimate that each mode with a
wavenumber k crosses the horizon at temperature T using the
approximation

k ≃ 1.5×107

Mpc

( g*r(T )
106.75

) 1
2
( g*s(T )

106.75

)− 1
3
( T

GeV

)
, (7)

with the corresponding GW frequency f at the current epoch
for each mode k given by

f =
k

2π
≃ 1.6 nHz

( k
106 Mpc−1

)
. (8)

Combining Eqs. (7) and (8), we obtain the relation between
the frequency f and the temperature T as

f ≃ 24 nHz
( g*r(T )

106.75

) 1
2
( g*s(T )

106.75

)− 1
3
( T

GeV

)
. (9)

The lower bound on the reheating temperature for Big Bang
nucleosynthesis (BBN) is Trh ≥ 4 MeV,[163–166] which trans-
lates to constraints on the reheating frequency frh for the re-
heating mode krh as frh & 0.1 nHz. This frequency range lies
below the sensitivity of current PTAs.

2.2. Basic formulae for PBHs

PBHs are formed through gravitational collapse when
the density contrast δρ/ρ surpasses a threshold δc in Hub-
ble patches, depending on the equation of state parameter w
at the moment of re-entry.[167–176] To ensure a conservative
estimation, we adopt Carr’s criterion in the uniform Hubble
slice,[171] which can be translated to the comoving slice as
follows:[177,178]

δc ≃
3(1+w)
5+3w

c2
s =

3(1+w)
5+3w

=
7

11
. (10)
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The choice of the critical density threshold δc is justified by the
fact that the fluctuations of the scalar field propagate with the
speed of sound squared. This property makes the formation
of PBHs more challenging compared with an adiabatic perfect
fluid. Consequently, we adopt the upper limit of the density
threshold as suggested in Ref. [175]. It is worth noting that
the case of general c2

s = w has been investigated in Ref. [174].
The formation of PBHs is a complex process that depends

on the interplay between the density fluctuations and the back-
ground cosmological evolution. The density contrast δρ/ρ

quantifies the magnitude of the density fluctuations relative
to the average density of the Universe. When this contrast
exceeds the critical threshold δc, the gravitational force over-
comes the pressure support within a Hubble patch, leading to
the collapse of the overdense region and the formation of a
PBH. The abundance of PBHs at the time of their formation
can be determined using the Press–Schechter theory[179] as

β (M) =
γ

2
erfc
(

δc(w)√
2σ(M)

)
, (11)

where γ ≈ 0.2 represents the fraction of matter within the
Hubble horizon that undergoes collapse to form PBHs. The
quantity σ(M) denotes the variance of the density perturba-
tion smoothed over the mass scale of M. Using the relation
between curvature perturbation ℛ and density contrast δ ,

δ (t,q) =
2(1+w)
5+3w

( q
aH

)2
ℛ(q) =

14
33

( q
aH

)2
ℛ(q), (12)

we can compute σ(M) as

σ
2 =

(14
33

)2 ∫ ∞

0

dq
q

W̃ 2
(q

k

)(q
k

)4
T 2
(q

k

)
𝒫ℛ(q), (13)

where W̃ (q/k) = exp(−q2/k2/2) is the Gaussian window
function and T (q/k) is the transfer function that describes the
evolution of density perturbations from the time of horizon
entry to the time of PBH formation. The masses of PBHs are
connected to the comoving scale by

MPBH

M⊙
≈ 0.01

γ

0.2

(krh

k*

) 3(1+w)
1+3w

( 106.75
g*r(Trh)

) 1
2
(GeV

Trh

)2

≈ 0.01
γ

0.2

(krh

k*

) 7
3
( 106.75

g*r(Trh)

) 1
2
(GeV

Trh

)2
. (14)

In the case of a very sharp peak in the primordial scalar power
spectrum, this results in a monochromatic mass function for
the PBHs, meaning that the PBHs formed have a narrow range
of masses. The abundance of PBHs, expressed as the PBH
energy fraction with respect to cold dark matter, is described
by

fPBH ≡ ΩPBH

ΩCDM
≈ 1.5×1013

β

( k*
krh

) 2
3
( Trh

GeV

)
×
(g*s(Trh)

106.75

)−1(g*r(Trh)

106.75

)
, (15)

where ΩPBH and ΩCDM are the current energy densities of
PBHs and cold dark matter, respectively.

3. Methodology and results

In this section we explore the hypothesis that the signal
detected in the NANOGrav 15-year data set originates from
SIGWs generated by a primordial curvature power spectrum
with a finite-width lognormal form, as described in Eq. (1).
To test this hypothesis and constrain the parameters of the
primordial curvature power spectrum and the reheating tem-
perature Trh, we employ Bayesian inference techniques on the
NANOGrav 15-year data set.

In our analysis, we focused on the specific case of w =

1/6, which corresponds to an inflaton potential of the form
V (φ) ∼ φ 14/5. While other values of w are certainly possible
and worthy of investigation, the w = 1/6 case serves as a rep-
resentative example of how non-standard reheating dynamics
can influence the SIGW spectrum and the constraints derived
from PTA observations. It is important to note that different
choices for w can lead to variations in the SIGW spectrum
and, consequently, the constraints on the primordial curvature
power spectrum and reheating temperature.

Our analysis begins by calculating the energy density
of SIGWs at frequencies corresponding to the 14 bins pro-
vided in the NANOGrav 15-year data set.[65,180] We then con-
struct logarithmic probability density functions for each bin
using kernel density estimation. The overall likelihood func-
tion is obtained by multiplying the probabilities from all 14
bins:[162,181–185]

ℒ(Λ) =
14

∏
i=1

ℒi(ΩGW( fi,Λ)), (16)

where Λ = {A,∆ , f*,Trh} represents the set of model parame-
ters, including those related to the primordial curvature power
spectrum [Eq. (1)] and the reheating temperature Trh. We
assign uninformative uniform priors to these parameters, as
listed in Table 1. To compute the posterior distribution of the
model parameters, we utilize the Bilby code,[186] which im-
plements the dynesty nested sampling algorithm. This al-
lows us to efficiently explore the high-dimensional parameter
space and obtain reliable estimates of the posterior distribu-
tions.

Before presenting our results, it is important to address
the reliability of our analysis given the multiple free parame-
ters in our models. The lognormal parameterization of the pri-
mordial curvature power spectrum introduces three parameters
(A, f* and ∆ ), while the reheating temperature Trh adds another
degree of freedom. To handle these parameters systematically,
we employ Bayesian inference methods that account for pa-
rameter uncertainties and their correlations. This approach al-
lows us to obtain not just point estimates but full posterior dis-
tributions, providing a comprehensive view of the parameter
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space and the statistical significance of our results. The pos-
terior distributions reveal well-constrained parameters, partic-
ularly for the width parameter ∆ , suggesting that despite the
model’s flexibility, the data strongly favor certain regions of
the parameter space. Furthermore, the consistency of our de-
rived constraints with independent observations, such as BBN
bounds on the reheating temperature, provides additional vali-
dation of our approach. Future improved PTA measurements,
potentially combined with observations from other GW exper-
iments, will help break the remaining parameter degeneracies
and further constrain these parameters.

-1

-2

-3

3

-3

-6

-
7.
6
-
7.
2
-
6.
8
-
6.
4
-
6.
0

-
2.
4
-
1.
6
-
0.
8

0.
0

0.
8

-
4

-
6

-
3 0 3

-
3

-
2

-
1

0

0.8

0.0

-0.8

-1.6

-2.4

-4

lo
g

1
0
D

log10D

lo
g

1
0
A

log10A

lo
g

1
0
(T

rh
/
G

e
V

)

log10(Trh/GeV)log10(f /Hz)
*

Fig. 1. Results of our Bayesian inference analysis, which aims to con-
strain the parameters of the primordial curvature power spectrum.

Table 1. Summaries of the prior distributions, posterior medians and 90%
credible intervals for the reheating temperature (Trh) and the parameters
characterizing the primordial curvature power spectrum [Eq. (1)], namely,
the amplitude A, the characteristic frequency f* and the width of the spec-
trum ∆ . These results were obtained by performing a Bayesian analysis on
the NANOGrav 15-year data set, employing uniform prior distributions (𝒰 )
for all parameters. The posterior medians indicate the most likely values
given the data and the model, while the 90% credible intervals represent the
range of plausible values consistent with the observations. The analysis re-
veals a strong preference for a narrow peak in the primordial power spectrum
(∆ < 0.05).

Parameter log10( f*/Hz) log10 ∆ log10 A log10(Trh/GeV)

Prior 𝒰(−10,−2) 𝒰(−6,0) 𝒰(−5,1) 𝒰(−9,4)
Posterior &−7.4 .−1.28 . 0.86 −0.47+1.99

−4.83

Figure 1 presents the resulting posterior distributions for
the parameters of the primordial curvature power spectrum and
the reheating temperature. The median posterior values and
the 90% credible intervals for these parameters are summa-
rized in Table 1. It is important to note that the scale k* and
the corresponding frequency f* in the posterior distributions
are related by Eq. (8). The NANOGrav 15-year data set im-
poses tight constraints on the width of the primordial curva-
ture power spectrum, requiring ∆ ≤ 0.05 at a 95% confidence

level. This result supports the narrow peak assumption made
in Section 2 and has important implications for the shape of
the primordial curvature power spectrum. Moreover, the lower
bound on the reheating temperature, Trh ≥ 0.03 GeV, is consis-
tent with the constraints from BBN, ensuring that our model is
compatible with established cosmological observations. The
constraints on the amplitude A and the peak frequencies f* of
the primordial curvature power spectrum agree with those re-
ported by the NANOGrav collaboration in their study of new
physical phenomena.[180]

The posterior distributions of our model parameters re-
veal interesting features about the parameter space. While the
reheating temperature Trh shows well-defined constraints, the
parameters f* and A exhibit a strong positive correlation with-
out clear upper bounds. This behavior is physically reason-
able, as these parameters jointly determine the overall ampli-
tude of the GW spectrum — a larger characteristic frequency
f* can be compensated by a larger amplitude A to produce sim-
ilar observational signatures. The width parameter ∆ shows no
clear lower bound in its posterior distribution, consistent with
the theoretical possibility of an arbitrarily narrow spectrum.
These features in the parameter space suggest that while the
PTA observations effectively constrain certain combinations
of parameters, some degeneracies remain in our model.
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Fig. 2. The energy density spectrum of SIGWs calculated using the
best-fit parameter values obtained from our analysis. The blue curve
represents the predicted SIGW energy density spectrum while the blue
region denotes the 1σ confidence interval around this spectrum. For
comparison, the red violin plots show the energy density estimates of
the free spectrum derived from the NANOGrav 15-year data set, with
the width of each violin indicating the probability density of the energy
density at the corresponding frequency. The presence of a distinct turn-
ing point in the SIGW spectrum around f ∼ 10−8.1 Hz is attributed to
a change in the equation of state parameter w, which significantly in-
fluences the evolution of SIGWs. Additionally, the sharp decrease in
the SIGW energy density at high frequencies ( f ∼ 10−6 Hz) is a di-
rect consequence of the narrow peak in the primordial curvature power
spectrum, as required by the NANOGrav data.

Using the optimal parameter values obtained from the
posterior distributions (Table 1), we calculate the energy den-
sity spectrum of SIGWs. Figure 2 shows the resulting spec-
trum (blue line) along with the 1σ confidence intervals (blue
region). Interestingly, we observe a distinct turning point
in the energy density spectrum around a frequency of f ∼
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10−8.1 Hz. This feature corresponds to a change in the equa-
tion of state parameter w, which significantly influences the
evolution of SIGWs. The presence of this turning point in the
SIGW spectrum provides a unique signature that can be used
to probe the properties of the early Universe and the nature of
the primordial curvature perturbations.

Another notable feature in the SIGW energy density spec-
trum is the sharp decrease in the ultraviolet region around
f ∼ 10−6 Hz. This characteristic is a direct consequence
of the narrow peak in the primordial curvature power spec-
trum, as required by the NANOGrav data (∆ < 0.05). In the
limiting case of a δ -function form of the power spectrum,
𝒫ℛ(k) = Aδ [ln(k/k*)], the energy density of SIGWs is ex-
pected to cut off at scales k ≥ 2k*.[187] Our analysis demon-
strates that the NANOGrav data favor a primordial curvature
power spectrum with a very narrow peak, leading to the ob-
served sharp decrease in the SIGW energy density spectrum.

To further investigate the implications of our model, we
explore the parameter space of the amplitude A and peak fre-
quency f*. Figure 3 shows the two-dimensional posterior dis-
tribution for these parameters, with the red region indicat-
ing the excluded parameter space due to the overproduction
of PBHs, i.e., fPBH > 1. This result confirms the previously
known issue of PBH overproduction[178] and emphasizes the
importance of considering PBH constraints when studying
SIGWs and the primordial curvature power spectrum.
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Fig. 3. Two-dimensional posterior distribution for the amplitude (A) and
peak frequency ( f*) parameters of the primordial curvature power spec-
trum, with the blue contours representing the 1σ , 2σ and 3σ credible
regions. The red shaded area indicates the region of parameter space ex-
cluded due to the overproduction of PBHs, where the PBH abundance
exceeds unity ( fPBH > 1). This analysis assumes fixed values for the
other model parameters, namely, the width of the power spectrum peak
(log10 ∆ = −3.55) and the reheating temperature (log10(Trh/GeV) =
−0.35). The posterior distribution and the excluded region provide
valuable insights into the constraints on the primordial power spectrum
parameters and the formation of PBHs, highlighting the importance of
considering PBH abundance limits when studying the early Universe
and the generation of SIGWs.

The excluded region in the A– f* parameter space pro-
vides valuable insights into the formation of PBHs and their
relation to the primordial curvature perturbations. Overpro-
duction of PBHs occurs when the amplitude of the primordial
curvature power spectrum is sufficiently large, leading to the

collapse of overdense regions into black holes. By simulta-
neously accounting for the observational constraints from the
NANOGrav data and the theoretical limits on PBH abundance,
our analysis enables a more comprehensive understanding of
the viable parameter space for the primordial curvature power
spectrum and its implications for the formation of PBHs and
the generation of SIGWs.

4. Discussion and conclusion
The stochastic signal observed by collaborations such as

NANOGrav, PPTA, EPTA+InPTA and CPTA is likely to orig-
inate from GWs induced by primordial curvature perturba-
tions generated during inflation. Following the inflationary
epoch, the Universe undergoes a reheating phase, which aims
to increase its temperature and restore the hot Big Bang sce-
nario. Crucial information about the small-scale properties of
inflation and the subsequent reheating process can be encoded
in the energy density of the SGWB. This study explores the
small-scale characteristics of inflation and reheating, focusing
on the specific case where the equation of state parameter dur-
ing the reheating phase is characterized by w = 1/6.

To model the power spectrum of the primordial curva-
ture perturbations, we adopt a lognormal form. This func-
tional form is chosen for its flexibility and ability to capture
various features in the power spectrum. By applying Bayesian
methods and analyzing the NANOGrav 15-year data set, we
obtain posterior distributions for the key parameters that char-
acterize the lognormal power spectrum and the reheating pro-
cess. The obtained posterior values for these parameters are
summarized in Table 1, where f* represents the characteristic
frequency of the spectrum, A denotes the amplitude of the pri-
mordial curvature power spectrum, ∆ characterizes the width
of the spectrum and Trh is the reheating temperature. These re-
sults provide valuable insights into the shape of the primordial
curvature power spectrum and the energy scale of reheating.

Several studies have investigated the possibility of
SIGWs as the source of the PTA common-spectrum sig-
nal with the exploration of the non-standard reheating
scenario.[93,98,100,162,178,188] Compared with those works, our
work focuses specifically on the case of an equation of state
parameter w = 1/6, which corresponds to an inflaton poten-
tial of the form V (φ) ∼ φ 14/5, a scenario not previously in-
vestigated in this context. This choice is motivated by theo-
retical considerations, such as models with non-canonical ki-
netic terms, higher-order corrections, effective field theory ap-
proaches and string theory/supergravity models. By concen-
trating on this representative case, we provide a detailed anal-
ysis of how non-standard reheating dynamics can influence the
SIGW spectrum and the constraints derived from PTA obser-
vations.
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While our analysis focused on the specific case of w =

1/6, it is important to consider the potential impact of alter-
native values of the equation of state parameter w on the in-
terpretation of PTA data. Different choices for w can lead to
variations in the SIGW spectrum and, consequently, the con-
straints on the primordial curvature power spectrum and re-
heating temperature. Future studies should explore a wider
range of w values and assess the sensitivity of the derived con-
straints to this parameter. By considering alternative reheat-
ing scenarios and their impact on the SIGW spectrum, we can
gain a more comprehensive understanding of the early Uni-
verse and the potential of PTA observations to probe the pri-
mordial curvature power spectrum and reheating dynamics.

In summary, the lognormal modeling of the primordial
curvature power spectrum, combined with the analysis of the
NANOGrav 15-year data set, has yielded important constraints
on the key parameters describing the shape of the power spec-
trum and the energy scale of reheating. The distinctive turning
point in the SGWB spectrum, corresponding to the transition
from reheating to the radiation-dominated era, offers a promis-
ing avenue for further investigation. As future observational
data on SIGWs become available, we can expect to gain even
deeper insights into the fundamental aspects of cosmological
evolution during the early Universe, potentially revolutioniz-
ing our understanding of inflation, reheating and the origin of
the Universe as we know it.

Acknowledgments
ZQY is supported by the National Natural Science Foun-

dation of China (Grant No. 12305059), the Joint Fund of
Henan Province Science and Technology R&D Program
(Grant No. 235200810111), and the Startup Research Fund
of Henan Academy of Sciences (Grant No. 241841224). FGZ
is supported by the National Natural Science Foundation of
China (Grant No. 12305075). JZ is supported by the National
Natural Science Foundation of China (Grant No. 12403002)
and the Startup Research Fund of Henan Academy of Sciences
(Grant No. 241841221).

References
[1] Abbott B P, Abbott R, Abbott T D, et al. (LIGO Scientific, Virgo) 2019

Phys. Rev. X 9 031040
[2] Abbott R, Abbott T D, Abraham S, et al. (LIGO Scientific, Virgo) 2021

Phys. Rev. X 11 021053
[3] Abbott R, Abbott T D, Acernese F, et al. (KAGRA, VIRGO, LIGO

Scientific) 2023 Phys. Rev. X 13 041039
[4] Abbott R, Abbott T D, Abraham S, et al. (LIGO Scientific, Virgo) 2021

Phys. Rev. D 103 122002
[5] Abbott R, Abe H, Acernese F, et al. (LIGO Scientific, VIRGO, KA-

GRA) 2021 arXiv:2112.06861 [gr-qc]
[6] Abbott B P, Abbott R, Abbott T D, et al. (LIGO Scientific, Virgo) 2019

Astrophys. J. Lett. 882 L24
[7] Chen Z C, Huang F and Huang Q G 2019 Astrophys. J. 871 97

[8] Chen Z C and Huang Q G 2020 JCAP 08 039
[9] Abbott R, Abbott T D, Abraham S, et al. (LIGO Scientific, Virgo) 2021

Astrophys. J. Lett. 913 L7
[10] Chen Z C, Yuan C and Huang Q G 2022 Phys. Lett. B 829 137040
[11] Abbott R, Abbott T D, Acernese F, et al. (KAGRA, VIRGO, LIGO

Scientific) 2023 Phys. Rev. X 13 011048
[12] Chen Z C, Du S S, Huang Q G and You Z Q 2023 JCAP 03 024
[13] Liu L, You Z Q, Wu Y and Chen Z C 2023 Phys. Rev. D 107 063035
[14] Zheng L M, Li Z, Chen Z C, Zhou H and Zhu Z H 2023 Phys. Lett. B

838 137720
[15] You Z Q, Chen Z C, Liu L, Yi Z, Liu X J, Wu Y and Gong Y 2024

JCAP 05 031
[16] Wei H, Chen Z C and Liu J 2013 Phys. Lett. B 720 271
[17] Wei H, Liu J, Chen Z C and Yan X P 2013 Phys. Rev. D 88 043510
[18] Du S S, Wei J J, You Z Q, Chen Z C, Zhu Z H and Liang E W 2023

Mon. Not. Roy. Astron. Soc. 521 4963
[19] Chen Z C, Wu Y and Wei H 2015 Nucl. Phys. B 894 422
[20] Wu Y, Chen Z C, Wang J and Wei H 2015 Commun. Theor. Phys. 63

701
[21] Huang Y, Gong Y, Liang D and Yi Z 2015 Eur. Phys. J. C 75 351
[22] Zhu Y and Gong Y 2016 Int. J. Mod. Phys. D 26 1750005
[23] Gong Y, Papantonopoulos E and Yi Z 2018 Eur. Phys. J. C 78 738
[24] Chen Z C and Liu L 2024 arXiv:2405.10031 [astro-ph.CO]
[25] Liu X J, You Z Q, Chen Z C, Du S S, Li A and Zhu X J 2024 Astrophys.

J. 962 80
[26] Chen Z C, Huang Q G, Liu C, Liu L, Liu X J, Wu Y, Wu Y M, Yi Z

and You Z Q 2024 JCAP 03 022
[27] Du S S, Liu X J, Chen Z C, You Z Q, Zhu X J and Zhu Z H 2024

Astrophys. J. 968 105
[28] Luo H M, Lin W, Chen Z C and Huang Q G 2020 Front. Phys. 15 14601
[29] You Z Q, Ashton G, Zhu X J, Thrane E and Zhu Z H 2021 Mon. Not.

Roy. Astron. Soc. 509 3957
[30] Chen Z C and Liu L 2024 arXiv:2404.08375 [gr-qc]
[31] Chen Z C and Liu L 2024 JCAP 06 028
[32] You Z Q, Zhu X J, Ashton G, Thrane E and Zhu Z H 2021 Astrophys.

J. 908 215
[33] He X, Liao K, Ding X, Yang L, Wen X, You Z and Zhu Z H 2022 Mon.

Not. Roy. Astron. Soc. 517 4656
[34] Amaro-Seoane P, Audley H, Babak S, et al. (LISA) 2017

arXiv:1702.00786 [astro-ph.IM]
[35] Hu W R and Wu Y L 2017 Natl. Sci. Rev. 4 685
[36] Ruan W H, Guo Z K, Cai R G and Zhang Y Z 2020 Int. J. Mod. Phys.

A 35 2050075
[37] Luo J, Chen L S, Duan H Z, et al. (TianQin) 2016 Class. Quant. Grav.

33 035010
[38] Klein A, Barausse E, Sesana A, et al. 2016 Phys. Rev. D 93 024003
[39] Babak S, Gair J, Sesana A, Barausse E, Sopuerta C F, Berry C P L,

Berti E, Amaro-Seoane P, Petiteau A and Klein A 2017 Phys. Rev. D
95 103012

[40] Gair J R, Babak S, Sesana A, Amaro-Seoane P, Barausse E, Berry C P
L, Berti E and Sopuerta C 2017 J. Phys. Conf. Ser. 840 012021

[41] Fan H M, Hu Y M, Barausse E, Sesana A, Zhang J d, Zhang X, Zi T G
and Mei J 2020 Phys. Rev. D 102 063016

[42] Sazhin M V 1978 Soviet Astronomy 22 36
[43] Detweiler S L 1979 Astrophys. J. 234 1100
[44] Foster R S and Backer D C 1990 Astrophys. J. 361 300
[45] Hellings R W and Downs G S 1983 Astrophys J. Lett. 265 L39
[46] Tiburzi C 2018 Publ. Astron. Soc. Austral. 35 e013
[47] Kelley L Z, Blecha L, Hernquist L, Sesana A and Taylor S R 2017 Mon.

Not. Roy. Astron. Soc. 471 4508
[48] Li J, Chen Z C and Huang Q G 2019 Sci. China Phys. Mech. Astron.

62 110421
[49] Chen Z C, Yuan C and Huang Q G 2020 Phys. Rev. Lett. 124 251101
[50] Wu Y M, Chen Z C and Huang Q G 2023 Phys. Rev. D 107 042003
[51] Wu Y M, Chen Z C and Huang Q G 2023 JCAP 09 021
[52] Wu Y M, Chen Z C, Huang Q G, Zhu X, Bhat N D R, Feng Y, Hobbs

G, Manchester R N, Russell C J and Shannon R M (PPTA) 2022 Phys.
Rev. D 106 L081101

[53] Chen Z C, Yuan C and Huang Q G 2021 Sci. China Phys. Mech. Astron.
64 120412

[54] Chen Z C, Wu Y M and Huang Q G 2022 Astrophys. J. 936 20
[55] Chen Z C, Wu Y M and Huang Q G 2022 Commun. Theor. Phys. 74

105402
[56] Tan Q, Wu Y and Liu L 2024 arXiv:2409.17846 [gr-qc]
[57] Wu Y M, Chen Z C and Huang Q G 2022 Astrophys. J. 925 37

020402-7

http://dx.doi.org/10.1103/PhysRevX.9.031040
http://dx.doi.org/10.1103/PhysRevX.9.031040
http://dx.doi.org/10.1103/PhysRevX.11.021053
http://dx.doi.org/10.1103/PhysRevX.11.021053
http://dx.doi.org/10.1103/PhysRevX.13.041039
http://dx.doi.org/10.1103/PhysRevD.103.122002
http://dx.doi.org/10.1103/PhysRevD.103.122002
https://arxiv.org/abs/2112.06861
http://dx.doi.org/10.3847/2041-8213/ab3800
http://dx.doi.org/10.3847/2041-8213/ab3800
http://dx.doi.org/10.3847/1538-4357/aaf581
http://dx.doi.org/10.1088/1475-7516/2020/08/039
http://dx.doi.org/10.3847/2041-8213/abe949
http://dx.doi.org/10.3847/2041-8213/abe949
http://dx.doi.org/10.1016/j.physletb.2022.137040
http://dx.doi.org/10.1103/PhysRevX.13.011048
http://dx.doi.org/10.1088/1475-7516/2023/03/024
http://dx.doi.org/10.1103/PhysRevD.107.063035
http://dx.doi.org/10.1016/j.physletb.2023.137720
http://dx.doi.org/10.1016/j.physletb.2023.137720
http://dx.doi.org/10.1088/1475-7516/2024/05/031
http://dx.doi.org/10.1088/1475-7516/2024/05/031
http://dx.doi.org/10.1016/j.physletb.2013.02.027
http://dx.doi.org/10.1103/PhysRevD.88.043510
http://dx.doi.org/10.1093/mnras/stad696
http://dx.doi.org/10.1093/mnras/stad696
http://dx.doi.org/10.1016/j.nuclphysb.2015.03.012
http://dx.doi.org/10.1088/0253-6102/63/6/701
http://dx.doi.org/10.1088/0253-6102/63/6/701
http://dx.doi.org/10.1140/epjc/s10052-015-3574-7
http://dx.doi.org/10.1142/S0218271817500055
http://dx.doi.org/10.1140/epjc/s10052-018-6227-9
https://arxiv.org/abs/2405.10031
http://dx.doi.org/10.3847/1538-4357/ad17c9
http://dx.doi.org/10.3847/1538-4357/ad17c9
http://dx.doi.org/10.1088/1475-7516/2024/03/022
http://dx.doi.org/10.3847/1538-4357/ad4450
http://dx.doi.org/10.3847/1538-4357/ad4450
http://dx.doi.org/10.1007/s11467-019-0936-x
http://dx.doi.org/10.1093/mnras/stab2977
http://dx.doi.org/10.1093/mnras/stab2977
https://arxiv.org/abs/2404.08375
http://dx.doi.org/10.1088/1475-7516/2024/06/028
http://dx.doi.org/10.3847/1538-4357/abd4d4
http://dx.doi.org/10.3847/1538-4357/abd4d4
http://dx.doi.org/10.1093/mnras/stac3029
http://dx.doi.org/10.1093/mnras/stac3029
https://arxiv.org/abs/1702.00786
https://arxiv.org/abs/1702.00786
http://dx.doi.org/10.1093/nsr/nwx116
http://dx.doi.org/10.1142/S0217751X2050075X
http://dx.doi.org/10.1142/S0217751X2050075X
http://dx.doi.org/10.1088/0264-9381/33/3/035010
http://dx.doi.org/10.1088/0264-9381/33/3/035010
http://dx.doi.org/10.1103/PhysRevD.93.024003
http://dx.doi.org/10.1103/PhysRevD.95.103012
http://dx.doi.org/10.1103/PhysRevD.95.103012
http://dx.doi.org/10.1088/1742-6596/840/1/012021
http://dx.doi.org/10.1103/PhysRevD.102.063016
https://ui.adsabs.harvard.edu/abs/1978SvA....22...36S/abstract
http://dx.doi.org/10.1086/157593
http://dx.doi.org/10.1086/169195
http://dx.doi.org/10.1086/183954
http://dx.doi.org/10.1017/pasa.2018.7
http://dx.doi.org/10.1093/mnras/stx1638
http://dx.doi.org/10.1093/mnras/stx1638
http://dx.doi.org/10.1007/s11433-019-9605-5
http://dx.doi.org/10.1007/s11433-019-9605-5
http://dx.doi.org/10.1103/PhysRevLett.124.251101
http://dx.doi.org/10.1103/PhysRevD.107.042003
http://dx.doi.org/10.1088/1475-7516/2023/09/021
http://dx.doi.org/10.1103/PhysRevD.106.L081101
http://dx.doi.org/10.1103/PhysRevD.106.L081101
http://dx.doi.org/10.1007/s11433-021-1797-y
http://dx.doi.org/10.1007/s11433-021-1797-y
http://dx.doi.org/10.3847/1538-4357/ac86cb
http://dx.doi.org/10.1088/1572-9494/ac7cdf
http://dx.doi.org/10.1088/1572-9494/ac7cdf
https://arxiv.org/abs/2409.17846
http://dx.doi.org/10.3847/1538-4357/ac35cc


Chin. Phys. B 34, 020402 (2025)

[58] Falxa M, Babak S, Baker P T, et al. (IPTA) 2023 Mon. Not. Roy. Astron.
Soc. 521 5077

[59] McLaughlin M A 2013 Class. Quant. Grav. 30 224008
[60] Kramer M and Champion D J (EPTA) 2013 Class. Quant. Grav. 30

224009
[61] Manchester R N, Hobbs G, Bailes M, et al. 2013 Publ. Astron. Soc.

Austral. 30 e017
[62] Miles M T, Shannon R M, Bailes M, et al. 2023 Mon. Not. Roy. Astron.

Soc. 519 3976
[63] Lee K J 2016 Prospects of Gravitational Wave Detection Using Pulsar

Timing Array for Chinese Future Telescopes Frontiers in Radio Astron-
omy and FAST Early Sciences Symposium (Astronomical Society of the
Pacific Conference Series) p. 19

[64] Agazie G, Alam M F, Anumarlapudi A, et al. (NANOGrav) 2023 As-
trophys. J. Lett. 951 L9

[65] Agazie G, Anumarlapudi A, Archibald A M, et al. (NANOGrav) 2023
Astrophys. J. Lett. 951 L8

[66] Zic A, Reardon D J, Kapur A, et al. 2023 Publ. Astron. Soc. Austral.
40 e049

[67] Reardon D J, Zic A, Shannon R M, et al. 2023 Astrophys. J. Lett. 951
L6

[68] Xu H, Chen S Y, Guo Y J, et al. 2023 Res. Astron. Astrophys. 23 075024
[69] Antoniadis J, Babak S, Bak Nielsen A S, et al. (EPTA) 2023 Astron.

Astrophys. 678 A48
[70] Antoniadis J, Arumugam P, Arumugam S, et al. (EPTA, InPTA) 2023

Astron. Astrophys. 678 A50
[71] Bi Y C, Wu Y M, Chen Z C and Huang Q G 2023 Sci. China Phys.

Mech. Astron. 66 120402
[72] Chen Z C, Li S L, Wu P and Yu H 2024 Phys. Rev. D 109 043022
[73] Chen Z C, Wu Y M, Bi Y C and Huang Q G 2024 Phys. Rev. D 109

084045
[74] Bi Y C, Wu Y M, Chen Z C and Huang Q G 2024 Phys. Rev. D 109

L061101
[75] Wu Y M, Chen Z C, Bi Y C and Huang Q G 2024 Class. Quant. Grav.

41 075002
[76] Agazie G, Antoniadis J, Anumarlapudi A, et al. (International Pulsar

Timing Array) 2024 Astrophys. J. 966 105
[77] Witten E 1984 Phys. Rev. D 30 272
[78] Hogan C J 1986 Mon. Not. Roy. Astron. Soc. 218 629
[79] Caprini C, Durrer R and Siemens X 2010 Phys. Rev. D 82 063511
[80] Li S L, Shao L, Wu P and Yu H 2021 Phys. Rev. D 104 043510
[81] Vilenkin A 1981 Phys. Lett. B 107 47
[82] Damour T and Vilenkin A 2001 Phys. Rev. D 64 064008
[83] Damour T and Vilenkin A 2005 Phys. Rev. D 71 063510
[84] Vilenkin A 1981 Phys. Rev. D 23 852
[85] Hiramatsu T, Kawasaki M and Saikawa K 2014 JCAP 02 031
[86] Ananda K N, Clarkson C and Wands D 2007 Phys. Rev. D 75 123518
[87] Baumann D, Steinhardt P J, Takahashi K and Ichiki K 2007 Phys. Rev.

D 76 084019
[88] Yuan C, Chen Z C and Huang Q G 2020 Phys. Rev. D 101 063018
[89] Yuan C, Chen Z C and Huang Q G 2020 Phys. Rev. D 101 043019
[90] Cai R G, Guo Z K, Liu J, Liu L and Yang X Y 2020 JCAP 06 013
[91] Chen Z C and Liu L 2024 arXiv:2402.16781 [astro-ph.CO]
[92] Chen Z C, Li J, Liu L and Yi Z 2024 Phys. Rev. D 109 L101302
[93] Liu L, Wu Y and Chen Z C 2024 JCAP 04 011
[94] Yi Z, Gao Q, Gong Y, Wang Y and Zhang F 2023 Sci. China Phys.

Mech. Astron. 66 120404
[95] Fei Q 2024 Commun. Theor. Phys. 76 015404
[96] You Z Q, Yi Z and Wu Y 2023 JCAP 11 065
[97] Yi Z, You Z Q, Wu Y, Chen Z C and Liu L 2024 JCAP 06 043
[98] Domènech G, Pi S, Wang A and Wang J 2024 JCAP 08 054
[99] Tagliazucchi M, Braglia M, Finelli F and Pieroni M 2023

arXiv:2310.08527 [astro-ph.CO]
[100] Inomata K, Kohri K and Terada T 2024 Phys. Rev. D 109 063506
[101] Yuan C, Chen Z C and Liu L 2024 arXiv:2410.18996 [gr-qc]
[102] Starobinsky A A 1979 JETP Lett. 30 682
[103] Mukhanov V F and Chibisov G V 1981 JETP Lett. 33 532
[104] Guth A H and Pi S Y 1982 Phys. Rev. Lett. 49 1110
[105] Hawking S W 1982 Phys. Lett. B 115 295
[106] Starobinsky A A 1982 Phys. Lett. B 117 175

[107] Bardeen J M, Steinhardt P J and Turner M S 1983 Phys. Rev. D 28 679
[108] Guth A H 1981 Phys. Rev. D 23 347
[109] Linde A D 1982 Phys. Lett. B 108 389
[110] Albrecht A and Steinhardt P J 1982 Phys. Rev. Lett. 48 1220
[111] Linde A D 1983 Phys. Lett. B 129 177
[112] Saito R and Yokoyama J 2009 Phys. Rev. Lett. 102 161101 [Erratum:

2011 Phys. Rev. Lett. 107 069901]
[113] Saito R and Yokoyama J 2010 Prog. Theor. Phys. 123 867 [Erratum:

2011 Prog. Theor. Phys. 126 351]
[114] Bugaev E and Klimai P 2010 Phys. Rev. D 81 023517
[115] Bugaev E and Klimai P 2011 Phys. Rev. D 83 083521
[116] Liu L, Guo Z K and Cai R G 2019 Phys. Rev. D 99 063523
[117] Liu L, Guo Z K and Cai R G 2019 Eur. Phys. J. C 79 717
[118] Huang Q G, Yuan C, Chen Z C and Liu L 2024 JCAP 08 030
[119] Chen Z C and Hall A 2024 arXiv:2402.03934 [astro-ph.CO]
[120] Chen Z C and Liu L 2024 arXiv:2401.12889 [astro-ph.HE]
[121] Chen Z C, Kim S P and Liu L 2023 Commun. Theor. Phys. 75 065401
[122] Liu L, Guo Z K, Cai R G and Kim S P 2020 Phys. Rev. D 102 043508
[123] Liu L, Christiansen O, Guo Z K, Cai R G and Kim S P 2020 Phys. Rev.

D 102 103520
[124] Liu L, Christiansen O, Ruan W H, Guo Z K, Cai R G and Kim S P

2021 Eur. Phys. J. C 81 1048
[125] Liu L and Kim S P 2024 AIP Conf. Proc. 2874 020001
[126] Chen Z C and Huang Q G 2018 Astrophys. J. 864 61
[127] Yuan C, Chen Z C and Huang Q G 2019 Phys. Rev. D 100 081301
[128] Liu L, Yang X Y, Guo Z K and Cai R G 2023 JCAP 01 006
[129] Yi Z, You Z Q and Wu Y 2024 JCAP 01 066
[130] Wu Y 2020 Phys. Rev. D 101 083008
[131] Liu L and Kim S P 2022 JCAP 03 059
[132] Meng D S, Yuan C and Huang Q G 2023 Sci. China Phys. Mech. As-

tron. 66 280411
[133] Carr B, Kohri K, Sendouda Y and Yokoyama J 2021 Rept. Prog. Phys.

84 116902
[134] Maggiore M 2000 Phys. Rept. 331 283
[135] Boyle L A and Steinhardt P J 2008 Phys. Rev. D 77 063504
[136] Watanabe Y and Komatsu E 2006 Phys. Rev. D 73 123515
[137] Kuroyanagi S, Nakayama K and Saito S 2011 Phys. Rev. D 84 123513
[138] Wu Y, Chen Z C and Liu L 2024 arXiv:2409.14929 [astro-ph.CO]
[139] Kuroyanagi S, Nakayama K and Yokoyama J 2015 PTEP 2015 013E02
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