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We introduce a hybrid cavity optomechanical model capable of generating significant genuine tripartite interactions
and entanglement among coherent degrees of freedom. However, realizing and controlling such tripartite interactions and
their entanglement pose crucial challenges that remain largely unexplored. In this work, we predict a tripartite coupling
mechanism within a hybrid quantum system consisting of a vibrating mechanical oscillator, a two-level atom and a single-
frequency cavity field. We specifically propose a mechanism for tripartite and cross-Kerr nonlinear coupling through
displacement and squeezing transformations. By adjusting the optical amplitude of the pump light, we can effectively
enhance these nonlinear couplings, facilitating the manipulation of entangled and squeezed states. The resulting tripartite
genuine entanglement exhibits distinct evolutionary characteristics. Notably, when the pump light amplitude is large, the
tripartite entanglement persists for longer time. Additionally, the phonon displays characteristics of both cooling and
squeezing. Our study presents a pathway for exploring and exploiting controllable multipartite entanglement, as well as
achieving phonon cooling and squeezing with the assistance of a mesoscopic harmonic oscillator. This work underscores
the innovative potential of our model in advancing the field of optomechanics and quantum entanglement.

Keywords: cross-Kerr nonlinear coupling, tripartite coupling, tripartite entanglement
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1. Introduction

Cavity optomechanics (COM) traditionally focuses on the
pairwise interaction between optical fields and macroscopic

U-71 However,

mechanical motion through radiation pressure.
explorations extending beyond these pairwise interactions
have garnered significant interest.!8! Hybrid cavity optome-
chanical systems, in particular, can integrate disparate degrees
of freedom to achieve novel functions, such as generating
multi-particle entanglement, which is unattainable with indi-
vidual degrees of freedom.[®!%1 Meanwhile, cavity quantum
electrodynamics (QED) has delved into resonant light—matter
coupling between confined photon modes and atom-like elec-
tronic excitations.!!!-12]

With advances in nanotechnology, hybrid systems com-
bining COM and cavity QED have become feasible. These
systems enable the simultaneous realization of tripartite and
cross-Kerr nonlinear interactions, which remain largely un-
explored. Recently, novel systems with rich hybrid struc-
tures have attracted considerable attention. Superconducting
circuits!'>!% and hybrid spin—-mechanical systems!'>! have
been studied for their potential to enhance various interac-
tions. Systems incorporating two-level atoms also show strong
optomechanical coupling.!'®2% Additionally, COM systems

TCorresponding author. E-mail: guoyaowu@wfu.edu.cn
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coupled to atomic ensembles have been investigated.!?!=23]

Despite these studies, a genuine tripartite coupling regime
has not been achieved. A recent theoretical scheme pro-
posed tripartite coupling in spin—-magnon—-mechanical hybrid
systems.[?%] While pairwise interactions among atoms, pho-
tons and phonons have been presented, *’! the implementation
of tripartite coupling among them remains rare. Therefore, hy-
brid systems combining COM and cavity QED are expected
to realize such tripartite coupling and further form cross-Kerr
nonlinear coupling.>®=3!1 Our work aims to address this gap
by proposing a novel hybrid system that achieves and regu-
lates tripartite coupling, contributing to the advancement of
multipartite entanglement and quantum control.

In this article, we present an experimentally feasible hy-
brid quantum model, illustrated in Fig. 1(a), designed to gen-
erate tripartite coupling. The model consists of a Fabry—Pérot
cavity, a movable mechanical resonator and a two-level atom.
The resonator is positioned at the node (or antinode) of the
intracavity optical mode, enabling quadratic coupling to the
single optical mode.3>33471 As the two-level atom interacts
with the single-mode photon, it harmoniously oscillates with
the resonator, transforming the pairwise interaction between
the photon and atom into a tripartite interaction. A quantized
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description reveals the participation of the phonon in this in-
teraction.

Our hybrid quantum model, characterized by genuine
atom—photon—phonon coupling, plays a distinctive role in
quantum information processing. Firstly, when the intensity
of the pump light field is strong, it effectively modulates the
strength of the tripartite coupling, making the amplitude of
the pump light a crucial and experimentally adjustable pa-
rameter for the hybrid system.[*¢! Increasing the amplitude
of the pump light enhances the strength of both tripartite and
cross-Kerr nonlinear couplings, contributing to phonon cool-
ing and squeezing. Given the distinct characteristics of pair-

wise and tripartite entanglement, 3741

we will analyze the
time-dependent behavior of tripartite entanglement. These be-
haviors can be modulated through the pumping field and field
decay factors, exhibiting different evolutionary patterns as de-
cay factors increase. Secondly, based on strong and genuine
tripartite interactions at the single quantum level, the frame-
work of multi-particle entanglement offers a powerful tool
for quantum information processing applications.!*14?1 Our
model thus provides a novel platform for exploring and har-

nessing the potential of tripartite coupling in quantum systems.

2. The model

As depicted in Fig. 1(a), a mechanical oscillator, carry-
ing a two-level atom, is positioned at the node of the intra-
cavity field.!*3] This setup encompasses three degrees of free-
dom: the single two-level atom (6;), the photon mode (¢) and
the mechanical mode (b). The atom operators are defined by
the Pauli operators 6; (with i = x,y,z) in the two-level energy
basis {|g),|e)}. Within the hybrid cavity, we model the in-
teraction between photons and the two-level atom using the
Jaynes—Cummings (JC) form Ref. [44] and a quadratic op-
tomechanical coupling between phonons (b) and photons (¢).
As the two-level atom undergoes simple harmonic vibration,
phonons participate in the cavity QED interaction, leading to
the formation of atom—photon—phonon coupling, as illustrated
in Fig. 1(b).The total Hamiltonian of the system, with 7 = 1,

can be expressed as follows:[#3!
I:Itotal = gTO + I:IOm + I:ITr + ﬂDra (D
with
Ao = 0,87 ¢+ (0,/2)6, + 0,b b, 2)
Hom = g¢'¢(b" +b)*, 3)
A =A%(6.b'¢+6 be" +b6,.¢+Db'6.¢7), (4
Hp, = g.(e!! 4 ¢feiont), (5)

where ¢ (¢7) and b (b') denote the annihilation (creation) op-
erators of the cavity (with resonant frequency ,) and me-

chanical modes (with resonant frequency @), g character-
izes the quadratic optomechanical coupling and Htg describes
the Hamiltonian of the cavity field, the single atom and the
phonons respectively. Hrt describes the tripartite coupling
and A" is the atom—photon—phonon coupling strength. Hp,
is the pumping field of the cavity mode, where &, is a slowly
varying amplitude related to the input laser power P by & =

/P /(hiar). 7. is the photon decay rate in the cavity field.

(a) (b)
Photon Mechanics
Ye ~
@ b
Atom

\
N

Ya

Fig. 1. (a) Proposal schematic: A mechanical oscillator vibrates har-
monically at frequency @, within a single-mode optical cavity (@.). A
two-level atom (@,) is embedded in the oscillator. Quadratic optome-
chanical coupling links the oscillator and the optical mode, while cavity
QED interaction connects the optical mode and the atom. (b) Physical
model schematic: The two-level atom (red circle), phonon mode (cyan
ellipse), and photon mode (green circle) are coupled simultaneously.
Photonic driving (blue wavy arrow) enhances the coupling rate to Aef
(blue trichotomous arrow).

In the subsequent analysis, we delve into the genera-
tion of tripartite coupling within the hybrid optomechani-
cal system. Within the confines of the hybrid cavity QED
system, the electric field operator is given by E(z,7) =
ex\/ho./(gV)sin(k.z)(¢ +¢"). Here, a monochromatic opti-
cal mode engages with a two-level atom, and the correspond-

ing Hamiltonian is formulated as follows: 4!

I:Icavity QED — _d\' Ez,h (6)

where d is the atomic dipole operator d = d(6, + 6_). From
Eq. (6), we obtain the quantized Hamiltonian

HAr(z) = Ak 2(64 +6-) (e +¢), (7)

where A is the atom-field coupling constant. In the afore-
mentioned equation, the two-level atom produces harmonic
vibrations and is positioned at the nodes of the optical stand-
ing wave. Consequently, the electric dipole coupling becomes
position-dependent, [*3 approximated as sin(k.z) ~ k.z. The
quantized displacement can be expressed as 2 = zo(b + b"),
h / 2megr @y de-
notes the zero-point fluctuation. By applying the rotating wave

where b is the oscillator operator and zp =

approximation, we can easily derive Eq. (4) from Eq. (7) with
the effective tripartite coupling rate A" = Ak.zo, N = k.20, and
A" = An. k. denotes the magnitude of the wave vector of the
optical field, while m¢ represents the effective mass of a two-
level atom embedded in a simple harmonic oscillator. This
effective mass is determined by the combined mass distribu-
tion of the oscillator and the atom. By vertically adjusting
the atom’s position, as depicted in Fig. 1(a), we can modify
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megr. In experiments, both mg of the atomic harmonic vibra-
tion and k. of the light field can be adjusted simultaneously
to precisely control the strength of the tripartite coupling A".
These two externally adjustable parameters provide a practi-
cal experimental method to effectively manage and enhance
the tripartite interaction.

With the aid of strong and adjustable driving fields, we
can significantly increase both optomechanical and tripartite
couplings.*”) To better illustrate the impact of these driving
fields, the Hamiltonian can be transformed into a more suitable
physical framework. In the interaction picture at frequency
@, the driving field component of the optical field can be
removed by converting the Hamiltonian into a displacement
form using Ap = D' (o) HyowD(). Here, the displacement
operator D(a) is defined by D¥(ot)éD (o) = ¢+ o, and it can
be written as

[‘AID = AC€T6+ ((T)a/Q,)é'z + (DbBTB +Hsp
—gléfe+a(e +é&)+a?| (b +b)?
+ AT (64 e+ 6_bT + 6, be+6b'¢T),  (8)

where the detunings are defined as A, = @, — O, @, = @, —
op,. Without the loss of generality, o is taken as a real num-
ber, specifically o = —g./A.. The equation presented above
has ignored constant terms and incorporates the spin—phonon
interaction Hyp = A%(6, b+ 6b"), where the coupling rate A%
is given by A% = A"q.

3. Tripartite coupling enhanced by the driving
field

In the Hamiltonian, Eq (8), the quadratic term of the
mechanical mode can be diagonalized through the applica-
tion of the squeezing transformation. This is achieved by
Heir = S(re)HpST (rq ), where S(rq) represents the squeezing
operator defined as S(ry) = exp(rq (b +b'?)). The squeezing
amplitude rq is defined as ro = —iln(l —4ga’/ay). Within
this squeezing frame, the effective system Hamiltonian can be
expressed as follows: 43491

Het = AclTe 4+ (@0,/2) 6, + @b b — go (¢b™ + ¢7H%)
—2gxé"eb’ b+ (6. bT e+ 6_beT) + A, (9)

—2rg
9

where @ = wye gk = ge¥® and go = gxo, with gk

denoting the cross-Kerr nonlinear coefficient. The tripar-
tite effective coupling rate Alf; is given by A"e’®, which
can be enhanced and tuned by controlling &.. Additionally,
I-AIS’p = ab(é*@ + 6b") with 5 = Aqe’™. The atom has
two states: a ground state |g) and an excited state |e). The
particle numbers of the photon and phonon are labeled by
{n,m}. Under blue detuning A. ~ @, + @ and the rotat-
ing wave approximation, the Hamiltonian permits interactions

{¢b™?, b6+ eb* 6} 4+ H.c. in Eq. (9), corresponding to tran-
sitions Y, {|g,m,m) <> |[g,n—1,m+2) <> le,n—1,m+1)
le,n,m —1)}. These transitions describe the annihilation and
excitation of photons, phonons and atomic spins.
The dynamics of the open system are governed by the

quantum master equation (accounting for field decays)

dp

i
where p is the density operator and ¥, ;, , are the damping rates.
The Lindblad dissipative terms, V¢, L[¢]p = épé’ — 1 (¢Tép +

—i[Aetr, p] + Y L[EP + VL6 1p + LD,  (10)

péTé), represent dissipations. For simplicity, we assume equal
decay rates for phonons and photons, 7. = %, = 7.

(a)0.6 (d) o
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Fig. 2. The dependence of the squeezing parameter and the coupling
parameter on the ratio €:/A. of the pumping field of the cavity mode
with different w, = 10, 20, 30, 40. (a) The squeezing parameter ry ver-
sus the amplitude &./A. of the pumping field, (b)-(f) ®f, ga. gx. AJ,
and AJf; versus the amplitude ratio €. /A, with different e, respectively.
(g) Contour map of tripartite coupling enhancement A f; versus the ratio
&./A. and @,. Here @, = @, = 10g, A, =20g and 2A" =g = 1.

To quantify the simultaneous enhancement of various
couplings (tripartite, bipartite and cross-Kerr nonlinear), we
explore the dependence of the squeezing amplitude r, and
model coupling parameters on the pumping field amplitude
€&, as depicted in Fig. 2. The squeezing parameter, tripartite

tr

coupling strength A and cross-Kerr coupling gk exhibit ex-

(S
ponential enhancement due to amplified phonon fluctuations,
which increase with &, [Figs. 2(a)-2(c)]. Conversely, the ef-
fective phonon frequency w decreases gradually [Fig. 2(d)].
Both the quadratic optomechanical coupling g, and the spin—
phonon coupling A9, show a faster enhancement trend than

typical exponential growth [Figs. 2(e) and 2(f)]. Notably, A},

024203-3



Chin. Phys. B 34, 024203 (2025)

demonstrates further exponential enhancement, inversely pro-
portional to @y [Fig. 2(g)]. In summary, by adjusting the driv-
ing field strength & within the framework of phonon squeez-
ing we can simultaneously realize and regulate the hybrid
quantum system, enhancing both tripartite and bipartite inter-
actions.

4. Dynamics of the cooling processes in a hybrid
cavity system

When tripartite and bipartite couplings coexist, exploring
the evolution of quasi-particle occupancy under ideal condi-
tions becomes crucial. Numerical solutions for the occupancy
dynamics of the two-level atom, photon and phonon, as de-
picted in Fig. 3, illuminate the cooling processes within the hy-
brid system. Figures 3(a) and 3(b) display the time evolution
of photon and phonon occupancies, respectively, for various
decay rates (Y = ¥, = 7¥). The asymptotic behavior of photon
occupancy reveals a convergence to a finite steady-state value

under & = 15 [Fig. 3(a)], whereas phonon occupancy even-
tually diminishes to zero, indicating complete phonon cool-
ing [Fig. 3(b)]. The inset underscores the universality of the
atomic population cooling process over time. Notably, artifi-
cially enhancing the decay coefficients (Y = ¥, = J}) can opti-
mize the rate of phonon cooling.

Figures 3(c) and 3(d) present the time evolution of photon
and phonon occupancies for different strengths of the pump-
ing field (g.). When &, is below a threshold value of 10, pho-
ton occupancy ultimately vanishes, realizing photon cooling
[Fig. 3(c)]. Conversely, as shown in the inset, phonon cooling
remains relatively insensitive to the magnitude of &.. Under a
strong driving field, the atomic population evolves from a fi-
nite value (> —0.5) over time, while in a weak field it remains
in the ground state (= —0.5) without temporal change. It is
worth mentioning that the initial states for the system’s evolu-

tion are derived from the ground states of the closed system at
varying & [Fig. 3(d)].

=]
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2 50
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Fig. 3. Quantum asymptotic dynamics in cooling processes. (a) Time evolution of the steady-state photon number with different decays
Y="% =", Y% = 0.1, and (b) the mechanical phonon evolution. The inset shows universal time evolution of the atomic population for
different decay parameters. (c) The dependence of time evolution of the photon number on the strength €. of the pumping field of the cavity
mode with different €. =5, 10, 15, 20. The inset shows universal time evolution of the phonon number. (d) The time evolution of the atomic
population with different strengths &, of the pumping field. Here A" = g = 1 and ¥, = 0.1. Other parameters are shown in Fig. 2.

5. Applications of the tripartite coupling system

For a novel hybrid system featuring multiple types of cou-
plings, tripartite entanglement emerges as a crucial physical
parameter.’”) We assess the temporal dynamics of tripartite
entanglement under varying driving field strengths &, and de-
cay factors 7. The tripartite negativity provides a quantita-
tive measure of the full tripartite entanglement of these states.
Specifically, we define the genuine tripartite negativity of a
state p as N = (Na_pcNs_acNc_ag)'/3,P! where the bipar-
tite negativities are given by Ny_jx = —2Y,0;(pr1). Here,

o;(prr) represents the negative eigenvalues of pyy, and the
partial transpose of p is defined as (i, jix | pr1 | k1, k) =
(ki, jix | p | i1, 1yx) with respect to subsystem I (I = A, B, C)
and JK = BC, AC, AB.

The evolution of the hybrid system starts from the ground
state of the Hamiltonian in Eq. (9). Figure 4(a) illustrates
the evolution of genuine tripartite entanglement under differ-
ent driving fields €. =5, 10, 15, 20 with a fixed decay fac-
tor Y = 0.4. It is evident that stronger driving field strengths

lead to more robust and prolonged entanglement over time.
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Clearly, enhancing the coupling strength of the system facil-
itates the maintenance of tripartite entanglement. Similarly,
Fig. 4(b) demonstrates that the decay of tripartite entangle-
ment accelerates with increasing decay factors v = 0.2, 0.4,
0.8, 1. The stronger the decay factor, the faster the entangle-
ment decays. Genuine tripartite entanglement is a valuable
quantum information resource with numerous potential appli-
cations in quantum information processing®>~"! and quantum
many-body physics. 28621

Lo (a) =5

. e.=10

g.=15

0.9 g.=20
= 0.6
0.3

0.0 0.2 0.4 0.6
gt

Fig. 4. The tripartite entanglement dynamics with different decays y
and strengths &, of the pumping field. (a) The dependence of the tripar-
tite entanglement on the €. of the pumping field of the cavity mode with
Y=0.4 . (b) The time evolution of three-body entanglement with dif-
ferent decay factors y = 0.2, 0.4, 0.8, 1 and &. = 15. Here Ar=g=1,
Y, = 0.1. Other parameters are shown in Fig. 2.

Considering the quadratic term of the mechanical mode,
we explore the quantum squeezing of mechanical phonons,
a typical quantum effect and important resource for vari-

[63-66] We now analyze how the driving field

ous applications.
and dissipation affect the squeezing properties of the oscilla-
tor. The squeezing of the oscillator can be assessed through
the variances of its quadrature operators X = S(rq)(b" +
b)S'(rg) and X_ = S(rg)[i(b" — b)]ST(ry), as detailed in
Refs. [67,68],
(AX2)(1) = [1+2(b"b) = ((*) + (b))
F((b7) £ (b)))e . (11)
Thus, mechanical phonon squeezing occurs when the
variances fulfill the condition (AX2)<1 or (AX2)<1. Specif-
ically, steady squeezing of the oscillator is observed solely
in (AX2)(1).
squeezing, represented by (AX?), can be effectively modu-

As depicted in Fig. 5(a), mechanical phonon

lated. An increase in the decay factor 7y leads to the onset of

phonon squeezing (indicated by values below the solid black
line of 1), with a more rapid entry into the squeezing state
and sustained squeezing over time. For a fixed decay factor,
Y = 0.4, as the pumping field strength & increases (5, 10,
15, 20), the phonon enters the squeezed state more swiftly
and achieves better optimization, as illustrated in Fig. 5(b).
Through the discussion of the above two applications, it can
be found that the pumping field strength €. enhances both
tripartite entanglement and phonon squeezing characteristics.
Conversely, while the decay factor y causes entanglement per-
formance to decline over time it augments squeezing perfor-
mance. Consequently, within our system, adjustable parame-
ters € and 7y enable us to effectively achieve controllable tri-
partite entanglement and phonon squeezing at the single quan-
tum level. This underscores the innovative aspect of our ap-
proach, facilitating precise control over these quantum phe-
nomena through experimentally accessible means.

5

(a)
4
—_—v=0.2
S 3 v=0.4
—~ v=0.8
o
>< v=1.0
42
1 ———

)(t)

2

(AX

0 6 12 18 24 30
gt

Fig. 5. The time evolution of the squeezing (AX2) of the mechanical
phonon with different pump field strengths and decay factors. The de-
pendence of time evolution of the squeezing on different decay factors
Y=0.2,0.4, 0.8, 1, is shown in (a). (b) The dependence of time evo-
lution of the squeezing on the strength €. of the pumping field of the
cavity mode with different & = 5, 10, 15, 20. Here A" = g = 1 and
Y, = 0.1. Other parameters are shown in Fig. 2.

6. The feasibility of the scheme in the experi-
ment

In addition to the experimental scheme mentioned above,
various hybrid optomechanical setups, besides the membrane-
in-middle cavity system, such as cavity-levitated nanospheres
and atom-chip-based cavity optomechanics, have demon-
strated feasible quadratic coupling between the cavity mode
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and mechanical oscillator.[%7! To align our theoretical
framework with experimental feasibility and operability, we
aim to adopt parameters that mirror those used in actual exper-
imental setups, such as those outlined by Thompson et al.!!]
Typically, the mechanical frequency is set at /27 = 8.4 x
10° Hz, with a mechanical decay constant of ¥, = 0.75 Hz.
A key challenge lies in realizing the quadratic optomechan-
ical coupling. Recent advances have significantly enhanced
For the

coupling strength g = $92./9dz%z} (zo being the mechani-

this experimentally accessible coupling strength.

cal zero-point fluctuation), the value of d?@./dz%(0) sees a

2[73] to

substantial increase from approximately 30 MHz/nm
20 GHz/nm?[7* when using a fiber cavity with a smaller mode
size. With zo ~ 5 pm, as suggested in Ref. [72], the cou-
pling strength g can reach several kilohertz. Furthermore, a
quadratic coupling of g ~ 27 x 0.7 MHz has been theoretically
estimated in a near-field optomechanical system.!”>! Incorpo-
rating a nonlinear medium can further enhance g, potentially

leading to a pronounced phonon blockade effect.!”°]

7. Conclusion

In this paper, we propose an experimentally feasible
scheme to simultaneously achieve both tripartite and cross-
Kerr nonlinear couplings in the same quantum hybrid cavity
system. We show that the strengths of the tripartite coupling
and the cross-Kerr coupling can increase exponentially as the
pumping field strength increases. The evolutionary dynam-
ics of the cooling processes in the hybrid cavity system will
be modulated via the pumping field strength (&.) and the de-
cay factor (y). We also discuss the dynamics of true tripar-
tite entanglements and reveal the dependence of entanglement
evolution on & and Y. The entanglement duration and depth
among the photon, the atom and the phonon can be signifi-
cantly improved by increasing €.. Meanwhile robust mechan-
ical squeezing can also be generated. We further show the
conditions of realization for the mechanical phonon squeez-
ing state. Finally, we come to the conclusion that, based on
atom—photon—phonon tripartite coupling, the tripartite entan-
gled state and the mechanical phonon squeezing state can be
effectively realized through an experimentally adjustable driv-
ing field strength and the decay factor, which has potential ap-
plications in quantum technologies. In the future, this will
also be a very advantageous platform for the study of quantum

many-body interactions with strong feasibility.’”]

Appendix A: Derivation of the effective tripartite
coupling in the system Hamiltonian

In this appendix, we first present more details about the
Hamiltonian of the hybrid optomechanical system, and the

generation of the tripartite coupling in hybrid optomechani-
cal system will be derived in detail. We know the operator
form of the electric field of the radiation field is denoted by
E(z,t) = ex\/hor [ (V) sin(k.z)) (¢ +¢T). The interaction of
a radiation field E with a two-level atom can be described by
the following Hamiltonian in the dipole approximation:

A

Hcavity QED — -d- Ez,t
= —d-ex\/ho,/(gV)sin(k.z)) (¢ + &'
= —d(6, +6_)\Vho./(gV)sin(k.z)) (e + &)

= —d\/ha./(&V)sin(k.z) (61 +6_)(+¢T),
(A1)

—~ —

with simple harmonic oscillation of the mechanical resonator
carrying the two-level atom, and the mechanical oscillator vi-
brates near the equilibrium position, so sin(k.z) ~ k.z and the
operator form of the oscillator coordinate z is £ = zo(b + b")
with zg = \/m, and take it into the above formula and

A

H_ayity QED becomes

I:Icavity QED ~ —d V hwc/(‘gOV)kcz(é-F + 6—)(é+éT)
= —d\/ha/(gV )kezo(b+b%) (6, +6_)(e+¢T),

(A2)
with A = —d+/ho./(&V), and N = k.2p.

+
=An(b6é+b6.8" +b6_¢+b6-¢" +b76,¢
+b'6,¢"+b'6 ¢+ b6 ¢") (A3)

Appendix B: The effective tripartite coupling of
the system Hamiltonian

Let us take the resonance condition @, = 2@y, and the
rotational wave approximation,

Ar = A"(b6.6+b6_¢" +b'6,6+b76.¢"). (B

This is just Eq. (4) and A" = Ak.zo is Eq. (8) in the main text.
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