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For atoms in external electric fields, the hyperpolarizabilities are the coefficients describing the nonlinear interac-
tions contributing to the induced energies at the fourth power of the applied electric fields. Accurate evaluations of these
coefficients for various systems are crucial for improving precision in advanced atom-based optical lattice clocks and for
estimating field-induced effects in atoms for quantum information applications. However, there is a notable scarcity of
research on atomic hyperpolarizabilities, especially in the relativistic realm. Our work addresses this gap by establishing a
novel set of alternative formulas for the hyperpolarizability based on the fourth-order perturbation theory. These formulas
offer a more reasonable regrouping of scalar and tensor components compared to previous formulas, thereby enhancing
their correctness and applicability. To validate our formulas, we perform the calculations for the ground and low-lying
excited pure states of few-electron atoms H, Li, and Be+. The highly accurate results obtained for the H atom could serve
as benchmarks for further development of other theoretical methods.
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1. Introduction
The response of an atom to an applied electric field is de-

scribed at leading order by the polarizability (linear response
to the field) and at higher order by the hyperpolarizability
(nonlinear response to the field). The literature on precision
calculations of polarizabilities for atoms[1–5] is extensive com-
pared to that for hyperpolarizabilities, but the methods used to
calculate polarizabilities are not necessarily directly applicable
to hyperpolarizabilities. Here, our intent is to present a theo-
retical formalism and some highly-accurate benchmark values
for hyperpolarizabilities of few-electron atoms.

Hyperpolarizabilities[6–8] are the coefficients describing
the response induced in atoms at the order of the fourth power
of applied electric fields (and describe induced dipole mo-
ments at the third power of applied electric fields). As pertur-
bative corrections to the energies of atoms in electric fields,
the relative values of the hyperpolarizabilities compared to
the values of the polarizabilities (which appear at the second
power of applied electric fields) are fundamental to estimating
the impact of field intensities on nonlinear phenomena.[9,10]

Knowledge of the values of hyperpolarizabilities plays a cru-
cial role in arrangements to suppress nonlinear effects for pre-
cision laser spectroscopy measurements,[11–14] especially in
the pursuit and development of ever higher-precision optical
clocks.[15–18] Moreover, applications of highly excited Ryd-
berg states in neutral atom quantum computing are rapidly de-

veloping and it is reasonable to expect that improvements in
quantification of hyperpolarizabilities will be needed as con-
trol of these atoms in electric fields is sought [see, for example,
Eq. (11) of Ref. [19]].

In this study, we present a set of general formulas for the
atomic hyperpolarizabilities, which improves our previously
published theory[20] by offering a more reasonable regrouping
of the scalar and tensor components, thus preserving the com-
mon understanding of the relativistic correction being small.
The utility of the new formulas is demonstrated by conduct-
ing high-accuracy calculations on H, Li, and Be+ using both
nonrelativistic and relativistic approaches. For the H atom in
an excited state, we exclude all degenerate states when calcu-
lating the hyperpolarizabilities.[21] These so-called pure state
hyperpolarizabilities can serve as benchmarks for testing com-
putational methods. For the Li and Be+ systems, we leverage
the nonrelativistic numerical values obtained using our previ-
ous theory,[20,22] demonstrating the correctness and applica-
bility of the present formulas.

Atomic units (a.u.), where e = 1, a0 = 1, and h̄ = 1, are
used throughout; the a.u. of the (second) hyperpolarizability is
e4a4

0/E3
h (∼ 6.2353799905(38)× 10−65 C4 ·m4 · J−3), where

e is the electron charge, a0 is the Bohr radius, and Eh = e2/a0

is the Hartree.
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2. An alternative formula

When an atom is placed in a uniform external electric

field, its energy levels change due to the influence of the field.

Specifically, the energy at second order in the electric field de-
pends on the atomic dipole polarizability. The fourth-order
shift depends on the atomic hyperpolarizability γ and can be
expressed in the form

∆E4 = − ε4

24
γ =− ε4

24
{

γ0 +g2(J,MJ)γ2 +
[
g4(J,MJ)γ

(1)
4 +g2

2(J,MJ)γ
(2)
4

]}
, (1)

where 𝜀 is the electric field strength, the coefficients g2(J,MJ) and g4(J,MJ) depend on the magnetic quantum number MJ ,

g2(J,MJ) =


0, J ≤ 1

2
,

3M2
J − J(J+1)
J(2J−1)

, otherwise,
(2)

g4(J,MJ) =


0, J ≤ 3

2
,

3(5M2
J − J2 −2J)(5M2

J +1− J2)−10M2
J (4M2

J −1)
J(2J−1)(2J−2)(2J−3)

, otherwise.
(3)

Also in Eq. (1), γ0 corresponds to the scalar component of the
hyperpolarizability, whereas γ2, γ

(1)
4 , and γ

(2)
4 correspond to

the tensor components, which have the following forms:

γ0 = (−1)2J 24√
2J+1 ∑

JaJbJc

𝒢(1)
0 (J,Ja,Jb,Jc)𝒯1(Ja,Jb,Jc)

− 24
2J+1 ∑

JaJc

𝒢(2)
00 (J,Ja,Jc)𝒯2(Ja,Jc), (4)

γ2 = (−1)2J24

√
J(2J−1)

(2J+3)(J+1)(2J+1)

× ∑
JaJbJc

𝒢(1)
2 (J,Ja,Jb,Jc)𝒯1(Ja,Jb,Jc)

− 24
2J+1

√
J(2J−1)

(2J+3)(J+1)

× ∑
JaJc

[𝒢(2)
02 (J,Ja,Jc)+𝒢(2)

20 (J,Ja,Jc)]𝒯2(Ja,Jc), (5)

γ
(1)
4 = (−1)2J24

√
J(2J−1)(J−1)(2J−3)

(2J+5)(J+2)(2J+3)(J+1)(2J+1)

× ∑
JaJbJc

𝒢(1)
4 (J,Ja,Jb,Jc)𝒯1(Ja,Jb,Jc), (6)

γ
(2)
4 = − 24J(2J−1)

(2J+3)(2J+1)(J+1)

× ∑
JaJc

𝒢(2)
22 (J,Ja,Jc)𝒯2(Ja,Jc), (7)

where 𝒯1(Ja,Jb,Jc) and 𝒯2(Ja,Jc) are defined in Appendix A
by Eqs. (A9) and (A10), 𝒢(1)

λ
(J,Ja,Jb,Jc) with λ = 0,2,4 and

𝒢(2)
k1k2

(J,Ja,Jc) are defined in Appendix A by Eqs. (A18) and
(A19). The detailed derivation of Eq. (1) is provided in Ap-
pendix A. This formula (1) features a distinct partitioning, in
terms of both scalar and tensor components, compared to the
commonly used one in Refs. [10,20], while still yielding the
same total hyperpolarizability γ .

3. Computational methods
3.1. Single-electron Schrödinger and Dirac equations

When solving the hydrogen, the nuclear mass is set to
be infinite, and the point nucleus model is adopted. For the
nonrelativistic case, the Schrödinger equation for hydrogen is
given by [

−1
2

∇
2 +V (r)

]
ψS(𝑟) = ESψS(𝑟), (8)

where V (r) = −Z/r and Z is the nuclear charge. Due to its
rotational symmetry, there exist solutions to Eq. (8) of the sep-
arable form

ψS(𝑟) =Unl(r)Ylm(θ ,φ), (9)

where Ylm(θ ,φ) is a spherical harmonic function and the radial
function Unl(r) satisfies the differential equation[

−1
2

d2

dr2 − 1
r

d
dr

+
l(l +1)

2r2 +V (r)
]

Unl(r) = ESUnl(r). (10)

For the relativistic case, the Dirac equation for hydrogen
is given by[

c𝛼 ·𝑝+βc2 +V (r)
]
ψD(𝑟) = EDψD(𝑟), (11)

where c = 137.035999084 is the speed of light,[23] 𝑝 is the
momentum operator, and 𝛼 and β are the usual 4× 4 Dirac
matrices.[24] The solutions to Eq. (11) can be expressed in the
following separable form:

ψD(𝑟) =
1
r

(
iPnκ(r)Ωκm(𝑟̂)
Qnk(r)Ω−κm(𝑟̂)

)
, (12)

where Pnκ(r) and Qnκ(r) are the large and small components
of the radial function, and Ωκm(𝑟̂) and Ω−κm(𝑟̂) are the an-
gular components. By substituting Eq. (12) into Eq. (11), we
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obtain the following coupled first-order differential equations
that describe the behavior of Pnκ(r) and Qnκ(r): V (r) c

(
d
dr −

κ

r

)
−c
(

d
dr +

κ

r

)
−2c2 +V (r)

(Pnκ(r)
Qnκ(r)

)
= E

(
Pnκ(r)
Qnκ(r)

)
, (13)

where E = ED − c2.
While it is possible to solve the Schrödinger equation (10)

and the Dirac equation (13) analytically, in this study, we
choose to solve them numerically using B-spline functions
within a specific cavity.[2,25–27] This approach enables us to
validate our numerical method, which will be subsequently
used to diagonalize the Hamiltonian. For example, by using
the complete B-spline basis, we can express Unl(r) as a dis-
crete sum of N-dimensional, k-order B-spline basis functions

Unl(r) =
N

∑
i=1

ciBk
i (r). (14)

The function Bk
i (r) is non-zero only within the knot intervals

ti ≤ r ≤ ti+k, where ti represents the knot sequence. In the
nonrelativistic case, the radial wave functions must satisfy the
boundary conditions Unl(0) = Unl(R) = 0, where R is the ra-
dius of the cavity. In the relativistic case, the Notre Dame (ND)
boundary conditions[25,28] of Pnκ(0) = 0 and Pnκ(R) =Qnκ(R)
are imposed to address the issues related to the “Klein Para-
dox”. In order to obtain accurate bound-state wave functions,
it is more appropriate to use an exponential knot distribution
for Bk

i (r) given by

ti+k−1 = R×
exp
[
η
( i−1

n−1

)]
−1

exp(η)−1
, i = 1,2, . . . ,N − k+2. (15)

Here, η = a×R is an adjustable exponential knot parameter.
In the present work, the radii of the confining cavity are fixed
at R = 400 a.u. and R = 600 a.u. for nonrelativistic and rela-
tivistic calculations, respectively. The value of a is optimized
by reproducing the exact energies[29] of low-lying states up to
20 significant digits.

3.2. DFCP method

Since the Li atom and Be+ ion can be regarded as a frozen
core combined with one valence electron, these systems can
be solved using the Dirac–Fock plus core polarization (DFCP)
method.[25,27] As described in previous studies,[30–32] the ini-
tial step in the DFCP method is to perform a Dirac–Fock cal-
culation of the frozen core. For monovalent electron systems,
the effective Hamiltonian can be written as

hDFCP(𝑟) = c𝛼 ·𝑝+(β −1)c2 +V (r)+Vdir(r)

+Vexc(r)+V1(r). (16)

Here, Vdir(r) and Vexc(r) are the direct and exchange potentials
between the core electrons and the valence electron, respec-
tively, and V1(r) is the semiempirical polarization potential,

V1(r) =−αcore

2r4

[
1− exp

(
− r6

ρ6
κ

)]
, (17)

where αcore is the core dipole polarizability, ρκ is the cut-
off parameter, and κ is the angular quantum number. In
the present work, we use αcore = 0.1894 a.u. for Li+ and
αcore = 0.05182 a.u. for Be2+.[33] The cutoff parameter ρκ

is fine-tuned to accurately replicate the experimental energy
of the lowest state associated with each value of κ .

4. Results and discussion
4.1. Hydrogen

Table 1 presents a convergence analysis of the nonrela-
tivistic and relativistic hyperpolarizabilities, γ0, for the ground
state of the hydrogen atom. As the number of B-spline ba-
sis functions N varies from 100 to 400, the nonrelativistic
value gradually approaches the exact value of 10665/8 =

1333.125 a.u.[34] Additionally, the relativistic result has been
accurately determined to 21 significant figures. The extrapo-
lated value can be obtained by assuming that the ratio of two
successive hyperpolarizability differences remains constant as
N tends to infinity. Comparing the nonrelativistic and relativis-
tic values, we find that the relativistic correction to the ground-
state hyperpolarizability is −0.13534224071689763 a.u.

The convergence of calculations for the nonrelativistic
2p and 3d states, as the size of the B-spline basis set N in-
creases, is presented in Tables B1 and B2 of Appendix B.
It can be observed that the scalar and tensor components
have converged to at least 21 significant digits. Specifically,
for the 2p (|ML| = 1) state, the total hyperpolarizability γ

is determined as 5326848 a.u. by utilizing Eqs. (1)–(3),
which aligns perfectly with the result reported in Ref. [35].
It is worth reiterating that in our calculations, we have ex-
cluded all degenerate states by considering only the pure state
hyperpolarizabilities,[21] as shown in Eqs. (A9) and (A10) of
Appendix A.

In the relativistic case, the hyperpolarizabilities of 2p1/2

and 2p3/2 states have been calculated up to 21 signifi-
cant digits, as shown in Table B3 of Appendix B. These
values, when compared to the nonrelativistic results, have
decreased due to the relativistic corrections. Specifically,
the relativistic correction for the scalar component γ0 of
the 2p1/2 state is −1079.81915278134211 a.u., while for
the 2p3/2 state it is −58.94672946431925 a.u. Addition-

ally, for the tensor components γ2 and γ
(2)
4 of the 2p3/2

state, these corrections are −93.81872585866739 a.u. and
−1.1661863672133466 a.u., respectively. For the 3d3/2 and
3d5/2 states, as presented in Tables B4 and B5 of Appendix B,
the hyperpolarizabilities have been determined with an accu-
racy of more than 19 significant digits. The differences relative
to the nonrelativistic γ0 are −42365.0113320714 a.u. for the
3d3/2 state and −10610.2890794842 a.u. for the 3d5/2 state.

Notably, the tensor components γ2, γ
(1)
4 , and γ

(2)
4 of the 3d5/2

state closely approximate the nonrelativistic results. All the
final values of γ0, γ2, γ

(1)
4 , and γ

(2)
4 are summarized in Table 2.
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Table 1. Convergence of the nonrelativistic and relativistic hyperpolarizability γ0 for the ground state of the H atom, as the size of basis set N
increases progressively, in atomic units. It should be noted that N represents the number of intermediate states with different quantum numbers,
and since these numbers are all the same, we use only N to uniformly identify them.

Nonrelativistic Relativistic
N γ0 N γ0

100 1 333.125 000 000 004 100 1 332.989 657 756
150 1 333.125 000 000 000 023 200 1 332.989 657 759 283 081
200 1 333.125 000 000 000 000 65 300 1 332.989 657 759 283 102 377
250 1 333.125 000 000 000 000 041 400 1 332.989 657 759 283 102 385
300 1 333.125 000 000 000 000 004 4 500 1 332.989 657 759 283 102 376
350 1 333.125 000 000 000 000 000 67 600 1 332.989 657 759 283 102 372
400 1 333.125 000 000 000 000 000 13 Extrap. 1 332.989 657 759 283 102 370
Extrap. 1 333.125 000 000 000 000 000 05
Ref. [34] 1 333.125

Table 2. Summary of nonrelativistic and relativistic pure state hyperpolarizabilities for the low-lying states of the H atom, in atomic units. All the
tabulated digits are insensitive to further enlargement of the B-spline basis functions. The numbers in the square brackets denote powers of 10.

State γ0 γ2 γ
(2)
4 γ

(1)
4

Nonrelativistic
1s 1333.125
2p 8.130 560[6] −2.769 472[6] −3.424[4]
3d 1.913 524 179 3[9] −1.027 110 959 357 142 857 142[9] −6.944 162 4[7] 2.939 248 330 714 285 714 28[7]

Relativistic
1s1/2 1 332.989 657 759 283 102 37
2p1/2 8.129 480 180 847 218 657 89[6]
2p3/2 8.130 501 053 270 535 680 75[6] −2.769 565 818 725 858 667 39[6] −3.424 116 618 636 721 334 66[4]
3d3/2 1.913 481 814 288 667 928 6[9] −7.189 813 879 847 891 582 0[8] −3.402 556 953 695 351 845 4[7]
3d5/2 1.913 513 569 010 920 515 8[9] −1.027 113 325 161 421 946 0[9] −6.944 098 825 526 114 424 3[7] 2.939 326 812 562 169 711 9[7]

4.2. Li atom and Be+ ion

We have recalculated the nonrelativistic hyperpolarizabil-
ities of the Li atom and Be+ ion in their low-lying states, in
the framework of the Hylleraas variational method using the
formulas presented in Section 2. More information on the
computational methodology and convergence studies can be
found in our previous publications.[5,20,22] For the relativistic
hyperpolarizabilities, we employed the DFCP method. Specif-
ically, we performed single-electron calculations for the rela-
tivistic hyperpolarizabilities of Li and Be+ using a frozen-core
Hamiltonian and a semiempirical polarization potential as de-
tailed in Subsection 3.2. To ensure accuracy, we substituted
our energies with the corresponding NIST data,[36] resulting in
errors primarily originating from the theoretical reduced ma-
trix elements. By comparing these matrix elements with the
values in Ref. [37], we observed relative differences within
0.3% and 0.2% for Li and Be+, respectively. To conserva-
tively estimate the uncertainties in the relativistic hyperpolar-
izabilities, we introduced fluctuations of 0.3% and 0.2%, re-
spectively, into all the reduced matrix elements. The present
nonrelativistic (Hylleraas) and relativistic (DFCP) results are
listed in Tables 3 and 4.

From the comparison of Hylleraas and DFCP results pre-
sented in Tables 3 and 4, it is clear that they generally agree
with each other except for the ground state of Li atom. There
exists a significant discrepancy between the DFCP result of
5750 a.u. and the Hylleraas result of 3060(40) a.u., which
can be attributed to a numerical cancellation of DFCP result.
In the case of the hyperpolarizability of the 2s1/2 state, it is

determined as the sum of nine distinct types of intermediate
states. These intermediate states can be further categorized
based on their orbital angular quantum numbers, denoted as
(m,n,k) = (mp j,ns1/2,kp j) and (mp j,nd j′ ,kp j), where j =
1/2,3/2, j′ = 3/2,5/2, and | j− j′| ≤ 1. The contributions
from (mp j,ns1/2,kp j) and (mp j,nd j′ ,kp j) are −1469773 a.u.
and 1475523 a.u., respectively. As a result of this cancella-
tion, there is a loss of three significant figures when combining
the two contributions to obtain the total γ0. Consequently, we
can only provide the central value of 5750 a.u., which has the
same order of magnitude as the nonrelativistic result. How-
ever, this situation does not arise for the ground state of Be+.
The contributions from (mp j,ns1/2,kp j) and (mp j,nd j′ ,kp j)

amount to −20263 a.u. and 8755 a.u., respectively, and their
sum equals −11508(92) a.u., which is in good agreement with
the all-order result of −11496(6) a.u. as reported in Ref. [38].

Table 3. Nonrelativistic and relativistic hyperpolarizabilities of the low-lying
states of the Li atom, in atomic units. The numbers in parentheses denote
computational uncertainty, while the numbers in square brackets represent the
power of 10.

State γ0 γ2 γ
(2)
4 γ

(1)
4

Nonrelativistic (Hylleraas)
2s 3060(40)
2p 9.9854(4)[6] −6.2074(4)[6] 1.5539(2)[4]
3d 9.38618(1)[11] −1.93402(1)[12] 1.01218(1)[12] −1.5938(6)[10]

Relativistic (DFCP)
2s1/2 5750
2p1/2 9.82(12)[6]
2p3/2 9.82(12)[6] −6.126(74)[6] 1.439(17)[4]
3d3/2 9.37(12)[11] −1.351(17)[12] 4.948(60)[11]
3d5/2 9.37(12)[11] −1.930(23)[12] 1.009(13)[12] −1.582(19)[10]
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Table 4. Nonrelativistic and relativistic hyperpolarizabilities of the low-lying
states of the Be+ ion, in atomic units. The numbers in parentheses denote
computational uncertainty, while the numbers in square brackets represent the
power of 10.

State γ0 γ2 γ
(2)
4 γ

(1)
4

Nonrelativistic (Hylleraas)
2s −11521.30(3)
2p 6.64785(2)[3] −5.24075(4)[3] 2.13286(2)[3]
3d 5.9851(2)[8] −1.3038(4)[9] 7.6397(2)[8] −5.7795(4)[7]

Relativistic (DFCP)
2s1/2 −11508(92)
Ref. [38] −11496(6)
2p1/2 6.647(54)[3]
2p3/2 6.650(53)[3] −5.237(42)[3] 2.134(17)[3]
3d3/2 5.952(48)[8] −9.081(73)[8] 3.730(30)[8]
3d5/2 5.966(48)[8] −1.301(11)[9] 7.638(61)[8] −5.835(47)[7]

4.3. Comparison of two sets of formulas

The nonrelativistic and relativistic scalar and tensor com-
ponents of hyperpolarizability, as presented in Tables 2–4, ex-
hibit minimal differences when calculated using the current
formula in Eq. (1), as generally accepted that the relativistic ef-
fects are small. In contrast, for the previous formula described
in Refs. [10,20], this does not hold true, as demonstrated in

Fig. 1 for the 2p state of Li and Be+, although the total hyper-
polarizability γ remains the same.

The numerical exemplification pertinent to the aforemen-
tioned point can be referenced by examining the values of
Be+ in the 2p state, as presented in Table 5. According to
the previous formula,[10,20] the nonrelativistic value of γ0 is
10913.57(1) a.u., and the corresponding relativistic correc-
tions are −2130(70) a.u. (20%), resulting in γ0(2p3/2) =

8784(70) a.u., and −4267(54) a.u. (39%), resulting in
γ0(2p1/2)= 6647(54) a.u. On the other hand, using the present
formula, the relativistic corrections on γ0 are within the error
bars and can be estimated as approximately 0.01%. Similarly,
the relativistic correction on γ2 using the previous formula is
2137(42) a.u. (29%), which is significantly larger than the es-
timated 0.08% correction obtained from the present formula.
Nevertheless, regardless of the magnetic sublevel considered,
the overall hyperpolarizability γ obtained from both formu-
las remains consistent. These comparisons indicate that the
present formula is more preferable in defining the scalar and
tensor components of the hyperpolarizability compared to the
previous formula,[10,20] especially considering that relativistic
effects on physical properties are typically small.

0 25 50 75 100

0.0 0.5 1.0 1.5

0 1 2

0 2 4

0 1 2
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2p1/2: 8.129 480[6]
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0 2×104 4×104 6×104 8×104

2p: 8.062 080[6] 2p3/2: 8.096 260[6]

2p: -2.735 232[6] 2p3/2: -2.769 566[6]

2×1031×1032×1051.5×1051×105

2p   : 1.5539(2)[4]

2p3/2: 1.439(17)[4]

2p3/2: -6.126(74)[6]2p: -6.2074(4)[6]

2p3/2: 9.82(12)[6]

2p1/2: 9.82(12)[6]
2p: 9.9854(4)[6]

2p3/2: -6.126(74)[6]2p: -6.2234(8)[6]

2p: 1.00170(9)[7] 2p3/2: 9.83(12)[6]

2p1/2: 9.82(12)[6]

5×1034×1033×103

2p   : 2.13286(2)[3]

2p3/2: 2.134(17)[3]

2p   : -5.24075(4)[3]

2p3/2: -5.237(42)[3]

2p   : 6.64785(2)[3]

2p1/2: 6.647(54)[3]

2p3/2: 6.650(53)[3]

2p: 1.091357(1)[4] 2p3/2: 8.784(70)[3] 2p1/2: 6.647(54)[3]

2p: -7.37361(5)[3] 2p3/2: -5.237(42)[3]

(a) H (b) Li (c) Be+

4

Fig. 1. Comparison of the present and previous[20] relativistic corrections on the scalar and tensor hyperpolarizabilities for the 2p state of H,
Li and Be+, where the values calculated using the previous formula from Ref. [20] are shown in red, while the values calculated using the
present formula Eq. (1) are shown in blue. Also γ0, γ2, and γ

(2)
4 are denoted by filled triangles, circles, and stars, respectively. All the data

are referenced to the nonrelativistic results on the far left, and the horizontal axis represents the absolute value of relativistic corrections. The
inserts provide a zoomed-in view of the overlapping points within the main image.

Table 5. Comparison of hyperpolarizabilities for the nonrelativistic 2p and relativistic 2p3/2 states of the Be+ ion, performed using the present
formula (1) and the previous formula (27) of Ref. [20]. The numbers in parentheses indicate the computational uncertainty. In atomic units.

State γ0 γ2 γ
(2)
4

g2 g2
2

γ(ML = 0) γ(|ML|= 1)
ML = 0 |ML|= 1 ML = 0 |ML|= 1

2p Present 6647.85(2) −5240.75(4) 2132.86(2) −2 1 4 1 25660.79(5) 3539.96(5)
Previous[20] 10913.57(1) −7373.61(5) −2 1 25660.79(5) 3539.96(5)

|MJ |= 1/2 |MJ |= 3/2 |MJ |= 1/2 |MJ |= 3/2 γ(|MJ |= 1/2) γ(|MJ |= 3/2)
2p3/2 Present 6650(53) −5237(42) 2134(17) −1 1 1 1 14021(70) 3547(70)

Previous[20] 8784(70) −5237(42) −1 1 14021(82) 3547(82)

5. Conclusion
In conclusion, we have developed a new formula to cal-

culate the atomic hyperpolarizability, which provides a bet-
ter separation of scalar and tensor components. This alterna-
tive formula has been applied to compute the hyperpolariz-
abilities for low-lying states of the H, Li, and Be+ systems,

both in nonrelativistic and relativistic regimes. Our numer-

ical analysis demonstrates that the relativistic corrections to

the scalar and tensor components are not significantly different

from their nonrelativistic counterparts, unlike what the previ-

ous formula[10,20] suggests.
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Appendix A: Derivation of the hyperpolarizabil-
ity

In our previous work, which is referenced as Ref. [20],
we derived the hyperpolarizability. However, we unintention-
ally overlooked a crucial constraint involving the Kronecker
δ (n,0). This constraint is necessary when dealing with the
second intermediate states |n⟩ with the initial state |0⟩ in the
second term of the fourth-order energy correction ∆E4, as
shown in Eqs. (A34) and (A35) of Ref. [20]. In this appendix,
we will revisit the derivation process from the beginning, tak-
ing into account the presence of the δ (n,0) constraint. Re-
markably, we have discovered that the new formula we derived
is in complete agreement with the previous one, despite having
different partitioning in terms of “γ” components.

The Hamiltonian of an atom under the influence of a weak
external electric field is given by

H = H0 +H ′ = H0 −𝜀 ·𝑑. (A1)

Here, H0 is the atom’s unperturbed Hamiltonian, 𝜀 is the elec-
tric field strength, and 𝑑 is the atom’s electric dipole moment,
given by 𝑑 = −e𝑟, where 𝑟 is the electron’s position vector
relative to a laboratory frame. The perturbation, H ′, can be
expressed as 𝑟 · 𝜀 in atomic units. It is noted that the elec-
tric quadrupole and magnetic dipole interactions have been
omitted from Eq. (A1), and the treatment of these higher-order
terms can be found in Refs. [39,40].

According to perturbation theory, the fourth-order energy
shift[10] contains two terms ∆E(1)

4 and ∆E(2)
4 ,

∆E4 = ∆E(1)
4 +∆E(2)

4

= ∑
mnk

⟨0|H ′|m⟩⟨m|H ′|n⟩⟨n|H ′|k⟩⟨k|H ′|0⟩
(E0 −Em)(E0 −En)(E0 −Ek)

−∑
mk

⟨0|H ′|m⟩⟨m|H ′|0⟩⟨0|H ′|k⟩⟨k|H ′|0⟩
(E0 −Em)(E0 −Ek)2 . (A2)

Using the spherical tensor operator technique, we can expand
H ′|n⟩⟨n|H ′ of Eq. (A2) as

H ′|n⟩⟨n|H ′ = ∑
Kq
(−1)K+q[r(1)⊗λnr(1)]Kq [ε

(1)⊗ ε
(1)]K−q , (A3)

where r(1)µ =
√

4π

3 rY1µ and λn = |n⟩⟨n|. Assuming that the ex-
ternal electric field 𝜀 is linearly polarized parallel to the z axis,
only the q = 0 component exists in Eq. (A3). Thus we have

H ′|n⟩⟨n|H ′ = ∑
K
(−1)K√2K +1

× ∑
q1q2

(
1 1 K
q1 q2 0

)
r(1)q1 λnr(1)q2 [ε

(1)⊗ ε
(1)]K0 . (A4)

Substituting Eq. (A4) into Eq. (A2), ∆E(1)
4 and ∆E(2)

4 can be
written as

∆E(1)
4 = ∑

mnk
∑
k1k2

∑
q1q2q3q4

(−1)k1+k2
√

(2k1 +1)(2k2 +1)

×
(

1 1 k1
q1 q2 0

)(
1 1 k2
q3 q4 0

)
× [ε(1)⊗ ε

(1)]k1
0 [ε(1)⊗ ε

(1)]k2
0

×
⟨0|r(1)q1 |m⟩⟨m|r(1)q2 |n⟩⟨n|r

(1)
q3 |k⟩⟨k|r

(1)
q4 |0⟩

(E0 −Em)(E0 −En)(E0 −Ek)
, (A5)

∆E(2)
4 =−∑

m
∑
k1

∑
q1q2

(−1)k1
√

2k1 +1
(

1 1 k1
q1 q2 0

)

× ⟨0|r(1)q1 |m⟩⟨m|r(1)q2 |0⟩
(E0 −Em)

[ε(1)⊗ ε
(1)]k1

0

×∑
k

∑
k2

∑
q3q4

(−1)k2
√

2k2 +1
(

1 1 k2
q3 q4 0

)

×
⟨0|r(1)q3 |k⟩⟨k|r

(1)
q4 |0⟩

(E0 −Ek)2 [ε(1)⊗ ε
(1)]k2

0 , (A6)

where all the initial and intermediate states are simply de-
noted as |0⟩= |n0JMJ⟩, |m⟩ = |mJaMa⟩, |n⟩= |nJbMb⟩, |k⟩ =
|kJcMc⟩, with n0, m, n, and k being the corresponding principal
quantum numbers of states. The summation in Eqs. (A5) and
(A6) over m, n, and k actually represents the summation over
all three sets of quantum numbers {m,Ja,Ma}, {n,Jb,Mb}, and
{k,Jc,Mc}.

By utilizing the Wigner–Eckart theorem to simplify
Eqs. (A5) and (A6), we can arrive at the following expres-
sions:

∆E(1)
4 =− ∑

JaJbJc

∑
k1k2

(−1)k1+k2
√

(2k1 +1)(2k2 +1)

× [ε(1)⊗ ε
(1)]k1

0 [ε(1)⊗ ε
(1)]k2

0 𝒞1𝒯1(Ja,Jb,Jc), (A7)

∆E(2)
4 = ∑

JaJc

∑
k1k2

(−1)k1+k2
√
(2k1 +1)(2k2 +1)

× [ε(1)⊗ ε
(1)]k1

0 [ε(1)⊗ ε
(1)]k2

0 𝒞2𝒯2(Ja,Jc), (A8)

where 𝒯1(Ja,Jb,Jc) and 𝒯2(Ja,Jc) are radial-dependent terms,
𝒞1 and 𝒞2 are the angular coefficients. The explicit expressions
are as follows:

𝒯1(Ja,Jb,Jc) =
′

∑
mnk

⟨n0J‖r(1)‖mJa⟩⟨mJa‖r(1)‖nJb⟩⟨nJb‖r(1)‖kJc⟩⟨kJc‖r(1)‖n0J⟩[
Ek(Jc)−En0(J)

][
Em(Ja)−En0(J)

][
En(Jb)−En0(J)

] , (A9)

𝒯2(Ja,Jc) =
′

∑
m

⟨n0J‖r(1)‖mJa⟩⟨mJa‖r(1)‖n0J⟩[
Em(Ja)−En0(J)

] ′

∑
k

⟨n0J‖r(1)‖kJc⟩⟨kJc‖r(1)‖n0J⟩[
Ek(Jc)−En0(J)

]2 , (A10)
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𝒞1 = ∑
MaMbMc

∑
q1q2q3q4

(−1)J−MJ+Ja−Ma+Jb−Mb+Jc−Mc

(
1 1 k1
q1 q2 0

)(
1 1 k2
q3 q4 0

)(
J 1 Ja

−MJ q1 Ma

)
×
(

Ja 1 Jb
−Ma q2 Mb

)(
Jb 1 Jc

−Mb q3 Mc

)(
Jc 1 J

−Mc q4 MJ

)
, (A11)

𝒞2 = ∑
MaMc

∑
q1q2q3q4

(−1)Ja−Ma+Jc−Mc

(
1 1 k1
q1 q2 0

)(
J 1 Ja

−MJ q1 Ma

)(
Ja 1 J

−Ma q2 MJ

)(
1 1 k2
q3 q4 0

)
×
(

J 1 Jc
−MJ q3 Mc

)(
Jc 1 J

−Mc q4 MJ

)
, (A12)

where the primes over the summations in Eqs. (A9) and (A10) mean the omission of any intermediate states that are degenerate
with the initial state, and the summations over intermediate states include the negative-energy states in the relativistic case. By
using the graphical method of angular momentum, we can simplify 𝒞1 and 𝒞2 as

𝒞1 = (−1)J−MJ

{
1 1 k1
J Jb Ja

}{
1 1 k2
J Jb Jc

}
∑
Λ

(2Λ +1)
(

J J Λ

−MJ MJ 0

)(
k1 k2 Λ

0 0 0

){
k1 k2 Λ

J J Jb

}
, (A13)

𝒞2 =

(
J J k1

−MJ MJ 0

)(
J J k2

−MJ MJ 0

){
1 1 k1
J J Ja

}{
1 1 k2
J J Jc

}
. (A14)

Since 𝜀 is oriented along the z axis, we can express [ε(1)⊗ ε(1)]k0 in the form

[ε(1)⊗ ε
(1)]k0 =

√
2k+1

(
1 1 k
0 0 0

)
ε

2. (A15)

By substituting Eqs. (A13)–(A15) into Eqs. (A7) and (A8), we obtain the final expressions for ∆E(1)
4 and ∆E(2)

4 :

∆E(1)
4 =−ε

4
∑

JaJbJc

𝒯1(Ja,Jb,Jc)∑
λ

(−1)J−MJ

(
J J λ

−MJ MJ 0

)
𝒢(1)

λ
(J,Ja,Jb,Jc), (A16)

∆E(2)
4 = ε

4
∑
JaJc

𝒯2(Ja,Jc) ∑
k1k2

(
J J k1

−MJ MJ 0

)(
J J k2

−MJ MJ 0

)
𝒢(2)

k1k2
(J,Ja,Jc), (A17)

where

𝒢(1)
λ

(J,Ja,Jb,Jc) = ∑
k1k2

(λ ,k1,k2)

(
1 1 k1
0 0 0

)(
1 1 k2
0 0 0

)(
k1 k2 λ

0 0 0

){
1 1 k1
J Jb Ja

}{
1 1 k2
J Jb Jc

}{
k1 k2 λ

J J Jb

}
, (A18)

𝒢(2)
k1k2

(J,Ja,Jc) = (k1,k2)

(
1 1 k1
0 0 0

)(
1 1 k2
0 0 0

){
1 1 k1
J J Ja

}{
1 1 k2
J J Jc

}
, (A19)

with the notation (λ ,k1,k2) = (2λ +1)(2k1 +1)(2k2 +1), and similarly for (k1,k2).
According to the properties of the 3 j symbol, the permissible values for k1 and k2 in Eqs. (A18) and (A19) are 0 and 2, while

the permissible values for λ are 0, 2, and 4. Also using the following formulas:

(−1)J−MJ

(
J J 0

−MJ MJ 0

)
= (−1)2J 1√

2J+1
, (A20)

(−1)J−MJ

(
J J 2

−MJ MJ 0

)
= (−1)2J 3M2

J − J(J+1)√
(2J+3)(J+1)(2J+1)J(2J−1)

, (A21)

(−1)J−MJ

(
J J 4

−MJ MJ 0

)
= (−1)2J 3(5M2

J − J2 −2J)(5M2
J +1− J2)−10M2

J (4M2
J −1)√

(2J+5)(J+2)(2J+3)(J+1)(2J+1)2J(2J−1)(2J−2)(2J−3)
, (A22)

the fourth-order energy shift ∆E4 can finally be simplified in
the form

∆E4 = ∆E(1)
4 +∆E(2)

4 =− ε4

24
[γ(1)+ γ

(2)], (A23)

where

γ
(1) = γ

(1)
0 +g2(J,MJ)γ

(1)
2 +g4(J,MJ)γ

(1)
4 , (A24)

γ
(2) = γ

(2)
0 +g2(J,MJ)γ

(2)
2 +g2

2(J,MJ)γ
(2)
4 . (A25)

By denoting γ as the total hyperpolarizability, we obtain

γ = γ
(1)+ γ

(2) = γ0 +g2(J,MJ)γ2

+[g4(J,MJ)γ
(1)
4 +g2

2(J,MJ)γ
(2)
4 ], (A26)
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where γ0 = γ
(1)
0 + γ

(2)
0 , γ2 = γ

(1)
2 + γ

(2)
2 , and the coefficients g2(J,MJ) and g4(J,MJ) depend also on the value of MJ :

g2(J,MJ) =


0, J ≤ 1

2
,

3M2
J − J(J+1)
J(2J−1)

, otherwise,
(A27)

g4(J,MJ) =


0, J ≤ 3

2
,

3(5M2
J − J2 −2J)(5M2

J +1− J2)−10M2
J (4M2

J −1)
J(2J−1)(2J−2)(2J−3)

, otherwise.
(A28)

The values of γ
(1)
0 and γ

(2)
0 correspond to the scalar components of the second hyperpolarizability, whereas γ

(1)
2 , γ

(2)
2 , γ

(1)
4 , and

γ
(2)
4 correspond to the tensor components, which have the following forms:

γ
(1)
0 = (−1)2J 24√

2J+1 ∑
JaJbJc

𝒢(1)
0 (J,Ja,Jb,Jc)𝒯1(Ja,Jb,Jc), (A29)

γ
(1)
2 = (−1)2J24

√
J(2J−1)

(2J+3)(J+1)(2J+1) ∑
JaJbJc

𝒢(1)
2 (J,Ja,Jb,Jc)𝒯1(Ja,Jb,Jc), (A30)

γ
(1)
4 = (−1)2J24

√
J(2J−1)(J−1)(2J−3)

(2J+5)(J+2)(2J+3)(J+1)(2J+1) ∑
JaJbJc

𝒢(1)
4 (J,Ja,Jb,Jc)𝒯1(Ja,Jb,Jc), (A31)

γ
(2)
0 =− 24

2J+1 ∑
JaJc

𝒢(2)
00 (J,Ja,Jc)𝒯2(Ja,Jc), (A32)

γ
(2)
2 =− 24

2J+1

√
J(2J−1)

(2J+3)(J+1) ∑
JaJc

[𝒢(2)
02 (J,Ja,Jc)+𝒢(2)

20 (J,Ja,Jc)]𝒯2(Ja,Jc), (A33)

γ
(2)
4 =− 24J(2J−1)

(2J+3)(2J+1)(J+1) ∑
JaJc

𝒢(2)
22 (J,Ja,Jc)𝒯2(Ja,Jc). (A34)

In the nonrelativistic case, we only need to substitute the total angular quantum number J with the orbital angular quantum
number L, and replace the magnetic quantum number MJ with ML.

Appendix B: Convergence test for excited states of the H atom
Table B1. Convergence of the nonrelativistic pure state hyperpolarizabilities γ0, γ2, and γ

(2)
4 for the 2p state of the H atom, in atomic units.

N 10−6γ0 10−6γ2 10−4γ
(2)
4

100 8.130 559 999 999 999 42 −2.769 471 999 999 997 9 −3.423 999 999 999 996 7

150 8.130 559 999 999 999 996 5 −2.769 471 999 999 999 987 −3.423 999 999 999 999 981

200 8.130 559 999 999 999 999 899 −2.769 471 999 999 999 999 64 −3.423 999 999 999 999 999 47

250 8.130 559 999 999 999 999 993 5 −2.769 471 999 999 999 999 977 −3.423 999 999 999 999 999 966

300 8.130 559 999 999 999 999 999 30 −2.769 471 999 999 999 999 997 5 −3.423 999 999 999 999 999 996 4

350 8.130 559 999 999 999 999 999 89 −2.769 471 999 999 999 999 999 62 −3.423 999 999 999 999 999 999 45

400 8.130 559 999 999 999 999 999 98 −2.769 471 999 999 999 999 999 93 −3.423 999 999 999 999 999 999 89

Extrap. 8.130 560 −2.769 472 −3.424 0

Table B2. Convergence of the nonrelativistic pure state hyperpolarizabilities γ0, γ2, γ
(1)
4 , and γ

(2)
4 for the 3d state of the H atom, in atomic units.

N 10−9γ0 10−9γ2 10−7γ
(1)
4 10−7γ

(2)
4

100 1.913 524 179 299 999 1 −1.027 110 959 357 141 8 2.939 248 330 714 278 −6.944 162 399 999 999 0

150 1.913 524 179 299 999 995 −1.027 110 959 357 142 851 2.939 248 330 714 285 67 −6.944 162 399 999 999 994

200 1.913 524 179 299 999 999 85 −1.027 110 959 357 142 857 0 2.939 248 330 714 285 713 −6.944 162 399 999 999 999 85

250 1.913 524 179 299 999 999 991 −1.027 110 959 357 142 857 13 2.939 248 330 714 285 714 20 −6.944 162 399 999 999 999 990

300 1.913 524 179 299 999 999 999 0 −1.027 110 959 357 142 857 141 6 2.939 248 330 714 285 714 277 −6.944 162 399 999 999 999 999 0

350 1.913 524 179 299 999 999 999 85 −1.027 110 959 357 142 857 142 7 2.939 248 330 714 285 714 284 −6.944 162 399 999 999 999 999 85

400 1.913 524 179 299 999 999 999 97 −1.027 110 959 357 142 857 142 8 2.939 248 330 714 285 714 285 −6.944 162 399 999 999 999 999 97

Extrap 1.913 524 179 3 −1.027 110 959 357 142 857 142 8 2.939 248 330 714 285 714 286 −6.944 162 4
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Table B3. Convergence of the relativistic pure state hyperpolarizabilities γ0, γ2, and γ
(2)
4 for the 2p1/2 and 2p3/2 states of the H atom, in atomic units.

N
2p1/2 2p3/2

10−6γ0 10−6γ0 10−6γ2 10−4γ
(2)
4

100 8.129 480 180 856 8.130 501 053 31 −2.769 565 818 758 −3.424 116 618 84
200 8.129 480 180 847 221 8.130 501 053 270 538 9 −2.769 565 818 725 861 −3.424 116 618 636 726 0
300 8.129 480 180 847 218 663 8.130 501 053 270 535 691 −2.769 565 818 725 858 675 −3.424 116 618 636 721 347
400 8.129 480 180 847 218 657 977 8.130 501 053 270 535 680 91 −2.769 565 818 725 858 667 51 −3.424 116 618 636 721 334 86
500 8.129 480 180 847 218 657 893 8.130 501 053 270 535 680 760 −2.769 565 818 725 858 667 395 −3.424 116 618 636 721 334 673
600 8.129 480 180 847 218 657 892 8.130 501 053 270 535 680 756 −2.769 565 818 725 858 667 393 −3.424 116 618 636 721 334 669
Extrap. 8.129 480 180 847 218 657 892 8.130 501 053 270 535 680 756 −2.769 565 818 725 858 667 393 −3.424 116 618 636 721 334 669

Table B4. Convergence of the relativistic hyperpolarizabilities pure state γ0, γ2, and γ
(2)
4 for the 3d3/2 state of the H atom, in atomic units.

N 10−9γ0 10−8γ2 10−7γ
(2)
4

100 1.913 481 814 79 −7.189 813 884 −3.402 556 954 7
200 1.913 481 814 288 678 −7.189 813 879 847 98 −3.402 556 953 695 364
300 1.913 481 814 288 667 955 −7.189 813 879 847 891 83 −3.402 556 953 695 351 874
400 1.913 481 814 288 667 929 1 −7.189 813 879 847 891 586 0 −3.402 556 953 695 351 845 92
500 1.913 481 814 288 667 928 69 −7.189 813 879 847 891 582 22 −3.402 556 953 695 351 845 49
600 1.913 481 814 288 667 928 68 −7.189 813 879 847 891 582 07 −3.402 556 953 695 351 845 47
Extrap. 1.913 481 814 288 667 928 67 −7.189 813 879 847 891 582 06 −3.402 556 953 695 351 845 47

Table B5. Convergence of the relativistic pure state hyperpolarizabilities γ0, γ2, γ
(1)
4 , and γ

(2)
4 for the 3d5/2 state of the H atom, in atomic units.

N 10−9γ0 10−9γ2 10−7γ
(1)
4 10−7γ

(2)
4

100 1.913 513 569 27 −1.027 113 325 40 2.939 326 813 538 −6.944 098 826 2
200 1.913 513 569 010 927 2 −1.027 113 325 161 428 2 2.939 326 812 562 20 −6.944 098 825 526 127
300 1.913 513 569 010 920 534 −1.027 113 325 161 421 963 2.939 326 812 562 169 80 −6.944 098 825 526 114 456
400 1.913 513 569 010 920 516 1 −1.027 113 325 161 421 946 33 2.939 326 812 562 169 713 4 −6.944 098 825 526 114 424 88
500 1.913 513 569 010 920 515 82 −1.027 113 325 161 421 946 06 2.939 326 812 562 169 711 98 −6.944 098 825 526 114 424 39
600 1.913 513 569 010 920 515 81 −1.027 113 325 161 421 946 05 2.939 326 812 562 169 711 92 −6.944 098 825 526 114 424 37
Extrap. 1.913 513 569 010 920 515 81 −1.027 113 325 161 421 946 05 2.939 326 812 562 169 711 92 −6.944 098 825 526 114 424 37
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