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The recently demonstrated methods for cooling and trapping diatomic molecules offer new possibilities for preci-
sion searches in fundamental physical theories. Here, we propose to study the variations of the fine-structure constant
(α = e2/(}c)) and the proton-to-electron mass ratio (µ = mp/me) with time by taking advantage of the nearly degenerate
rovibrational levels in the electronic states of the magnesium fluoride (MgF) molecule. Specifically, due to the cancellation
between the fine-structure splitting and the rovibrational intervals in the different MgF natural isotopes, a degeneracy occurs
for A2Π3/2 (v

′ = 0, J′ = 18.5,−) and A2Π1/2 (v
′′ = 0, J′′ = 20.5,−). We find that using the nearly degenerate energy level

of such states can be 104 times more sensitive than using a pure rotational transition to measure the variations of α and µ .
To quantify the small gap between A2Π3/2 (v′ = 0, J′ = 18.5,−) and A2Π1/2 (v′′ = 0, J′′ = 20.5,−), special transitions
of choice are feasible: X2Σ

+
1/2 (v = 0, J = 19.5,+) to A2Π3/2 (v′ = 0, J′ = 18.5,−) and X2Σ

+
1/2 (v = 0, J = 19.5,+)

to A2Π1/2 (v′′ = 0, J′′ = 20.5,−). In addition, we estimate the frequency uncertainties caused by the narrow linewidth,
Zeeman shift, Stark shift, Doppler broadening and blackbody radiation.

Keywords: cold molecule, proton-to-electron mass ratio, precision measurement
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1. Introduction
In the Standard Model of particle physics, the funda-

mental constants are considered to be fixed parameters, but
the theory that gravity unifies with other interactions suggests
that the variations in time and space are the functions of the
fundamental constants, which means that Einstein’s equiva-
lence principle is invalid.[1,2] The observed expansion of the
Universe causes the constants to change with position and/or
time. The theories of the scalar field of dark energy also pre-
dict the variation of the fundamental constants.[3–5] As men-
tioned in Ref. [6], many theories require the precise determi-
nation of the variation of the fundamental constants in time
and space.[7,8] Thus, high-precision measurements of the vari-
ation of fundamental constants,[9–21] such as the fine-structure
constant α = e2/(}c) and the proton-to-electron mass ratio
µ = mp/me, will play an important role in answering these
open questions in physics. Atoms and molecules are compact
and naturally occurring systems that can be isolated from the
external environment. We can choose the specific quantum
states in an atom or a molecule, which are sensitive to mea-
surement in the laboratory. Indeed, molecular species have
rich internal degrees of freedom, large electric dipole moments

and unique chemical characteristics, so they offer a power-
ful platform for the study of encoding and processing quan-
tum information,[22–24] ultracold chemistry[25] and precision
measurement.[26–28] For example, in Ref. [11], it was reported
that a limit on the fractional temporal variation of the proton-
to-electron mass ratio was (−3.8± 5.6)× 10−14 yr−1 using a
rovibrational transition in SF6. In Ref. [12], using ultracold
KRb molecules produced from laser-cooled atoms, the mea-
surement reported the variation of electron-to-proton mass ra-
tio (1/µ) to be (0.3± 1.0)× 10−14 yr−1. While various re-
search groups have proposed methods employing atomic and
molecular systems to measure the proton-to-electron mass ra-
tio (mp/me), the precise determination of fundamental physi-
cal constants remains an essential area of research. Indepen-
dent measurements based on different theoretical and techno-
logical approaches are essential to verify the consistency of
results, to reduce systematic errors and to increase the credi-
bility of experimental results.

In this paper, we use the MgF molecule to search for the
variation of α and µ . As shown in Ref. [29], the rovibrational
resolved electronic transitions in a molecule system are sen-
sitive to the variation of α and µ . There are already many
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proposed theories and experiments using different diatomic
molecules to validate each other.[30–36] Here, we present de-
tailed studies to search for the variation of α and µ using
the nearly degenerate energy levels in MgF. The production
of MgF using laser ablation and buffer gas cooling has been
reported in Refs. [37,38]. Compared to previous reports, there
are several advantages to using MgF as a viable probe. First,
precise spectral lines and spectrum constants have been ob-
served and fitted in Refs. [37–39], and MgF is a good can-
didate for laser cooling and trapping.[40–43] Second, the se-
lected optical transitions have a small uncertainty — two or-
ders of magnitude lower than in the microwave domain under
the same conditions.[44] Third, the interval between the nearly
degenerate energy levels is about 100 MHz, which can con-
tribute to considerably more sensitivity — a factor of 104 — in
future experiments. Based on these advantages, MgF emerges
as a strong candidate molecule for probing the variation of α

and µ .

2. Sensitivity of molecular electronic state tran-
sitions to the variation of α and µ

The dependence of molecular constants on µ can be ex-
pressed by the scaling relations upon isotopic substitution.[45]

The harmonic constant ωe and the rotational constant Be are
proportional to µ and the ratios are −1/2 and −1, respec-
tively. Diatomic molecules with nearly degenerate rovibra-
tional energy levels are particularly sensitive to variation of
the fundamental constants with time, and there will be great
enhancement.[10,29] After taking into account the cancellation
between fine-structure splits and rovibrational intervals, the
enhancement is truly there. The fine-structure interval ωf has
a direct relation with the fine-structure constant α = e2/(}c),
as ωf ∼ Z2α2EH, where Z is the nuclear charge and EH =

mee4/}2 is the Hartree atomic energy unit. On the other
hand, the vibration energy decreases with the atomic mass:

ωv ∼ M
− 1

2
r µ−

1
2 EH, where mp is the proton mass and Mr is

the reduced mass for the molecular vibration.[29] Therefore,
the cancellation between the fine-structure split and the vibra-
tional interval can be expressed as follows:

ω = ωf− vωv ≈ 0, v = 1,2, . . . . (1)

In addition, the rotational constant Be is also related to µ . If
we consider the energy level interval between two states like
(Ω = 3/2, ν ′′ = 0, J′′ = j) and (Ω = 1/2, ν ′ = 0, J′ = j+2)
(∆J = 2), with the increase in rotational quantum number, the
rotational energy will make a difference. So, concerning the
contribution from the rotational energy, it can expressed as fol-
lows:

ω = ωf− vωv−4JBv ≈ 0, v = 0, 1, . . . , J = 1,2, . . . , (2)

where v and J are the vibrational quantum number and rota-
tional quantum number, respectively, and Bv is the rotational
constant for the vibrational level v and can be approximately
expressed as Be−αe(v+1/2). Be is the rotational constant for
the vibrational level v = 0 and αe is the parameter Y11 in the
Dunham model.[46]

Considering the energy level interval be-
tween two states like

(
AΠ3/2, ν ′′ = 0, J′′ = j

)
and(

AΠ1/2, ν ′ = 0, J′ = j+2
)
, the cancellation between fine-

structure multiples and rovibrational intervals can be ex-
pressed as

ω = ωf−4JBv ≈ 0. (3)

The fractional variation of ω can be expressed as

δω

ω
=

1
ω

(
2ωf

δα

α
+4JBv

δ µ

µ

)
≈ K

(
2

δα

α
+

δ µ

µ

)
, (4)

where K = ωf
ωf−4JBv

= ωf
ω

is the enhancement factor represent-
ing the sensitivity. Since αe is far smaller than Be, we ignore
the αe term. The enhancement factor can thus be expressed
as K = ωf

ωf−4JBe
. Because of the cancellation between the fine-

structure split and the rovibrational intervals, the energy level
spacing ω is near zero, so it turns out that |K| can be quite
dramatic, even several orders of magnitude. In the following
sections, we will use Eq. (4) to calculate the sensitivity, K,
from the nearly degenerate electronic states.

3. Isotope effect and energy level configuration
in MgF molecules
The energy level configuration of ground electronic state

X2Σ
+
1/2 in 24Mg19F has been studied in detail.[41] The spec-

trum constants of the ground electronic state X2Σ
+
1/2 in

25Mg19F and 26Mg19F have been fitted.[39] In Ref. [47], the
rotational constants and Λ -doubling constants of A2Π have
been studied. For the spectrum constants of A2Π in 25Mg19F
and 26Mg19F, we could use the isotopic dependence theory to
investigate.[48]

The treatment applies to the vibration–rotation effects in
diatomic molecules in singlet electronic states based on the
Dunham expansion, which can be expressed as follows:

E (v, J) = hc∑
kl

Ykl

(
v+

1
2

)k

[J (J+1)]l , (5)

where v and J are the vibrational and rotational quantum num-
bers, respectively.[49] The Dunham coefficient Ykl is approxi-
mately as follows:

Ykl ∼= µ
−(k+2l)/2
m Ukl , (6)

where Ukl is isotopically invariant and µm is the reduced mass
of molecules with different isotopes. Using Eq. (6), we could
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estimate the different MgF isotopic Dunham coefficients by
means of the known isotopic Dunham coefficients. The ro-
tational constant (Bv) and the centrifugal distortional constant
(Dv) of X2Σ

+
1/2 and A2Π in 25Mg19F and 26Mg19F have been

calculated using Eq. (6) and are listed in Tables 1 and 2.

Table 1. Rotational constants and centrifugal distortional constants of
X2Σ

+
1/2 in different MgF isotopes.

Molecular 24Mg19F 25Mg19F 26Mg19F 25Mg19F 26Mg19F
constant fitted (MHz) fitted (MHz) fitted (MHz) calc (MHz) calc (MHz)

Bv 15496.812 15223.127 14971.406 15222.915 14970.0872
Dv 0.032328 0.031365 0.030170 0.031195 0.030168

Table 2. Rotational constants and centrifugal distortional constants of
A2Π in different MgF isotopes.

Molecular 24Mg19F 25Mg19F 26Mg19F
constant fitted (MHz) fitted (MHz) fitted (MHz)

Be 15571.5201 15296.3025 15042.2555
De 0.01139 0.01119 0.01100

The coupling rules in the X2Σ
+
1/2 state vary between dif-

ferent Mg isotopes. For the even Mg isotopes, the energy lev-
els for the rotational levels of the X2Σ

+
1/2 state are near the

Hund’s case
(
bβJ
)
.[38] For the odd isotope 25Mg, there are

two coupling schemes.[50–52] The usual scheme is that the hy-
perfine interaction is smaller than the spin–rotation coupling,
so the logical choice of basis set is

S+N = J, I1 + J = F1, F1 + I2 = F, (7)

which corresponds to the basis set as

|ηΛ〉 |N(SI1)G(NG)F1(F1I2)F〉 ,

where I1 is the nuclear spin of the 25Mg atom, equal to 5/2, and
I2 is the nuclear spin of 19F atom, equal to 1/2. In the second
scheme, if the Fermi contact hyperfine interaction is large, the
logical choice of basis set is

S+ I1 = G, N +G = F1, F1 + I2 = F, (8)

which corresponds to the basis set as

|ηΛ〉 |(NS)J(JI1)F1(F1I2)F〉 ,

called case (bβS).
Using the parameters of the X2Σ

+
1/2 state in 25Mg19F

(v= 0),[39] the Fermi contact parameter is larger than the spin–
rotation parameter. As mentioned in Ref. [50], the Fermi cou-
pling splitting is independent of the rotational quantum num-
ber N. Nevertheless, the contribution of the spin–rotation cou-
pling increases with the rotational quantum number N. Thus,
for low rotational levels, the coupling rule is approximate to
Hund’s case (bβS). With an increase in N, the spin–rotation
coupling will be larger than the Fermi contact. Consequently,

the coupling rule will transform from Hund’s case (bβS) to
Hund’s case (bβJ). The energy level pattern of the X2Σ

+
1/2

(v = 0) state in 25Mg19F as a function of rotation is illustrated
in Fig. 1. As shown in Fig. 1, with N = 15, the coupling
rule has transformed from Hund’s case (bβS) to Hund’s case
(bβJ). Thus, we use Hund’s case (bβJ) to calculate the effec-
tive Hamiltonian of the X2Σ

+
1/2 (v = 0) state in 25Mg19F with

N = 20.
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Fig. 1. Spin–rotation and hyperfine energy levels as a function of rota-
tional quantum number N for the X2Σ

+
1/2 (v = 0) state in 25Mg19F.

For a A2Π state, the total Hamiltonian can be expressed
as

Heff (2
Π
)
= Hvib +Hso +HLD +Hrot, (9)

where Hvib, Hso, HLD and Hrot are the vibronic Hamiltonian,
spin–orbit coupling interaction, Λ -doubling Hamiltonian and
rotational Hamiltonian, respectively. The analysis of the spec-
trum is accomplished using a case (a) basis although the in-
creasing tendency towards case (b) coupling as J increases
must be taken into account. It is customary to take the spin–
orbital and rigid body rotation terms together.[46]

4. Constructing the narrow, close-lying levels of
MgF
To construct the narrow, close-lying levels of MgF, we

focus on constructing the close-lying levels of different MgF
isotopes. According to Ref. [53], such levels may occur due to
the cancellation between either hyperfine and rotational struc-
tures, or between the fine and vibrational structures. In MgF
molecules, the spin–orbit coupling constant Av is about 36
times larger than the adjacent rotational levels, so such levels
may occur due to the cancellation between the fine-structure
split and the rovibrational intervals of the two Π states (split
by the Ω -ladders). The components of the total electronic an-
gular momentum along the internuclear axis Ω take on the
values |Λ +Σ | = 1/2, 3/2, resulting in two Ω -ladders. Each
J-level is split by the Λ -doubling into two components with
opposite parity. The Λ -doubling in the Ω = 1/2 state is larger
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than the Λ -doubling in the Ω = 3/2 state. The rotational en-
ergy levels of the A2Π and X2Σ

+
1/2 states are shown in Fig. 2,

together with the selected transitions and close-lying levels.
The notations here for the rotational transitions from X2Σ

+
1/2

to A2Π are labeled as Tab(N). Thus, in Fig. 2, though the
transition between A2Π1/2 (v′ = 0, J′ = 20.5,−) and A2Π3/2

(v′′ = 0, J′′ = 18.5,−) is forbidden, we use two optical tran-
sitions R21(20) (X2Σ

+
1/2 (v = 0, J = 19.5,+)→ A2Π1/2 (v′ =

0, J′ = 20.5,−): blue arrow) and P22(20) (X2Σ
+
1/2 (v = 0, J =

19.5,+)→A2Π3/2 (v′ = 0, J′ = 18.5,−): orange arrow) near
359 nm to quantify the small energy gap between A2Π1/2

(v′ = 0, J′ = 20.5,−) and A2Π3/2 (v′′ = 0, J′′ = 18.5,−) (red
arrow). The two optical transitions R21(20) and P22(20) origi-
nate from the same ground state X2Σ

+
1/2 (v = 0, J = 19.5,+),

so the energy level interval of the two optical transitions just
depends on the two different excited states.
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Fig. 2. Rotational energy levels of the A2Π and the X2Σ
+
1/2 states and the selected optical transitions R21(20) (X2Σ

+
1/2 (v = 0, J = 19.5,+)→

A2Π1/2 (v′ = 0, J′ = 20.5,−): blue arrow) and P22(20) (X2Σ
+
1/2 (v = 0, J = 19.5,+)→ A2Π3/2 (v′ = 0, J′ = 18.5,−): orange arrow) with the

small energy gap ∆ f between the constructed close-lying levels (A2Π1/2 (v′ = 0, J′ = 20.5,−) and A2Π3/2 (v′′ = 0, J′′ = 18.5,−): red arrow).
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nearly degenerate situations.

Using the rotational Hamiltonian of A2Π in Eqs. (5)

and (9), we can also get the nearly degenerate energy lev-

els of different isotopes. The energy level intervals between

A2Π1/2 (v = 0, J′ = j+2) and A2Π3/2 (v = 0, J′′ = j) of dif-

ferent isotopes are shown in Fig. 3 as a function of rotational

quantum number J′′. The nearly degenerate situations oc-

cur when J′′ = 18.5, highlighted within a red square. Us-

ing Eqs. (3) and (4), the minimum energy level interval ∆ f

is expected when Av ≈ 4BvJ′′, ∆ f = Av−4BvJ′′, and the sen-

sitivity is K = Av/∆ f . In Table 3, the different isotopes of
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MgF are listed in the first column. The nearly degenerate
levels of different isotopes and parities are listed in the sec-
ond column. The third and fourth columns are the energy
gaps and the corresponding sensitivity. We can know that
the energy gap ∆ f between A2Π1/2 (v′ = 0, J′ = 20.5,−) and
A2Π3/2 (v′′ = 0, J′′ = 18.5,−) in 25Mg19F is extremely small
(∼ −100 MHz), which can contribute to extremely high sen-
sitivity (|K| ∼ 104).

Table 3. Energy intervals of nearly degenerate levels in the A2Π state of
different isotopes, together with their sensitivity K.

Isotope Transition f (MHz) Sensitivity K

24Mg19F
v′ = 0, J′ = 20.5, Ω = 1/2,+→

16911.761 63
v′′ = 0, J′′ = 18.5, Ω = 3/2,+

24Mg19F
v′ = 0, J′ = 20.5, Ω = 1/2,−→

15337.329 71
v′′ = 0, J′′ = 18.5, Ω = 3/2,−

25Mg19F
v′ = 0, J′ = 20.5, Ω = 1/2,+→ −1571.4248 −694
v′′ = 0, J′′ = 18.5, Ω = 3/2,+

25Mg19F
v′ = 0, J′ = 20.5, Ω = 1/2,−→ −100.61653 −10847
v′′ = 0, J′′ = 18.5, Ω = 3/2,−

26Mg19F
v′ = 0, J′ = 20.5, Ω = 1/2,+→ −17250.639 −63
v′′ = 0, J′′ = 18.5, Ω = 3/2,+

26Mg19F
v′ = 0, J′ = 20.5, Ω = 1/2,−→ −15872.353 −68
v′′ = 0, J′′ = 18.5, Ω = 3/2,−

5. Estimation of the frequency uncertainties
This section discusses the frequency uncertainties in the

transition from X2Σ
+
1/2 (v = 0, J = 19.5,+) to A2Π3/2 (v′′ =

0, J′′ = 18.5,−) and the transition from X2Σ
+
1/2 (v = 0, J =

19.5,+) to the A2Π1/2 (v′ = 0, J′ = 20.5,−) in 25Mg19F. We
mainly estimate the frequency uncertainties caused by the nar-
row linewidth, Zeeman shift, Stark shift, Doppler broadening
and blackbody radiation.

The natural linewidth of MgF is in the MHz range. Our
proposed method for spectral line measurement and natural
linewidth is similar to that in Ref. [54], which the uncertainty
in the spectral line measurement due to the natural linewidth
is 1 kHz. Therefore, based on Ref. [54], we estimate that the
uncertainty in the spectral line measurement due to the natural
linewidth (δ f Γ ) is about 1 kHz.

Usually, the Zeeman shift is caused by the different en-
ergy shifts in the upper and lower states:[45]

δ fZ =
EZ (upper)−EZ (lower)

h
. (10)

The X2Σ
+
1/2 (v = 0, J = 19.5,+) state in Hund’s coupling case

(b),[51] the weak field Zeeman energy is given by

∆EZ =
gS [J (J+1)+S (S+1)−N (N +1)]MJ µBBZ

2J (J+1)
. (11)

For A2Π, the effective g-value for the rotational J is

gJ =
gLΛ +gsΣ

J (J+1)
Ω . (12)

The rotational Zeeman shift of X2Σ
+
1/2 (∆EZ ∝ 1/J) and A2Π

(∆EZ ∝ 1/J′2) gradually decreases as J and J′ increase. When
the Earth’s magnetic field is eliminated, choosing the states
MF close to zero, the Zeeman shift (δ fZ) can be narrower than
100 Hz when J = 19.5.

The Stark shift for linear molecules is inversely propor-
tional to J(J+1). The Stark shift can be expressed as[55]

δ fS =
(µE0)

2

BvJ(J+1)
, (13)

where µ is electric dipole moment; E0 is the amplitude of
the optical field; h is Planck’s constant; Bv is the rotational
constant and J is the rotational quantum number. If we use a
10 mW probe laser, the total Stark shift (δ fS) is 2.45 Hz.

The transverse velocity of the molecular beam is very
small and symmetrically distributed, so the average velocity
in the transverse direction is zero; hence, there is no first-order
Doppler effect. According to the second-order Doppler shift,

∆ f2ndDoppler =
v2

2c2 ω0. (14)

If the transverse velocity of a collimated molecular beam is
around ±1 m/s, the second-order Doppler shift is 0.0046 Hz.

Blackbody radiation is always present in the experimen-
tal environment, so molecules will absorb blackbody photons,
which will induce energy shifts on molecular energy levels.
The blackbody radiation-induced energy shift for a quantum
state |i〉 is given by

∆Ei =
1

6π2ε0c3 ∑
j

P
∫

∞

0
dω

ω3µ2
i j

e
}ω

kBT −1

(
2ωi j

ω2
i j−ω2

)
, (15)

where |µi j|2 is the dipole moment matrix element between
states i and j, ωi j the transition frequency in circular fre-
quency, T the ambient temperature and P the Cauchy principal
value.[56] If we define y = }ωi j

kBT and x = }ω

kBT , according to the
Farley–Wing function:

F (y) =
∫

∞

0

(
1

y+ x
+

1
y− x

)
x3 dx
ex−1

. (16)

We can transform Eq. (15) to

∆Ei =−
1

6π2ε0c3

(
kBT
}

)3

∑
j

µ
2
i jF
(
}ωi j

kBT

)
. (17)

When the parameter y� 1, the Farley–Wing function can be
approximated to

F (y)≈ 2π2

15y
+

16π5

63y3 . (18)

Thus, Eq. (17) can be expressed as

∆Ei = −
1

6π2ε0c3

(
kBT
}

)3
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×∑
j

µ
2
i j

 2π2

15 }ωi j
kBT

+
16π5

63
(
}ωi j
kBT

)3

 , (19)

where the room temperature Tc is about 300 K and the transi-
tion wavelength is about 359 nm (y= }ωi j

kBT � 1), the blackbody
radiation shift (δ fb) is estimated to be 10−5 Hz.

In short, according to the reference,[12] the fractional tem-
poral variation of µ is about 10−14 yr−1. The sensitivity
K in our scheme can reach up to 104, and the maximal al-
lowable relative uncertainty is about K × (2α̇/α +µ̇/µ) ∼
10−10 yr−1. The total frequency shifts (δ f = δ fΓ + δ fZ +

δ fS +δ f2ndDoppler +δ fb) are about 1 kHz from the above esti-
mation of the frequency. Then, the relative uncertainty is about
1 kHz/( f (R21(20))) =∼ 10−12 (or 1 kHz/ f (P22(20)) =∼
10−12) for the optical transition.

6. Conclusion
In conclusion, we propose a scheme to search for the vari-

ation of the fine-structure constant and the proton-to-electron
mass ratio with time using MgF as a candidate. We find
that the A2Π1/2 (v′ = 0, J′ = 18.5,−) state and the A2Π3/2

(v′′ = 0, J′′ = 20.5,−) state are nearly degenerate due to the
contribution of the fine-structure and the rotational interval.
According to the calculations, the energy gap between A2Π3/2

(v′ = 0, J′ = 18.5,−) and A2Π1/2 (v′′ = 0, J′′ = 20.5,−) in
25Mg19F is about 100 MHz, which contributes to a large sensi-
tivity of 104. To quantify the small gap, we propose to use the
two optical transitions, namely X2Σ

+
1/2 (v = 0, J = 19.5,+) to

A2Π3/2 (v′= 0, J′= 18.5,−) and X2Σ
+
1/2 (v= 0, J = 19.5,+)

to A2Π1/2 (v′′ = 0, J′′ = 20.5,−). We estimate the total fre-
quency shifts caused by the Zeeman shift, AC Stark shift and
blackbody radiation to be 600 Hz, which leads to a relative
uncertainty of only 10−12. Thus, the fractional temporal varia-
tion of µ is approximately better than 10−14 yr−1. In summary,
the 25Mg19F molecule appears to be a potential candidate for
the detection of the variation of fundamental constants.
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