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The high thermal conductivity of the nanoparticles in hybrid nanofluids results in enhanced thermal conductivity
associated with their base fluids. Enhanced heat transfer is a result of this high thermal conductivity, which has significant
applications in heat exchangers and engineering devices. To optimize heat transfer, a liquid film of Cu and TiO2 hybrid
nanofluid behind a stretching sheet in a variable porous medium is being considered due to its importance. The nature of
the fluid is considered time-dependent and the thickness of the liquid film is measured variable adjustable with the variable
porous space and favorable for the uniform flow of the liquid film. The solution of the problem is acquired using the
homotopy analysis method HAM, and the artificial neural network ANN is applied to obtain detailed information in the
form of error estimation and validations using the fitting curve analysis. HAM data is utilized to train the ANN in this study,
which uses Cu and TiO2 hybrid nanofluids in a variable porous space for unsteady thin film flow, and it is used to train the
ANN. The results indicate that Cu and TiO2 play a greater role in boosting the rate.
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1. Introduction

Thin film or liquid film flow is a thin tinny layer of liquid
used as a coating, lubricant, adhesive, and paint, on the sur-
faces of sheets to work in manufacturing and printing. Thin
film flow is a result of the fluid layer being very thin and is con-
nected to the dimensions of the surface through which it flows.
Compared to liquid flow of ingredients, this consequence in-
volves different flow actions that involve surface tension, cap-
illary forces, and possibly instability caused by gravity or other
external forces.

The use of thin film in extraction and absorption can en-
hance mass transfer. Different components can be efficiently
contacted and separated thanks to the thin liquid film. Thin
film flow is also operated in heat exchangers to increase heat
transfer (HT) between a hot and cold fluid as shown in Neeraas
et al.[1] They claimed that effective heat transfer (HT) is facil-
itated by the thin liquid film’s function as a thermal boundary
layer. In several coating and deposition procedures, includ-
ing spray coating, spin coating, and dip coating, liquid film
flow is essential. The homogeneous and even coating thick-
ness on the substrate established by Weinstein et al.[2] is en-
sured by the regulated flow of liquid film. In the field of thin

film technology, liquid film flow has been thoroughly explored

for applications such as solar cells, optical coatings, and mi-

croelectronics. To achieve the necessary thin film qualities, it

is imperative to comprehend and regulate the behavior of liq-

uid film flow.

Ibrahim et al.[3,4] clarified fluid film stream is utilized in

wastewater treatment forms, Such as streaming channels and

biofilm reactors. The thin fluid film gives a huge surface range

for the connection and development of microorganisms, sup-

porting the degradation of natural matter. Vo et al.[5] exam-

ined fluid film flow in surface science to examine the wetting

behavior of fluids on diverse surfaces. It is additionally critical

in tribology, the think about contact, wear, and grease, as the

nearness of fluid movies can impact contact and wear charac-

teristics.

Craster and Matar[6] considered thin film flow over a

stretched surface and observed that it is an essential prob-

lem in the field of engineering[7,8] have investigated the flow

of thin films over an unsteady stretched surface. The small

particles (NPs) in nanometer size consist of metals, carbides,

and oxides that are dispersed in the base fluid to perform

nanofluids (NFs). The NFs exhibit improved thermal prop-
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erties compared to the base fluid.[9,10] The NFs have limited
thermophysical and chemical properties. Therefore to fill this
gap the researchers introduced an advanced class of nanoflu-
ids which is the combination of two different materials with
different characteristics and dispersible in a single base fluid.
This class is known as the hybrid nanofluids (HNFs). Cu and
TiO2 HNFs are a type of nanofluids that consists of a combi-
nation of copper (Cu) NPs and titanium dioxide (TiO2) NPs
suspended in a base fluid. The addition of Cu NPs to the
TiO2 nanofluids improves their thermal conductivity (TC) due
to the high TC of copper. This enhanced TC allows for effi-
cient heat transfer (HT) within the nanofluid (NF), making it
a promising coolant in heat exchangers and thermal manage-
ment systems.[11] Jana et al.[12] described the addition of NPs
with high TC improves the thermal efficiency of the fluid, and
makes it beneficial for cooling purposes in electronic devices,
and heat exchangers[13–16] have focused on the HNFs to study
their uses in medicine, and drug delivery. Khodadadi et al.[17]

have studied the HNFs in the context of an industrial perspec-
tive using their rheological properties. These properties are
usually used in the form of polymeric melts, fibers, and extru-
sions. Waseem et al.,[18] Ramzan et al.[19] examined the HNFs
in terms that HNFs possess catalytic NPs that function in catal-
ysis, increasing reaction rates, and whole efficiency. The use
of HNFs in progressive freezing systems, such as automotive
heaters, is extensive and mainly focused on their higher ther-
mal conductivity (TC). The HNFs are also used to enhance
the oil recovery (EOR) from the oil reservoir in terms of the
mechanical agents as stated in Sun et al.[20]

The electrical conductivity of the HNFs is used by Xian
et al.[21] in microdevices to stabilize the heat dissipation. The
stretching surface’s fluid flow has significant applications in
industry and heat exchangers. The paints, corrosion, and poly-
mer industries frequently use these types of studies.[22] Ander-
sson et al.[23] connected the heat and mass transfer phenomena
in the fluid flow with the industry. This phenomenon includes
polymer stretching, extrusion, spinning of fiber, and wire coat-
ing. The applications regarding thin-film flow in the field of
fluid dynamics include film production, lubrications, paints,
wrapping, and electronics.[24] Similarly, it works as medica-
tion and importantly works in the uniformity of blood flow by
sustaining the stability in its viscosity.[25,26] The porous space
has also an important role in heat transfer using HNFs. The
porous space reduces the flow dynamics by keeping the fluid
for some time and consequently increases the fluid tempera-
ture. Where the variable characteristics of the porous space
are more suitable for the stabilization of the fluid flow for the
desired thermal applications.

In the case of the thin film the variable porous space, ex-
pressively increases the HT rate in thin film flows of HNFs.
The variable porous space provides a larger surface area,
which allows sufficient surface area for the flow of hybrid
nanofluids (HNFs) and consequently enhances the heat trans-
fer (TC) ability.[27]

The important feature of the variable porous space is to
control the flow behavior of thin films of HNFs. The adjust-
ment of pore size depends on the variable porosity concept,
which allows the uniform distribution of the thin film.[28,29]

Based on the above literature and discussion the current analy-
sis is extended using the novelty and importance of the current
work.

Newness of the present work is listed below.
(i) In thin film flows of HNFs, particle deposition hap-

pens on the surface of the solid. The variable porous space
helps in adjusting particle deposition by letting the deposition
arise within the pores despite the solid surface. Therefore, the
porous space is considered variable for the first time for the
thin film flow of HNFs over a stretching surface.

(ii) Liquid film of Cu and TiO2 hybrid nanofluid (HNF) is
considered for the enhancement of heat transfer (HT) and the
variable porous space plays a role in improving the thermal
efficiency of the HNFs.

(iii) The HAM solution is tackled by artificial neural net-
work (ANN) and this is the advanced technique to solve the
proposed model.

The physical sketch of our model is shown in Fig. 1.

Fig. 1. The physical sketch of the present study.

2. Formulation
The study considered investigating the impact of the thin

film flow of Cu and TiO2 hybrid nanofluids over an extend-
ing surface in a variable porous space. The copper (Cu) and
titanium dioxide (TiO2) nanomaterials are dispersed in a base
fluid of water to perform a hybrid nanofluid (HNF). The flow
scenario of the thin film of HNFs includes analyzing the veloc-
ity profiles, temperature profiles, and heat transfer (HT) char-
acteristics. The fluid flow is considered incompressible, and
unsteady thin film Cu and TiO2 HNFs. The flow is also consid-
ered laminar, such that the fluid particles do not collide in such
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a manner to produce turbulence. In the current model, the sur-
face is continually extending in x direction, affecting the fluid
to pull along with it. The sheet is stretched with an unsteady
velocity Uw = bx(1− γt)−1, where γ is the unsteady rate and b
is the stretching rate. The temperature of the stretched surface
is assumed

Tw(x, t) = T0−Tr
[
bx2(2υ)−1](1− γt)−3/2,

where T0 and Tr are the initial and reference tempera-
ture components such that 0 < Tr < T0. The existing
literature[7,8,28,29,39,40] has defined the following basic govern-
ing equations:

∂u
∂x

+
∂v
∂y

= 0, (1)

ρhnf

[
∂u
∂ t

+u
∂u
∂x

+ v
∂u
∂y

]
=

∂

∂y

(
µhnf

∂u
∂y

)
− υnf

K (x)
u, (2)

(ρCp)hnf

[
∂T
∂ t

+u
∂T
∂x

+ v
∂T
∂y

]
= khnf

∂ 2T
∂y2

+µhnf

(
∂u
∂y

)2

, (3)

where ρhnf is the density of the HNFs, h(t) is the film thick-
ness, t is time, u,v are the velocity field components, µhnf is the
dynamic viscosity of HNFs, and K(x) is the permeability term
function of x that vary along the x-axis in the porous medium.

The initial and boundary conditions for the thin film
HNFs flow are[7,8]

u = uw, v = 0, at y = 0,
∂u
∂y

= 0,
∂T
∂y

= 0, and v =
∂h
∂ t

at y = h(t). (4)

Here u = uw shows the stretching velocity of the sheet

along the x-axis. The term ∂u/∂y shows the velocity at the

free surface. The width of the thin film is considered y = h(t)

and T stands for the temperature.

The proposed idea of the porous and variable space is de-

fined as[28,29]

K(x) =
m2λ (x)3

(1−λ (x))2 ,

λ (x) = λ0

[
1+λ1 exp

(
xλ2

m

)]
, λ (x) 6= 1, (5)

where h(t) is the film thickness, uw is the surface velocity.

While λ1 and λ2 are the empirical constant subject to porous

particle diameter, λ0 represents the ambient porosity. The di-

ameter of the particle is m as shown in Refs. [28,29]. The

range for the variable porous space parameters is considered

(0 < m, λ0,λ1,λ2 < 1) that is satisfactory for the stable flow

field.[28]

The dimensionless variables are as follows:[7,8]

ψ(x,y, t) = (υfb)
1/2 (1− γt)−1/2 xF(η),

u =
∂ψ

∂y
, v =−∂ψ

∂y
, η =

(
b−1

υf(1− γt)
)−1/2

y,

T (x,y, t) = T0−Tr
[
bx2(2υf)

−1](1− γt)−3/2
θ(η),

β = bυ
−1
f (1− γt)−1/2 h(t). (6)

We get the following coupled system of ODEs (ordinary

differential equations) by using Eq. (6) in Eqs. (1)–(5)

F ′′′+
µf

µhnf

ρhnf

ρf

[
FF ′′− (F ′)2−S

(
F ′+

η

2

)
f ′′
]
− 1

Da

[
λ

3
0

(
1+λ1 exp

(
−λ2η√

Da

))]−3 [
1−λ0

(
1+λ1 exp

(
−λ2η√

Da

))]2
F ′ = 0, (7)

khnf

kf
θ
′′+Pr

(ρCp)hnf

(ρCp)f

[
Fθ
′−2F ′θ − S

2
(3θ +ηθ

′)

]
+

µhnf

µf
PrEc(F ′′)2 = 0. (8)

After using the similarity transformation adopted from the

stream function in Eq. (6), it is used in Eq. (4) to transform

the physical conditions.

F(0) = 0, F(β ) =
Sβ

2
, F ′(0) = 1,

F ′′ (β ) = 0, θ(0) = 1, θ
′(β ) = 0. (9)

In Eq. (9), β is the thickness of the liquid film and S is the

unsteadiness.

The embedded parameters that are derived after the simi-

larity transformation are categorized as

S =
γ

b
, Pr =

µfCp

kf
,

Ec =
U2

w

Cp(Tw−T0)
, Da =

υf

αm2 . (10)

The embedded parameters are the unsteadiness parame-
ter S, the Prandtl number Pr, the Eckert number Ec, and the
permeability parameter Da.

Thermo-physical properties of the hybrid nanofluid are
formulated below:

ρhnf

ρf
=
(
1−ϕTiO2

)[
(1−ϕCu)+ϕCu

ρCu

ρf

]
+ϕTiO2

ρTiO2

ρf
,

µhnf

µf
=

1(
1−ϕTiO2

)2.5
(1−ϕCu)

2.5
,
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(ρcp)hnf

(ρcp)f
=
(
1−ϕTiO2

)[
(1−ϕCu)+ϕCu

(ρcp)Cu
(ρcp)f

]
+ϕTiO2

(ρcp)TiO2

(ρcp)f
,

khnf

knf
=

(
kCu +2knf +(kCu− knf)2ϕCu

kCu−2knf +(kCu− knf)ϕCu

)
,

knf

kf
=

(
kTiO2 +2kf−2ϕTiO2

(
kf− kTiO2

)
kTiO2 +2kf +ϕTiO2

(
kf− kTiO2

) ) . (11)

The physical parameters of interest are displayed as

Cf =
2τw

ρU2
w
, Nu =

qwx
k(Tw−T0)

,

τw = µhnf
∂u
∂y

∣∣∣∣
y=0

, qw =−khnf
∂T
∂y

∣∣∣∣
y=0

. (12)

These equations are shear stress and heat flux. The use of the
similarity variables makes the above quantities as

Re1/2Cf =−
µf

µhnf
F ′′(0), Re =

xUw

υ
,

Re−1/2Nu =−khnf

kf
θ
′(0). (13)

The thermo-physical features of TiO2, Cu, and H2O are
shown in the following Table 1.

Table 1. Thermo-physical features of TiO2, Cu, and H2O.[11]

Properties H2O TiO2 Cu

ρ (kg/m3) 997.1 4250 8933
k (W/mK) 0.613 8.953 400

Cp (J/kg·K) 4179 686.2 385
β (1/k)×10−5 21 0.9 1.89

3. Analytical method HAM
In science and engineering, analytical methods[30–35] are

mostly employed. The HAM is one of the series methods
providing analytical solutions to nonlinear problems. This
method is an easy tool. Just needs an initial guess to run the
system and collect the series solution. The ANN method uti-
lizes this technique to obtain a machine-based solution.

4. ANN-solution procedure
An artificial neural network (ANN) analysis is utilized to

solve the problem of thin-film Cu and TiO2 hybrid nanofluids
flow on an unsteady stretching surface, taking into account that
the flow medium is porous and variable.[27,36–38] The ANN
worked on the already obtained solution through any analyt-
ical or numerical method. In the present work, the solution
is obtained using the HAM technique. The HAM is an ana-
lytical method that provides the series solution by using the
initial guess. The ANN is then applied by utilizing the HAM
solution. The main steps of the ANN are as follows.

The parameters S, Da, ϕCu, ϕTiO2 , Pr, Ec, and β of the
model problems are used initially as the data set in ANN which

describes the thin film HNF flow over stretching sheet for the
HT applications.

In the next step, the data collection is managed and sta-
bilized which confirms that the input parameters S, Da, ϕCu,
ϕTiO2 , Pr, Ec, and β are within an appropriate range for the
ANN. The data collection is then forwarded neural network
having several hidden layers for the proposed thin film flow
problem. Furthermore, the data is divided into a set of valida-
tions and training. The set that trains from the data is used to
regulate the weights and biases of the network using the iter-
ative process. The trained ANN predicts the thin film flow of
HNF and heat transfer features for the given physical condi-
tions. The parameters S, Da, ϕCu, ϕTiO2 , Pr, Ec, and β are
worked as the input variables and the outputs are achieved
based on the provided input data.

5. Results and discussion

The solution is obtained through the HAM techniques
by using the Mathematica software. The obtained results are
then used for testing, and training using ANN. Figures 2(a)–
2(d) show how the ANN models and Mathematica solution are
shown visually. The purpose of these sketches is to illustrate
how the porosity factor Da increases the velocity distribution
F ′ (η) and to compare the results of artificial neural networks
(ANNs) and Mathematica software. As shown in Fig. 2(a),
where the solution is derived using Mathematica software, a
rise in the porosity factor Da for both nanofluids results in a
growth in the velocity distribution F ′ (η) mostly because of
the extended flow networks offered by the porous medium. A
larger value of (Da) means provides empty spaces inside the
porous structure consequently resulting in more fluid passing
through the medium.

This means that the thin film flow of HNFs over the ex-
tending surface increases. This means that increasing porosity
stimulates better fluid absorptivity and flow, which raises the
fluid motion of the thin film. The same analysis is promoted
through (ANN) solution for the influence of Da on F ′ (η)

as shown in Fig. 2(b). These results show that increasing in
F ′ (η) is more functional way to go for an increase in Da than
using Mathematica software to obtain the same parameter’s
influence on velocity. The effect comparison on F ′ (η) with
upsurge in Da between Mathematica and artificial neural net-
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works (ANNs) strengthens the outcomes produced by ANNs.
The heightened sensitivity in the results may indicate that

ANNs are better suited to capture complex dependencies due
to their ability to adapt to non-linear interactions and learn
from vast datasets. Figure 2(c) shows the investigation of ab-
solute error in terms of the (AE) using the (ANN) models to
approve the correctness requirements. The calculated absolute
error values for each model fall into the specific preset ranges
of 10−7 to 10−3 for the ANN setups.

As a result, the impacts of Da on F ′ (η) are more accu-
rately detected and represented by the ANN approach. This
suggests that the ANNs technique is a more accurate and com-
plete tool by consolidating the validity and reliability of the
consequences acquired through it as shown from the fitting
function in Fig. 2(d). The obtained results from the ANN in
terms of the fitting function are used in the form of absolute
error, testing, training, and validation. These outputs authen-
ticate the degree of accuracy when compared with reference
outputs.

The thickness of the thin film HNFs versus F ′ (η) is
shown in Figs. 3(a)–3(d) using HAM, ANN, AE, and fitting
function respectively. The variation in the thickness β of the
liquid film varies the viscosity of the HNFs. As the film thick-
ness β increases, the viscosity of the fluid increases, reducing

the fluid flow as shown in Figs. 3(a) and 3(b) using the HAM
and ANN strategy. The capillary action is more prominent
in the case of the thin film thickness during the fluid motion.
Physically, the film thickness β influences the capillary forces,
causing the way the hybrid nanofluid interacts with the perme-
able space. Intermolecular forces govern this interaction, and
changes in film thickness alter these forces.

The porous medium’s permeability is also an essential
element and has an impact on the thin film thickness β .
The porous structure’s ability to flow liquid is influenced by
changes in the thickness of the liquid film β . The boundary
conditions imposed on the system also have an impact on the
velocity profile F ′ (η). So these all are the factors that con-
trol the fluid motion in case of the variation in β . The AE
performance during the fluid motion varying the thickness of
the HNFs is shown in Fig. 3(c). The fitting function that has
a primary role in training, testing, and validation in ANN is
displayed in Fig. 3(d) versus the increasing values of β . The
input data and output targets validate the obtained results.

A more detailed description of the system, including vari-
ation in its porous media, fluid properties, and boundary con-
ditions, would likely be necessary to understand the detailed
relationship between the unsteadiness S and the velocity pro-
file F ′ (η) as displayed in Figs. 4(a)–4(d).
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Fig. 2. The HAM outputs and ANN design for the influence of Da on F ′ (η) with error estimation and fitting curve. (a) Disparities in Da versus F ′ (η) for
Cu + TiO2 with Mathematica software, (b) disparities in Da versus F ′ (η) in case of Cu+TiO2 with ANN, (c) absolute error for Da in case of Cu+TiO2
with ANN, (d) function fit for Da versus F ′ (η) in the case of Cu+TiO2 with ANN.
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In the context of thin film liquid flow through porous me-

dia, it is possible to observe several effects as a result of the

decreasing effect of an unsteadiness parameter S on the veloc-

ity field F ′ (η). Variations or fluctuations in flow conditions

over time are typically associated with unsteadiness parame-

ters S. A more stable and steady-state flow may be possible

with a decrease in the unsteadiness parameter.

The velocity field F ′ (η) has the potential to become more
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uniform and predictable over time as the variations in flow
conditions decrease and depend on S. The pulsaturity of the
flow is often associated with an unsteadiness parameter. The
pulsations or oscillations in the velocity field F ′ (η) will prob-
ably decrease when the unsteadiness parameter S decreases.
The impact is visible in Figs. 4(a) and 4(b) using HAM and
ANN procedures. This S has the potential to produce a flow
that is smoother and more consistent. The attenuation of waves
can occur when the unsteadiness parameter S decreases in sys-
tems with wave-like behavior, like peristaltic flows. As the
system approaches a more steady-state condition, there may
be a decline in both amplitude and frequency of waves in the
velocity field F ′ (η). Where the AE performance is displayed
in Fig. 4(c). Variations in velocity magnitude and direction
are caused by transient effects caused by unsteadiness in the
flow. Less pronounced transient effects will result in a more
stable velocity field as the unsteadiness parameter decreases.
As the unsettledness decreases, the interaction between liq-
uid and porous media may become simpler. The fitting curve
to valdate the obtained results through training, testing is dis-

played in Fig. 4(d).
Figures 5(a)–5(d) as the thickness β of the liquid film de-

creases, the heat conduction across the film becomes more effi-
cient. A faster exchange of thermal energy is achieved through
thinner films due to their shorter path for heat to travel from
the hot to the cold side. As the thickness decreases, convec-
tion flows more capably transfer heat away from the surface,
paying to an operative cooling to the system. Thicker films en-
hance the resistance to thermal factors, reducing the heat trans-
fer rate. The thinner behavior of the β condense this thermal
resistance, permitting a speedy exchange of thermal energy
between the hybrid nanofluids and porous space as shown in
Figs. 5(a) and 5(b) using HAM and ANN approaches. The AE
performance using the variation in β versus the temperature
profile utilizing the ANN is shown in Fig. 5(c). The smaller
error detection approves the obtained results. The fitting func-
tion is an important part of the ANN strategy to validate the
results using the testing and training to validate the thin film
β variation versus the temperature distribution as shown in
Fig. 5(d).
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Fig. 5. (a) Disparities in β versus θ (η) for Cu+TiO2 with Mathematica software, (b) disparities in β versus θ (η) in case of Cu+TiO2 with ANN,
(c) absolute error for β in the case of Cu+TiO2 with ANN, (d) function fit for β in the case of Cu+TiO2 with ANN.

The impact of the unsteadiness term S versus the tem-

perature profile is displayed in Figs. 6(a)–6(d). The increas-

ing effect of an unsteadiness parameter S on the temperature

profile in the context of thin film liquid flow through porous

media has an important role to improve the HT rate displayed

in Figs. 6(a) and 6(b) using the HAM and ANN techniques.

The larger values of S reducing the flow of the thin film HNFs

and consequently improve the thermal performance of the

Cu+TiO2 HNFs. This impact is quite more extensive near the

sheet surface when the thickness of the liquid film is thin. As
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the S rises, the perturbations in the flow are likely to become
more substantial affecting the velocity distribution in the thin
liquid film. In fact, increasing unsteadiness indicates a larger
impact of transient effects in the thin film HNF flow. Since the
thin film flow of HNF is considered, a variable porous space

becomes more complex with increasing unsteadiness S and the
slowness of the liquid film provide more heating. The AE
representation of S in case of the temperature distribution is
shown in Fig. 6(c). Where the validation of the unsteadiness
parameter through fitting function is displayed in Fig. 6(d).
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Figures 7(a)–7(d) illustrate the influence of Eckert num-
ber Ec on temperature distribution θ (η) with respect to Math-
ematica solution Fig. 7(a) and ANNs solution Fig. 7(b), while
figure 7(c) illustrates the absolute error analysis. Similarly
the fitting function to validate the obtained results is shown in
Fig. 7(d). Figures 7(a) and 7(b) illustrate that as Ec increases,
the appropriate extension of the thermal distribution happens.
In fact,, Ec is a dimensionless number that, in the context of
convective heat transfer, defines the ratio of kinetic energy to
enthalpy. θ (η) may be significantly compressed by a rise in
the Ec. Ec increase means that the fluid’s kinetic energy is
more than the thermal energy involved. In these situations, a
rise in Ec denotes a rise in the flow’s kinetic energy. This in-
creased kinetic energy implies that there is more energy in the
fluid that may be used to dissipate heat.

Table 2 shows the increment in skin friction occurrence
when the values of different parameters become increase.

Table 2. The increment in skin friction occurrence when the values of
different parameters increase.

Da ϕ1 +ϕ2 S µnfµfF ′′(0) Cu (µhnf/µf)F ′′ (0) Cu+TiO2

0.1 0.01 0.1 0.53278194 0.54287196
0.2 0.542672198 0.55218979

0.3 0.552781902 0.56319082752

0.1 0.01 0.1 0.53278194 0.54287196
0.02 0.54278187 0.552781961

0.03 0.54982109 0.563675210

0.1 0.01 0.1 0.53278194 0.54287196
0.3 0.53672891 0.548290871

0.5 0.54190823 0.551962521

In Table 3, we listed the Nusselt number Re1/2
r Nur =

−khnf/kfθ
′(0) versus various factors.[7,8]

Table 3. Nusselt number versus various factors.

ϕ1 +ϕ2 S Ec −knf/kfθ
′(0) Cu −khnf/kfθ

′(0) Cu+TiO2

0.0 1 1 3.13257819 3.276743210
0.01 3.183245167 3.3416543765
0.02 3.219866232 3.41654843
0.03 3.2782761 3.463786
0.04 3.317821 3.536543276
0.05 3.35367219 3.58432171
0.0 1 1 3.13257819 3.276743210

3 3.10652718 3.2597190
5 3.01872891 3.23167287

0.0 1 1 3.13257819 3.276743210
3 3.1563219 3.256527891
5 3.164251 3.26763972

The AE performance to obtain the error estimation has
been shown in Fig. 7(c). The validation of the increasing val-
ues of Ec versus thermal profile using the testing, training has
been shown in Fig. 7(d). The fitting function used in this sce-
nario validating the obtained results by means of the ANN pro-
cedure.

The thermophysical properties are displayed in Table 1.
The skin friction versus physical parameters displayed in Ta-
ble 2. The heat transfer (HT) rate using various embedded
parameters has been shown in Table 3. The increasing val-
ues of ϕ1 +ϕ2, S, Da improving the skin friction. In fact, the
resistive force increasing with the larger amount of these pa-
rameters. The HT rates improves with Eckert number Ec and
NPs volume fraction ϕ1 +ϕ2.

Table 4 shows the percentage variation in Nusselt number
with growth in nanoparticles by using the following relation.

Increase =
Withnanoparticles

Withoutnanoparticles
×100 = Result, Result−100 = %enhancment.

Table 4. Percentage variation in Nusselt number with growth in nanoparticles by using the above relation.

ϕ1 and ϕ2 −knf/kfθ
′(0) Cu-nanofluid −khnf/kfθ

′(0) Cu+TiO2-hybrid nanofluid

0.00 0% increase 0% increase
0.01 1.617% increase 1.980% increase
0.02 2.78% increase 4.26% increase
0.03 4.65% increase 5.59% increase
0.04 5.91% increase 7.728% increase
0.05 7.05% increase 9.38% increase

The increasing nanoparticle volume fraction implies en-

hanced HT properties, as NPs have higher thermal conductiv-

ity compared to traditional fluids. This characteristic allows

for efficient heat dissipation and enhanced thermal manage-

ment in various systems. On the other hand the increasing val-

ues of S decline the HT rate. The percentage-wise enhance-

ment in HT rate versus is shown in Table 4. The HT rate

improves up to 7.05% using nanofluid, while the HT rate en-

hances up to 9.38% using HNFs volume fraction ϕ1 +ϕ2 0.01

to 0.05.

Table 5 presents the numerical values for various features

in the ANN models. The performance based on testing, train-
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ing, and validation are displayed using the values for MSE.
ANN models have become an excellent choice for modeling
and calculating various phenomena, including the flow of thin
film HNFs. The significance of various structures in these
ANN models is described in Table 5. The performance of an
ANN model in terms of precision and efficiency is critical.
The estimations of the behavior of thin film HNFs flow are
observed for their good agreement. A good agreement is per-
ceived which confirms reliable estimates and diminishes errors
in the form of numerical simulations as shown in Table 5. Test-
ing of ANN models is important to assess their simplification
fitness. The tested model precisely predicted the thin film HNF

flow behavior for data that it had not met in the training phase.

Testing helps identify the model’s limitations and possible ar-

eas for perfection as shown in Table 5. The training algorithm

and convergence principles meaningfully determined the pre-

cision of the model as accomplished for the present model in

Table 5. Validation involves measuring the presentation and

accuracy of the ANN model using autonomous datasets in the

form of parameters. Validation guarantees that the model is

reliable to make precise predictions for hidden data, making it

a vital aspect of building consistent ANN models for thin film

HNFs flow.

Table 5. Numerical outputs of the ANN.

Cases
MSE

Performance Gradient Mu Epoch Time (s)
Training Validation Testing

1 1.2571×10−8 8.32×10−7 2.11×10−7 7.23×10−8 1. 39×10−5 1.00×10−6 820 02
2 2.31×10−8 3.53×10−8 3.87×10−8 4.35×10−8 8.65×10−6 1.00×10−6 682 02
3 4.23×10−7 6.52×10−7 1.82×10−7 2.89×10−7 3.21×10−6 1.00×10−6 512 01
4 3.21×10−9 5.42×10−9 2.83×10−9 1.87×10−9 8.63×10−6 1.00×10−7 892 04
5 3.24×10−8 3.01×10−8 1.35×10−7 2.62×10−8 1.42×10−4 1.00×10−7 1000 04

6. Conclusion
The thin film of Cu and TiO2 hybrid nanofluid over an

unsteady extending surface in a variable porous space is con-
sidered for the optimization of heat transfer. The transform
problem is solved using the HAM technique. The HAM re-
sults are then handled by ANN technique to validate the ob-
tained results by testing, training, AE, and fitting function.

The ANN technique allows for a more precise illustration
to handle the complex flow models, which are not possible
through traditional methods. In conclusion, the artificial neu-
ral network (ANN) analysis verifies an operative tool in solv-
ing the problem of thin-film Cu and TiO2 hybrid nanofluids
flow on an unsteady stretching surface, in view of the porous
and variable nature of the flow medium. The main outputs are
listed below.

(i) The increased values the ϕCu, ϕTiO2 , Da, β result in
a decrease in HNF motion, indicating increased resistance to
flow. This is beneficial in terms of energy consumption and
whole system efficiency.

(ii) The HNFs flow containing Cu and TiO2 nanoparticles
has shown a significant increase in the liquid film thickness β

compared to the base fluid. This suggests that the addition
of these nanoparticles has a positive impact on enhancing the
flow characteristics and increasing the liquid film thickness β .

(iii) The use of thin film Cu and TiO2 hybrid nanofluid
flow establishes a promising trend of increasing values of
the ϕCu, ϕTiO2 . The increasing nanoparticle volume fraction
ϕCu, ϕTiO2 implies enhanced HT properties, as nanoparticles

have higher thermal conductivity compared to traditional flu-
ids. This characteristic allows for efficient heat dissipation and
improved thermal management in various systems.

(iv) The percentage-wise heat transfer is calculated us-
ing the Cu-nanofluid and Cu+TiO2-hybrid nanofluid. It is
observed that up to the maximum quantity of ϕCu, ϕTiO2 in-
creasing the HT rate 7.05% and 9.38% respectively.

(v) ANN model for thin film HNFs flow over an unsteady
stretched surface ensures precise predictions, reliable general-
ization, adaptive learning, and continuing validation.

Table 6 displays the common parameters that are taken
into account to compare the present work with the existing
literature. A very closed agreement has been observed that
validates the present analysis.

Table 6. The common parameters taken into consideration by comparing
the present analysis with the published work.

Common parameters Qasim et al.[39] Nasir et al.[40] Present work

S β F ′′(0) F ′′(0) F ′′(0)
0.2 0.50 0.1642783942 0.1644527839 0.1644462712
0.4 0.1742783901 0.1743426567 0.1743536728
0.6 0.1842563190 0.1844267523 0.1844324626
0.8 0.1942786513 0.1945234127 0.1945324152

0.55 0.1824516726 0.1824256374 0.1824324782
0.60 0.2034256178 0.2035327814 0.2035452781
0.65 0.2252642718 0.2253257212 0.2253325625

The current project is centered around variable porous
media. The future work can be extended to incorporate
the variable Darcy–Forchheimer thin film concept. Different
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nanoparticles can be added with the addition of magnetic and
electric fields as well. The Riga Plate concept is also useful
to consider this film flow in various fields of science and en-
gineering. The entropy regime is a valuable addition to this
study as a future work.
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