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We discuss the information paradox and its implications for regular black holes. Our primary focus is on Page curve
using the island treatment and analyzing relevant parameters like Page time and scrambling time. Calculations without
considering the island show that the entanglement entropy increases linearly and continues to infinity. When we consider
the generalized entropy, we find that the island extends just beyond the horizon, leading to a constant entanglement entropy.
Specifically, we find that in the early stages, the island never forms, regardless of the charge and mass configuration of the

black hole.
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1. Introduction

of black hole
thermodynamics, '~ the black hole information paradox has

Since the mature development
emerged as a significant issue in quantum gravity. The black
hole information paradox, which involves both quantum me-
chanics and general relativity, is a key for exploring quantum
gravity and deepening our understanding of it. The origin of
the information paradox can be traced back to the proposal of
Hawking radiation by Stephen Hawking in 1975.1? On one
hand, Hawking radiation represents a type of thermal radia-
tion that lacks information, leading to the continuous increase
of entanglement entropy in a black hole. On the other hand,
the unitarity of quantum mechanics asserts that the initial and
final stages of the black hole evaporation process must remain
in a pure state. This contrast indicates that the entanglement
entropy increases in the initial stages, then begins to decrease
at a certain time, and ultimately tends to zero as the evap-
oration completes. The process described above, where the
entropy first increases and then decreases, starting from zero
and returning to zero, is commonly known as the Page curve,
introduced by Page in Ref. [5].

The AdS/CFT duality, first proposed by Juan Maldacena
in Ref. [6] is a profound idea and provides a powerful tool
for understanding black holes and the information paradox.
The insights from the holographic principle have generated a
wealth of significant work, including several early works have
thoroughly examined the information paradox,!”=°! and pro-
vides a solid foundation for further studies in this area. Re-
cently, one of the most well-known work related to it is the dis-
covery of “island”.['% The idea can be traced back to the study

of quantum corrections via Ryu-Takayanagi (RT) formula!!'!!
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and further in-depth studies.!!>!3] The general entropy pro-
posed as the sum of the area term and the matter term. When
considering higher-order quantum corrections, quantum ex-
tremal surfaces (QES) are used to represent the entropy.[!4-16]
The entanglement entropy is the minimal extreme of general

entropy as follows:

Area(dI)

SRad = min {ext [ 1Gn

+Smatter(RUI)] } (1)
Here I stands for the island, the boundary oI of which is
the quantum extremal surface. We have two entities need
to be addressed using the same approach: the matter term
has a UV cutoff because of the divergences!!”-!®! and the
Newton constant should also be renormalized for the same
reason.['”] Although the formula is proposed for calculating
the entanglement entropy in AdS spacetime, its applicability is
widely broadened with further research.?°-2?] Firstly it is used
to calculate the entropy under the two-dimensional (2D) JT
gravity.!!®23] The holographic CFT (HCFT) model represents
a significant advancement in this field, allowing for the direct
calculation of entropy dynamics without the OPE approxima-
tion as discussed in Refs. [15,23,24]. Apart from holographic
method above, the island rules can also be verified and de-
rived not only in CFT but also in the gravitational inertial using
the replica wormhole method. Additionally, low-dimensional
SYK models play an essential role in these studies by offering
a microscopic explanation for gravitational dynamics.[?1-2>-27]

The original calculation of the Page curve depends on
the factorization of the Hilbert space. Some studies have
shown that the assumption of a factorizable Hilbert space in
the calculation of entanglement entropy no longer holds. 28]

Coupling a ‘bath’ system has successfully addressed this is-
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sue and recently research has started exploring how this ap-
proach might work in the more challenging case of asymp-
totically flat spacetime.?%) In Ref. [24], the island is shown
to be located outsside the horizon in eternal black hole under
the 2D JT gravity, and its Page curve can be derived. The is-
land concept has since been extended beyond 2D JT gravity,
making significant contributions to a variety of spacetime set-
tings. The asymptotically flat spacetime case was discussed
in Refs. [31-33] under different conditions.
other metrics for eternal black holes including Schwarzschild
black holes,** Reissner—Nordstrom (RN) black holes, !
BTZ black holes,?®! has also been explored in Refs. [37-45]

These developments suggested that the island configuration

A family of

may be applicable to a wide range of black hole types, which
can help us better understand black hole entropy and the infor-
mation paradox. This implies that the island configuration has
the potential to be used in a wide range of black hole types.

Regular black holes (also written as RBH) are a specific
category of black holes. Unlike typical black holes, RBHs
have coordinate singularities at the horizon but lack the central
singularity.[*¢47 Bardeen introduced the first RBH model.[*8]
Subsequently, many other RBH metrics have been discovered,
such as the Hayward solution!*”! and the Frolov solution.>"!
Due to the de Sitter core inside the black hole, singulari-
ties do not emerge. The entropy of a regular black hole has
been calculated and proved to obey the area law.[>!! Recently,
another class of metrics has been found where singularities
are replaced, not by de Sitter spacetime, but by Minkowski
spacetime.’>%! As a simple model, the Bardeen black hole
shares a similar inner causal structure with the RN black hole,
but the inner singularity is replaced by a regular center.*”) Ad-
ditionally, its metric resembles the Schwarzschild black hole
at large distances. The black holes mentioned above have all
been studied, as reported in Refs. [34,35]. This asymptotic be-
havior guides our study, and allows us to compare with RN or
Schwarzschild black holes when necessary. Unlike the com-
mon black holes, regular black holes, with a unique structure,
offering new insights to understand the information paradox.
This enables us to explore deeper connections and enrich our
understanding of black hole entropy.

Regular black holes (RBHs) are interesting for their ab-
sence of a central singularity, a feature that distinguishes them
from classical black hole models like the Schwarzschild and
RN black holes. Hayward, for instance, argued that if no sin-
gularity exists, the information paradox might not arise.[*%->3]
By studying RBHs, we are able to investigate the role singular-
ities play in the black hole information paradox, offering new
perspectives on how information may be preserved or lost in
the presence or absence of a singularity. We will provide fur-
ther comments on this situation and explain why it is mean-

ingful to apply the island configuration to regular black holes.
Additionally, we will provide comparative analysis and com-
mentary on Hayward’s claim based on our results.

In this paper, we analyze the entanglement entropy of
Hawking radiation for an eternal regular black holes, focusing
on the influence of island contributions on the entropy calcu-
lation. The structure of our work will be as follows: In Sec-
tion 2, we will present a brief review of the regular black hole
to ensure the setup prepared. In Section 3, we will derive the
entanglement entropy under the island configuration on var-
ious occasions. Section 4 will address the Page time and the
scrambling time, followed by a brief discussion about the Page
curve. Finally, in Section 5, we will engage in a discussion on
the Page curve within the black hole we are studying, and give
an oppinon about the requirements of information paradox for
regular black holes.

2. Review of regular black hole

In this section, we will give a brief review of the regular
black hole with specific attention to the Bardeen black hole.
Then we will calculate the Kruskal coordinate that will be used
in subsequent calculations. We will also briefly introduce the
Hayward statement about regular black holes and information
paradox.

Regular black hole (also known as non-singular black
hole) is a collection of black hole that does not exist singu-
larity. A simple example is the Bardeen metric introduced by
Bardeen.[*®) Tt is similar to the RN black hole, except that the
singularity inside is replaced by the regular center at » = 0.

A spherically symmetric, static black hole with metric is

as follows:
ds? = —f(r)de® + ar +r2dQ? )
f(r)
where the symbols are defined as
dQ? =rd6%+d¢*sin’6. (3)
The shape function of Bardeen metric satisfies
2
=1-2m——- =, 4
f(r) m(72+q2)3/2 ( )

where m represents the mass of the black hole and g represents
the charge. Another example is the Hayward metric, repre-

sented as
2

£(r) =1-2m 5)

P +ogm’
Both metrics share a similar form of f(r) = 1 — 2mr? term,
except for the denominator.

Let us have a quick review of the asymptotic behavior.
For small values of r, the Bardeen metric behaves like de Sit-
ter metric

) ~1 —2%#. (6)
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Similarly, the Hayward metric obeys

m
f(r)~1- 2(73#. (7

When r tends to infinity or ¢ tends to 0, both of these metrics

behaves like Schwarzschild metric as!*”!
2m
flr)~1=—=. (8)

To analyze the zero points of f(r), we introduce the crit-
ical mass m, and its corresponding critical radius r,. When
m = m,, it represents an extremal black hole and the function
f(r) =0 has one (or two equal) zero points at radius r.. As
shown in Fig. 1, we can see the conditions of regular black
holes with varying mass. When m < m,, there is no black hole
since the function f(r) = 0 has no zero points. When m > m,
the black hole has two positive zero points: the outer horizon
at r; and the inner horizon at r_.

f(r)
m<ms, no black hole
m = msx, extremal black hole
m>ms, black hole

T_ Ty T

Fig. 1. The diagram of metric with shape function f(r). We can see when
the mass m > m,, the shape function has two zero points, corresponding to
a formed black hole. When mass equals the critical mass m = m,, the black
hole becomes an extremal black hole, with two horizons shrink to one point.
When m > m,, there is no formed black holes.

Minimizing the shape function, we find that the critical
mass satisfies m = #q at r,. and the critical radius is solved
as rop = \/Eq.

We can have a quick summary from Fig. 2, we image a
line parallel to the r-axis representing the mass of the black
hole. When the black hole forms, the red line will increase,
when two horizons extend. When the black hole lose mass
through Hawking radiation, the red line decrease while the
two horizon shrink. Once the mass is less than the critical
mass corresponding to the lowest point in the figure, the black
hole can no longer exist in the spacetime.

By setting f(r) = 0, the mass—radius relation could be
evaluated as follows:

1 (r2 + q2)3/2
m= o ©))
For m < m,, we have r_ ~ \/‘W and 4 ~ 2m, which could
also be seen in Fig. 2.

m

r_ T Ty r

Fig. 2. The relationship between mass and radius shown above. The
blue color describes the metric. It behaves like tow asymptotic curves
showing the asymptotic behavior in r — 0, m = ¢* /2r%, and r — oo with
r=2m.
The similarity of the two shape functions in Eqgs. (4) and
. 3/2 .
(5) pursuit us to expand the (r?/(r?+4?)) /2 term in the
Bardeen metric to the third order of r. Expanding the func-
tion gives us the function of f(r) as a polynomial in r as

2
flr)y=1- 20

r r3

(10)

Following the approach employed in Ref. [56] in the
study of RN black hole, we multiply both the right-hand side
(RHS) and the left-hand side (LHS) by > and get a polynomial
inr

P ) = =2mr? +3mg’. (11)

We seek solutions to the equation f(r) = 0 to locate the hori-
zon. Hence, we can rewrite the equation as

P = (r=r)(r=r)(r=rs). (12)

Here, ry, r2, and r3 are the three roots of the equation, which
make the RHS of Eq. (12) equals zero.

Now let us shift our focus to Kruskal coordinates. The
tortoise coordinates are defined as follows:

dr* 1
—_— == 13
ar =70 (4
For further clarification, substituting f(r) into it yields
dr* r
— = . (14)
dr  (r—r)(r—r)(r—mr3)
Integrating both sides gives the tortoise coordinates as
i
rf=r+ log(r—r
(r—r2)(ri—rs) glr=r1)
log(r—r
(ra—r1)(r2—r3) gl )
A
+ 2 log(r—r3). (15)
(73—7'1)(}’3—1"2) g( 3)
A simplified expression could be
r*=r+Y Ajlog(r—r), (16)
i
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where the coefficient is defined by

2

N

S ) n
As a third order equation, the fundamental theorem of alge-
bra guarantees 3 real roots if the discriminant discriminant A
is positive. The charge denoted by ¢ is assumed not be too
large ensuring that the f(r) has two zero points where r > 0
denoted as r; and r,. For convenience, the positive solutions
will be written as . and 7_. The coefficient A; can be obtained
through the following Vieta’s formulas:

ri+nr+r3=2m,
riry+rar3+rir3 =0,

rirry = 3mq2. (18)

Following Eq. (18), we can always use m and g to denote the
coefficient A;.

Another important physical quantity of the black hole is
Hawking temperature. The Hawking temperature is deter-
mined by the surface gravity at the outer horizon
L ke fl(re)

T:—_ =
H B 2r 4T

. (19)

Here Kk is the surface gravity at the outer horizon r,. If no
further explainations, all k refer to the surface gravity at the
outer horizon.

Now we can apply the surface gravity on the Kruskal co-
ordinates. The Kruskal coordinates are given by

v=t+r",
u=t—r". (20)

By using dr* = dr/f(r), the metric can be written as
ds? = f(r)(dr* — dr?) + r* dQ?
= —f(r)dudv+r2dQ>. (1)

With the representation of the surface gravity, the Kruskal
coordinate in Bardeen black hole can be represented as

U=—e ¥
vV =ef. (22)

Similarly the metric can be expressed by the new coordinate
with

2 _ 2102
ds™ = —f(r) UV +r°dQ-, 23)
we can obtain the metric in the new coordinate using UV =
2xr*
—e
e—2K+F*
ds* = f(r)- —5—dUdV + 7 Q7. (24)
K

+

Finally, we obtain the following relationship:
ds? =W2(r)dUdv + Q2 (25)

with the conformal factor

W2(r) = —f(r)—5—. (26)
Kt
The conformal factor has similarity to RN black hole.
From the coordinates we can obtain the entanglement entropy
throughout the Kruskal coordinate in the next section.

3. Entanglement entropy of regular black hole

In this section, we will first complete groundwork for cal-
culating the entanglement entropy, mainly focusing on the co-
ordinates. Then, we will calculate the entanglement entropy
in two situations: The entropy without island contribution in
Subsection 3.1 and the entropy when the island closed to the
horizon location at Subsection 3.2.

Notice that the generalized entanglement entropy includ-
ing the island is given by

S = min {ext {Area(a” + Smatter (R UI)} } .
4G

the matter term of the entanglement entropy follows
c 2
Smatter = 8 logd (b+7b7)7 (28)

where b and b_ represent the cutoff as shown in Fig. 3.

Fig. 3. The Penrose diagram depicts a portion of an eternal Bardeen
black hole. It is RN-like, but the bolded line is the regular center cor-
responding the singularity of non-regular black hole. The boundary of
island stands outside the horizon marked with symbol a, while the sym-
bol b represents the cutoff where the radiation is all going beyond. The
dashed line denotes the horizon of the black hole.

The position of the island and the cutoff distance in dif-
ferent regions are noted by

a+ = (tlha)? a— = <_ta+ lf7a)a

020401-4
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b+:(tbab)) b= (_tb+]fvb>' (29)
Given any two positions with x and y, the distance between
them in the specific metric expressed by Kruscal coordinates

is calculated by

UG -UE)VE-V©)

2 _
$ )= WOW() ’

(30)

where W is defined as the reciprocal 1/W.
Notice that in different wedges, the Kruscal coordinates
have inverse values shown by

Vi = _|_e+K(t+r*)7

VL — _e+1<(t+r*). (31)

UR — _e—K(t—r ),

UL — _’__efK(I*r )7
Substituting the coordinate expressions we can conclude the
following.

(i) If x and y have the same sign in the subscript, for ex-
ample d?(ay,b ), we obtain

e2ix 4 g2k _ e2K(xt))" . D cosh [K(tx —1y)]

d? X,y) = . (32)
) WEWO)
(i) If x and y have opposite signs in the subscript position,
we obtain
Play) = S e+ e deoshlk(t 4 0)] o)
WE)W(y)
Notice that
2Kx* 2ky*
¢ te = coshx(x* —y™). (34)

Tert

The common factors 2e¥® ") can be extracted from the
above equation, so we can derive the expression about distance
between x and y as follows:

(iii) If x and y have the same sign, we have

26X0") (cosh [K(x* — y*)] —cosh [K(t; ~ 1,)])

2 _
@) = WEW0)

(35)
(iv) If x and y have the opposite signs, we obtain

26X ") (cosh [ie(x* — y*)] + cosh [K(t, +1,)])
W) |

d(x,y) =
(36)

3.1. Entanglement entropy without island

In this section we will discuss the entanglement entropy
in the absence of the island. Recalling entanglement entropy
represented as

SRad = min {ext {Area(c?[) —I—Smaner(RUI)} } . (37
4GN

According to expression (27), it is clear that the entropy has
two components: the area term and the contribution of matter.
It is evident that without island, the entanglement entropy is
solely determined by the matter term.

Applying the method from CFT, the entanglement en-
tropy without the contribution of island can be expressed as

c
Smatter = glog dz(b+ab—)a (38)

which solely depends on the cutoff b..
Substituting the previously mentioned coordinates into
Eq. (35), we obtain

2e*" . (14cosh2kt,).  (39)

&
SRad = =1
Rad = 610810 p)

Applying a more compact term with

1
cosh? k1, = 3 [cosh(2ktp) + 1], (40)

we obtain a simplified expression about entanglement entropy
as

c, 4f(b)

SRadZEIOg o cosh?® ky,. 41)

The squared term can be moved outside the logarithm and the
behavior of the entropy only depends on the non-constant term
logcosh(xt). In the early time the entropy grows slowly but
will rapidly explode when 1, is sufficient large. In the later
time, notice that the term cosh kt, ~ e®. It shows that the
entropy will grow linearly to infinity as

S~ %mb. (42)

So taking an overview, the entropy increases linearly with
time. This solution does not exhibit Page time or structure
of Page curve. That aligns with the primal understanding of
the black hole information paradox. In the next subsection,
we will demonstrate that the Page curve will appear correctly
when the island is considered.

3.2. Entanglement entropy with island

In this section we will calculate the entanglement entropy
in the presence of an island. We will divide our discussion into
two parts: early time and later time.

SR = min {ext {Area(&l) +Smaner(RUI)} } . (43)
4GN

The entanglement entropy of the matter term is determined by

d(ay,a-)d(by,b-)d(ay,by)d(a-,b-)
d(as,b_)d(a_,by)

C
Smatter = 5 log . (44)

First of all, in order to obtain the entanglement entropy,
substituting the distance function (33) in the above expresion

21a? .
L1 S log[aw (a)W (b) et +b)
GN 3

x cosh(xt,) cosh(ky1p)]

Sgen =

020401-5
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+ cosh(ky (a* —b*)) —cosh(x;(t; — 1))
3 % | cosh(ks (a* — b)) + cosh(ks (ta +15)) |

(45)

The first term represents the area contribution of the island,
while the remaining part represents the contribution from the
matter entropy. In order to study the behavior of entropy, we
expect the entanglement entropy only depends on a single vari-
able particularly with 7. For the location of the cutoff is known,
entropy without island relies solely on the unknown parameter
tp. That is precisely what we expected. Apart from the con-
figuration without the island, when the island is considered,
the entropy expression will introduce 4 variables denoted as
a, t;, b, and t;,, demonstrating the impact of the island on en-
tropy. To obtain where the island locates, we must extremize
the generalized entropy represented by known parameters like
b. Furthermore, for extremizing the entropy, we have fortu-
nately discovered that the time coordinate of both a and » must
take the same value. Through this process, we have success-
fully derived the expression for the entropy only depending on
b and ¢, which is similar to the previous section. Thanks to the
somewhat arbitrary choice of b, we can always select an easily
calculable value. This enables us to study the entropy’s behav-
ior varying overtime. In the upcoming subsections, we will
evaluate the entropy and the location of the island in different
settings.

3.2.1. Early time

In the early time, the magnitude of radiation is small.
Therefore, we will make the following assumptions: 34!
The early time assumption allows 7, t, << r.
The cutoff is far away enough, assumption allows b > r..
Considering ¢ is large enough, the third term of the en-

tropy can be neglected. So we obtain

2na’ ¢ .
Seen = a+ g1og[4vv(a)W(b)e'<+(a +b%)

x cosh(x1,)cosh(k1p)]. (46)

Substituting the expression of W in Eq. (26), and noticing
that in order to get the location of a, our primary concern is
the expression of a in the Sgen. The whole expression can be
decomposed into the sum of the part depending on a and the
part independent of a.

21a?

S = 6 +§[Ka*+logW(a)]
2na® ¢
= -1 . 4
L S loglf(a) @)
Extremizing the entropy leads to

as
— =0. 48
32 (48)

Consequently, we derive the unresolved equation involving a
as follows:

JJ@  Oon
fl(a)  24m

(49)

We define p = ¢Gn/(247) to simplify future expressions due
Substituting the
original expression of f(a), we get a quadratic equation in

to its frequent appearance in calculations.

terms of a2

a*+(¢* — p)a* +2pq* = 0. (50)

The solution to this quadratic equation yields

1
=3 [p—+ V= 10p2 + | (51)

We use the parameter k defined by k = ¢?/p to characterize the
relative magnitudes ¢ and p. Extracting p outside the square
root, let

azzl-{p—q2+p(\/k2—10k+1)}. (52)

2

Our object is to obtain an equation involving only p or g (pos-
sibly k), so we rewrite the square root term v'kZ — 10k + 1 as a
simple parameter A, the final solution for a is as follows:

az\/%p. (53)

Hence, it is crucial to immediately discuss the behavior of
A for different values of k. A is a function of k with two zero
points at k; = 5 —2+/6 and k, = 5+ 2+/6. It takes [0,1] and
decreases monotonically when k < ki, it has no significance
when k; < k < kp, and keeps positive when k > k». Remem-
ber that we have definition: kp = ¢g>. When k = 0 which gives
A = 1, the equation leads to

CGN

_ /N 54
4=\ 24z 4

when k =k;, A = 0, we obtain

cOn (55)

“ 487"

For A takes [0, 1], we can conclude that @ will have a mag-
nitute of \/cGn/(487). Furthermore, in geometrized unit sys-
tem, it is demonstrated that

VG =1,. (56)

The solution of the island is observed at several Planck
lengths. It is important to note that it does not carry sufficient
physical significance, indicating the absence of any non-zero
quantum extremal surface or the extremization of the entan-
glement entropy.®3! So when k < ki, the island locates at the
same magnitude of Planck length, without any physical mean-
ing.
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When k is even more larger, equation (50) has no solu-
tions. This is self-evident and requires no further explanations.
Therefore, k| < k < kp causes the equation to have no solu-
tions.

Considering the case when g > p which implies k > k»,
the square root term A will behave as A ~ k—5, for sufficiently
large k. Now the coordinate can be solved as

CGN

However, this solution does not have physical meaning. If k is
sufficiently big to guarantee the existence of solutions to the
equation, but the solution is physical meaningless. Therefore,
we consider that the island does not emerge.

In summary, we only consider the cases where ¢ < (v/3 —
V?2) % allows the equation to have solutions of a. Any other
configuration will directly result in the non-existence of the
island.

Hayward stated that the information paradox is not ap-
plicable in a non-singular black hole. A regular black hole
evaporate completely when two horizons approach each other
and reunite, leaving no information rest. If a black hole has no
singularity, the inner horizon is supposed to be a near-Planck
value.5! Note that we already have the solution for a, the lo-
cation of island, we realized that ¢ and inner horizon r_ are
both very small. We will establish the relationship between
them. For a small enough r, with the approximation of

mrz

flr)~1 —z?. (58)

We can compare r_ with a by

= \/E. (59)
a m

Note that we always have m > g to ensure the black hole could
form, so »_ will always be less than a. Even in the extremal
black holes, the critical radius r2 = 2ka® will also give r, < a
for k < k; < 1/2. This means that, if we take a proper (i.e.
small enough) value of g, we can let the island locate at a mag-
itute of Planck length. The corresponding inner horizon will
remain less than where the island locates, and also must be a
near the Planck value. From the above discussion we can see
that we obtained a similar conclusion using the island config-
uration.

All discussion above suggests equivalently that the island
has not yet emerged at early time, consistent with our expecta-
tions. In this case, the entropy grows linearly with time, as in
the absence of an island obeying Eq. (41).

3.2.2. Late time

In this section, we will recalculate the entropy of radiation
under the conditions of later time. The equation has already

been obtained by

Seen = 2ma + Slogl[4W (@)W (b) e @™+
Gy 3
x cosh(x2,)cosh(ky1p)]
n Elog cosh(x; (a* —b*)) — cosh(Kky (1, —1p)) .
3 cosh(x; (a* — b*)) +cosh(k (t,+1))

(60)

For convenience, we have decomposed the expression into
four parts and introduced the following symbols:

2
(1) 21ma
Seen = ——, 61
p On (61)
C
Sten = 5 loglW (@)W (b)), (62)

ngl = %log[2ze"+((r*“+’*”>)cosh(Ktha)cosh(Kg;,)], (63)

o cosh(kyr*(a) —r*(b) —cosh(kyt, —1p))

& | cosh(ic, r*(a) — r*(b) + cosh(ksta + 1)) |
(64)

Cc
Sken = 3!

At later time, we apply an approximation that allows ¢ to
be sufficiently large to dominate the position coordinates
throughout the entire term.[**! Therefore, the following as-

sumptions are utilized:
t>b>a, t>b>r,, (65)

which immediately means the following approximations

1
cosh ikt~ 3 e, (66)
1 .
coshik, (b* —a*) ~ Ee"+<” —a), (67)
coshky (1, +1,) >> coshky (b* —a*). (68)

It is evident that Sge, Will always take the minimum value only
when 7, = 5, so we can replace every 7, and 7, by a single
varible ¢ and notice the term of Eq. (67). By using these ap-
proximations, they will have the following forms solved as

St(g?ézl — glog [eK+((a*+b*)) . 62K+f:| , (69)
Loy (ri(b)—r*(a) _
@ _c Fent 1
Sgen - glog |: %6(2K+[) (70)

By utilizing the approximation log[l + (—2e ¥(*"~4"))] ~

K(b*—a*)

—2e*("=") for sufficiently small e~ , the sum can

be represented in a simplified form as
) _ %
"3
In conclusion, the sum of all the above expressions will yield

3)

S;(;en-i-S;(; (kb* — e—rq(b*,a*)), (71)

the complete expression of entropy

2na> ¢ 2¢
Sgen = o 6 log[f(a)f(b)] — 5 log[k]
+§:<+(b* —a*) — %e*’ﬂ“’**“*). (72)
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In order to find the extremum of entropy for the island, we
need to take the partial derivative with respect to a. The fi-
nal expression for the partial derivative of entropy dS/da is
shown as

95 _4ma cfla) ke 2 Kk
9a~ Gn 6 /@) 3@ 3 @

The analysis of spherically symmetric black holes under

2c K Kpa* ) (73)

near-horizon conditions allows us to expect the island locating
very close to the horizon. Consequently, under near-horizon
conditions, the island’s position can be expressed as

a=ry+E€, (74)

where € is a parameter which is very small. Utilizing near-
horizon approximations, we make the following expansions
and relationships, as noted in previous studies.%+?!

(i) The shape function f(r) can be expanded near the hori-
zon: f(r) = f(ri) + f(re)  (r—rs).

(i) The relationship between surface gravity and the
Hawking temperature at the horizon is given by Ty = % =
f(rs)

4m -
(iii) The Kruskal coordinate approximation near the hori-
is 7t~ L o
zonis r*: r* =~ 5-log o 1].
Using these approximations, we derive the following ex-

pression:
98 _Ama_2 K x
da  Gn 3 f(a)
12 ? £ %
e ) (75)
GN € r4
Simplifying further, we obtain
127(ry +€)y/T3 € = cGne <. (76)

Squaring the LHS and neglecting the higher order terms of &,

we find
2 | —2xb*
3 2y _ ON o cGn e
e+0(e%)=— se=—| ——. 77
et O(E) =1 ¢ (127:) ER
Thus, the location of the island is
2 | —2kb*
cGN e
a=r++ () _— (78)
127 r

It shows that the island locates near the outer horizon at a close
distance. The distance € is determined by the cutoff we se-
lected. Replacing the location a, the expression for the gener-
alized entropy in Eq. (72) is given below:

2ma? ¢

L <y
Gn 38

2c 2c .
iy S i —K(b*—a*)
+3K +3e

Sgen = (W(a)W ()]

(79)

Note that the conformal factor in Kruskal coordinates can be
simplified as

re/e _2rs
3

W(a) =2xke (80)

Substituting this into the entropy expression, we obtain

2na® ¢ 2ry Qb 2C i (b —g*
Sgen = GN +610g |:K_3f(b)e K —?e i a)

~ 28pn + O(GF). 81

The higher orders of c¢Gy is ignored in the discussion.
The expression without time term means we obtain a time-
independent solution for the Bardeen black hole. The entropy
concerns a constant, at later time, indicating that the entropy
remains static.

In summary, for the eternal black hole discussed above,
the entropy will continue to increase regardless of the pres-
ence of the island. However, if the influence of the island is
considered throughout the entire duration, the entropy will ex-
hibit linear growth in the early stages, and eventually stabilize
at a specific value, equal twice the Bekenstein—-Hawking en-
tropy of the black hole. This phenomenon arises from differ-
ent contributions of the island at different stages. In the early
stage, the contribution of the island becomes negligible due to
its absence. Conversely, in the later stages, the emergence of
the island at the vicinity of the horizon results in the gener-
alized entropy being precisely twice the Bekenstein—Hawking
entropy. It is difficult to utilize the island formula to directly
explain how could information paradox be avoid in Hayward’s
claim in Refs. [49,55]. We do not find sufficient connections at
later time. Therefore, it remains doubtful whether the regular
center can essentially resolve the information paradox.

4. Page time and scrambling time

In this paper, we have calculated entanglement entropy of
the Hawking radiation of the asymptotically flat eternal black
hole. In the following we will focus on two important values
namely the Page time and the scrambling time.

The Page time indicates the moment when the entangle-
ment entropy has a phase transition. This transition occurs
when the entanglement entropy reaches to a maximum value
and begins to decline (for an evaporating black hole) or does
not increase any more (for a eternal black hole). The scram-
bling time quantifies the time in which the information taken
into the black hole could be recovered from the Hawking radi-
ation. First we will handle the Page time and then analyze the
scrambling time.

To obtain the Page time, simply let Syt 1stand =
Swithout Island from Eqs' (8]) and (42)

2
B 6mry

" xeGN'

(82)
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Recalling the relationship between surface gravity and the
temperature we have

K
T=—. 83
2n (83)
It is easy to obtain
3S
1= (84)
cnT

where the Spy represents the Bekenstein entropy of the black
hole.

S
CK
~3t
ZSBH ---------------------- .’(
0 tPagc t

Fig. 4. The Page curve shown in the eternal Bardeen black hole. The
solid purple line shows the entropy before the Page time and the dashed
one shows the ongoing trend if the island is never constructed. The solid
green line shows the entropy of the eternal black hole keeps a constant
value after the Page time.

Simultaneously, we can obtain the scrambling time by us-
ing the island configuration. “Scrambling time” describes the
duration required for an object to be completely “scrambled”
throughout the entire black hole and then emitted through the
Hawking radiation. Essentially, it signifies when this infor-
mation reaches the “island”. So the scrambling time can be
derived from the distance cutoff to the island expressed by
At = b — a. Recalling that the location of the island is given by

2 | —2kb*
a=r++(CGN) < (85)

127 T

and the time between two events is determined by
b1
At=b*—a* :/ . dr (86)
Ja f(r)

By using the approximation about r* ~ 21—,( log[é — 1] when r
is near the horizon, the time is given by

rp —r4+

1
At =b*—a" ~ e log (87)

Fa— T+
We can substitute r, = 2r into the equation for r;, and ., they

have the same magnitude. This will result in a trivial value for
—2xb*

e = 1. Therefore we obtain the scrambling time from
1 1447m%rd 1 r
fer~ =—log — >+ = —log | —— 88
scr 2% og CZGIZ\] 2T 0g |:CGN:|7 ( )
or in simplified form as
1
foer =~ 271'7T log[SBH]. (89)

Based on the above discussion, we find that the scream-
bling time has a logarithmic relationship to the Bekenstein—
Hawking entropy. The relationship between the scrambling
time is consistent with the results in Refs. [30,34,35].

5. Discussion and conclusion

The original black hole information paradox arises from
an evaporating black hole, primarily concerning that a black
hole loses all information through thermal Hawking radiation,
leaving nothing behind, thus violating the unitarity of quantum
mechanics. However, for an eternal black hole, the stability of
the black hole’s mass and charge leads to infinite radiation re-
sulting in the entropy approaching infinity. Our discussion on
the island configuration ensures that the black hole boundary
satisfies the Page proposal.

In this paper, we investigated a regular black hole that
lacks a singularity and intended a de Sitter core inside. Simi-
lar to the RN black hole, it has a regular center replacing the
inner horizon but does not possess a singularity. Our findings
regarding this are as follows. In the early stage, the island has
not yet appeared regardless of the amount of charge it con-
tained. We analyzed three situations: when k is small, when
k leads to no solution, and when k is sufficiently large. In
the first occasion, the island locates in the scale compatible
with the Planck length, which does not have sufficient phys-
ical meaning. In the second occasion, the island cannot be
solved from the extremelized equation. In the third occasion
the solution should be neglected. Neither of them will produce
an island in the early stage. As time progresses, the radiation
increases. The island term becomes dominant in the entan-
glement entropy. The calculation confirms that the island is
located within the stretch of the horizon, allowing us to ob-
tain a fixed boundary to limit the entropy from approaching
infinity.

In order to investigate the entropy behavior in the regular
behavior using the island configuration, we presented an argu-
ment supporting the island proposal in the field of information
paradox. Our findings suggest that while the absence of a sin-
gularity significantly impacts the internal structure of the black
hole, particularly on small scales, the behavior of the entangle-
ment entropy remains similar to that of Schwarzschild and RN
black holes?*33 for their similarities in near horizon region
and asymptotic flat spacetime. The discussion of information
paradox could be a clarification of ER = EPR. [57] Furthermore,
the answer to how to explain the emergence of the island and
to how could the information be reconstructed from the black
hole still requires further discussion and research. Perhaps we
are advancing along a route with enchanting scenery that could

lead us to the destination of information paradox.
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We also discuss necessity of the island method in re-
solving the information paradox for non-singular black holes.
There is a viewpoint that regular black holes do not really hold
the information problem. Our research offers a solution, in-
spired by the island idea, for regular black holes. While we
have found some similarities, there is currently insufficient ev-
idence to definitively conclude that the information paradox
can be avoided solely due to the absence of a singularity. Fur-
ther and more in-depth study is required to understand this

issue.
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