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SPECIAL TOPIC — Computational programs in complex systems
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Recent studies employing deep learning to solve the traveling salesman problem (TSP) have mainly focused on learn-
ing construction heuristics. Such methods can improve TSP solutions, but still depend on additional programs. However,
methods that focus on learning improvement heuristics to iteratively refine solutions remain insufficient. Traditional im-
provement heuristics are guided by a manually designed search strategy and may only achieve limited improvements. This
paper proposes a novel framework for learning improvement heuristics, which automatically discovers better improvement
policies for heuristics to iteratively solve the TSP. Our framework first designs a new architecture based on a transformer
model to make the policy network parameterized, which introduces an action-dropout layer to prevent action selection
from overfitting. It then proposes a deep reinforcement learning approach integrating a simulated annealing mechanism
(named RL-SA) to learn the pairwise selected policy, aiming to improve the 2-opt algorithm’s performance. The RL-SA
leverages the whale optimization algorithm to generate initial solutions for better sampling efficiency and uses the Gaussian
perturbation strategy to tackle the sparse reward problem of reinforcement learning. The experiment results show that the
proposed approach is significantly superior to the state-of-the-art learning-based methods, and further reduces the gap be-
tween learning-based methods and highly optimized solvers in the benchmark datasets. Moreover, our pre-trained model M
can be applied to guide the SA algorithm (named M-SA (ours)), which performs better than existing deep models in small-,
medium-, and large-scale TSPLIB datasets. Additionally, the M-SA (ours) achieves excellent generalization performance
in a real-world dataset on global liner shipping routes, with the optimization percentages in distance reduction ranging from
3.52% to 17.99%.

Keywords: traveling salesman problem, deep reinforcement learning, simulated annealing algorithm, trans-
former model, whale optimization algorithm
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1. Introduction
The traveling salesman problem (TSP) is a classic combi-

natorial optimization problem, which has received widespread
attention in all walks of life. The TSP is represented as a
problem where a salesman needs to visit all the cities in his
area, with each city only being visited once, and then return
to the starting city. The TSP has numerous real-word ap-
plications, such as transportation,[1] multi-robots,[2] logistics
distribution,[3] and aviation planning.[4] Although researchers
have conducted a great number of studies on the TSP, obtain-
ing the shortest route to accomplish the travel remains chal-
lenging because of the NP-hard nature of this problem.[5]

Numerous approaches have been proposed to solve the
TSP. Classical methods mainly involve the use of exact al-
gorithms and heuristic algorithms.[6] Exact algorithms have
dynamic programming methods, branch and bound meth-
ods, etc.[7] However, as the scale of the problem increases,
exact algorithms may become helpless. Scholars thus fo-
cus on using heuristic algorithms, which mainly include

greedy algorithms,[8] genetic algorithms,[9] simulated anneal-
ing algorithms,[10] particle swam optimization,[11] and whale
optimization algorithms.[12] Although the heuristic algorithm
lacks the theoretical guarantee, it can find the ideal solution
within a reasonable calculation time.[13] Therefore, the heuris-
tic algorithm is widely used in practice. In addition, heuristic
algorithms require a large number of experimental processes,
and the quality of the solution is highly dependent on domain
knowledge.[14]

With the rapid development of artificial intelligence,
reinforcement learning (RL), deep reinforcement learning
(DRL) methods[15] and deep models (e.g., convolutional neu-
ral networks[16,17] and attention networks[18]) have been in-
troduced to solve the TSP. The study in Ref. [19] uses three
different RL algorithms, namely, Q-learning, Sarsa, and dou-
ble Q-learning to solve the TSP. The study in Ref. [20] com-
bines DRL and deep convolutional neural networks to pro-
vide real-time solutions for the TSP with node sizes up to
100. The study in Ref. [21] proposes a self-learning approach,
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which combines DRL with a Monte Carlo tree search to solve
the TSP. The study in Ref. [22] proposes a novel GCE-MAD
model based on a graph convolutional encoder and attention
decoder network for the TSP, and designs a DRL method to
train the model. These methods have been widely recognized
as able to solve the TSP with excellent performance. However,
the use of DRL methods and deep models makes it difficult to
solve the TSP with large-scale datasets, indicating that there is
still a gap between the current DRL methods and the compet-
itive heuristic algorithms.

Recently, some studies have combined DRL with heuris-
tics to solve the TSP. The study in Ref. [23] presents a DRL
framework with a learning 2-opt algorithm via a policy gra-
dient for the TSP. The study in Ref. [24] develops a model
based on an attention model and uses RL with a greedy strat-
egy to train the model, achieving optimal results for node sizes
up to 100 cities for the TSP. The study in Ref. [25] proposes
a DRL to learn a local search method, which is trained by a
policy gradient and introduces a pointer attention mechanism
to sequentially output nodes for action selection. The study
in Ref. [26] designs a novel approach called MAGIC, which
is a DRL training method with local search heuristics (i.e., 2-
opt and local insertion heuristics) to solve the TSP. The study
in Ref. [27] combines machine learning techniques with a 2-
opt heuristic algorithm to solve the TSP. This work presents
an improvement to the computational weight of the original
deep learning model to reduce the execution time and further
improve performance. The study in Ref. [28] presents an av-
erage DRL approach to learn an improvement 2-opt heuristic
algorithm to solve the TSP. The study in Ref. [29] proposes
a novel DRL framework and designs a new policy network
based on an attention mechanism to learn improvement of the
2-opt heuristic algorithm, which shows superiority in solving
routing problems. These approaches are capable of incorporat-
ing heuristic algorithms and can obtain high-quality solutions.
However, most methods focus on learning construction heuris-
tics, which can generate complete solutions sequentially by
adding nodes to partial solutions in each step. Such methods of
learning construction heuristics still depend on additional pro-
grams (e.g., a beam search strategy or a sampling strategy) to
improve the solution, which have limited capabilities because
these programs depend on identical trained construction poli-
cies. Very few studies have focused on learning improvement
heuristics that can iteratively refine a solution by learning poli-
cies. The traditional improved heuristic algorithms are guided
by the manually designed search strategy, require a lot of ex-
pert knowledge, and may only achieve limited improvements.
By comparison, the DRL can automatically learn better im-
provement policies for heuristic algorithms to iteratively solve
the TSP.

The RL algorithm trains an agent to solve the TSP using

data obtained from interactions between the agent and the en-
vironment. The optimal strategy of RL can only be learned
from the data obtained from the interaction with the envi-
ronment, since the dynamic model of the default environ-
ment is unknown.[30] Therefore, the balance between the ex-
ploration phase and the exploitation phase is the core of the
RL algorithm.[31] Exploitation makes decisions based on the
agent’s existing knowledge of the environment, while explo-
ration requires intentionally performing random or even sub-
optimal actions to escape the local optima. Obviously, the
agent can only find the global optimal policy after fully ex-
ploring the environment, but abundant exploration will make
the whole training process of the agent slow and unstable. The
simulated annealing algorithm (SA)[32] is inspired by the prin-
ciple of solid annealing in the process of metal heat treatment
and was successfully applied to combinatorial optimization
problems in 1983. The SA algorithm accepts a poor solu-
tion with a certain probability, and thus can escape the local
optimum to approach the global optimum.[32] Hence, the SA
algorithm can effectively help balance the exploration and ex-
ploitation phases of the RL algorithm.

This paper proposes a novel framework for learning im-
provement heuristic algorithms, which automatically discov-
ers better improvement policies for heuristic algorithms to it-
eratively solve the TSP. Specifically, our framework firstly de-
signs a new architecture based on a transformer model to pa-
rameterize the policy network that learns with pairwise oper-
ators for the 2-opt heuristic algorithm. This architecture, for
the first time, introduces an action-dropout layer to prevent
action selection from overfitting, which can increase the diver-
sity of action selection. Then, our framework proposes a novel
approach (named RL-SA) which, for the first time, combines
deep RL with the SA algorithm to improve the 2-opt heuristic
algorithm’s performance in learning a pairwise selected pol-
icy of next promising solutions. The novelty of the RL-SA
approach also lies in that it leverages the whale optimization
algorithm (WOA)[33] to generate an initial solution for better
sampling efficiency, and that it adopts the Gaussian perturba-
tion strategy[34] to perturb the state to tackle the sparse reward
problem of the RL algorithm. The experiment results show
that the proposed approach is significantly superior to state-
of-the-art learning-based methods, and further reduces the gap
between learning-based methods and highly optimized solvers
in benchmark datasets. Moreover, our pre-trained model M
can be successfully applied to guide the SA algorithm (named
M-SA (ours)), which has better optimization performance than
existing deep model methods in the TSPLIB standard library
with different-sized synthetic datasets. Note that the distri-
bution of test data is completely different from that of model
training data. Additionally, the M-SA (ours) method performs
well in a real-world dataset on global liner shipping routes.

018705-2



Chin. Phys. B 34, 018705 (2025)

For each original shipping route, our method can provide an
optimization route that effectively reduces the total shipping
distance of the original route, which may help shipping com-
panies achieve the goal of reducing fuel costs and thus increas-
ing profits.

The structure of this paper is outlined as follows. Sec-
tion 2 covers the preliminaries. Section 3 presents the pro-
posed method. Section 4 details the primary experiments and
results. Section 5 concludes with an analysis of the strengths
and limitations of the proposed method, along with a discus-
sion of future research directions.

2. Preliminaries
2.1. Traveling salesman problem

The TSP is a combinatorial optimization problem of NP-
hard nature, which requires exponential time to obtain the op-
timal solution.[5] The TSP can be defined by the fact that it
gives an input graph and is represented as a sequence of m
nodes (cities) in a two-dimensional space C = {ci}m

i=1, where
ci is the coordinate and node features of the i-th location. We
are concerned with finding a sequence of the nodes, which is
called a tour solution X = (x1, . . . ,xm), such that each node,
except for the start node, should be visited only once. This
paper considers the minimal Euclidean distance of the route
according to previous research. The minimal Euclidean dis-
tance, denoted as f (X), is expressed as

f (X) =
m−1

∑
i=1
||Cxi −Cxi+1 ||2 + ||Cxm −Cx1 ||2, (1)

where || · ||2 denotes the L2-norm.

2.2. Basic theory of the SA

The theory of the SA algorithm[32] is described as heating
the solid to a certain temperature and allowing the temperature
to cool slowly. During this process, the particles become disor-
dered and the internal energy increases when the temperature
rises. The particles gradually become ordered when the tem-
perature cools slowly. The equilibrium state is reached at each
temperature, and the energy is minimized when it is finally
completely cooled.

According to the Metropolis criterion,[35] the probability
Pi of the particles tending to equilibrium at the current temper-
ature Ti can be expressed as

Pi = exp(−∆E/Ti), (2)

Ti+1 = k×Ti, (3)

where k denotes the temperature decay rate that is a number in
(0, 1), E denotes the energy at temperature Ti and ∆E denotes
the energy change.

A classic SA algorithm for an optimization problem is
given by the following steps.

Step 1 Generate a random initial solution, find the opti-
mal solution, and initialize the temperature.

Step 2 Get a new solution by searching near the current
solution.

Step 3 Evaluate the new solution, by calculating the ob-
jective function of the new solution (denoted as Ei+1) and com-
paring it to the objective function of the current solution (de-
noted as Ei). If the new solution is a better value, or if the
probability function (Eq. (2)) is a higher value than a randomly
generated number in (0, 1), the current solution will be up-
dated. Otherwise, keep the current solution selected.

Step 4 Update the temperature via Eq. (3).
Step 5 Repeat steps 2–5 until termination conditions are

met, and the optimal solution is output.

2.3. Basic theory of the WOA

The WOA, proposed by Mirjalili et al. in 2016, is a
novel swarm-intelligence metaheuristic algorithm inspired by
the bubble-net predation behavior of humpback whales.[33]

Humpback whales’ unique bubble-net predation behavior in-
cludes encircling prey, the spiraling attacking of prey and the
searching for prey.

(i) Encircling prey: the whales are able to observe their
preys’ positions (e.g., krill, fish) and achieve complete encir-
cling of them. The encircling prey behavior is represented as

s = sbest−W ·d, (4)

d =
∣∣∣2 · r · sbest− s

∣∣∣ , (5)

W = w · (2 · r−1), (6)

where d is the vector representing the distance between the
whales and the current best whale; w denotes the adjustment
coefficient, and its value from 2 to 0 linearly decreases with
iterations increasing; W (∈ [−w,w]) represents the parameter
vector; s represents the whales’ position vector; sbest repre-
sents the current best whale’s position vector; r (∈ [0,1]) rep-
resents a random number; and | | denotes the absolute value.

(ii) Bubble-net attacking method: the encircling prey be-
havior and the spiraling attacking prey behavior are adopted
to simulate the bubble-net attacking method of humpback
whales. Achieving the encircling prey behavior is via chang-
ing w according to Eq. (6). If |W | ≤ 1 then, according to
Eq. (4), the whales will choose the best whale for a position
update. The spiraling attacking prey behavior describes the
whales attacking their prey in a logarithmic spiral and is rep-
resented as

s = cos(2 ·π · l) · eb·l ·d′+ sbest, (7)

d′ =
∣∣∣sbest− s

∣∣∣ , (8)
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where l (∈ [−1,1]) represents a random number, d′ is the vec-
tor representing the distance between the whales and the cur-
rent best whale, b denotes a constant value, which defines
the logarithmic spiral shape, and b represents 1 in the present
study.

Note that the humpback whales simultaneously use two
behavioral patterns of the encircling and the spiraling model
to update their positions. To achieve this synchronous behav-
ior, the WOA performs these two position update behavioral
patterns via the parameter p and is represented as

s =

{
sbest−W ·d, if p≤ β ,

cos(2 ·π · l) · eb·l ·d′+ sbest, if p > β ,
(9)

where p (∈ [0,1]) denotes a random number, and β represents
a constant whose value is 0.5 in the present study.

(iii) Searching for prey: the searching for prey behavior
is controlled by changes in the coefficient vector W in the pro-
cess of hunting. If |W | ≤ 1, the whales will choose the best
whale for a position update. If |W |> 1, the whales will aban-
don the best whale and choose a whale at random to replace
the current best whale for a position update. The searching for
prey behavior is represented as

s = sr−W ·d, (10)

d = |2 · r · sr− s| , (11)

where sr represents a randomly chosen whale’s position vector.

3. The method
This section first formulates the improvement heuristics

for iteratively solving the TSP as an RL task. Then, an ar-
chitecture based on a transformer model is designed to make
the policy network parameterized. Finally, an RL-SA method
is proposed to improve the 2-opt heuristic algorithm that can
learn a pairwise selected policy of the next solution.

3.1. RL formulation

The task of improving heuristics to solve the TSP is for-
mulated as a Markov decision process (MDP).[36] First, a com-
plete initial solution is generated. Then, the neural network
policy iteratively improves the solution’s quality. This policy
automatically selects a node pair and adjusts the solution via
the node pair operator (i.e., 2-opt) at each step.

The 2-opt describes the random selection of two non-
adjacent nodes from the solution and swaps them to ob-
tain a new solution. As an example, suppose that there
are m cities, which are labeled x1,x2,x3,x4,x5,x6, . . . ,xm re-
spectively. Suppose that the current optimal solution is st ,
i.e., st = {xt

1,x
t
2,x

t
3,x

t
4,x

t
5,x

t
6, . . . ,x

t
m}. The 2-opt policy ran-

domly selects two non-adjacent nodes xt
2 and xt

5 in st . Then,

the node sequence before node xt
2 and after node xt

5 re-
mains unchanged, and the node sequence between node xt

2

and node xt
5 is inverted to add a new solution, i.e., st+1 =

{xt+1
1 ,xt+1

5 ,xt+1
4 ,xt+1

3 ,xt+1
2 ,xt+1

6 , . . . ,xt+1
m }.

Specifically, the MDP consists of the following compo-
nents.

State: the state st indicates the solution at time t for an
instance with m nodes, i.e., st = {xt

1,x
t
2, . . . ,x

t
m}.

Action: the action at indicates a node pair in the current
state st for the pairwise operator, i.e., at = {xt

i ,x
t
j}.

Reward: the reward function rt is designed as follows:
rt = f (s∗t )−min[ f (st+1) , f (s∗t )], where s∗t is the current op-
timal solution until time t. If st+1 is better, we will update
the current optimal solution, i.e., f (s∗t )> f (st+1). The reward
rt > 0 only if we find a better solution, otherwise the reward
rt is 0. Therefore, the maximized cumulative reward is repre-
sented as R = ∑

T
t=0 γ trt , where T denotes the maximum time,

and γ denotes the discount factor that is a number in [0,1].
Policy: the policy π is to select an action at in state st

and leads to st+1, starting from the initial solution s0 and un-
til it reaches the maximum time. Specifically, this process
can be represented by the rule of probability chaining, i.e.,
P(sT |s0) = ∏

T
t=0 π(at |st).

Transition: the state st transfers the next state st+1 ac-
cording to the preset pairwise on the give action at . The state
transition is implemented according to the Metropolis criterion
of the SA algorithm.

3.2. Policy network

A novel model based on a transformer,[18] named M, is
proposed to make the policy network parameterized. The neu-
ral network πθ is used to parameterize the model M and the θ

is the trainable parameter for learning the policy π . The archi-
tecture of M consists of two parts, which are an encoder and
a decoder, as shown in Fig. 1. The encoder embeds node fea-
tures and positional features of each node. The decoder gen-
erates a probability matrix for selecting each node pair. The
details of the encoder and decoder are as follows.

(i) Encoder: the encoder takes the node and position in-
formation as the input, and outputs the features (or embedding)
of each node. Specifically, it first converts the information
of each node into embeddings ei through a linear projection
(transformation) with the output dimension dn = 128. The po-
sition information of each node is converted into the embed-
ding pi by sinusoidal positional encodings,[18] given that the
position is a sequence. The sinusoidal positional encoding is
expressed by a sine function and a cosine function, which is
shown as follows:

p(pos,d) = sin
(

pos
10000d/dn

)
, if (d mod 2) = 0, (12)
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p(pos,d) = cos
(

pos
10000d/dn

)
, if (d mod 2) = 1, (13)

where pos denotes the position of the node, d denotes the di-
mension, and mod denotes the modulo function. We fuse the
node and positional information into a unified representation,
i.e., fi = ei + pi.

Next, to promote the node embeddings, the self-attention
and the feed-forward layers are adopted, and the residual con-
nection layer and batch normalization layer follow them. The
above process is successively executed N (N = 3) times with
the same structure but different parameters, to obtain better
feature representations for policy learning. Finally, the self-
attention layer advances node embeddings by messaging and
aggregation between them. By considering an input matrix
F in in which the column is node embeddings, the output of the
self-attention layer is calculated using

Fout = softmax
(

Q ·KT
√

dn

)
·V, (14)

Q =W q ·F in, (15)

K =W k ·F in, (16)

V =W v ·F in, (17)

where Q, K and V respectively indicate the query, key, and
value of the input matrix F in. The W q, W k, and W v ∈ Rdn×dn

are trainable parameters. The feed-forward layer uses param-
eter sharing to independently transform each embedded node.
The input and the output are 128 dimensions. We adopt the
128-dimensional hidden layer with the activation function of
the ReLU.

(ii) Decoder: the decoder takes the node embeddings as
input and further processes the input via a self-attention com-
patibility layer, an action-dropout layer, and a masked-softmax
layer. The decoder outputs a probability matrix for each node
pair selected. The self-attention compatibility layer, which is
inspired by Ref. [18], is used to calculate the probability value
of each node pair being chosen in the solution. By consid-
ering a node embedding matrix F , the self-attention compati-
bility function S, which indicates the value of each node pair
selected, is calculated as S = QF KT

F , where QF and KF are
computed similar to Q and K in the above content. Then, the
action-dropout layer, inspired by Ref. [37], uses dropout as a
technique to improve neural networks by reducing overfitting.
The action-dropout layer is adopted to prevent action selection
from overfitting, which can increase the diversity of action se-
lection. The action-dropout layer S∂ is calculated using

S∂ = r ·S, (18)

r ∼ Bernoulli(p), (19)

where r denotes a vector of independent Bernoulli random
variables, each of which has probability p (p = 0.5). Fi-

nally, the masked-softmax layer masks the meaningless di-
agonal elements and uses softmax for the compatibility ma-
trix S∂

i j, where selecting a node pair (i, j) is an action. First,
S∼∂

i j = u · tanh(S∂
i j) is applied to restrain the entropy of S∼∂

i j ,
where the value u is 10. Then, the softmax function is adopted
to normalize the action distribution and obtain the probability
value of selecting the node pair as Pi j = softmax(S∼∂

i j ).

⋯c1 c2 cm ⋯x2 xmx1

+

Self-attention

Add & norm

Feed forward

Add & norm

⋯p11

p21

p12

p22

p1m

p2m

pmmpmpm

⋯

⋯⋯⋯⋯

⋯

Linear projection Positional encoding

Self-attention compatibility

Masked & SoftMax

Encoder Decoder

Action dropout

NΤ

Fig. 1. The M model for the policy network.

3.3. RL-SA method

A novel RL-SA method is proposed, which combines the
actor-critic algorithm of RL with the SA algorithm to train
the model M (i.e., learn the pairwise selected policy), aiming
to improve the 2-opt heuristic algorithm. Then, the training
method leverages the WOA algorithm to generate initial solu-
tions for better sampling efficiency. Furthermore, the Gaussian
perturbation strategy is used to perturb the state, increase the
diversity of solutions and deal with the sparse reward problem
of the RL algorithm.

The actor-critic algorithm with an Adam optimizer be-
longs to the policy gradient method based on the REINFORCE
algorithm.[38] The actor is our policy network M. The critic πτ ,
which is similar to the policy network M, is used to estimate
the cumulative reward in each state.

The RL algorithm could find the global optimal strategy
only after substantially exploring the environment. However,
a large number of explorations will make the whole training
process slow and unstable. The SA algorithm accepts a poor
solution with a certain probability, and thus can escape from
the local optimum. Hence, the SA algorithm is integrated into
our method to help effectively balance the exploration and ex-
ploitation phases of the RL algorithm.

Next, when considering the cost of training, the training
steps are usually much smaller than actual reasoning steps,
which may result in a poor chance of the agent observing high-
quality solutions during the training. Hence, the WOA algo-
rithm is used to initialize solutions that specify a higher-quality
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solution as the initial state of training, for better sampling ef-
ficiency. For a comparison of the quality of initial solutions
generated by the WOA and random methods, see Appendix A.

Finally, due to the large state space, the agent may en-
counter a sparse reward problem in exploring the environment
when using the RL algorithm to solve real-world problems like
the TSP.[39] The sparse reward problem refers to how difficult
it is for agents to obtain positive rewards in the exploration
phase, which results in slow learning or even inability to learn.
Hence, the Gaussian perturbation strategy is used to perturb
the state to increase the diversity of solutions and solve the
sparse reward problem. The Gaussian perturbation strategy is
represented as

s = sbest + ε ·δ , (20)

where δ represents a random vector following a standard nor-
mal distribution, i.e., δ ∼ N(0,1), which is the same dimen-
sion as sbest, and ε represents the weight of Gaussian perturba-
tion and is a constant value in (0,1).

The pseudocode for the RL-SA algorithm is represented
as follows in Algorithm 1.

Algorithm 1: The pseudo-code for the RL-SA algorithm.

1. begin
2. Input: initial and termination temperature Ti and Te, temperature

decay rate, initialize the parameters of the WOA, actor and critic
network πθ and πτ with trainable parameters θ and τ , epochs E,
batches B, discount factor γ;

3. for each epoch
4. Generate problem instances randomly;
5. for each batch
6. Retrieve each batch b of instances and adopt the WOA to

generate the initial states (solutions);
7. while (Ti > Te)
8. Set the gradient dθ ← 0 and dτ ← 0;
9. Get the state st at time step t;
10. Sample the action at by the policy πθ (at |st);
11. According to the Metropolis criterion of the SA for the

next state st+1;
12. Adopt a Gaussian perturbation strategy to perturb st+1,

and receive reward rt ;
13. Lower the temperature via Eq. (3);
14. ϕ ← rt + γπτ (st)−πτ (st−1);
15. dθ ← dθ +∑b ϕ∇ logπθ (at |st)

16. dτ ← dτ +∑b ϕ∇πτ (st);
17. Update θ and τ via dθ and dτ;
18. end
19. end
20. end
22. end

4. Experiments and results
Our method is evaluated on a typical and representative

routing problem, which is the TSP. The instances are ran-
domly generated with 20, 50, and 100 nodes abiding by ex-
isting conventions. The instances are generated according to

Refs. [24,29,40], where the nodes’ coordinates are randomly
sampled in the unit square, i.e., [0,1]× [0,1], obeying a uni-
form distribution. A total of 10000 random instances of the
TSP are generated dynamically in each training epoch. We
adopt the WOA to generate the initial solutions for training
and the solution generated by random initial solutions for rea-
soning. Furthermore, our model can be successfully applied
to guide the SA algorithm, which outperforms existing deep-
learning-based methods in the TSPLIB standard library[41]

with different-sized synthetic datasets and exhibits a better
performance on a real-world dataset on global liner shipping
routes.[42]

In our method, the parameters are set as follows: the dis-
count factor γ is 0.95; the batch size B is 512; the epochs E
is 200; the initial learning rate is 10−4 and the attenuation fac-
tor is 0.99 every epoch to achieve convergence; the initial and
termination temperature are 100 and 0.01, respectively; the
temperature decay rate is 0.9; and the weight of Gaussian dis-
turbance ε is 0.35. Our model M is trained and tested on a
server equipped with GeForce RTX GPU cards and Intel i7-
12700 CPU at 2.10 GHz.

4.1. Comparison with state-of-the-art methods

Our method is compared with various advanced base-
lines: (i) LKH3,[43] which is a famous heuristic solver for
solving various routing problems and achieving advanced
performance; (ii) Concorde,[44] which is an efficient accu-
rate solver; (iii) OR-Tools,[45] which is a mature solver
based on meta-heuristics; (iv) AM (sampling),[24] which is
based on a deep learning construction method; (v) Lei et al.
(sampling),[46] which is a competitive method and is based
on a deep reinforcement learning method; (vi) Wu et al.,[29]

which is based on a learning improvement heuristic method.
Table 1 shows the optimal solutions and the total time for

reasoning the 10000 instances of these methods. The gap (%)
is calculated based on the optimal solutions by the LKH3 (or
Concorde) method. The results in bold indicate the best per-
formance achieved by learning-based methods.

As Table 1 shows, for all the problems, the gap between
our method and the optimal solution gradually narrows as the
reasoning step T limit increases (T = 1000, 3000 and 5000).
When T = 1000, our method is significantly better than the
OR-Tools and Wu et al. When T = 3000, our method out-
performs AM and Lei et al. When T = 5000, our method
is superior to learning-based methods for all the problems; in
particular, it achieves the same results as the LKH3 and Con-
corde methods in solving the optimal solution for TSP20 and
TSP50 problems. Note that the gap between our method and
the LKH3 (or Concorde) method in solving the optimal solu-
tion for the TSP100 problem is 1.16%, and our method per-
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forms better than other methods in this problem. Furthermore,
our method also achieves good performance in reasoning time,
which is faster than Lei et al. and Wu et al. for a reasoning time
of 10000 instances for all problems. Its reasoning time grows

much slower than other methods with the increase in problem
size. Compared to LKH3, Concorde, AM (sampling) and OR-
Tools, ours (T = 1000) are slower for TSP20 problems but are
faster (or at least not slower) for TSP100 problems.

Table 1. Comparison with the state-of-the-art methods.

Methods
TSP20 TSP50 TSP100

Obj. Gap (%) Time Obj. Gap (%) Time Obj. Gap (%) Time

LKH3 3.83 0 42 s 5.69 0 6 min 7.76 0 25 min
Concorde 3.83 0 5 min 5.69 0 13 min 7.76 0 1 h
OR-Tools 3.86 0.78 1 min 5.85 2.81 5 min 8.06 3.87 23 min

AM (sampling) 3.84 0.26 5 min 5.73 0.70 24 min 7.94 2.32 1 h
Lei et al. (sampling) 3.83 0 10 min 5.738 0.84 55 min 7.896 1.75 2 h
Wu et al. (T = 1000) 3.83 0 12 min 5.74 0.88 16 min 8.01 3.22 25 min
Wu et al. (T = 3000) 3.83 0 39 min 5.71 0.35 45 min 7.91 1.93 1.5 h
Wu et al. (T = 5000) 3.83 0 1 h 5.70 0.18 1.5 h 7.87 1.42 2 h

Ours (T = 1000) 3.83 0 8 min 5.71 0.35 13 min 7.94 2.32 23 min
Ours (T = 3000) 3.83 0 23 min 5.70 0.18 38 min 7.87 1.42 1 h
Ours (T = 5000) 3.83 0 39 min 5.69 0 1 h 7.85 1.16 1.8 h

Note: the results in bold indicate the best performance achieved by learning-based methods.

4.2. Application analysis of the M model

The traditional improved heuristic algorithms are guided
by a manually designed search strategy, require a lot of expert
knowledge, and may only obtain limited improvements.[14,47]

Recently, researchers have been focusing on utilizing deep
learning methods to automatically learn better improvement
policies without requiring domain knowledge for heuristic
algorithms.[24,48,49] Meanwhile, when considering the high
cost of model training, the application of a pre-trained model
is crucial. The SA is a classical method used to solve combi-
natorial optimization problems. Compared with the 2-opt al-
gorithm, the SA is an algorithm with more sophisticated rules.
Hence, to further improve the performance of our proposed
method, our pre-trained model M is used to guide the SA al-
gorithm, which we term the M-SA (ours) method.

Indeed, the M-SA (ours) outperforms existing deep-
learning-based methods in the TSPLIB standard library[41]

with different-sized synthetic datasets. The distribution of the
test data is completely different from that of the model train-
ing data. Table 2 shows the results from solving 36 instances
in the small- and medium-scale TSPLIB datasets. The Opt.
represents the known optimum. The OR-Tools is a strong
conventional solver. The SA is a classic heuristic algorithm
and indicates the minimum results of 10 runs. The AM is a
learning-based construction method. The Wu et al. method is
a learning-based improvement method. The M-SA (ours) indi-
cates the minimum results of 10 runs. The Avg. gap (%) is cal-
culated based on the known optimal solutions for 36 instances.
The M-SA (ours) adopts the policy trained on TSP50. The AM
and Wu et al. methods use the policy trained on TSP100. The
best results among these three learning-based methods are de-

noted in bold.
As Table 2 shows, for the 36 instances, the average gap of

OR-Tools, SA, AM, Wu et al., and M-SA (ours) compared to
the known optimum is 3.46%, 9.86%, 133.53%, 17.15%, and
7.34%, respectively. The M-SA (ours) is superior to the SA,
which indicates our model can provide a better strategy for
the SA. All the learning-based methods are inferior to the OR-
Tools method, since obtaining good out-of-distribution gener-
alization is usually very difficult for machine learning mod-
els. But it is worthwhile to note that the M-SA (ours) is supe-
rior to OR-Tools for Eil51, Berlin52, Pr76, KroC100, Pr124,
and KroB150 instances, and that the M-SA (ours) significantly
outperforms the AM and Wu et al. methods in the 36 in-
stances.
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Fig. 2. The gap between the five methods and the known optimum for 36
instances.

To better display the comparison results of several meth-
ods in Table 2, figure 2 plots, on a log scale, the gap values of
the OR-Tools, SA, AM, Wu et al., and M-SA (ours) methods
for each of the 36 instances. One can clearly observe that for
the 36 instances, the gap between our method and the known
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optimum is generally small, compared with the gap between
the SA and the other two learning-based algorithms and the
known optimum. Meanwhile, the performance of our method
is relatively stable with the increase in the problem node size.

Moreover, to test our method on large-scale datasets, we
further selected, from TSPLIB datasets, 18 instances with
node sizes up to 2392. As Table 3 shows, the average gap
of Wu et al. and M-SA (ours) compared to the known opti-
mum is 24.84% and 20.51%, respectively. Hence, our method
is advantageous over some existing state-of-the-art methods
like Wu et al. in large-scale datasets, although the advantage
is smaller than that on small-scale and medium-scale datasets.
For the details of the results obtained via the Wu et al. method,
see Appendix B.

Table 2. Performance comparison of methods on small-scale and
medium-scale TSPLIB datasets.

Instance Opt. OR-Tools SA AM Wu et al.
M-SA
(ours)

Eil51 426 436 441 435 438 434
Berlin52 7542 7945 7658 7668 8082 7598

St70 675 683 717 690 706 710
Eil76 538 561 569 563 575 565
Pr76 108159 111104 114419 111250 109668 111,085
Rat99 1211 1232 1283 1394 1419 1271

KroA100 21282 21448 22716 38200 25196 21683
KroB100 22141 23006 23862 35511 26563 23412
KroC100 20749 21583 22252 30642 25343 21545
KroD100 21294 21636 23192 32211 24771 22615
KroE100 22068 22598 23281 27164 26903 22712
Rd100 7910 8189 8832 8152 7915 8439
Eil101 629 664 694 667 658 672
Lin105 14379 14824 16021 51325 18194 15579
Pr107 44303 45072 45647 205519 53056 45162
Pr124 59030 62519 62631 167494 66010 61541

Bier127 118282 122733 126662 207600 142707 123771
Ch130 6110 6284 6842 6316 7120 6722
Pr136 96772 102213 108823 102877 105618 107784
Pr144 58537 59286 60884 183583 71006 60763
Ch150 6528 6729 6910 6877 7916 6788

KroA150 26524 27592 30479 42335 31244 29728
KroB150 26130 27572 29546 43114 31407 27564

Pr152 73682 75834 77441 103110 85616 76641
U159 42080 45778 47081 115372 51327 45890

Rat195 2323 2389 2602 3661 2913 2568
D198 15780 15963 17623 68104 17962 17152

KroA200 29368 29741 33609 58643 35958 32713
KroB200 29437 30516 34418 50867 36412 34281

Ts225 126643 128564 137292 141628 158748 135500
Tsp225 3916 4046 4564 24816 4701 4367
Pr226 80369 82968 88682 101992 97348 85632
Gil262 2378 2519 2823 2693 2963 2759
Pr264 49135 51954 54488 338506 65946 54135
A280 2579 2713 3096 11810 2989 2997
Pr299 48191 49447 58290 513673 59786 56027

Avg. gap (%) 0 3.46 9.86 133.53 17.15 7.34

Note: the best results among these three learning-based methods are
denoted in bold.

Table 3. Performance comparison between two learning-based methods
on large-scale TSPLIB datasets.

Instance Opt. Wu et al. M-SA (ours)

Lin318 42029 52473 49316
Rd400 15281 19059 17951
Pr439 107217 130178 128427

Pcb442 50778 61754 59125
Fl417 11861 14970 13590
D493 35002 43114 41031
U574 36905 46659 45512

Rat575 6773 8377 8141
P654 34643 43068 42832
D657 48912 61673 60631
U724 41910 54963 50779

Rat783 8806 11232 11110
Pr1002 259045 315435 310462
Rl1323 270199 332012 311908
Fl1400 20127 26935 25653
Fl1577 22249 27773 27627
D1655 62128 74893 74160
Pr2392 378032 461203 460069

Avg. gap (%) 0 24.84 20.51

Note: the best results among these two learning-based
methods are denoted in bold.

4.3. Test on a real-world dataset on liner shipping routes

About 80% of global trade is transported by sea; thus, the
maritime transport system is important to the world economy.
Rising and volatile fuel prices are a serious concern for ship-
ping companies.[50] Fuel cost is one main factor influencing
the configuration of liner shipping routes, which accounts for
more than 60% of the ship’s operating costs. For any given
route, the fuel cost mainly depends on the total shipping dis-
tance of the route.[51] Hence, our goal is to find the route con-
figuration with the shortest total shipping distance, in order to
recommend the optimal route configuration for the container
ships and thus reduce the operating costs of shipping compa-
nies. The M-SA (ours) method is adopted to solve such a TSP
in a real-world dataset on liner shipping routes. Our method
can effectively find an optimal route configuration that signifi-
cantly reduces the total shipping distance of a route, compared
with the original route configuration.

Table 4 shows the original shipping distances of the stud-
ied routes (km), which have node sizes (i.e., number of ports)
up to 31. All these six intercontinental routes are deployed
with large container cargo capacity (in twenty-foot equivalent
units, TEU), indicating their particular importance in global
liner shipping practices. Data on global liner shipping routes
are sourced from Ref. [42]. Note that the routing problem is a
combinatorial optimization problem and generally belongs to
NP-hard problems.[5] Although exact methods provide good
theoretical guarantees to achieve the optimal solution, they
are actually limited to small instances (i.e., the node size is
less than 28) due to their exponential complexity in the worst
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case.[52,53]

Specifically, the M-SA (ours) method outputs an optimal
route that keeps the same departure port as the original ship-
ping route, ensures that each port in the original route is vis-
ited, and finally returns to the departure port.

For each shipping route, we run the M-SA (ours) 10
times, and report the average and standard deviation of the

route distance optimization percentage (i.e., the percentage by
which the original shipping distance is reduced). As reported
in Table 4, route 4 has the smallest average distance opti-
mization percentage value (3.52%), and route 1 has the largest
value (17.99%). The standard deviations of the six routes are
between 0 and 0.38%. Therefore, our method performs well
on real-world datasets on liner shipping routes.

Table 4. Optimization results of six intercontinental liner shipping routes over 10 runs.

Route Cargo capacity deployment (TEU) Number of ports Original shipping distance (km)
Shipping distance optimization percentage (%)

Average Standard deviation

1 179550 31 73779.41 17.99 0.38
2 66276 28 66678.94 12.88 0.33
3 61737 28 58324 12.24 0
4 77602 29 59056.68 3.52 0
5 71190 29 58855 3.65 0
6 68684 28 58258.91 3.61 0

5. Conclusions
This article presents a novel framework for a learning

improvement heuristic algorithm to solve the TSP iteratively.
Our framework designs a novel network model based on a
transformer model to make the policy network parameterized,
and introduces an action-dropout layer to prevent action se-
lection from overfitting. Then, our framework proposes an
approach (named RL-SA) to learn the pairwise selected pol-
icy, aiming to improve the 2-opt heuristic algorithm’s per-
formance. The RL-SA approach adopts the WOA to gener-
ate initial solutions for better sample efficiency and uses the
Gaussian perturbation strategy to perturb the state to tackle
the sparse reward problem of the RL. Our experiments ver-
ify that our approach is significantly superior to state-of-the-
art learning-based methods, and further reduces the gap be-
tween learning-based methods and highly optimized solvers in
benchmark datasets. Besides, our pre-trained model M can be
ably applied to guide the SA algorithm (named M-SA (ours)),
which has better optimization performance than existing deep
model methods in small-, medium- and large-scale TSPLIB
datasets. In the 36 small-scale and medium-scale instances,
the average gap between the M-SA (ours) and the known op-
timum narrowed to 7.34%. In the 18 large-scale instances, the
M-SA (ours) also proves to be slightly advantageous over ex-
isting cutting-edge methods. Additionally, the M-SA (ours)
method performs well in a real-world dataset on global liner
shipping routes. For each original shipping route, our method
can provide an optimization route that effectively reduces the
total shipping distance of the original route, which may help
shipping companies achieve the goal of reducing fuel costs and
thus increasing profits.

In further studies, we will consider designing the M-SA
(ours) method in order to solve the capacitated vehicle routing

problem [54] by realizing further extension of our method.

Appendix A: Comparison of the use of WOA and
random methods to generate initial solutions of
TSPs

The WOA and random methods are used to generate ini-
tial solutions for TSP20, TSP50 and TSP100 problems, with
10000 random instances for each problem. Figure A1 shows
the average values of the initial solutions of 10000 instances
via two methods for problems of different scale, which clearly
indicates that the WOA outperforms the random method in the
generation of initial solutions.
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Fig. A1. Comparison between initial solutions of TSPs of different scales
generated by WOA and random methods.

Appendix B: Details regarding the results for 18
large-scale instances obtained using the Wu et al.
method.

Table 2 shows that the Wu et al. method[29] is a
highly competitive method. Wu et al.[29] only report the
results on small-scale and medium-scale TSPLIB datasets.

018705-9



Chin. Phys. B 34, 018705 (2025)

To obtain the results using the Wu et al. method on
large-scale datasets, we retrain the Wu et al. model (the
code is accessed from https://github.com/WXY1427/Learn-
Improvement-Heuristics-for-Routing). We use the policy
trained on TSP100, for which the reasoning step T is 3000;
with that, we obtain the results on small-scale and medium-
scale TSPLIB datasets, as shown in Table B1. For the 36
instances, Wu et al. report that the average gap compared to
the known optimum is 17.15%, and the result reproduced by
us compared to the known optimum is 15.82%. That is, the
model we trained based on the Wu et al. method[29] success-
fully achieves (which is even better than) the performance re-
ported in their paper. Therefore, based on this model we have
trained, the results we obtained for the 18 large-scale TSPLIB
instances under the Wu et al. method[29] (in Table 3) are cred-
ible.

Table B1. The results reported in Wu et al.[29] and the results reproduced
by us.

Instance
Wu et al. Wu et al.

(results in the paper) (results reproduced)

Eil51 438 462
Berlin52 8082 7822

St70 706 703
Eil76 575 616
Pr76 109668 119623

Rat99 1419 1410
KroA100 25196 24614
KroB100 26563 25644
KroC100 25343 23209
KroD100 24771 24746
KroE100 26903 25463
Rd100 7915 9477
Eil101 658 738
Lin105 18194 18599
Pr107 53056 46176
Pr124 66010 66696

Bier127 142707 125461
Ch130 7120 7134
Pr136 105618 114850
Pr144 71006 61448
Ch150 7916 7862

KroA150 31244 31617
KroB150 31407 31532

Pr152 85616 82237
U159 51327 52018

Rat195 2913 2653
D198 17962 18430

KroA200 35958 34519
KroB200 36412 36012

Ts225 158748 144408
Tsp225 4701 4723
Pr226 97348 92006
Gil262 2963 3168
Pr264 65946 55713
A280 2989 3110
Pr299 59786 59645

Avg. gap (%) 17.15 15.82

Program availability
The source code is openly available in Science Data Bank

at https://doi.org/10.57760/sciencedb.16742.
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